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ABSTRACT 

Investment Programming f o r  

Interdependent  Production Processes  

Jaime Evaldo Fens te r se i fe r  

Doctor of Philosophy in Management 

Unive r s i ty  of C a l i f o r n i a ,  Los Angeles 

P ro fessor  Elwood S . Buf f a ,  C h a i r  

I n  t h i s  s tudy a s o l u t i o n  procedure is  developed f o r  a 

class of i n d u s t r i a l  investment planning models which i n c o r p o r a t e s  t h e  

fol lowing f e a t u r e s  : economies-of-scale in product ion ,  in te rmedia te  

inpu t -ou tpu t  r e l a t i o n s h i p s  among product ion  a c t i v i t i e s ,  and j o i n t  

product ion  of d i f f e r e n t  products  having common process ing requi rements  

( capac i ty  s h a r i n g ) .  The model is formulated as a mixed i n t e g e r  

programming problem. It i s  s i n g l e - p ~ r i o d  and d i s r e g a r d s  s p a t i a l  

cons ide ra t ions .  The cho ice  is  between domestic  product ion  and impor ts  

(make-buy) t o  s a t i s f y  exogenously s t a t e d  demands f o r  a  g iven set of 

i n t e r r e l a t e d  products .  

A two-stage s o l u t i o n  procedure was developed and s p e c i a l i z e d  t o  

v a r i o u s  s p e c i f i c a t i o n s  of t h e  planning model. A t  t h e  f i r s t  s t a g e  

simple s u f f i c i e n c y  c o n d i t i o n s  f o r  import and f o r  domestic product ion  

of a given product  a r e  s y s t e m a t i c a l l y  app l i ed  i n  a n  a t t empt  t o  reduce 



t h e  s i z e  of t h e  problem. A t  t h e  second s t age  ( so lu t i on  s tage)  an 

LP-based branch-and-bound (B-B) algorithm is used. 

Data from t h e  mechanical engineering (metal working) s ec to r  of 

t he  Republlc of Korea was used t o  implement t h e  proposed two-stage 

so lu t ion  procedure. The r e s u l t s  from 25 test problems generated from 

t h e  Korean d a t a  provide s t rong evidence of t h e  e f f i c i ency  of t h e  

approach. Moreover, computational experience with  t h e  B-B s tage  a lone  

i nd i ca t e s  t h a t  very l a r g e  problems can be e f f k i e n t l y  solved without 

dependence on t h e  success of any form of problem reduct ion attempt.  
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CEAPTER 1 

INTRODUCTION 

The o b j e c t i v e  of t h i s  s tudy is t o  analyze  an important  c l a s s  

of investment planning models and t o  develop e f f i c i e n t  s o l u t i o n  pro- 

cedures  t h a t  are a p p l i c a b l e  under a broad range of model s p e c i f i c a -  

t i o n s .  W e  are s p e c i f i c a l l y  concerned wi th  problems of i n d u s t r i d  

investment a n a l y s i s  in t h e  con tex t  of development planning,  t h e  aim 

of t h e  a n a l y s i s  being t h e  i d e n t i f i c a t i o n  of t h o s e  p r o j e c t s  whose 

es tabl ishment  is economically d e s i r a b l e .  

The problems of i n d u s t r i a l  p r o j e c t  s e l e c t i o n  are g r e a t l y  compli- 

c a t e d  by t h e  complex in terdependencies  t h a t  e x i s t  among product ion 

a c t i v i t i e s .  The models of t h i s  s tudy  focus  mainly on t h o s e  inter- 

dependencies among a c t i v i t i e s  wi th in  an indus t ry ,  a subsec to r ,  o r  even 

a whole s e c t o r  of an economy, tha t  stem l a r g e l y  from t h e  s t r o n g  

economies of s c a l e  in processing a c t i v i t i e s  e n t a i l e d  by j o i n t  produc- 

t i o n  us ing shared product ion f a c i l i t i e s  ( capac i ty  s h a r i n g ) ,  and from 

intermediate input-output  t echno log ica l  r e l a t i o n s h i p s '  w i t h i n  t h e  

s e c t o r .  

The op t imiza t ion  problem can be posed a s  one of choosing inves t -  

ments in i n d u s t r b l  processes  so a s  t o  meet given demands o r  output  

t a r g e t s  a t  minimum c o s t  by t ak ing  account of i n t r a - s e c t o r a l  f lows and 

p o t e n t i a l  ga ins  from c a p a c i t y  sha r ing .  The models a r e  of t h e  make-buy 

type ,  r e s t r i c t e d  t o  a s i n g l e  per iod and d i s regard ing  s p a t i a l  consi-  

d e r a t i o n s .  A s o l u t i o n  t o  any of t h e s e  models may provide '  d e c i s i o n s  a s  



t o  vhich p ro j ec t s  should be undertaken, o r  it may merely provide a 

comparative-advantage ranking of production a c t i v i t i e s ,  depending 

on t h e  pa r t i cu l a r  quest ions  being addressed. 

The present study w a s  inspired by t h e  work of Westphal and Rhee 

[I9783 on the  mechanical engineering sec tor  (a l so  ca l l ed  metal working 

industry) of t h e  Republic of ~0rea .L '  This type of investment ana lys i s  

f a l l s  under t h e  general  heading of process analysis .  Other prominent 

appl icat ions  of t h i s  type of ana lys i s  include t h e  work of Kendrick 

[I9671 f o r  planning investments in t h e  Brazi l ian steel industry ,  

Gately [I9711 f o r  t h e  Indian e l e c t r i c i t y  generating s ec to r ,  de  l a  

Garza and Manne [I9731 f o r  t h e  Mexican energy sec tor ,  and t h e  study 

reported in Stout jesd i j  k and Westphal [I9781 f o r  planning t h e  East 

2 / African f e r t i l i z e r  industry.- 

m e  and Markowitz 119631 d i s t inguish  t h r ee  areas of a c t i v i t y  

involved in process ana lys i s :  model building, which begins with an 

invest igat ion of technology t o  obtain  a mathematical descr ip t ion  o r  

model; t h e  development of computationally e f f i c i e n t  so lu t ion  proce- 

dures o r  algorithms through which these models may be used f o r  pur- 

poses of ana lys i s ;  and, f i n a l l y ,  t h e  ac tua l  use  of t h e  models t o  

address p r a c t i c a l  i s sues  of public policy. While Westphal and Rhee 

in t h e  Korea study w e r e  l a rge ly  concerned with t h e  f i r s t  and t h i r d  

1' As t h i s  study is re fe r red  t o  numerous times throughout t h i s  d i sse r -  
t a t i on ,  it is hereaf te r  ca l l ed  simply t he  Korea study, and t h e  
model used in t h e  study is re fe r red  t o  interchangeably a s  t h e  Korea 
model o r  t h e  Westphal and Rhee model. 

2/ This study appears i n  t h e  same volume a s  t h e  Korea study. 



a r e a s  in t h e  context  of p r o j e c t  i d e n t i f i c a t i o n ,  t h i s  s tudy concen t ra tes  

on t h e  second. The emphasis he re  i s  on e f f i c i e n t  computat ional  ap- 

proaches t o  t h i s  c l a s s  of problems. 

Because interdependence among a c t i v i t i e s  i s  t h e  focus  of concern 

of t h e  va r ious  models d e a l t  wi th  in t h i s  s tudy,  a b r i e f  d i scuss ion  of 

i t s  impl ica t ions  f o r  investment dec i s ions  is provided i n  Chapter 2 .  

The e x p l i c i t  r ecogn i t ion  of interdependencies among i n t e r r e l a t e d  pro- 

duct ion  a c t i v i t i e s  is  in f a c t  what d i s t i n g u i s h e s  process  a n a l y s i s ,  

i n  t h e  context  of p r o j e c t  i d e n t i f i c a t i o n ,  from t h e  t r a d i t i o n a l  methods 

of p r o j e c t  a p p r a i s a l .  While process a n a l y s i s  can be  viewed a s  a 

systems a n a l y s i s  approach, p r o j e c t  a p p r a i s a l  merely deduces t h e  con- 

sequences of undertaking a p a r t i c u l a r  p r o j e c t  by t ak ing  n e a r l y  every- 

th ing  a s  given. 

Chapter 2 then  proceeds wi th  t h e  mathematical formula t ion  of 

t h e  planning problem a s  a mixed i n t e g e r  programming (MIP) problem. 

The model d i f f e r s  from Westphal and Rhee's formulat ion i n  only  one 

respec t :  whi le  t h e i r s  a l lows f o r  t h e  simultaneous investment i n  more 

than one processing u n i t  (production f a c i l i t y ,  p l a n t ,  e t c . )  of a 

given kind, our  formulat ion limits it t o  one. 

MIP is inc reas ing ly  becoming a f a v o r i t e  t o o l  of a n a l y s i s  f o r  

planning problems because of t h e  f l e x i b i l i t y  t h a t  it  a l lows i n  

modeling techno-economic r e l a t i o n s h i p s .  This  f l e x i b i l i t y ,  however, 

is  not  without a p r i c e ,  f o r  MIP problems a r e  genera l ly  very  d i f f i c u l t  

t o  solve.  Although simple and e f f i c i e n t  branch-and-bound a lgor i thms 

have been devised f o r  many d i f f e r e n t  c l a s s e s  of problems, no e f f i c i e n t  

genera l  purpose computer software e x i s t s  f o r  l a r g e  MIP problems. 



Westphal and Rhee, f o r  example, did not attempt t o  obtain  a proven 

global ly  optimal so lu t ion  t o  the  Korea model, a s  t h i s  would have been 

"prohibi t ively  expensive given t h e  ava i lab le  computational software 

11 f o r  mixed integer  programming. "- 

I f  optimal so lu t ions  a r e  t o  be obtained i n  any reasonable amount 

of computational time f o r  r e a l i s t i c  s i z e  problems, t h e  s t r u c t u r e  of 

t h e  problem must be exploited in order t o  reduce t he  computational 

e f f o r t  required t o  ob ta in  t h e  solution.  This is e s sen t i a l l y  w h a t  was 

done by Westphal and Rhee in t h e i r  attempt t o  solve t h e  Korea model, 

and by C r h e r  [I9761 t o  solve a similar vers ion of t h e  problem. It 

is a l s o  t h e  approach taken in t h i s  study. A common fea ture ,  in f a c t ,  

of t he  three approaches is t h a t  each has two d i s t i n c t  s tages  o r  phases: 

the  f i r s t  exp lo i t s  t h e  s t ruc tu re  of t he  model in an attempt t o  reduce 

t h e  s i z e  of t h e  problem, and t h e  second obtains  a so lu t ion  (not 

necessar i ly  global ly  optimal) .  Although the  problem reduction s tage  

of these  t h r ee  approaches is es sen t i a l l y  t h e  same, completely d i f f e r e n t  

d i rec t ions  a r e  taken a t  t h e  second stage.  

Our approach, which y i e ld s  the  globally optimal solut ion,  is 

presented in Chapter 3. It exp lo i t s  t he  input-output s t ruc tu re  of 

t h e  problem in order t o  ob ta in  bounds t o  be used in a branch-and-bound 

scheme. Computational experience is  provided in Chapter 4 using 

da ta  from the Korea study. Chapter 4 a l so  contains a br ief  review 

of the  approach taken by Westphal and Rhee in the  estimation of the  

Korea model; it serves  t o  i l l u s t r a t e  some of t h e  issues  and d i f f i -  

Westphal and Rhee (19781, Chapter 15.  



c u l t i e s  t h a t  a r i s e  in model es t imat ion.  

'In Chapter 5 w e  drop t h e  capac i ty  sha r ing  f e a t u r e  of t h e  model 

and proceed t o  genera l i ze  it by i n c o r p o r a t h g  such f e a t u r e s  a s  

a l t e r n a t i v e  products ,  choice  antong a l t e r n a t i v e  production techniques 

f o r  each product,  piecewise-l inear concave investment c o s t  func t ions ,  

and f i n a l l y ,  genera l  concave c o s t  funct ions .  A l l  of t h e s e  ve r s ions  of 

t h e  model can equal ly  be viewed a s  g e n e r a l i z a t i o n s  of Leontief sub- 

s t i t u t i o n  systems o r  genera l ized ve rs ions  of break-even a n a l y s i s .  

The &de ls  of Chapter 5 apply i n  s i t u a t i o n s  in which capac i ty  

shar ing i s  n o t  important.  This may occur a s  t h e  s e c t o r  develops and 

demands rise t o  a po in t  t h a t  j u s t i f i e s  a h igher  degree of s p e c i a l i z a -  

t i o n ,  that is, production a c t i v i t i e s  become more end-product o r i e n t e d  

r a t h e r  than process o r i en ted .  These models are a l s o  a p p l i c a b l e  in 

s i t u a t i o n s  in which t h e  planning problem is s p e c i f i e d  a t  such a l e v e l  

of aggregat ion -- say a t  t h e  p l a n t  o r  even i n t e r i n d u s t r y  l e v e l  -- 
t h a t  capac i ty  shar ing l o s e s  i ts meaningfulness. 

The planning models of t h i s  s tudy are discussed wi th in  t h e  con- 

t e x t  of development planning since t h e  most l i k e l y  b e n e f i c i a r i e s  of 

t h i s  type  of investment a n a l y s i s  a r e  semi- indust r ia l ,  developing 

coun t r i e s .  Because of economies-of-scale c h a r a c t e r i s t i c  of i n d u s t r i a l  

a c t i v i t i e s  and t h e  reduced s i z e  of t h e i r  markets, investment i n  c e r t a i n  

production a c t i v i t i e s  can be j u s t i f i e d  economically in such c o u n t r i e s  

only  i f  f u l l  advantage is taken of capac i ty  shar ing and of t h e  e x t e r n a l  



economiesl! generated by t h e  in termedia te  input-output r e l a t i o n s h i p s  

wi th in  t h e  s e c t o r .  The models s tud ied  here ,  however, a r e  not  l imi ted  

t o  be used in s t u d i e s  conducted by planning agencies  of develop$ng 

coun t r i e s .  Investment a n a l y s i s  of t h e  types  d iscussed he re  could a l s o  

be performed by a group of major f i rms wi th in  a s e c t o r  o r  subsec to r ,  

o r  even a s i n g l e  f i r m  which occupies a p o s i t i o n  of importance wi th in  

t h e  subsector  it opera tes .  The dec i s ion  maker implied i n  these  models 

could thus  equa l ly  w e l l  be t h e  board of d i r e c t o r s  of a l a r g e ,  mul t i -  

u n i t  corpora t ion ,  o r  t h e  planning board of a developing country.  

A summnry of t h e  s tudy  and sugges t ions  f o r  f u r t h e r  r e s e a r c h  

a r e  provided in Chapter 6. 

1/ We use  Chenery's [1959] d e f i n i t i o n  of e x t e r n a l  economies a s  appl ied  
t o  t h e  e f f e c t s  of investment: "... i n d u s t r i e s  A, B ,  C ,  ..., 
provide e x t e r n a l  economies t o  i n d u s t r i e s  K, L, M, ..., i f  
investment in i n d u s t r i e s  A, B,  C ,  ..., causes a decrease  in 
t h e  c o s t  of supplying t h e  demands f o r  t h e  products  of K,  L, M, 

I1 ... . 



CHAPTER 2 

TRE INVESTMENT PLANNING PROBLEM 

2.1 Introduct  ion 

It i s  poss ib le  t o  ca tegor ize  investment p ro j ec t s  by t h e  degree 

t o  which t h e i r  evaluat ion requ i res  t h e  simultaneous evaluat ion of 

o the r  investment p ro jec t s .  A t  one extreme a r e  those  p ro j ec t s  that 

l eg i t ima t e ly  may be appraised in i s o l a t i o n  s i nce  t h e i r  impact on 

t h e  p r o f i t a b i l i t y  of o the r  p ro j ec t s  is neg l i g ib l e  o r  non-existent ,  

o r ,  equivalent ly  s t a t e d ,  no ex t e rna l  economies a r e  generated by 

t he se  p ro jec t s .  A t  t h e  o the r  extreme l i e  those  investment p ro j ec t s  

whose impact is s u f f i c i e n t l y  g rea t  that ex t e rna l  e f f e c t s  reach across  

t h e  e n t i r e  economy and must c l e a r l y  be evaluated i n  an economy-wide 

framework. Under t h i s  extreme would f a l l  those  p ro j ec t s  that r equ i r e  

a l a r g e  f r a c t i o n  of t o t a l  planned investment over a medium term 

planning horizon and could s i g n i f i c a n t l y  a l t e r  t h e  s t r u c t u r e  of 

supply and demand f o r  major commodities and resources.  Somewhere 

between these  two extremes l i e  those  cases  f o r  which it is necessary 

t o  evaluate  simultaneously a l l  investment proj  e c t s  f a l l i n g  wi thin  a 

given s ec to r  o r  subsector of t h e  economy. These a r e  t h e  cases  of 

i n t e r e s t  in this study. 

A b r ie f  d iscuss ion of t he  va r ious  types of Fnterdependencies 

caused by t h e  presence of economies of s ca l e  in production a c t i v i t i e s  

is given i n  s ec t i on  2.2. W e  a r e  p a r t i c u l a r l y  concerned with t h e  

e f f e c t s  of these  interdependencies on production c o s t s  and the  extent  



t o  which they  may a f f e c t  investment d e c i s i o n s .  The d i s c u s s i o n  of 

s e c t i o n  2.2 d i s r e g a r d s  t h e  e f f e c t s  of i n t e rdependenc ie s  between 

s e c t o r s ,  t h e  rmst  important  of  which being t h e  compe t i t i on  (between 

t h e  s e c t o r s )  f o r  a number of s c a r c e  r e sou rces .  

The investment p l ann ing  model t h a t  c a p t u r e s  t h e  e f f e c t s  of two 

important  t ypes  of in te rdependencies  is p resen ted  in s e c t i o n  2.3.  

Its formula t ion  is  adapted  from Westphal and Rhee [1978], which 

should be consul ted  f o r  a d e t a i l e d  d i s c u s s i o n  of t h e  model. 

2.2 In te rdependencies  in Investment Decis ions  

The presence  of economies-of-scale in product ion  a c t i v i t i e s  

g i v e s  rise t o  two impor tan t  t y p e s  of  i n t e rdependenc ie s  which make i t  

neces sa ry  t o  e v a l u a t e  s imul taneous ly  t h e  investment  p r o j e c t s  w i t h i n  

a s e c t o r .  The f i r s t  one i s  due  t o  i n t e rmed ia t e  product  r e l a t i o n s h i p s ,  

which i s  r e f e r r e d  t o  as i n p u t - o u t p u t  o r  material interdependence,  

and stems from t h e  u s e  of i n t e r m e d i a t e  i n p u t s  produced a t  dec reas ing  

u n i t  c o s t s .  Due t o  economies-of-scale,  t h e  u n i t  c o s t  of each product  

depends on i ts  output  o r  demand level and on t h e  u n i t  c o s t  of i t s  

i n p u t s ,  w h k h  i n  t u r n  depend on t h e i r  demand l e v e l s  and on t h e  c o s t s  

of t h e i r  i n p u t s ,  and s o  on. C l e a r l y  under t h i s  s i t u a t i o n  a group 

of products  t h a t  are cons idered  p r o f i t a b l e  when analyzed j o i n t l y ,  

may s e p a r a t e l y  appear  u n p r o f i t a b l e  and would n o t  be undertaken by 

an  i n d i v i d u a l  i n v e s t o r  who does  n o t  t a k e  i n t o  account  t h e  i n c r e a s e  

i n  t h e  p r o f i t a b i l i t y  of investment in r e l a t e d  p r o j e c t s .  Chenery [I9591 

provides  a very  i l l u m i n a t i n g  a n a l y s i s  of t h e  input-output  t y p e  of 

interdependence. He makes u s e  of an  i n t e r i n d u s t r y  model t o  s tudy  



t h e  e x t e n t  and t h e  circumstances under which coordinated  investment 

dec i s ions  would l e a d  t o  more e f f i c i e n t  r e source  u t i l i z a t i o n  than would 

ind iv idua l  d e c i s i o n s  based on e x i s t i n g  market information.  H e  con- 

c ludes  t h a t  bes ides  t h e  f a c t  t h a t  p r o f i t a b l e  p r o j e c t s  may not  be iden- 

t i f i e d  i f  input-output  interdependence i n  production i s  no t  e x p l i c i t l y  

taken i n t o  account ,  t h e  l a c k  of  coordinat ion  of production dec i s ions  

may a l s o  l ead  t o  suboptimal timing of p lan t  c o n s t r u c t i o n  and suboptimal 

1 / s c a l e  of p l a n t s  cons t ructed  t o  supply in te rmedia te  inpu t s .  Westphal- 

makes use  of a  s impler  ve r s ion  of Chenery's model t o  i l l u s t r a t e  t h i s .  

The second type  of interdependency, process  interdependence,  

occurs when d i f f e r e n t  products  r e q u i r e  processing i n  s i m i l a r  equipment 

o r  processing f a c i l i t i e s .  The p o s s i b i l i t y  of j o i n t  production,  which 

w e  r e f e r  t o  as capac i ty  sha r ing ,  g ives  rise t o  an important i n t e r -  

dependency among a l l  production a c t i v i t i e s .  Because of economies-of- 

s c a l e  t h e r e  a r e  l a r g e  p o t e n t i a l  b e n e f i t s  t o  be der ived by e x p l o i t i n g  

process interdependence. It is t h e  j o i n t  e f f e c t s  of input-output 

interdependence and process  interdependence t h a t  a r e  captured i n  t h e  

planning model formulated in t h e  next  sec t ion .  These e f f e c t s  a r e  

f u r t h e r  d iscussed the re .  

Two o t h e r  types  of interdependencies t h a t  a r e  a l s o  p o t e n t i a l l y  

very important in t h e  presence of economies-of-scale but  which a r e  

not  incorporated in t h e  models s tud ied  A ' a r e  t e -  

p o r a l  and s p a t i a l  interdependence. F a i l u r e  in e x p l i c i t l y  recognizing 

t h e  time element in investment a n a l y s i s  may l ead  t o  suboptimal 

I' In S t o u t j e s d i j k  and Westphal [1978], Chapter 5. 



decis ions ,  s ince ,  in t h e  presence of economies-of-scale, it may be 

e f f i c i e n t  t o  build capac i ty  in an t i c i pa t i on  of f u t u r e  growth i n  

demand, o r  it may pay t o  delay the  const ruct ion of new capac i ty  u n t i l  

demand l e v e l s  have increased s u f f i c i e n t l y ,  wi th  in te r im demands being 

m e t  by imports.L1 Temporal interdependence may thus  a l t e r  t h e  

s t r u c t u r e  of t h e  optimal investment pa t t e rn .  

It is important t o  note ,  however, t h a t  in t h e  context  of t h e  

p ro jec t  i d e n t i f i c a t i o n  model presented i n  t h e  following sec t ion ,  t h e  

consequence of d isregarding temporal interdependence does not  appear 

t o  be a s e r i ous  one. Since economies-of-scale make de s i r ab l e  t h e  

establishment of p lan t s  in advance of t h e  growth in demand, t h e  e f f e c t  

of an  ana ly s i s  t h a t  t akes  t h e  t i m e  element i n t o  account would thus  be 

t o  lower t h e  demand l e v e l  a t  which domestic production is  j u s t i f i e d ,  

that is, t o  lower t h e  break-even point  between domestic production and 

imports. This has two important implications.  F i r s t ,  t h e  optimal 

timing f o r  t he  p ro j ec t s  i d e n t i f i e d  by t h e  model must be now (time zero - 
of t h e  planning period) and not  a t  any l a t e r  point  in time; it could 

have possibly been earlier, but t h e  p ro j ec t s  w e r e  no t  i d e n t i f i e d  ear-  

l ier. Secondly, it is poss ib le  t h a t  some p ro j ec t s  not i d e n t i f i e d  by 

t he  model should opt imal ly  be implemented i n  t h e  cur ren t  planning per- 

iod,  i n  advance of demand growth. It is un l i ke ly ,  however, that t h e  

bene f i t s  from undertaking any pro jec t  t h a t  is not i d e n t i f i e d  when t h e  

ex t e rna l  economies from input-output and process interdependence a r e  

f u l l y  exploi ted  would be very l a rge .  Moreover, under any form of 

I See Er lenkot ter  [1967]. 



binding budget c o n s t r a i n t  it is highly  un l ike ly  t h a t  t h e s e  marginal 

p r o j e c t s  would be undertaken in t h e  c u r r e n t  planning period.  

It remains t o  d i s c u s s  t h e  e f f e c t s  of temporal interdependence 

on t h e  s c a l e  ( s i z ing)  of t h e  p r o j e c t s .  I f  w e  accept  t h e  above argu- 

ment that t h e  p r o j e c t s  not  i d e n t i f i e d  by our planning model, but 

t h a t  would be by a  dynamic model, are not  important,  then  t h e  optimal 

t iming f o r  t h e  i d e n t i f i e d  p r o j e c t s  is hown. Consequently, t h e  

s i z i n g  of t h e  p r o j e c t s  can be determined independently of t h e  inves t -  

ment decis ion;  t h a t  is ,  they need not  be determined simultaneously 

with t h e  dec i s ion  of which p r o j e c t s  should be undertaken. Since t h e  

p r o j e c t s  a r e  interdependent ,  however, t h e  s i z i n g  dec i s ion  must be 

determined j o i n t l y  f o r  a l l  t h e  i d e n t i f i e d  p r o j e c t s .  With growing 

demands, t h e  s c a l e s  obtained from our  ( s t a t i c )  model provide lower 

bounds on t h e  optimal s c a l e s  of t h e  p ro jec t s .  

F ina l ly ,  s p a t i a l  interdependence ac ross  a l l  production dec i s ions  

is  introduced by t h e  ex i s t ence  of t r a n s p o r t a t i o n  c o s t s .  The i n t e r -  

dependence t a k e s  t h e  form of a trade-off between t h e  ga ins  from 

economies-of-scale a t t a i n e d  in bui ld ing l a r g e r  p l a n t s  o r  processing 

f a c i l i t i e s  and t h e  increased t r a n s p o r t a t i o n  c o s t s  of serving l a r g e r  

market a r e a s  and/or s p a t i a l l y  dispersed u s e r  p l a n t s ,  depending on 

whether products  a r e  produced f o r  f i n a l  consumption o r  a s  inpu t s  i n  

t h e  production of o t h e r  products. I n  t h e  models s tud ied  i n  t h i s  

d i s s e r t a t i o n  a  pre-specif ied  l o c a t  ion  f o r  each product ion  a c t i v i t y  is 

assumed. For t h e  types  of indust ry  character ized by capac i ty  shar ing,  

e .g . ,  t h e  mechanical engineering indus t ry ,  t r a n s p o r t  c o s t s  of products  

and raw m a t e r i a l s  would s e e m  t o  be of much less r e l a t i v e  s i g n i f i c a n c e  
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than i n  heavy process i n d u s t r i e s  shch a s  cement o r  f e r t i l i z e r s .  

2.3 Formulation of t h e  Investment Planning Model 

The planning problem can be simply s t a t e d  a s  fol lows:  s e l e c t  

investments in production a c t i v i t i e s  so a s  t o  minimize t h e  c o s t  of 

s a t i s f y i n g  t h e  exogenously s t a t e d  demands f o r  a given " b i l l  of goods." 

The choice is between domestic production and imports,  and t h e  

model, formulated below, is  thus  of t h e  make-buy type. 

Four d i s t i n c t  sets of a c t i v i t i e s  a r e  s p e c i f i e d  i n  t h e  model: 

x = l e v e l  of domestic production of product i; 
i 

Y i = l e v e l  of  imports of product i; 

z = new capaci ty  in t h e  kth type  of process  element; 
k 

\ = zero-one v a r i a b l e  associa ted  wi th  t h e  kth type  of 

process  element ; A = 1 i f  investment is  undertaken 

i n  process element type  k, 0 otherwise.  

The term "process element" is used t o  des igna te  t h e  ind iv idua l  elements 

of production; it nay represent  a p iece  of equipment, a group of equip- 

ment t h a t  j o i n t l y  perform a c e r t a i n  processing funct ion,  o r  an e n t i r e  

p l a n t ,  depending on t h e  s p e c i f i c  ques t ions  being addressed by t h e  

model. The index k is  c o n s i s t e n t l y  used t o  denote a process  element, 

and i o r  j t o  denote  products. W e  use  t h e  symbols I and K t o  

denote t h e  set of products  and process elements r e s p e c t i v e l y ,  a s  w e l l  

a s  the  c a r d i n a l i t i e s  of t h e s e  sets. 

The o b j e c t i v e  func t ion  is  t o  minimize t h e  t o t a l  c o s t  of meeting 



t h e  f i n a l  demands f o r  t h e  I products and can be s t a t e d  a s  follows: 

I \ 

where 

Fk = f ixed charge por t ion of annual co s t  of capaci ty  

f o r  process element type k; 

Vk = va r i ab l e  charge por t ion of annual  co s t  of capaci ty  

and operat ion f o r  process element type k; 

Gi = exogenous cos t  of producing one u n i t  of product i; 

it includes  l abor ,  r a w  mate r ia l s ,  and any o ther  

in termediate  inputs  t h a t  a r e  exogenous t o  t h e  model; 

Wi = u n i t  import p r i c e  f o r  product i. 

A l l  t h e se  parameters a r e  nonnegative and t h e  Vk a r e  s t r i c t l y  posi- 

t i v e .  Obviously Gi < Wi, f o r  otherwise product i should c l e a r l y  

be h p o r t e d .  

A mate r ia l  balance cons t r a in t  s t a t e s  t ha t  t h e  sum of domestic 

production and imports must be equal t o  the  f i n a l  demand plus  t h e  

endogenously generated demand fo r  each product: 

where 

a = input-output requirement: one u n i t  of product j 
i j  

requ i res  a (>  0) u n i t s  of product i; 
i j  - 

i 
= exogenous ( f i n a l )  demand f o r  product i. 



The Di spec i fy  demand requirements from a c t i v i t i e s  exogenous t o  t h e  

model, and may be f o r  f i n a l  consumption o r  investment use ,  o r  even 

f o r  in termedia te  inpu t s  t o  be used in  production a c t i v i t i e s  t h a t  are 

exogenous t o  t h e  model. 

For each type  of process  element a c a p a c i t y  ba lance  c o n s t r a i n t  

r e q u i r e s  t h a t  capaci ty  be  a t  l e a s t  a s  l a r g e  a s  t h e  t o t a l  volume of 

processing : 

where 

b k i  
= amount of capac i ty  of process  element type  k 

r equ i red  in t h e  production of  one u n i t  of  product i. 

Fixed c o s t  c o n s t r a i n t s  r e q u i r e  t h a t  t h e  f i x e d  c o s t  a s s o c i a t e d  

wi th  a given process  element be incurred  if c a p a c i t y  in t h a t  process 

element is required  : 

CkAk - z > 0 ,  k E K ,  k - ( 2  -4) 

where Ck is an  upper bound on zk. 

I n t e g r a l i t y  c o n s t r a i n t s :  

F ina l ly ,  nonnegat iv i ty  c o n s t r a i n t s  complete t h e  mathematical 

formulat ion of t h e  planning model : 



It should be obvious that t h e  input-output  and process  inter- 

dependencies d iscussed in  t h e  previous s e c t i o n  e n t e r  t h e  model 

through t h e  m a t e r i a l  and capaci ty  balance c o n s t r a i n t s .  Production 

dec i s ions  f o r  a c t i v i t i e s  i and j a r e  interdependent  whenever a t  

least one of t h e  fol lowing two occurrences t a k e s  p lace:  

( i )  a L i > O  and a > O  f o r o n e o r m o r e  I I E I ;  

( i i )  bki > 0  and b > 0  f o r  one o r  mre k E K . 
k j  

I n  t h e  f i r s t  case  a c t i v i t i e s  i and j have a t  least one endogenous 

in termedia te  input  in  common. The e x t e r n a l  economies c rea ted  by 

t h i s  type  of interdependence t a k e  va r ious  forms. Assume, f o r  example, 

that t h e  domestic production of product i is economically j u s t i f i e d  

but in termedia te  input  II is imported. The domestic production of 

product j would have t h e  e f f e c t  of inc reas ing  t h e  demand f o r  i n t e r -  

mediate product R. Due t o  economies-of-scale t h i s  inc rease  i n  

demand might warrant t h e  domestic production of product II. Obviously 

t h e s e  e f f e c t s  may occur in e i t h e r  d i r e c t i o n  o r  j o i n t l y ,  t h a t  is, 

product j may be produced only if t h e  added demand t h a t  i t s  domestic 

product ion  would genera te  f o r  product R j u s t  i f  ies t h e  domestic 

production of R. Assume next  t h a t  both product i and t h e  inter- 

mediate product a r e  domestical ly produced. Because of economies- 

of-scale t h e  u n i t  c o s t  of producing t h e  a d d i t i o n a l  amount of input  

L ( required  by product j )  decreases.  This decrease  might be 

s u f f i c i e n t  t o  j u s t i f y  t h e  domestic production of product j .  In  t h i s  

case  w e  can say t h a t  products  i and j i n d i r e c t l y  sha re  capac i ty  

through common inputs .  



I n  case  (ii) t h e r e  is d i r e c t  capac i ty  shar ing  between products  i and 

j i n  a t  l e a s t  one process  element. Again, under t h e  economies-of-scale t h a t  

c h a r a c t e r i z e  these  product ion a c i t i v i t e s ,  t h e  domestic product ion of  e i t h e r  

product might j u s t i f y  t h e  production of t h e  o t h e r ,  o r  domestic product ion may 

only t ake  p l ace  i f  both products  c o n t r i b u t e  toward covering t h e  f ixed  c o s t s  

of capac i ty  i n  common process  elements. 

It is t h e  j o i n t  o r  combined e f f e c t  of t hese  interdependencies  a c r o s s  a l l  

production a c t i v i t i e s  t h a t  a r e  of  i n t e r e s t  f o r  investment dec i s ions .  The 

programming model formulated above provides t h e  t o o l  t o  explore t h e  e f f e c t s  

of t hese  interdependencies .  

An i m p l i c i t  assumption of t h e  model i s  t h a t  t h e  demands f o r  t h e  I 

products  a r e  such t h a t  t h e  upper bound on t h e  capac i ty  of  any process  element 

t h a t  may be b u i l t  w i l l  no t  be exceeded. That is ,  

where D is t h e  product ion l e v e l  of product  j  i f  a l l  I products  a r e  
j 

domest ica l ly  produced, t h a t  is,  a bound on xj. This  r e s t r i c t i o n  i s  e s s e n t i a l l y  

what d i s t i n g u i s h e s  t h e  above model from t h e  one used by Westphal and Rhee 

119781 t o  s tudy t h e  mechanical engineering s e c t o r  of Korea. A s  it was 

d iscussed  i n  Chapter 1, r e s t r i c t i o n  (2.7) was n o t  imposed on t h e  Korea model. 

A s  a consequence, t h e  
bk 

were no t  b inary  v a r i a b l e s  i n  t h a t  case ,  bu t  were 

only  requi red  t o  be nonnegative in t ege r s .  Upper bounds on t h e  4 could be 

e a s i l y  obta ined ,  however, from (2.7) f o r  those  k f o r  which it was no t  

s a t i s f i e d .  It is easy  t o  see  t h a t  t h i s  type of formulat ion impl ies  a 

capaci ty  c o s t  funct ion  with jump-type d i s c o n t i n u i t i e s  
Ck' 

2Ck,. . . , 
t h e  jumps being equal  t o  t h e  f ixed  c o s t s  F This  type  of c o s t  func t ion  

k ' 



not only undermines the effects of economies-of-scaler1/ but it also assumes 

that the capacity of a process element is a "hard" number that can be 

precisely and unambiguously determined. While there are situations under 

which this type of cost function may be appropriate, in this study we are 

interested in those cases where the simple fixed charge cost function is 

the appropriate one to specify. It is assumed that it is valid over the 

relevant range of expected output if domestic production is to take place. 

The upper limit of this range is obviously given by the left-hand-side of 

inequality (2.7). Although alternative production techniques are not 

explicitly incorporated inthe model, the cost function specified may 

reflect the fact that different techniques that perform the same processing 

function may be employed at different output levels. 

Next, the planning model given by (2.1) - (2.6) is put in a 

slightly different form. The new parameters that will appear in the 

objective function contain more meaningful economic information than in 

the form given previously. It is in this form that the model will be 

studied in the next chapter. 

Since there is a positive cost associated with each unit of 

capacity built, in any optimal solution to the problem constraints 

(2.3) will be satisfied as strict equality. We can thus replace 

As it implies that process elements of larger capacity do not cost 
proportionately less over a wide range of output levels. 



I f  w e  use  (2.3a) t o  e l imina te  t h e  v a r i a b l e s  z t h e  fol lowing k ' 

equivalent  programming problem is obtained : 

The model i n  t h i s  form corresponds t o  a f i x e d  charge ve rs ion  

of t h e  one s tudied by Crher [1976], who s p e c i f i e d  a genera l  concave 

investment c o s t  function.  The two previously  t r e a t e d  ve rs ions  of 

t h i s  problem and t h e  one s tudied here  thus  d i f f e r  only in t h e  form 

of t h e  c o s t  func t ion  f o r  capac i ty  t h a t  is spec i f i ed .  

I f  w e  now u s e  c o n s t r a i n t s  (2.9) t o  e l imfna te  t h e  import v a r i a b l e s  

Y i from (2.8) ,  t h e  o b j e c t i v e  funct ion t akes  t h e  fol lowing form: 



Cons t ra in t s  (2.9) become : 

I f  w e  drop t h e  constant  term 1 WiDi 
from (2.8a), change t h e  

i E I  

o b j e c t i v e  t o  maximization and d e f i n e  

we o b t a i n  t h e  fol lowing problem: 

sub jec t  t o  (2.9a),  (2 . lo )  , (2.11) and (2.12) . 

The Hi 
can be i n t e r p r e t e d  a s  t h e  u n i t  savings of domestic production 

over import c o s t  f o r  product i when only v a r i a b l e  production and 

capac i ty  c o s t s  are considered a l l  endogenous in termedia te  inpu t s  

are imported. 

A s  we s h a l l  be r e f e r r i n g  t o  t h e  planning model in t h i s  form 

throughout t h i s  s tudy,  w e  c a l l  it problem (P). We r e f e r  t o  t h e  

problem in t h e  f o m  given by (2.8) - (2.12) a s  ( P )  . Obviously 

(P) and (P ' )  have t h e  same optimal so lu t ion  and 

v (p t  ) = 1 WiDi - v(P) ,  where v ( . )  is t h e  optimal va lue  of 
iEL 

problem ( ) . 



CHAPTER 3 

A SOLUTION APPROACH TO THE INVESTMENT PLANNING MODEL 

3 .1  I n t r o d u c t i o n  

I n  t h i s  c h a p t e r  we  s t udy  t h e  p lanning  model (P) formula ted  i n  

Chapter 2 .  The aim is  t h e  development of a n  e f f i c i e n t  s o l u t i o n  ap- 

proach t o  t h i s  c l a s s  of problems. For e a s e  of r e f e r e n c e  (P) i s  

r e w r i t t e n  in f u l l  below: 

There are two d i s t i n c t  s t a g e s  t o  t h e  approach t aken  h e r e  t o  

s o l v e  ( P ) .  A t  t h e  f i r s t  s t a g e  an  a t t empt  i s  made t o  r educe  t h e  s i z e  

of t h e  problem by e x p l o i t i n g  some p r o p e r t i e s '  t h a t  i t s  op t ima l  so lu-  

t i o n  must s a t i s f y .  These p r o p e r t i e s ,  which were developed by 

Westphal and Rhee f o r  t h e  Korea model and extended by Crher  [1976] 

t o  t h e  g e n e r a l  concave c o s t  v e r s i o n ,  t a k e  t h e  form of v e r y  s imple 

s u f f i c i e n c y  c o n d i t i o n s  f o r  import and f o r  domest ic  p roduc t ion  of a 



given product.  They a l low f o r  t h e  i d e n t i f i c a t i o n  of a c t i v i t i e s  

t h a t  are not  compet i t ive  with imports when maximum advantage i s  taken 

of interdependence, on t h e  one hand, and of a c t i v i t i e s  that should 

c l e a r l y  be undertaken even i f  no advantage i s  taken of interdependence, 

on t h e  o the r .  

A t  t h e  second s t a g e  a branch-and-bound (B-B) scheme based on 

t h e  l i n e a r  programming (LP) r e l a x a t i o n  of t h e  planning problem i s  

used. W e  show that t h e  problem obtained when t h e  i n t e g r a l i t y  con- 

s t r a i n t s  of (P) a r e  re laxed i s  a simple maximization of a l i n e a r  ob- 

j e c t i v e  func t ion  over a Leontief s u b s t i t u t i o n  s t r u c t u r e ,  f o r  which 

a very  e f f i c i e n t  s o l u t i o n  approach exists. 

Our approach a t  t h e  second s t a g e  is  i n  sharp c o n t r a s t  t o  t h e  

approach taken by Westphal and Rhee t o  so lve  t h e  Korea model, and 

by Crher t o  so lve  h i s  v e r s i o n  of t h e  problem. Westphal and Rhee 

developed a n  approximate so lu t ion  method based on t h e  s o l u t i o n  t o  

single-product models, while C r h e r  developed a cond i t ion  s i m i l a r  t o  

t h e  s u f f i c i e n t  cond i t ion  f o r  domestic production used i n  t h e  f i r s t  

s t a g e  that a p p l i e s  t o  combinations of two a c t i v i t i e s  a t  a t ime,  

then t h r e e ,  f o u r ,  e t c .  Once a combination of products  s a t i s f y i n g  

t h e  cond i t ion  i s  i d e n t i f i e d ,  t h e  f i r s t  s t a g e  cond i t ion  f o r  domestic 

production is  re-applied and t h e  process is  repeated .  Crher's approach 

a t  t h e  second s t a g e  is b a s i c a l l y  an extension of t h e  f i r s t  s t age .  

While t h e  computat i o n a l  e f f o r t  required by both Crker ' s and 

westphal and Rhee's approach seems t o  depend heavi ly  on t h e  degree t o  

which t h e  f i r s t  s t a g e  succeeds i n  reducing t h e  s i z e  of t h e  problem, 

t h e  computat iona l  experience provided i n  Chapter 4 i n d i c a t e s  t h a t  



t h e  approach developed he re  does not  depend in any s i g n i f i c a n t  way 

on t h e  outcome of t h e  f i r s t  s t age .  

W e  assume i n i t i a l l y  that t h e  input-output matr ix  A = Ea 1 is  
i j  . 

upper t r i a n g u l a r ,  w i th  ze ros  in t h e  main diagonal .  I n  o t h e r  words, 

we  a r e  assuming t h a t  t h e  products  can be numbered in such a way that 

a = 0 whenever i 2 j .  Although t h i s  assumption may appear somewhat 
i j 

l i m i t i n g ,  f o r  models s p e c i f i e d  a t  t h e  product l e v e l  it is  n o t  very 

r e s t r i c t i v e .  I n  t h e  Korea study,  f o r  example, t h e  input-output 

matrix is in f a c t  upper t r i a n g u l a r .  We do never the less  g e n e r a l i z e  

our  a n a l y s i s  t o  t h e  c a s e  where A is n o t  t r i a n g u l a r .  

The o rgan iza t ion  of t h i s  chapter  is a s  fo l lows.  Sect ion  3.2 

d e a l s  with t h e  r e l a x a t i o n  of (P);  t h e  s o l u t i o n  t o  t h e  r e l axed  problem 

is discussed and a two-step a lgor i thm is developed. I n  s e c t i o n  3.3 

t h e  s t r u c t u r e  of (P) is  thoroughly analyzed. Based on t h e  t h e o r e t i c a l  

r e s u l t s  of s e c t i o n s  3.2 and 3.3, t h e  s o l u t i o n  approach t o  t h e  planning 

model is formalized in s e c t i o n  3.4. F ina l ly ,  i n  s e c t i o n  3.5 i t  is 

shown t h a t  a very e f f i c i e n t  s o l u t i o n  a l s o  e x i s t s  f o r  t h e  re laxed 

problem when t h e  input-output matrix A is no t  t r i a n g u l a r .  

3.2 Relaxation of t h e  Planning Model 

I n  t h i s  s e c t i o n  w e  g ive  t h e  l i n e a r  programming r e l a x a t i o n  of 

(P) ,  on which t h e  branch-and-bound approach is based, and d e s c r i b e  

a very simple and e f f i c i e n t  s o l u t i o n  technique f o r  t h e  re laxed problem. 

I f  t h e  i n t e g r a l i t y  c o n s t r a i n t s  (3.3) in (P) a r e  r e l axed ,  t h e  

fol lowing LP problem is obta ined:  



With t h e  \ being continuous v a r i a b l e s  and having o b j e c t i v e  func t ion  

c o e f f i c i e n t s  F 2 0, c l e a r l y  an optimal s o l u t i o n  t o  t h e  relaxed 
k 

problem e x i s t s  with t h e  capac i ty  c o n s t r a i n t s  (3.2) s a t i s f i e d  a s  

strict e q u a l i t i e s .  Also, t h e  c o n s t r a i n t s  0 5 \ 5 1, k E K may be 

dropped from t h e  re laxed model s i n c e  t h e  \ can never be g r e a t e r  

than one (by t h e  i m p l i c i t  assumption (2.7) of Chapter 2 ) ,  nor can 

they be less than zero ,  a s  can be seen by examining t h e  capac i ty  con- 

s t r a i n t s  (because bki 0, xi ) 0 and Ck > 0 ) .  W e  can t h e r e f o r e  

use t h e  capaci ty  c o n s t r a i n t s  t o  s u b s s i t u t e  f o r  t h e  Ak i n  t h e  objec- 

t i v e  func t ion  t o  ob ta in  t h e  following equivalent  formulat ion f o r  t h e  

I.2 r e l a x a t i o n ,  which w e  call: (F) : 



It is easy t o  see that (F) has t h e  s t r u c t u r e  of a g e n e r a l  

input-output model, d is t inguished from a simple input-output  model 

by t h e  presence of a l t e r n a t i v e  production techniques f o r  each 

product. The s l a c k  v a r i a b l e s  of (F) a r e  i n  e f f e c t  t h e  a l t e r n a t i v e  

"techniques" f o r  supplying each product; they a r e  t h e  import v a r i a b l e s  

y which i n  our formulat ion of t h e  model have zero c o e f f i c i e n t s  i n  t h e  
i 

ob jec t ive  function.  Since ) is a l s o  "productive" ( a s  x = 0, 
i 

and thus  
Y i 

= Di f o r  each i E I is a f e a s i b l e  s o l u t i o n  t ha t  

s a t i s f i e s  a l l  t h e  f i n a l  demands), a l l  t h e  cond i t ions  of t h e  

s u b s t i t u t i o n  theorem of genera l  input-output theory a r e  s a t  i s £  ied  . 
Such systems a r e  sa id  t o  possess Leontief s u b s t i t u t i o n  s t r u c t u r e .  

See Gale [I9601 f o r  a statement and proof of t h e  s u b s t i t u t i o n  theorem, 

o r ,  f o r  a more extens ive  treatment of t h i s  s u b j e c t ,  t h e  chap te r s  by 

Samuelson, Koopmans and Arrow i n  Koopmans [1951]. The s u b s t i t u t i o n  

theorem s t a t e s  t h e  cond i t ions  under which t h e  technique used t o  

s a t i s f y  each product ' s  demand i s  unique, i r r e s p e c t i v e  of t h e  

exogenous demand l e v e l s  Di (Di 2 0). Applied t o  (F) t h i s  says  that 

each product w i l l  be e n t i r e l y  imported o r  domestical ly produced t o  

s a t i s f y  a l l  i t s  exogenous p l u s  endogenous demands, s i n c e  i t s  optimal 

b a s i s  i s  independent of t h e  right-hand-side q u a n t i t i e s  D . This is 
i 

discussed in more d e t a i l  i n  sec t ion  3.5 where t h e  a n a l y s i s  of t h i s  

sec t ion  i s  extended t o  t h e  c a s e  where A i s  not t r i a n g u l a r .  

For LP problems with upper t r i a n g u l a r  input-output  matr ix ,  

Dantzig 119551 has shown t h a t  t h e  optimization can be c a r r i e d  out  



s e q u e n t i a l l y ,  a s  t h e  s o l u t i o n  t o  t h e  ith a c t i v i t y  depends only  on 

t h e  s o l u t i o n  t o  t h e  f i r s t  i - 1 a c t i v i t i e s . -  I' This  r e s u l t  can 

a l s o  be  very  e a s i l y  e s t a b l i s h e d  by t h e  u s e  of s e q u e n t i a l  p r o j e c t i o n  

fol lowing Geoffr ion h9701. To develop t h e  computational approach t o  

(F) w e  make u s e  of t h i s  r e s u l t ,  a s  w e l l  a s  of t h e  s u b s t i t u t i o n  

theorem, i n  obvious ways. There a r e  two s t e p s  t o  t h e  approach: t h e  

f i r s t  s t e p  simply determines which products  should be produced, and, 

a t  t h e  second s t e p  it is determined a t  what l e v e l  they  should be 

produced. 

Fk 
We f i r s t  d e f i n e  S  = Hi - ij- bki . Si 

i 
is  t h u s  t h e  

~ E K  k 

c o e f f i c i e n t  of x in t h e o b j e c t i v e  f u n c t i o n o f  (F). i 

Step I: I d e n t i f i c a t i o n  of a c t i v i t i e s  a t  p o s i t i v e  l e v e l  i n  t h e  

optimal  s o l u t i o n  

1. I n i t i a l i z e  i = 1 
i-1 - 

2. Compute S = si 
i 

+ Sjaji6j . I f  Si - > 0 set 
j -1 

6 = 1, otherwise  set 6  = 0. 
i i 

3. I f  i = I go t o  Step 11. Otherwise i + i+l and 

go t o  2. 

- Actual ly  Dantzig showed t h i s  r e s u l t  f o r  a b lock- t r iangular  

input-output matrix, of which A i s  a s p e c i a l  case .  



S t e p  11: Determina t ion  of t h e  op t ima l  product ion  l e v e l s  

1. I f  6 i =  0 set;  = O a n d  go t o  3 .  
i 

T 
I - 

2. Compute x = Di + 1 a i jx j  
i j =i+l 

3 .  I f  i = 1, STOP. Otherwise i + i-1 and go t o  1. 

The xi computed a t  S t e p  I a r e  t h e  c o e f f i c i e n t s  of x  i n  t h e  
i 

- 
s e q u e n t i a l  o p t i m i z a t i o n  p roces s .  S g i v e s  t h e  s a v i n g s  of domest ic  

i 

product ion  over  impor t s  f o r  product  i given  op t ima l  d e c i s i o n s  w i t h  

r e s p e c t  t o  p roduc t s  1, 2 ,  . - 1  t h a t  i s ,  wi th  minimum-cost 

i npu t  sou rce  .- l1 There fo re ,  i f  t h e  s a v i n g s  a r e  p o s i t i v e  product  i 

should b e  produced in t h e  s o l u t i o n  t o  (F) and w e  set 
6i 

= 1. 

Knowing t h e n  from S t e p  I which p roduc t s  should b e  d o m e s t i c a l l y  pro- 

duced, a t  S t ep  I1 we o b t a i n  r e c u r s i v e l y  t h e  p roduc t ion  l e v e l s .  A bar  

over  t h e  x i s  used t o  d e s i g n a t e  t h e  op t ima l  s o l u t i o n  t o  (y). 
i 

We can  see from t h e  r e s u l t s  of t h i s  s e c t i o n  t h a t  t h e  s o l u t i o n  

t o  t h e  LP r e l a x a t i o n  of (P) i s  a n  extreme p o i n t  of t h e  m a t e r i a l  

ba l ance  c o n s t r a i n t s  ( 3  . I ) ,  i .e . ,  of t h e  Leont ie f  s u b s t i t u t i o n  system. 

Ve ino t t  [1969] has shown t h a t  a l s o  f o r  t h e  c a s e  of min imiza t ion  of 

- I f  w e  l e t  n be  t h e  d u a l  v a r i a b l e  a s s o c i a t e d  w i t h  t h e  i t h 
i - 

c o n s t r a i n t  of (F), and 
ni 

i t s  op t ima l  v a l u e ,  t hen  it i s  ea sy  

t o  see that 

S t ep  I t h u s  c o n s i s t s  of s e q u e n t i a l l y  o b t a i n i n g  t h e  d u a l  s o l u t i o n  
of (P) . n > 0 i m p l i e s  t h a t  product  i should b e  

i 
d o m e s t i c a l l y  produced. 



a  concave o b j e c t i v e  func t ion  (equivalent ly ,  t h e  maximization of a  

convex funct ion)  an optimal s o l u t i o n  e x i s t s  which is  an  extreme 

point  of t h e  Leontief system. Because any extreme po in t  of 

1 / c o n s t r a i n t s  (3.1) s a t i s f i e s  t h e  capac i ty  balance c o n s t r a i n t s  (3.2)- 

of (P) with t h e  appropr ia te  A set t o  one, an optimal s o l u t i o n  t o  
k 

(P) a l s o  e x i s t s  which is  an  extreme point  of t h e  Leontief system. 

This i s  in f a c t  a l s o  t r u e  f o r  t h e  ve r s ion  of t h e  planning problem 

s tudied by Crber, but no t  f o r  t h e  Westphal and Rhee model, a s  t h e  

investment c o s t  func t ion  they spec i f i ed  i n  t h e  Korea s tudy is no t  

2/ concave .- 

3.3 Further Theoret ica l  Development 

I n  t h i s  s e c t i o n  we  d e r i v e  condi t ions  under which domestic pro- 

duct ion is  optimal and under which imports a r e  opt imal ,  based on t h e  

relaxed problem (F). Some of these  r e s u l t s  a r e  u s e f u l  f o r  problem 

s i z e  reduct ion,  o r  fathoming i n  t h e  B-B approach t o  be described 

in t h e  next  sec t ion ,  and s t i l l  o t h e r s  merely provide some i n s i g h t  on 

t h e  problem. 

I f  we set a l l  f ixed c o s ~ s  
Fk 

t o  zero  i n  (F), then Si = H 
i 

f o r  each i E I. W e  d e f i n e  f o r  t h i s  case  X s i m i l a r l y  t o  Ti, so  
i ' 

that a d i s t i n c t i o n  can be made between a  problem that only  considers  

- Since t h e  capac i ty  bounds C s a t i s f y  cond i t ion  (2 .7) .  
k 

- 2 /  See s e c t i o n  2.3, Chapter 2 .  



v a r i a b l e  c o s t s  from one in which f i x e d  c o s t s  a l l o c a t i o n  is a l s o  
- 

included.  Obviously i f  a l l  F = 0  then  ? = Hi. The Hi can k  i 

t h u s  be i n t e r p r e t e d  as t h e  sav ings  pe r  u n i t  of domest ic  product ion  

over  imports  f o r  product  i when minimum-cost i npu t  sou rces  are 

used and on ly  v a r i a b l e  c o s t s  of domestic product ion  a r e  cons ide red .  

W e  u s e  c o n s i s t e n t l y  throughout  t h i s  paper a ba r  over  a  v a r i a b l e  

t o  d e s i g n a t e  i t s  opt imal  v a l u e  i n  (F), and a n  a s t e r i s k  t o  d e s i g n a t e  

i t s  opt imal  v a l u e  i n  ( P ) ,  that is ,  i ts  g l o b a l  optimum. We a l s o  make 

u s e  l a t e r  of t h e  fo l lowing  a d d i t i o n a l  n o t a t i o n :  

and 

I, = { i  t I I bki > 01 . 

Theorem 3 . 1  I f  Si < 0 f o r  each i E I, then  a l l  I p roduc t s  

should be imported i n  t h e  opt imal  s o l u t i o n  of (P ) ,  t h a t  is, f o r  each 

i E I X: = 0  and y2 = Di. 

Proof .  Assume w e  are so lv ing  (F) by t h e  simplex method. We add s l a c k  

v a r i a b l e s  y  t o  t h e  c o n s t r a i n t s  of (F) and u s e  a n  a l l - impor t  
i 

s o l u t i o n  (yi = Di, i t I )  as t h e  i n i t i a l  b a s i c  f e a s i b l e  s o l u t i o n .  The 

simplex m u l t i p l i e r s  a s s o c i a t e d  wi th  t h i s  b a s i s  a r e  a l l  ze ro  and t h u s  

t h e  r e l a t i v e  c o s t  f a c t o r s  f o r  t h e  a c t i v i t i e s  no t  in t h e  b a s i s  a r e  

i d e n t i c a l l y  equa l  t o  t h e  S  S ince  a l l  S  < 0 ,  by t h e  theo ry  of t h e  
i' i 

simplex method t h e  c u r r e n t  b a s i s  must be opt imal .  This  e s t a b l i s h e s  

that ; -0 f o r  a l l  i E I. S ince  t h i s  s o l u t i o n  imp l i e s  that Xk=0 f o r  
i- 

a l l  k  E K ( s i n c e  h = 1 b  .x. / C ) ,  and it is  f e a s i b l e  i n  ( F ) ,  i t  
~ E I  

kl 1 k  
k 

must then  be opt imal  i n  ( P ) ,  and t h u s  xl = 0  f o r  a l l  i E I. 



Although t h i s  r e s u l t  i s  very  simple and s t r a igh t fo rward ,  it i s  

somewhat c o u n t e r i n t u i t i v e  a s  it impl ies  t h a t  i f  w e  analyze  each 

product i n d i v i d u a l l y  ( a  pricing-out opera t  ion) wi th  a l l  endogenous 

inpu t s  t o  i t s  production imported and f ixed  c o s t s  charged propor- 

t i o n a t e l y  t o  i t s  capac i ty  requirements,  and it i s  cheaper t o  import 

than t o  produce each product ,  then  a l l  products  should opt imal ly  be 

imported. That is ,  no b e n e f i t s  from coordinat ion  of investments can 

poss ib ly  j u s t i f y  any domestic production.  Thus, a t  l e a s t  one 
Si 

must be p o s i t i v e  i f  any domestic production i s  t o  t a k e  p lace .  

Obviously Theorem 3 .1  i s  v a l i d  even when A is no t  t r i a n g u l a r ,  a s  

no t r i a n g u l a r i t y  assumption i s  needed f o r  i t s  proof.  

Theorem 3.2 wt = 0 f o r  a l l  i E I such t h a t  Ti 5 0. 
1 

This r e s u l t ,  due t o  Westphal and Rhee [1978], a l though obvious, is a 

ve ry  important one. It says  that any product that is  imported i n  

t h e  s o l u t i o n  of (F) with  a l l  Fk = 0 ,  should opt imal ly  be imported 

- 
in t h e  s o l u t i o n  of (P) . H 5 0 impl ies  t h a t  t h e  minimal v a r i a b l e  

i 

c o s t  of domestic production f o r  product i i s  a t  l e a s t  a s  l a r g e  a s  

t h e  import p r i c e  W Thus it shlu ld  be. obvious t h a t  Hi 0 i s  a 
i' 

s u f f i c i e n t  cond i t ion  f o r  it no t  t o  be optimal  t o  produce product i. 

Theorem 3.2 can t h u s  be used t o  e l imina te  from our model a l l  

- 
products f o r  which Hi 1 0 ,  thereby reducing t h e  s i z e  of t h e  problem. 

Another important impl ica t ion  of Theorem 3.2 is t h a t  t h e  s o l u t i o n  t o  

(F) with a l l  Fk = 0 g ives  upper bounds on t h e  opt imal  l e v e l s  of 

domestic production. These upper bounds can be used t o  compute 

upper bounds on t h e  e f f e c t i v e  capac i ty  requirements f o r  each process 



e lement ,  which in t u r n  c a n  b e  used i n  p l a c e  of t h e  Ck ,  t h e r e b y  

r e n d e r i n g  (F) a  t i g h t e r  LP r e l a x a t i o n  o f  (P) . 

F a c t  3 . 1  I f  HIDi > 1 Fk t h e n  p r o d u c t  i a l o n e  pays  f o r  t h e  
kcKi 

f i x e d  c o s t s  a s s o c i a t e d  w i t h  a l l  t h e  p r o c e s s  e l e m e n t s  k  i n  Ki. 

F a c t  3.2 I f  1 HIDi > 1 Fk t h e n  i t  i s  b e t t e r  t o  p roduce  a l l  
i ~ 1 '  ~ E K  ' 

I '  p r o d u c t s  t h a n  t o  impor t  them a l l ,  where I '  - c { i  E I / Hi > 0) 

and 

K '  = { k  E K I bki > 0  f o r  some i E 1 ' )  , 

F a c t  3 . 1  p r o v i d e s  a s u f f i c i e n t  c o n d i t i o n  f o r  d o m e s t i c  p r o d u c t i o n  

of a  g i v e n  p r o d u c t ,  whereas  F a c t  3 .2  g i v e s  a  s u f f i c i e n t  c o n d i t i o n  

f o r  d o m e s t i c  p r o d u c t i o n  of a t  l e a s t  some of t h e  p r o d u c t s  i n  t h e  set 

1'. The c o n d i t i o n  o f  F a c t  3.2 c a n ,  of c o u r s e ,  b e  s t r e n g t h e n e d  b y  

d e f i n i n g  t h e  set I '  as  f o l l o w s :  

I '  - c { i  E I 1 Hi > 0 and t h e  c o n d i t i o n  of F a c t  3 . 1  i s  - 

n o t  s a t i s f i e d )  , 

where t h e  set K '  i n  t h i s  c a s e  e x c l u d e s  t h e  p r o c e s s  e l e m e n t s  

i d e n t i f i e d  by F a c t  3 . 1 .  

It is a l s o  i m p o r t a n t  t o  o b s e r v e  t h a t  t h e  c o n d i t i o n  of F a c t  3 . 1  

c a n  o n l y  be s a t i s f i e d  f o r  t h o s e  p r o d u c t s  i w i t h  Si > 0. P r o d u c t s  

w i t h  S  < 0 b u t  Ti > 0  w i l l  be  d o m e s t i c a l l y  produced o n l y  i f  
i 

some of t h e  f i x e d  c o s t s  a re  "paid  f o r "  by o t h e r  p r o d u c t s  which s h a r e  

c a p a c i t y  w i t h  p r o d u c t  i i n  o n e  o r  more p r o c e s s  e l e m e n t s .  That is, 



without coord ina t ion  of investments t h e i r  domestic production could 

not  poss ib ly  be economically j u s t i f i e d .  F i n a l l y ,  i f  t h e  cond i t ion  

of Fact 3 .1  i s  s a t i s f i e d  f o r  a t  least one product i, then  w e  can  

set Fk = 0 f o r  a l l  k E Ki ( i . e . ,  f i x  open t h e  process  elements 

included i n  K ) and re-apply t h e  cond i t ion  once aga in  t o  a l l  t hose  
i 

products  that a r e  process  interdependent  wi th  product i. This can 

be repeated  u n t i l  no new product s a t i s f i e s  t h e  cond i t ion .  

S i m i l a r l y  t o  Fact 3.2, t h e  fol lowing f a c t  provides  a n  a l t e r n a t i v e  

s u f f i c i e n t  cond i t ion  f o r  some domestic product ion .  

- 
Fact  3.3 I f  1 HiDi > 1 Fk then i t  i s  b e t t e r  t o  produce a l l  

~ E I "  ~ E K "  

I" products  than t o  import them a l l ,  where I" = { i  E I I fii > 0) 

and K'' i s  t h e  set of a l l  process  elements needed i n  t h e  production 

of a l l  I '  products .  

The cond i t ion  of Fact 3.3 can be s i m i l a r l y  s trengthened a s  t h a t  of 

Fact 3.2. We no te  that whi le  he re  t h e  set I" i s  uniquely  de f ined ,  

t h e  set I '  i n   act 3.2 could be any subset  of ( i  E I I Tii > 0) . 
Of course  i f  I '  i s  a s i n g l e t o n  Fact 3.2 degenera tes  i n t o  Fact  3.1. 

3.4 The So lu t ion  Approach t o  t h e  Planning Model 

We now t u r n  t o  t h e  formula t ion  of t h e  a lgor i thm f o r  t h e  s o l u t i o n  

of (P ) .  There a r e  two s t a g e s  t o  our approach, and both make use  of 

t h e  t h e o r e t i c a l  developments of t h e  two preceding s e c t i o n s :  i n  t h e  

f i r s t  s t a g e  f o r  problem s i z e  reduct ion ,  and i n  t h e  second f o r  t h e  

development of a  branch-and-bound procedure. 



3.4.1 Problem Reduction Stage  

Assume t h a t  i n i t i a l  sc reening  of products  has  been done u s i n g  

Theorem 3 . 2 ,  and t h a t  t h e  set I now c o n t a i n s  on ly  p roduc t s  i such 

that TIi > 0. 

A s  pointed ou t  i n  t h e  preceding s e c t i o n ,  Fact  3 . 1  can be used 

t o  f u r t h e r  reduce  t h e  s i z e  of t h e  problem; i f  t h e  c o n d i t i o n  

HiDi - Fk > 0 i s  s a t i s f i e d  f o r  some i, t h i s  a l lows  u s  t o  
k€Ki 

f i x  a t  t h e  l e v e l  1 . a l l  Ak f o r  k E Ki.  W e  u se ,  however, f o r  t h i s  

c a s e  a s t rengthened v e r s i o n  of Fact  3.1.  It i s  s t rengthened by 

cont inuous  updat ing  of t h e  
Hi 

t o  r e f l e c t  t h e  sav ings  of product ion  

over  imports  g i v e n  t h a t  c e r t a i n  products  a r e  known t o  be o p t i m a l l y  

produced and a l s o  by cons ide r ing  t h e  endogenous demands genera ted  by 

t h e s e  product ion  a c t i v i t i e s .  For e a s e  of e x p o s i t i o n  we p r e s e n t  t h e  

procedure wi th in  t h e  c o n t e x t  of t h e  simplex method. However, no LP 

problem w i l l  be solved by t h e  simplex method s i n c e  t h e  s o l u t i o n  

approach developed f o r  (F) a l lows  f o r  updat ing  t h e  c o s t s  by means of 

ve ry  s imple computations. 

Consider (P) and l e t  t h e  i n i t i a l  b a s i c  f e a s i b l e  s o l u t i o n  be 

formed by a l l  t h e  import a c t i v i t i e s  ( i . e . ,  a l l  t h e  s l a c k  v a r i a b l e s  

Y i = Di). Rather than  in t roducing  i n t o  t h e  b a s i s  a t  a g iven  i t e r a t i o n  

t h e  product ion  a c t i v i t i e s  t h a t  p r i c e  out  nega t  ivel&' (which would 

/ I n  s e c t i o z  3.5 we show t h a t  block p ivo t ing  can be used when 
so lv ing  (P)  and t h a t  once a n  a c t i v i t y  has  been introduced i n t o  
t h e  b a s i s  it w i l l  n o t  be removed i n  succeeding i t e r a t i o n s .  



be optimal i n  (F)) , our approach c o n s i s t s  of introducing i n t o  t h e  

b a s i s  only a c t i v i t i e s  that s a t i s f y  a s u f f i c i e n t  cond i t ion  f o r  opt i -  

For t h e  f i r s t  i t e r a t i o n  t h e  s u f f i c i e n t  cond i t ion  is c l e a r l y  

that of Fact 3.1, that is, 

where an i t e r a t i o n  c o n s i s t s  of t h e  pricing-out of each nonbasic 

production a c t i v i t y  and t h e  in t roduc t ion  i n t o  t h e  b a s i s  of each one 

that s a t i s f i e s  t h e  s u f f i c i e n t  condi t ion .  Let t h e  set I* con ta in  t h e  

production a c t i v i t i e s  that s a t i s f y  (3.5) ,  i .e.,  become bas ic  i n  t h e  

f i r s t  i t e r a t i o n ,  and l e t  K* = k E K I k E U K ~ }  . 
i e I *  

A t  t h e  second i t e r a t i o n ,  t h e  condi t ion  f o r  a  given production 

a c t i v i t y  i, i f I t o  e n t e r  t h e  b a s i s  permanently becomes 

A 

where Hi is  t h e  savings of v a r i a b l e  domestic production c o s t  over 

import p r i c e  f o r  product i when inputs  j a r e  domest ica l ly  pro- 
A 

duced i f  j E I* and imported i f  j ! I*, and 
Di is  t h e  t o t a l  

A 

demand f o r  product i i n  t h a t  so lu t ion .  The Hi, f o r  each i 1 I*, 

a r e  obtained sequen t ia l ly  by 

A 

and t h e  D r e c u r s i v e l y  by 
i 



- 
This  is s i m i l a r  t o  t h e  way t h e  

i 
a r e  ob t a ined  i n  S t e p  I and t h e  

A - 
x i n  S t e p  I1 of t h e  s o l u t i o n  procedure  t o  6). Obviously H .  > H 
i 1 -  i 

A 

and D .  > D . Condi t ion  (3.6) is t h u s  s t r eng thened  each  t ime  a  new 
1 -  i 

a c t i v i t y  i s  i d e n t i f i e d  t h a t  should o p t i m a l l y  b e  under taken ,  ( i . e .  , 

e n t e r  t h e  b a s i s ) .  It i s  a l s o  s t r eng thened  whenever t h e  set K* i s  

augmented a s  a  r e s u l t  of a  p roces s  i n t e rdependen t  a c t i v i t y  being 

i d  e n t  if i e d  . 
At each  succeeding i t e r a t i o n  t h e  set I* is augmented by t h e  

a c t i v i t i e s  t h a t  a r e  in t roduced  i n t o  t h e  b a s i s  i n  t h e  immediately pre- - 
ceding  i t e r a t i o n ,  t h e  Hi updated and c o n d i t i o n  ( 3 . 6 )  r e a p p l i e d  f o r  

each  a c t i v i t y  i i I*. The p roces s  i s  r epea t ed  u n t i l  no new a c t i v i t y  

is added t o  I*. 

Th i s  ends t h e  problem r e d u c t i o n  s t a g e ,  which y i e l d s  a set of 

p roduc t s  known t o  be  o p t i m a l l y  produced ( I * ) ,  as w e l l  a s  a set of  

p r o c e s s  e lements  (K*) known t o  be open ( b u i l t )  i n  t h e  op t ima l  

s o l u t i o n  t o  ( P ) .  

3.4.2 Branch-and-Bound S tage  

The method of branch-and-bound (B-B) i s  based on a n  enumerat ion 

technique  that i m p l i c i t l y  c o n s i d e r s  a l l  p o s s i b l e  s o l u t i o n s  of a n  

i n t e g e r  o r  mixed i n t e g e r  programming problem. I n  t h e  c a s e  of ou r  

p lanning  model, i n  which t h e  v a r i a b l e s  r e q u i r e d  t o  assume i n t e g e r  

v a l u e s  a r e  b i n a r y ,  e x p l i c i t  enumerat ion of a l l  p o s s i b l e  s o l u t i o n s  

would r e q u i r e  t h e  s o l u t i o n  of 2' l i n e a r  programming problems, each  



with a given combination of f ixed  values  f o r  t h e  K binary va r i ab l e s .  

The B-B procedure al lows u s  t o  e l imina te  from e x p l i c i t  enumeration 

those so lu t ions  which, based on bounding considera t ions ,  a r e  known 

t o  be nonoptimal. An enumeration t r e e  i s  b u i l t  f o r  t h e  zero-one 

va r i ab l e s  A with  each node of t he  t r e e  character ized by a s e t  
k ' 

of A k  va r i ab l e s  having f ixed values .  That is, each node conta ins  

a partial so lu t ion  of (P) and thus  represen t s  a problem with  t h e  

same form of (P) but wi th  the  appropr ia te  set of Ak va r i ab l e s  f ixed .  

We r e f e r  t o  these  problems i n  t h e  B-B algori thm a s  candidate  problems 

and t o  a l l  such problems a t  any po in t  i n  time a s  t h e  candidate  l ist .  

The LP r e l axa t i on  of t h e  problem a t  each node i s  solved t o  ob ta in  an 

upper bound on t h e  optimal so lu t i on  of t h e  problem a t  that node. This 

upper bound represen t s  t h e  be s t  value  a t t a i n a b l e  by any completion 

of t he  p a r t i a l  so lu t i on  a t  that node. The node may be  fathomed if 

t h e  bound is l e s s  than t h e  value  of t h e  incumbent, t h a t  is,  t h e  

bes t  cu r r en t l y  known f e a s i b l e  so lu t ion  of (P) .  The bounds obtained 

by t h e  LP r e l axa t i on  can a l s o  be used t o  d i r e c t  t h e  search along t h e  

1/ branches of t h e  tree.- 

We r e f e r  t o  (P) wi th  some of t h e  Ak va r i ab l e s  f Fxed a s  (%) 
- 

and defined = {k E K I Ak is assigned t h e  va lue  01, K1 = {k E K I 
- 

Ak is assigned t h e  va lue  11, and f = $ u . K is  thus  t h e  

index s e t  of a l l  v a r i ab l e s  Ak i n  a p a r t i a l  so lu t i on  t o  (P).  The 

L/ For a very  comprehensive exposi t ion of t h e  branch-and-bound 
method s ee  Geoffrion and Marsten [1972]. 



LP r e l a x a t i o n  (6) of (P-) can be  w r i t t e n  a s  
K K 

where 

S ince  t h e  A v a r i a b l e s  d i sappea r  i n  t h e  r e l axed  problem, t h e  above 
k  

- - 
d e f i n i t i o n  of Fk a l lows  u s  t o  f i x  p roces s  e lements  open ( F ~  = 0) 

- 
o r  c lo sed  (Fk = m). 

For t h e  p r e s e n t a t i o n  of t h e  B-B procedure  t o  s o l v e  (P) w e  appea l  

t o  t h e  gene ra l  framework of Geoff r ion  and Marsten [1972]. The 

a lgo r i thm is : 

1. I n i t i a l i z e  t h e  cand ida t e  l i s t  t o  c o n s i s t  of (P-) a l o n e ,  w i t h  
K 

A - - 
K = K*, and set Z* = HiDi - 1 

Fk' 
KO = fl, and 

- ~ E I *  kcK* 
K1 = K*. 

2. Stop i f  t h e  c a n d i d a t e  l i s t  is  empty: t h e  incumbent s o l u t i o n  

is op t ima l  i n  (P ) .  

3 .  S e l e c t  one of t h e  problems from t h e  c a n d i d a t e  l ist  t o  

become t h e  c u r r e n t  cand ida t e  problem (CP) , us ing  a LIFO 



rule. Let  (%) be t h e  chosen ((2). 

4 .  Solve  (%I, t h e  LP r e l a x a t i o n  of (%I. Obtain t h e  6 i  and 

- - 
x and compute t h e  
i' 

A k  us ing  

5. I f  v(%) 5 Z* go t o  2 .  

6 .  I f  t h e  opt imal  s o l u t i o n  of i s  f e a s i b l e  i n  (%) go t o  9.  

7 .  P i c k  a k such that bk i s  f r a c t i o n a l  and compute 

idk 

- 
I f  Ek 2 0 set Fk = 0 f o r  each k E Kiy  i € I k  a n d g o  

t o  4;  o the rwise  r e p e a t  s t e p  u n t i l  t h e r e  a r e  no more k 

- 
such t h a t  Ak is  f r a c t i o n a l .  

8.  Sepa ra t e  (CP). From among t h e  A k  f r a c t i o n a l  s e l e c t  (by 

some r u l e )  k a s  t h e  s e p a r a t i o n  v a r i a b l e  and add i ts  
k 

descendants  t o  t h e  cand ida te  l i s t  i n  t h e  o r d e r  (CP I A- = 0) 
k 

then  (CP ( Pi; = 1 ) .  Tag (CP I P = 0) a s  fo l lows :  

- 
Update K f o r  each problem and recompute t h e  e f f e c t i v e  

c a p a c i t y  bounds f o r  a l l  p rocess  elements k E Ki, i E I- 
k 

( i . e . ,  t i g h t e n  t h e  Ck) i n  C P  1 = 0 Go t o  3.  



9 .  I f  v(CP) > Z* record  t h i s  s o l u t i o n  a s  t h e  new incumbent 

and s e t  Z* = v(CP). Purge t h e  cand ida te  l i s t  of t hose  

problems wi th  upper bounds UB(*) 2 Z*. Go t o  2 .  

The r o o t  node of t h e  B-B t r e e  i s  r ep resen ted  by problem ( P ~ * ) ,  
- 

o r ,  e q u i v a l e n t l y  (s) with  t h e  K = K*. K* is t h e  index s e t  of t h e  

Ak 
v a r i a b l e s  determined i n  t h e  f i r s t  s t a g e  t o  be op t ima l ly  s e t  a t  

- 
l e v e l  one. Thus a t  t h e  r o o t  node K1 = K* and = 0 ,  and conse- 

0  - 
quent ly  K = K*. I f  K* = fl then  t h e  i n i t i a l  cand ida te  list c o n t a i n s  

p r e c i s e l y  (P ) .  Z* is  i n i t i a l i z e d  a t  t h e  v a l u e  of s av ings  over 

imports  obta ined  from t h e  domestic product ion of t h e  I* products  

i d e n t i f i e d  in t h e  f i r s t  s t a g e .  I f  I* = !d t h e n  Z* = 0 ,  which i s  

t h e  v a l u e  of savings  over  imports  i f  a l l  I products  c o n t i n u e  t o  be  

imported . 
I n  s t e p  7 an e f f o r t  i s  made t o  peg some A a t  t h e  l e v e l  one 

k  

a f t e r  t h e  fathoming c r i t e r i a  of s t e p s  5 and 6 f a i l  and b e f o r e  
A 

r e s o r t i n g  t o  sepa ra t ion  of (cP).  The Hi a r e  known from t h e  f i r s t  

s t age .  

I n  s t e p  8 s e p a r a t i o n  occurs .  Two s e p a r a t i o n  r u l e s  a r e  computa- 

t i o n a l l y  t e s t e d  i n  Chapter 4 .  The f i r s t  one makes u s e  of t h e  v a l u e s  

- 
of Ek computed i n  s t e p  7 f o r  each k such that Ak i s  f r a c t i o n a l  

in (CP). It c o n s i s t s  i n  s e l e c t i n g  such t h a t  E- = max {E 1 a s  
k k  k  

t h e  s e p a r a t i o n  v a r i a b l e .  A second promising r u l e  c o n s i s t s  i n  

- 
s e l e c t i n g  a  

Ak 
such t h a t  I- is t h e  l a r g e s t  among t h o s e  

k Ik f o r  
- 

k such t h a t  Ak is  f r a c t i o n a l .  Th i s  has  t h e  p o t e n t i a l  e f f e c t  of 

making more 7 > 0, i . e . ,  i nc reas ing  t h e  s e t  of products  i E I- 
i k 



with 6 = 1, t h u s  strengthening t h e  t e s t  > 0 i n  s t e p  7 by 
i Ek - 

picking a l a r g e r  set o r  process interdependent  products  t o  share t h e  

f ixed c o s t s .  

Note t h a t  whenever separa t ion  i s  necessary ( s t e p  8 ) ,  t h e  order 

i n  which t h e  problems a r e  added t o  t h e  candidate  l is t  ensures  t h a t  

(CP 1 4 - 1 )  is  always se lec ted  f i r s t  and t h u s  t h e  candidate  l i s t  

con ta ins  only  problems i n  which t h e  separa t ion  v a r i a b l e  was f h e d  a t  

t h e  l e v e l  0. Consequently, ( s t i l l  by s t e p  8) a l l  problems i n  t h e  

candidate  l i s t  a r e  tagged wi th  an upper bound on t h e i r  optimal va lues .  

These 2 p r i o r i  o r  cond i t iona l  upper bounds a r e  used f o r  fathoming 

purpose whenever a new incumbent s o l u t i o n  is  obtained ( s t e p  9 ) .  

S teps  7 and 8 r e q u i r e  some f u r t h e r  e labora t ion .  The 6i i n  

t h e  expression f o r  t h e  Ek in  s t e p  7 ensure  t h a t  t h e  sum w i l l  be 

only over those  i such t h a t  zi > 0, a s  from t h e  s o l u t i o n  approach 
- 

t o  t h e  LP r e l a x a t i o n  w e  know that 
c3 i 

3 1 i f f  Si > 0. Also, t h e  

t e s t  E 2 0 cannot poss ib ly  pass f o r  any k such t h a t  di  = 1 
k i@Ik 

s ince  in t h i s  case  the '  t e s t  i s  equivalent  t o  t h e  cond i t ion  of Fact 3.1, 

which was a l ready  used i n  t h e  problem reduct ion phase. The expression 

f o r  t h e  cond i t iona l  upper bound UB (z 1 bi; = 0) on (CP ( bi; - 0) 

i n  s t e p  8 is very  s t ra ight forward.  We know t h a t  v(%) is an upper 

- 
bound on v(%), and i f  we f i x  , f r a c t i o n a l  i n  t h e  optimal 

s o l u t i o n  t o  ( t o  zero,  then we a l s o  know t h a t  t h e  o b j e c t i v e  

- 
funct ion of ( must decrease by a t  l e a s t  SiDiBi - F~%, 

~ E I -  
k 

where t h e  f i r s t  term i s  t h e  v a r i a b l e  savings foregone when products  



i E I- w i t h  6 .  = 1 a r e  no longer  domes t i ca l ly  produced, and t h e  
k  1 

- 
second term i s  t h e  f r a c t i o n  of f i x e d  c o s t  f o r  p roces s  element k  

- - 
t h a t  w i l l  no longer  be incu r red .  The r eason  why SiDiBi - F-A- 

i E  I- 
k k  

k  
- 

i s  a  lower bound on t h e  dec rease  i n  v )  when we f i x  
K $ = O  i s  

that inpu t  sou rce  swi tch ing  w i l l  n e c e s s a r i l y  occur  f o r  p roduc t s  j E I 

f o r  which one o r  more p roduc t s  i E I- a r e  i n p u t s  t o  t h e i r  p roduct ion  
k  

processes .  Input  source  w i l l  sw i t ch  from t h e  domes t i ca l ly  produced 

- 
source  a t  It7 - Si per  u n i t  t o  t h e  import sou rce  a t  W p e r  u n i t ,  

i i 
- - 

w i t h  Wi - Si < W as 6  = 1 impl i e s  that Si > 0. F i n a l l y ,  t h e  
i i 

t i g h t e n i n g  of t h e  capac i t y  bounds Ck ( s t i l l  i n  s t e p  8)  a r e  e a s i l y  

accomplished by recomputing t h e  bounds on t h e  x  i f IT;, knowing 
iy 

t h a t  x  = 0 i f  i E I- 
i k  ' 

3.5 S o l u t i o n  t o  t h e  Relaxed Problem when A is  no t  T r i angu la r  

Although (F) is a  g e n e r a l  LP problem when A is  no t  t r i a n g u l a r ,  

we s t i l l  can  do b e t t e r  t han  a d i r e c t  a p p l i c a t i o n  of t h e  s implex 

method. It w i l l  be  shown i n  f a c t  that a  bound can be placed on t h e  

number of i t e r a t i o n s  r e q u i r e d  t o  s o l v e  (F) . For t h e  development t h a t  

fo l lows  we f i n d  i t  convenient  t o  add s l a c k  v a r i a b l e s  
Y i 

t o  (F) : 

Max 1 Sixi 
i ~ 1  



There a r e  I equations i n  t h e  c o n s t r a i n t s  and thus  any optimal 

s o l u t i o n  t o  ) need not  c o n t a i n m o r e  than I nonzero x and yi 
i 

v a r i a b l e s .  I f  each Di > 0, then any f e a s i b l e  b a s i s  must con ta in  

a t  l e a s t  one "technique1' that produces each product ( i . e . ,  f o r  each 

i w e  cannot have both x = 0 and y = 0 . Since t h e r e  a r e  only  
i i 

I a c t i v i t i e s  i n  t h e  b a s i s ,  any f e a s i b l e  s o l u t i o n ,  and thus  t h e  

optimal so lu t ion ,  t o  ) must be such t h i t  each product w i l l  be 

produced by one and only  one technique. 

The above argument a c t u a l l y  c o n s t i t u t e s  a proof of t h e  subs t i -  

t u t i o n  theorem a s  i t  a p p l i e s  t o  (F). A s  discussed below, t h i s  r e s u l t  

enables a short-cut  i n  t h e  simplex method t o  t h i s  problem. 

Assume we have a b a s i c  f e a s i b l e  so lu t io~&/  t o  (F) that is  

non-optimal. I f  t h e  ith a c t i v i t y  vec to r  i s  t o  en te r  t h e  b a s i s  a t  

t h e  next i t e r a t i o n ,  then,  by impl ica t ion of t h e  above development, i t  

must r e p l a c e  i n  t h e  b a s i s  t h a t  a c t i v i t y  that produces product i. That 

is, no computation is  needed t o  determine which a c t i v i t y  should l eave  

t h e  b a s i s  a t  any i t e r a t i o n ,  which in t u r n  implies that t h e  optimal 

b a s i s  is independent of t h e  exogenous demand l e v e l s  Di 2 0, 

s i n c e  i n  t h e  simplex method t h e  
Di 

have no inf luence  on t h e  a c t i v i t y  

t o  en te r  t h e  b a s i s ,  only  on t h e  a c t i v i t y  t o  be removed. This  implica- 

t i o n  of t h e  s u b s t i t u t i o n  theorem was explored i n  s e c t i o n  3 .2  t o  

develop t h e  two-step computational approach t o  (F), and i s  used 

- Any combination of I a c t i v i t i e s ,  with p r e c i s e l y  one "technique" 

f o r  each, y i e l d s  a bas ic  f e a s i b l e  so lu t ion .  



a g a i n  h e r e  t o  s i m p l i f y  t h e  simplex method. 

For t h e  problem a t  hand, an  i n i t i a l  b a s i c  f e a s i b l e  s o l u t i o n  

r e a d i l y  a v a i l a b l e  i s  a n  a l l - impor t  s o l u t i o n ,  i . e . ,  yi = D f o r  
i 

a l l  i E I. W e  t hen  proceed t o  p r i c e  ou t  each a c t i v i t y  n o t  c u r r e n t l y  

i n  t h e  b a s i s  in o r d e r  t o  de te rmine  i f  any should e n t e r .  I f  none 

11 should e n t e r ,  then  c l e a r l y  t h e  a l l - impor t  s o l u t i o n  i s  optimal.- 

I f  an  a c t i v i t y  i s  found t h a t  should become b a s i c ,  t hen  t h e  

corresponding a c t i v i t y  that "produces" t h e  same product  is removed 

from t h e  b a s f s  and t h e  pr ic ing-out  o p e r a t i o n  is  repea ted .  Below we 

g i v e  a r e s u l t  that has  t h e  fo l lowing  imp l i ca t ion :  s t a r t i n g  wi th  a n  

a l l - impor t  b a s i c  s o l u t i o n ,  any a c t i v i t y  t h a t  e n t e r s  t h e  b a s i s  a t  a 

g iven  i t e r a t i o n  of t h e  simplex method w i l l  never  be removed a t  

succeeding i t e r a t i o n s .  Equ iva l en t ly  s t a t e d ,  any a c t i v i t y  that is  

removed from t h e  b a s i s  a t  a g iven  i t e r a t i o n  can  never  be p a r t  of t h e  

opt imal  b a s i s .  This  equiva lence  fo l lows  from t h e  s u b s t i t u t i o n  

theorem. 

- be t h e  v a l u e  of t h e  d u a l  v a r i a b l e  a s s o c i a t e d  wi th  Let  IT 
i 

t h e  ith c o n s t r a i n t  of (F) a t  t h e  nth i t e r a t i o n  of t h e  simplex method, 

and t h e  corresponding b a s i s  mat r ix .  The fo l lowing  theorem 

e s t a b l i s h e s  t h e  d e s i r e d  r e s u l t .  

Theorem 3 .3  S t a r t i n g  w i t h  a n  a l l - impor t  b a s i c  s o l u t i o n ,  t h e  v a l u e  of 

t h e  d u a l  v a r i a b l e s  a r e  nondecreasing from i t e r a t i o n  t o  
i 

Given t h e  i n t e r p r e t a t i o n  of t h e  c o e f f i c i e n t s  of t h e  x  i n  t h e  
i 

ob j  e c t i v e  func t ion ,  t h i s  has  a  c o u n t e r i n t u i t  i v e  i m p l i c a t i o n  iden- 
t i c a l  t o  that of Theorem 3 .1  of s e c t i o n  3 . 3 .  



i t e r a t i o n ,  f o r  each i E I. 

Proof.  Assume t h a t  Si > 0 f o r  a t  l e a s t  one  i E I ,  s i n c e  o the rwise ,  

by Theorem 3.1,  xi* = 0 f o r  a l l  i E I. W e  show by induc t ion  t h a t  

- (n+l )  , (n)  
51 
i 

, n = 1, 2, .... Clea r ly  a - i 
- = o f o r .  a l l  i E I.  
i 

Let  S > 0. Then product ion  a c t i v i t y  j is introduced i n t o  t h e  b a s i s  
j 

and t h e  corresponding import a c t i v i t y  i s  removed. I f  s(") is t h e  

v e c t o r  con ta in ing  t h e  o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  corresponding 

t o  t h e  b a s i c  v a r i a b l e s  a t  t h e  nth i t e r a t i o n  of t h e  s implex method, 

and [ - I  deno tes  t h e  ith component of t h e  v e c t o r  [ - I  and [-Iii  t h e  
i 

element ii of t h e  matrix [ * I ,  t h e n  f o r  t h e  second i t e r a t i o n  w e  

have : 

(23 -1 > 0 s i n c e  S > 0 and [[B ] ] 5 0 , 
j j j 

and - a (2 )  = 0 f o r  a l l  i E I ,  i j T ~ U S  - IT (2)  > ; (1)  = 0 for  
i i - i 

a l l  i E I. Assume now that - IT > 0 and that a g iven  nonbasic  
j 

product ion  a c t i v i t y  is t o '  e n t e r  t h e  b a s i s  a t  i t e r a t i o n  n+l.  W e  have 

then  that 

It must a l s o  be t r u e  a t  i t e r a t i o n  n+l that Z - > z(") ,  where Z (n) 

is  t h e  o b j e c t i v e  f u n c t i o n  v a l u e  a t  t h e  nth i t e r a t i o n .  And 



But s i n c e  t h e  a c t i v i t y  t o  be removed from t h e  b a s i s  a t  any g iven  

i t e r a t i o n  does  no t  depend on t h e  r ight-hand-side v e c t o r  D (by t h e  

s u b s t i t u t i o n  theorem) , (3.8) must be s a t i s f i e d  f o r  any v e c t o r  D 0, 

which i n  t u r n  imp l i e s  that 

f o r  each i E I. 

- (n+U , Combining (3.9) w i th  (3.7) we o b t a i n  TT - f o r  a l l  
j - j 

j e I ,  which completes  t h e  proof .  

A n  important  i m p l i c a t i o n  of t h e  above i s  t h a t  we may u s e  b lock  

p ivo t ing ,  t h a t  i s ,  we may in t roduce  i n t o  t h e  b a s i s  i n  a s i n g l e  

i t e r a t i o n  of t h e  s implex method every  product  i o n  a c t i v i t y  t h a t  

p r i c e s  o u t  n e g a t i v e l y  (wi th  t h e  corresponding import a c t i v i t i e s  

removed), and t h a t  on ly  product ion  a c t i v i t i e s  a r e  c a n d i d a t e s  f o r  

e n t e r i n g  t h e  b a s i s .  Th i s  a l l ows  f o r  a  ve ry  s imple  s o l u t i o n  t o  ( y ) .  

I f  I is  t h e  set of products  i n  an  opt imal  s o l u t i o n  t o  , then  

- 
i t  w i l l  t a k e  a t  most I s i m p l i f i e d  i t e r a t i o n s  of t h e  simplex method 

t o  o b t a i n  t h e  opt imal  s o l u t i o n  (where by s i m p l i f i e d  we mean t h a t  no 

computat ions a r e  needed t o  d e c i d e  which a c t i v i t i e s  a r e  t o  be removed 

from t h e  b a s i s ) .  Note t h a t  7 is a  bound on t h e  number of i t e r a t i o n s  

even i f  no advantage i s  taken  of b lock  p i v o t i n g .  

The above r e s u l t  i s  h igh ly  s i g n i f i c a n t  i n  t h e  con tex t  o f  our  

s o l u t i o n  approach t o  ( P )  . Since  bounds can a l s o  be ea.s i ly  ob ta ined  



. . 

w i t h  ve ry  l i t t l e  computa t iona l  e f f o r t  when A is no t  t r i a n g u l a r ,  a  

s o l u t i o n  approach t o  t h e  more g e n e r a l  planning model i s  r e a d i l y  

a v a i l a b l e .  Simply d i s r e g a r d  t h e  problem r e d u c t i o n  s t a g e ,  and make t h e  

fo l lowing  changes in t h e  B-B a lgor i thm:  I n  s t e p  1, s i n c e  K* = 0 ,  

i n i t i a l i z e  t h e  c a n d i d a t e  l i s t  t o  c o n s i s t  of (P) a l o n e ,  and set 
,. - - z* = 0,  and KO = = K = 0; and,  e i t h e r  r e p l a c e  

1 Hi by Hi i n  

s t e p  7 ,  o r  drop  t h e  s t e p  a l t o g e t h e r  from t h e  a lgo r i thm.  

The s u f f i c i e n c y  c o n d i t i o n s  used i n  t h e  problem r e d u c t i o n  s t a g e  

f o r  t h e  t r i a n g u l a r  c a s e  a r e  no longe r  v a l i d  h e r e  due  t o  t h e  c i r c u l a r  

n a t u r e  of t h e  in te rdependence  i n  t h i s  c a s e .  An i n i t i a l  e l i m i n a t i o n  

of a c t i v i t i e s  no t  compe t i t i ve  wi th  imports  a t  margina l  c o s t  can  

s t i l l  be c a r r i e d  o u t ,  however, by so lv ing  (P) w i t h  a l l  Fk s e t  t o  

ze ro  ( i . e . ,  s e t  
i 

= E f o r  each i E I) .  A s  i n  t h e  t r i a n g u l a r  
i 

c a s e ,  t h e  import a c t i v i t i e s  i n  t h e  opt imal  b a s i s  of such a problem 

correspond t o  p roduc t s  that a r e  o p t i n a l l y  imported i n  t h e  s o l u t i o n  

of (P) . 
A problem r e d u c t i o n  s t a g e  could conce ivably  be  developed f o r  

t h e  non t r i angu la r  c a s e ,  a l t hough  n o t  i n  t h e  s imple  form al lowed by 

t h e  t r i a n g u l a r i t y  of A ,  and probably n o t  i n  a s  s t r o n g  a  form. 

One such weaker form of a  problem reduc t ion  s t a g e ,  f o r  example, 

c o n s i s t s  of d i s r e g a r d i n g  a l l  t h e  elements  of A below t h e  main 

diagonalL/ and u s e  t h e  same c o n d i t i o n s  a s  f o r  t h e  upper  t r i a n g u l a r  

ca se .  Because a l l  t h e  e lements  of A a r e  nonnegat ive ,  i f  t h e  

- Thi s  can be viewed a s  a  f  orrn of "data  r e l a x a t i o n .  I *  



s u f f i c i e n t  condi t ion  f o r  domestic production of a c e r t a i n  product i s  

s a t i s f i e d  when t h e  lower t r i a n g u l a r  elements a r e  ignored, it must 

a l s o  be s a t i s f i e d  when they a r e  taken i n t o  account. The e f f e c t  of 

ignoring t h e  lower elements corresponds t o  taking less than f u l l  

advantage of t h e  p o t e n t i a l  b e n e f i t s  from input-output interdependence. 

Numbering t h e  endogenous a c t i v i t i e s  i n  such a way t h a t  maximum upper 

t r i a n g u l a r i t y  i s  obtained f o r  A would s t rengthen these  cond i t ions  

and render such a problem reduct ion s t a g e  p o t e n t i a l l y  more e f f e c t i v e .  



CHAPTER 4  

COMPUTATIONAL RESULTS 

4 . 1  I n t r o d u c t i o n  

Th i s  c h a p t e r  r e p o r t s  on t h e  computa t iona l  r e s u l t s  o b t a i n e d  from 

t h e  implementat ion of  t h e  s o l u t i o n  approach d e s c r i b e d  i n  Chapter 3. 

W e  make u s e  of t h e  same d a t a  t h a t  was e s t i m a t e d  f o r  t h e  implementat ion 

of t h e  Korea model and used by Westphal and Rhee t o  a n a l y z e  ' exper i -  

men ta l l y  p o s s i b l e  inves tments  i n  t h e  Republ ic  o f  ~ o r e a ' s  mechanical  

eng inee r ing  s e c t o r  d u r i n g  i t s  T h i r d  Five-Year P lan .  Here, however, 

t h e  d a t a  i s  merely used t o  test compu ta t i ona l ly  t h e  performance of  

ou r  proposed s o l u t i o n  approach t o  t h e  inves tment  p l ann ing  problem. 

The p roduc t s  produced by t h e  mechanical  e n g i n e e r i n g  o r  meta l  

working s e c t o r  i nc lude :  f a b r i c a t e d  me ta l  p r o d u c t s ,  n o n - e l e c t r i c a l  

machinery, e l e c t r i c a l  p roduc t s  and machinery, and t r a n s p o r t  equip-  

ment The s e c t o r  is c h a r a c t e r i z e d  by t h e  g r e a t  v a r i e t y  of i t s  

o u t p u t ;  mechanical  eng inee r ing  p roduc t s  a r e  h i g h l y  d i f f e r e n t i a t e d  

and number i n  t h e  m i l l i o n s .  Another c h a r a c t e r i s t i c  of  t h i s  s e c t o r  

t h a t  g r e a t l y  compl i ca t e s  p lanning  a t  t h e  s e c t o r a l  o r  even s u b s e c t o r a l  

l e v e l  is t h a r  many p roduc t s  can  and o f t e n  a r e  produced by mu l t i -  

purpose equipment t h a t  is no t  t a i l o r e d  t o  t h e  p roduc t ion  o f  a  

s p e c i f i c  product  . Finding an a p p r o p r i a t e  model s p e c i f i c a t  ion  t h a r  

adequa te ly  t r e a t s  t h i s  t y p e  of "capac i ty  sharingv was cons ide red  by 

Westpahl and Rhee a s  t h e  major s tumbling b lock  t o  c o n s t r u c t i n g  

See Westphal and Klee [1978] ,  Chapter 14 .  



sector-wide planning models t o  t h e  mechanical engineer ing  s e c t o r .  

Products  share capac i ty  in "process elements," a term w e  used 

g e n e r i c a l l y  in t h e  p resen ta t ion  of t h e  planning model i n  Chapter 2 t o  

des igna te  an ind iv idua l  e l e m e n t  of product ion  capaci ty .  I n  s e c t i o n  

4.2 it is given s p e c i f i c  meaning in t h e  context  of t h e  mechanical 

engineering indus t ry  a s  i t  was appl ied  in t h e  Korea case  study.  For 

a d i scuss ion  of t h e  methodology of decomposing production f a c i l i t i e s  

i n t o  process  elements wi th in  t h e  format of models such a s  t h e  one 

s tud ied  here ,  see Nam, Rhee and Westphal [1973]. Sect ion  4.2 a l s o  

desc r ibes  very b r i e f l y  t h e  es t imat ion  of t h e  model; i t  serves t o  i l l u -  

s t r a t e  some of t h e  important i s s u e s  t h a t  a r i s e  In model es t imat ion .  

P a r t i c u l a r l y  important is  t h e  i s s u e  of aggregation that must necessar-  

i l y  be confronted when modeling s e c t o r s  such a s  t h e  mechanical engi- 

neer ing .  For a d e t a i l e d  d i scuss ion  of t h e  model e s t ima t ion  Westphal 

and Rhee [I9781 should be consulted.  

I n  s e c t i o n  4.3 some f e a t u r e s  of t h e  Korea d a t a  a r e  examined 

wi th in  t h e  context  of computational complexity. F i n a l l y ,  computa- 

t i o n a l  experience from t h e  implementation of our  s o l u t i o n  approach 

t o  t h e  planning problem is provided i n  s e c t i o n  4 . 4 .  

4.2 Model Est imation 

The model used in t h e  Korea c a s e  s tudy was intended merely t o  

se rve  a s  a screening dev ice  t o  o b t a i n  i n i t i a l  comparative-advantage 

ranking of production a c t i v i t i e s  wi th in  t h e  mechanical engineer ing  

s e c t o r  p r i o r  t o  t h e  des ign of s p e c i f i c  p r o j e c t s .  The methodology 

used by Westphal and Rhee can be regarded a s  a refinement of t h a t  of 



V i e t o r i s z  [1972],  which in t u r n  is a  ref inement  of t h e  methodology 

used t o  s tudy t h e  Sovie t  Union's mechanical eng inee r ing  s e c t o r  by a  

team of r e s e a r c h e r s  a t  t h e  I n s t i t u t e  f o r  Research in S o c i a l  Sc ience ,  

Un ive r s i ty  of North Carol ina  (1958-9). It w i l l  be appa ren t  from t h e  

fo l lowing d e s c r i p t i o n  of Westphal and Rhee's model e s t i m a t i o n  metho- 

dology t h a t  t h e  i s s u e  of aggrega t ion  is  a  very  important  one i n  s e c t o r s  

c h a r a c t e r i z e d  by a  g r e a t  mul t i t ude  of p roduc t s ,  such a s  t h e  mechanical 

engineer ing  s e c t o r .  Aggregation i s  i n  f a c t  what e s s e n t i a l l y  d i s -  

t i n g u i s h e s  t h e  Korea s tudy  methodology from i t s  two p redecesso r s .  

Two f e a t u r e s  c h a r a c t e r i z e  Westphal and Rhee's methodology. F i r s t  

is  t h e  aggregat ion  of equipment i n t o  shops. A "shop," o r  p rocess  

element ,  is  de f ined  t o  be "a c o l l e c t i o n  of complementary equipment 

(and a s s o c i a t e d  l a b o r )  t h a t  perform c l o s e l y  r e l a t e d  p rocesses ;  f o r  

1 / example, a  machine shop o r  a foundry."- Process  elements  a r e  t h u s  

s p e c i f i e d  a t  t h e  subplant  l e v e l  and correspond t o  "shops," which a r e  

t h e  bu i ld ing  b locks  t h a t  make up i n d i v i d u a l  p l a n t s  w i t h i n  t h e  s e c t o r .  

I n  o r d e r  t o  p l a c e  a  l i m i t  on t h e  e x t e n t  t o  which t h e  model can  e x p l o i t  

c a p a c i t y  sha r ing ,  each shop type  i s  f u r t h e r  d iv ided  i n t o  "shop 

c l a s s e s . "  Two elements  d e s c r i b e  a shop c l a s s :  t h e  type  of p rocess ing  

a c t i v i t y ,  and t h e  c o l l e c t i o n  of products  t h a t  can be  processed  t o g e t h e r  

w i t h i n  a  s i n g l e  shop. Westphal and Rhee make u s e  of t h e  fo l lowing 

example, which appears  in  t h e  Korea s t u d y ,  in o r d e r  t o  i l l u s t r a t e  

t h i s .  A given type  of shop conducts  stamping o p e r a t i o n s  us ing  a  p r e s s  

of less than  50 tons  maximum f o r c e .  The product ion  of any of t h e  

1/ Westphal and Rhee [I9781 , Chapter 15.  



following products  involves processing in  shops of t h i s  type:  

household blenders,  household ovens, b icyc les ,  motorcycles, passenger 

c a r s ,  3-wheel t rucks ,  and 4-wheel t rucks .  The stamping opera t ion  

could, in  p r i n c i p l e  a t  least, be c a r r i e d  out  in a s i n g l e  shop. I f  

t h i s  p a t t e r n  of production organizat ion is considered f e a s i b l e ,  t h i s  

could be expressed in t h e  model by speci fy ing a s i n g l e  c o n s t r a i n t  f o r  

t h i s  type  of shop; it could process any combination o r  a l l  of t h e  

above seven products. I n  t h i s  case  t h e r e  would be a s i n g l e  c l a s s  

of shops with respect  t o  t h e  corresponding stamping opera t ion involved 

in t h e  production of t h e s e  products. I n  t h e  Korea model t h r e e  d i f -  

f e r e n t  c l a s s e s  of shops a r e  s p e c i f i e d  f o r  t h e  stamping opera t ion t o  

r e f l e c t  t h e  judgment t h a t  capac i ty  shar ing wi th  respec t  t o  t h i s  opera- 

t i o n  i s  un l ike ly  ac ross  a l l  seven products. A shop c l a s s  w a s  speci-  

f i e d  f o r  each of t h e  following sets of products: household blenders 

and ovens; b icyc les  and motorcycles; and passenger c a r s  and 3-wheel 

and 4-wheel t rucks .  Capacity shar ing w a s  thus  allowed, f o r  example, 

between household b lenders  and ovens, but not  between e i t h e r  of t h e s e  

and b icyc les  and/or motorcycles. W e  can see from t h i s  i l l u s t r a t i o n  

t h a t  t h e  number of shop c l a s s e s  s p e c i f i e d  f o r  each type  of shop 

impl ies  a r e s t r i c t i o n  on t h e  f e a s i b l e  p a t t e r n  of production organiza- 

tion." A l l  shop c l a s s e s  of a given type  w e r e  assumed t o  have iden- 

t i c a l  f ixed-charge c o s t  funct ions  which considerably reduced t h e  

1/ There a r e  many reasons why one p a t t e r n  of production organizat ion 
would be -preferable  over another ,  and they may be a s  d i v e r s e  as: 
engineering judgement, i n s t i t u t i o n a l  f a c t o r s ,  and marketing consi-  
de ra t ions ,  t o  name a few. See Westphal and Rhee [19781, Chapter 
15. 



amount of parameter e s t i m a t i o n  r equ i red  t o  implement t h e  model. The 

Korea model c o n t a i n s  37 d i f f e r e n t  t ypes  of shops and 272 shop c l a s s e s .  

The second f e a t u r e  t h a t  c h a r a c t e r i z e s  Westphal and Rhee's approach 

is  t h e  u s e  of " r e p r e s e n t a t i v e  products"  t o  aggrega te  over  heterogeneous 

products .  Each of t h e  116 i n d i v i d u a l  products  appear ing  in t h e  Korea 

model r e p r e s e n t s  i n  f a c t  a whole c l a s s  of products.-  'I AS a n  example, 

one of t h e  "products" t h a t  appears  i n  t h e  s t u d y  is " f r a c t i o n a l  horse-  

power e l e c t r i c  motor'' and it r e p r e s e n t s  t h e  c l a s s  of a l l  e l e c t r i c  

motors of less than  one horsepower. According t o  t h e  " r e p r e s e n t a t i v e  

product" concept ,  t h e  t e c h n i c a l  c o e f f i c i e n t s  used f o r  d e s c r i b i n g  t h e  

product ion of t h e  product  c l a s s  a r e  t h e  ones corresponding t o  t h e  s i n -  

g l e ,  most " r ep resen ta t ive"  product  w i th in  t h e  c l a s s .  The most r ep re -  

s e n t a t i v e  products  are in  g e n e r a l  taken  t o  b e  t h o s e  which have t h e  

l a r g e s t  s h a r e  of demand o r  expected growth in demand w i t h i n  t h e i r  

r e s p e c t i v e  c l a s s e s ,  w i th  t h e  boundaries  between product  c l a s s e s  drawn 

on t h e  b a s i s  of s i m i l a r i t i e s  among i n d i v i d u a l  products  w i th  r e s p e c t  

t o  in t e rmed ia t e  inpu t  and process ing  requirements .  Demands f o r  t h e  

products  are s p e c i f i e d  in u n i t s  of phys ica l  weight ,  w i th  t h e  non- 

r e p r e s e n t a t i v e  products  in each c l a s s  converted i n  terms of u n i t s  

(met r ic  t ons )  of t h e  r e p r e s e n t a t i v e  product .  The p roduc t s  s e l e c t e d  

t o  be included in t h e  s tudy  were t h o s e  f o r  which it w a s  judged t h a t  

Korea could most l i k e l y  ach ieve  product ion c o s t s  compe t i t i ve  wi th  

imports over  t h e  medium t e r m  horizon.  

L' A list of t h e  116 products  a s  w e l l  as t h e  37 shop t y p e s  can be 
found in Westphal and Rhee [1978], annex of Chapter 17 ,  and Chap- 
t e r  16 ,  r e s p e c t i v e l y .  



To ob ta in  t h e  processing c o e f f i c i e n t s  bki, a " reference  shop" 

w a s  designed f o r  each shop class. Engineering e s t a t e s  f o r  t h e  

c o e f f i c i e n t s  w e r e  then obta ined in r e l a t i o n  t o  t h e s e  r e f e r e n c e  shops, 

in t o t a l  machine hours,  by summing over t h e  machines used w i t h i n  t h e  

r e fe rence  shop t h e  t ime requi red  in a c t u a l  processing.  To ta l  machine 

time requirement is  then converted t o  shop t ime requirement by d iv id ing  

it by t h e  number of machines in t h e  re fe rence  shop. The bki t h u s  

g ives  t h e  number of hours of processing in shop c l a s s  k requi red  

in t h e  production of one metric t o n  of product i. The capac i ty  of 

a shop is  measured by t h e  number of hours wi th in  a year  t h a t  t h e  

shop may b e  operated,  mul t ip l i ed  by t h e  number of machines i t  con ta ins .  

F ina l ly ,  t h e  fol lowing procedure w a s  used by Westphal and Rhee 

t o  e s t i m a t e  t h e  parameters of t h e  fixed-charge c o s t  func t ion  f o r  

each type  of shop. A "double-reference-capacity" shop w a s  designed 

wi th  twice t h e  p h y s i c a l  output  capac i ty  of t h e  r e fe rence  shop. These 

double-reference shops, however, are no t  merely p ropor t iona l  blow-ups . 

of t h e  corresponding re fe rence  shops. Ind iv idua l  p ieces  of e q u i  pment 

may be  found in a given re fe rence  shop t h a t  are not  found i n  t h e  asso- 

c i a t e d  double-reference shop. The c a p a c i t y  i n  e f f e c t i v e  shop hours 

of t h e  double-reference shop is taken by d e f i n i t i o n ,  r e g a r d l e s s  of  

i t s  a c t u a l  machine hours capac i ty ,  t o  be  twice t h a t  of i ts  assoc ia ted  

re fe rence  shop. Shop time is t h u s  a r e l a t i v e  concept used t o  measure 

t h e  volume of processing a c t i v i t y .  

Having obtained estimates of t h e  c o s t s  of bui ld ing and opera t ing  

re fe rence  and double-reference-capacity shops, t h e  fixed-charge c o s t  

func t ion  f o r  each type  of shop was obtained by f i t t i n g  a s t r a i g h t  



l i n e  through t h e  p o i n t  e s t i m a t e s  of annual  c o s t  f o r  t h e  r e f e r e n c e  and 

double-reference shops. These po in t  e s t i m a t e s  were ob ta ined  by 

adding annual ized  c a p i t a l  c o s t s  t o  annual  o p e r a t i n g  c o s t s ,  which 

inc lude  expend i tu res  on l a b o r ,  f u e l  and o t h e r  consumed i n p u t s  which 

do no t  appear  as a n  i d e n t i f i a b l e  p a r t  of t h e  p roduc t s  endogenous t o  

t h e  model. 

4 . 3  S t r u c t u r e  of t h e  Data 

Some f e a t u r e s  of  t h e  Korea d a t a  are examined i n  t h i s  s e c t i o n ,  

a s  they provide  a rough i n d i c a t i o n  of t h e  degree  of interdependence 

among t h e  product ion  a c t i v i t i e s  included in t h e  s tudy.  

The Korea model s p e c i f i e s  272 d i f f e r e n t  p rocess  elements  (shop 

c l a s s e s )  which a r e  r equ i red  in t h e  product ion  of t h e  116 endogenous 

products .  The model t h u s  c o n t a i n s  272 zero-one v a r i a b l e s  (one f o r  

each shop c l a s s )  and 232 cont inuous  v a r i a b l e s  (a product ion  and a n  

import v a r i a b l e  f o r  each product)  . 
Both t h e  matrix of  inpu t -ou tpu t  c o e f f i c i e n t s ,  A, and t h e  pro- 

c e s s i n g  requi rements  c o e f f i c i e n t  ma t r ix  B are f a i r l y  spa r se .  The 

A matrix, which is upper t r i a n g u l a r ,  has  a d e n s i t y  of 4 . 3 % .  Four- 

t e e n  a c t i v i t i e s  r e q u i r e  no endogenous in t e rmed ia t e  i n p u t s ,  and t h e  

average number of endogenous in t e rmed ia t e  i n p u t s  over  t h e  remaining 

102 product ion  a c t i v i t i e s  is  5.8. This  somewhat low number is in 

p a r t  due t o  t h e  l e v e l  of aggregat ion  of t h e  p roduc t s  inc luded i n  t h e  

s tudy.  A more narrowly def ined  "product" would n e c e s s a r i l y  i n c r e a s e  

t h e  number o f  endogenous in t e rmed ia t e  i n p u t s  r e q u i r e d  i n  i t s  produc- 

t i on .  The s p a r s i t y  is a l s o  p a r t l y  due t o  t h e  f a c t  t h a t  i t  w a s  assumed 



t h a t  many in termedia te  inpu t s  would continue t o  be  imported, and 

a r e  thus  exogenous t o  t h e  model. 

The dens i ty  of t h e  B matr ix  c l e a r l y  depends on how many shop 

classes a r e  spec i f i ed  f o r  each type  of shop.y The lowest poss ib le  

dens i ty  would occur i f  no capaci ty  shar ing is  allowed in any process  

element. I n  t h i s  case ,  however, t h e  problem could be cast i n t o  t h e  

form of problem (Pl)  of Chapter 5, f o r  which it  is shown t h e r e  t h a t  a 

very simple s o l u t i o n  technique e x i s t s .  This s p e c i f i c a t i o n  implies a  

p a t t e r n  of production organizat ion t h a t  i s  t o t a l l y  end-product 

o r i en ted .  The dens i ty  of B,  on t h e  o t h e r  hand, would be t h e  

maximum p o s s i b l e  whenever only  one shop c l a s s  i s  s p e c i f i e d  f o r  each 

t y p e  of shop; t h a t  is, a shop type  would be i d e n t i c a l l y  equal  t o  a 

shop c l a s s .  This i s  a  s i t u a t i o n  under which maximum advantage can 

be taken of capac i ty  shar ing,  implying a p a t t e r n  of production organi-  

z a t i o n  t h a t  is t o t a l l y  process o r i en ted  wi th in  t h e  s e c t o r .  This 

higher dens i ty  of t h e  B matrix would, on t h e  one hand, most l i k e l y  

inc rease  t h e  d f f f i c u l t y  in obta in ing g loba l ly  optimal s o l u t i o n s  t o  

t h i s  c l a s s  of problems. On t h e  o t h e r  hand, however, it would r e s u l t  

in a  smaller number of c o n s t r a i n t s  (fewer rows f o r  t h e  B matr ix)  

and consequently fewer 0 - 1 v a r i a b l e s .  Under t h i s  s p e c i f i c a t i o n  

t h e  Korea model would con ta in  only 37 0 - 1 v a r i a b l e s .  It i s  

probably s a f e  t o  i n f e r  from t h i s  t h a t  h t e r m e d i a t e  s p e c i f i c a t i o n s  

w i t h  regard t o  t h e  al lowable p a t t e r n  of production organizat ion would 

c o n s t i t u t e  problems computat ionally more complex than e i t h e r  of t h e  

See t h e  d iscuss ion on production organizat ion i n  t h e  previous 
sec t ion .  



e x t r a n e  s i t u a t i o n s .  The a c t u a l  d e n s i t y  of  B,  based on 272 shops 

c l a s s e s ,  is 2.4%. Of t h e  272 shops, 148 may be  shared .  

4.4 Computat i o n a l  Experience 

To implement t h e  s o l u t i o n  approach desc r ibed  in Chapter 3 a 

FORTRAN H code was developed and run  on a n  IBM 3033 computer. 

Tes t  problems were genera ted  based on t h e  d a t a  from t h e  Korea 

s tudy us ing  d i f f e r e n t  parameter  s p e c i f i c a t i o n s .  These parametr ic  

changes are s i m i l a r  t o  t h e  ones  made by Westphal and Rhee f o r  t h e  

purpose of s e n s i t i v i t y  a n a l y s i s  of t h e  s o l u t i o n  t o  t h e  Korea model, 

and they  correspond t o  d i f f e r e n t  s p e c i f i c a t i o n s  of t h e  f o r e i g n  ex- 

change r a t e ,  hour ly  wage rate, i n t e r e s t  r a t e ,  and demand l e v e l s .  A 

change in t h e  f o r e i g n  exchange r a t e  a f f e c t s  n o t  only  t h e  import 

p r i c e  of t h e  endogenous products ,  bu t  a l s o  domestic product ion  c o s t s  

through exogenous imported i n p u t s  and c a p a c i t y  c o s t s  through imported 

product ion  equipment. Hourly wage rates d i r e c t l y  a f f e c t  domest ic  

product ion  c o s t s ,  and changes in interest rates a f f e c t  t h e  investment  

c o s t  f o r  product ion  c a p a c i t y .  Because of economies-of-scale,  changes 

in t h e  demand l e v e l s  a f f e c t  t h e  average  domestic product ion  c o s t s  

a t t a i n a b l e  f o r  each product .  

F i f t e e n  a l t e r n a t i v e  problems w e r e  genera ted  from t h e  Korean d a t a ,  

and t h e  computa t ional  expe r i ence  wi th  t h e s e  problems i s  summarized 

in Table  4.1. Problem 1 corresponds  t o  t h e  b a s i c  s p e c i f i c a t i o n  of 

t h e  Korea model. The remaining problems correspond t o  d i f f e r e n t  

combinations of parametr ic  changes a p p l i e d  t o  t h e  b a s i c  d a t a ;  d i f -  

f e r e n t  demand l e v e l s ,  exchange r a t e s ,  and l a b o r  wage r a t e s  w e r e  



TABLE 4 . 1  

COMPUTATIONAL RESULTS WITH THE KOREAN DATA 

Problem 
number 



assumed, e i t h e r  i n d i v i d u a l l y ,  two a t  a  t ime,  o r  a l l  t h r e e  s imultan-  

eously.  A s  t h e  purpose of t h i s  s tudy  is  no t  t o  ana lyze  t h e  s e n s i -  

t i v i t y  of investment d e c i s i o n s  i n  t h e  mechanical eng inee r ing  s e c t o r  

of Korea t o  changes i n  some important  economic v a r i a b l e s ,  bu t  merely 

t o  t e s t  t h e  computat ional  e f f i c i e n c y  of our s o l u t i o n  approach, t h e  

e f f e c t s  of i n t e r e s t  rate changes on investment c o s t  f o r  product ion  

c a p a c i t y  were no t  cons idered .  N o r  were t h e  e f f e c t s  of exchange r a t e  

changes on investment  c o s t  through t h e  imported components of new 

product  ion  c a p a c i t y  .l/ I n s t e a d ,  w e  simply cons idered  a dec rease  of  

25%, and i n c r e a s e s  of 25% and 50% r e s p e c t i v l e y  i n  t h e  t o t a l  

c o s t  of investment ( i . e . ,  a p p l i e d  t o  t h e  f ixed-charge f u n c t i o n )  as 

t h r e e  a d d i t i o n a l  s p e c i f i c a t i o n s .  

Table 4 . 1  should be  read  a s  fo l lows.  For Problem 1, f o r  example, 

column (1) shows that 57 of t h e  116 product ion  a c t i v i t i e s  s p e c i f i e d  

in t h e  model w e r e  i d e n t i f i e d  as n o t  compe t i t i ve  wi th  impor ts  a t  mar- 

g i n a l  product ion  c o s t s  u s ing  minimum-cost i npu t  sources .  A s  a r e s u l t  

of t h e  e l i m i n a t i o n  from t h e  model of t h e s e  57 a c t i v i t i e s ,  i t  i s  shown 

in column (2) t h a t  102 zero-one v a r i a b l e s  (one f o r  each p rocess  e l e -  

ment) w e r e  a l s o  e l imina ted .  Of t h e  170 (= 272 - 102) remaining b inary  

v a r i a b l e s ,  t h e  problem r e d u c t  ion  s t a g e  (Stage 1 )  succeeded i n  i d e n t i -  

fyfng 154 which should be a t  l e v e l  one i n  t h e  opt imal  s o l u t i o n  

(column ( 3 ) ) .  Thus, o n l y  16 zero-one v a r i a b l e s  remained f r e e  a t  t h e  

end of S tage  1 ;  t h i s  i s  shown i n  column ( 4 ) .  I n  column (5)  w e  can 

1/ The c o n s i d e r a t  i on  of t h e s e  e f f e c t s  would r e q u i r e  manipula t ing  
t h e  i n d i v i d u a l  c o s t  components of t h e  investment c o s t  func t ion .  



see t h a t  on ly  one node of  t h e  B-B tree needed t o  be  eva lua ted  in o r d e r  

t o  o b t a i n  t h e  completion of  t h e  opt imal  s o l u t i o n  of Problem 1. That 

is ,  t h e  LP r e l a x a t i o n  solved at  t h e  r o o t  node o f  t h e  B-B tree w a s  

n a t u r a l l y  i n t e g e r .  This  i n  f a c t  w a s  t r u e  f o r  a l l  bu t  one of  t h e  1 5  

problems; problem 6 r e q u i r e d  17 node eva lua t ions .  The computat ional  

t imes ,  which inc lude  input-output  t ime,  are shown i n  column ( 6 ) .  

W e  can  see from Table 4.1 that Stage  1 w a s  extremely s u c c e s s f u l  

in reducing  t h e  s i z e  of t h e  problem. A n  important  f a c t  that does  n o t  

appear  i n  t h e  t a b l e ,  however, is that f o r  11 of  t h e  1 5  problems Stage  

1 succeeded i n  i d e n t i f y i n g  a l l  p r o f i t a b l e  product ion  a c t i v i t i e s .  Of 

c o u r s e  t h i s  could n o t  be known a t  t h e  end of S tage  1, as a t  that s t a g e  

of t h e  s o l u t i o n  process  noth ing  can  be  s a i d  of t h e  a c t i v i t i e s  n o t  

i d e n t i f i e d .  The s o l u t i o n  of one LP r e l a x a t i o n ,  however, e s t a b l i s h e d  

t h e  o p t i m a l i t y  of t h e  s o l u t i o n .  For t h e s e  c a s e s  e x a c t l y  t h e  c o n d i t i o n  

of Theorem 3.1 of Chapter 3 occurred ,  w i th  t h e  c o s t  c o e f f i c i e n t s  S 
i 

obvious ly  a d j u s t e d  t o  r e f l e c t  t h e  f a c t  t h a t  t h e  products  i d e n t i f i e d  

by S tage  1 a r e  op t ima l ly  produced. 

It is ev iden t  from Table 4 .1  t h a t  a t r u e  t e s t  has n o t  been 

g iven  t o  t h e  B-B s t a g e  of  t h e  s o l u t i o n  process .  I n  o r d e r  t o  test 

i t s  performance a l l  1 5  problems w e r e  re-solved wi thout  u s ing  t h e  

problem reduc t ion  s t a g e .  I n  o t h e r  words, it w a s  l e f t  t o  t h e  B-B 

s t a g e  a l o n e  t o  f i n d  t h e  opt imal  s o l u t i o n  t o  t h e s e  problems. The 

computat ional  r e s u l t s  ob ta ined  are shown in Table 4.2. Column (1) 

g i v e s  t h e  number of  f r e e  zero-one  v a r i a b l e s  remaining a f t e r  t h e  

marginal  c o n d i t i o n  f o r  import ing H. < 0 w a s  app l i ed .  It is worth 
1 - 

n o t i n g ,  however, t h a t  e x a c t l y  t h e  same number of nodes would have 



TABLE 4 . 2  

COMPUTATIONAL RESULTS WITH THE KOREAN DATA: B - B STAGE ALONE 

Problem Number o f  f r e e  Number o f  nodes  CPU t i m e  
number 0-1 v a r i a b l e s  e v a l u a t e d  ( i n  seconds)  



been evaluated if t h e  import condi t ion  had no t  been appl ied .  This  is 

t r u e  because a l l  t h e  % t h a t  were set t o  zero  because of t h e  s a i d  

cond i t ion ,  would be ze ro  i n  every r e l a x a t i o n  solved a long t h e  B-B 

tree. Also, a l l  computational t imes repor ted  i n  t h i s  chap te r  inc lude  

t h i s  pre-Stage 1 i d e n t i f i c a t i o n  and e l imina t ion  of noncompetitive 

a c t i v i t i e s .  

A s  column (2) i n d i c a t e s ,  in  no case  d i d  t h e  B-B t r e e  grow very  

l a r g e ;  and t h e  computational times, al though l a r g e r  than  those  of 

Table 4.1, a r e  never the less  q u i t e  small f o r  t h e  s i z e  of t h e  problems 

being solved.  

Encouraged by t h e s e  r e s u l t s ,  some f u r t h e r  t e s t i n g  was conducted. 

Addi t ional  problems were generated from t h e  Korea d a t a  by making 

parametric  changes a s  before,  but wi th  one important d i f f e rence .  

Rather than making a percentage change i n  one o r  more parameters 

a c r o s s  a l l  a c t i v i t i e s ,  changes were made by i n d i v i d u a l l y  examining 

each H va lue .  Some parameters w e r e  ad jus ted  upward and some 
i 

downward f o r  each product i n  an a t tempt  t o  i n c r e a s e  t h e  e f f e c t  of 

t h e  interdependencies among t h e  a c t i v i t i e s .  Some changes in t h e  

fixed-charge c o s t  func t ions  w e r e  a l s o  made in some of t h e  runs.  The 

computational r e s u l t s  obtained wi th  t h e s e  " fabr ica ted"  problems a r e  

repor ted  i n  Tables 4.3 and 4.4, wi th  and without  Stage  1, r e s p e c t i v e l y .  

These t a b l e s  have t h e  same format a s  Tables 4 .1  and 4.2. 

The computational experience wi th  t h i s  l a t t e r  s e t  of problems 

lends  f u r t h e r  empi r i ca l  support  t o  t h e  e f f i c i e n c y  of our approach t o  

t h e  planning problem. The e f f i c i e n c y  of t h e  B-B s t a g e  is p a r t i c u l a r l y  

s i g n i f i c a n t  f o r  t h e  fol lowing reason.  A s  i t  was d iscussed i n  s e c t i o n  



TABLE 4 . 3  

COMPUTATIONAL RESULTS WITH "FABRICATED" DATA 
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TABLE 4.4 

COMPUTATIONAL RESULTS WITH n ~ ~ ~ ~ ~ ~ ~ ~ w  DATA: B - B STAGE ALONE 

P r o b l e m  N u m b e r  of free N u m b e r  of nodes CPU t ime  
n u m b e r  0-1 variables evaluated (in seconds) 



3.5  of Chapter 3, i f  w e  want t o  s o l v e  problems wi th  non t r i angu la r  

input-output s t r u c t u r e ,  w e  cannot count on an e f f i c i e n t  problem 

reduc t ion  s t a g e  t o  dec rease  t h e  s i z e  of  t h e  problem t o  a more mana- 

geable  s i z e .  Because o f  t h e  c i r c u l a r  n a t u r e  of  t h e  interdependence 

i n  such s i t u a t i o n s ,  any problem reduc t ion  s t a g e  t ha t  may be devised 

w i l l  n e c e s s a r i l y  be e i t h e r  more cumbersome, o r  weaker ( a s  t h e  d a t a  

r e l a x a t i o n  suggested in  s e c t i o n  3.5),  and in  e i t h e r  c a s e  may prove 

not  t o  b e  worth t h e  computat ional  e f f o r t  r equ i red .  S ince  it was 

shown in  Chapter 3 t h a t  t h e  s o l u t i o n  t o  t h e  LP r e l a x a t i o n  when A 

is not  t r i a n g u l a r  is  e s s e n t i a l l y  no more d i f f i c u l t  than  f o r  t h e  c a s e  

i n  which A is upper t r i a n g u l a r ,  t h e  computational exper ience  pro- 

vided in t h i s  chapter  w i t h  t h e  B-B s t a g e  a l o n e  (Tables 4.2 and 4.4) 

i n d i c a t e s  t h a t  our LP-based B-B approach would be  r a t h e r  e f f i c i e n t  in 

so lv ing  problems wi th  non t r i angu la r  input-output s t r u c t u r e s  without  

any problem-reduction a t tempt  being made. Although improvements 

could poss ib ly  be  made by such a t tempts ,  our r e s u l t s  i n d i c a t e  in t h e  

l e a s t  t h a t  it is f e a s i b l e  t o  s o l v e  very l a r g e  problems without  depen- 

dence on t h e  success  of any form of problem reduc t ion  techniques.  

Table 4.5 g ives  t h e  summarys ta t i s t i c s f rom Tables 4.2 and 4.4 on t h e  

performance of  t h e  B-B s t a g e  a l o n e  f o r  t h e  two sets of problems. 

Thus f a r  nothing has been s a i d  concerning t h e  p a r t i c u l a r  imple- 

mentat ion of t h e  B-B a lgor i thm t h a t  y ie lded t h e  r e s u l t s  j u s t  d iscussed.  

W e  next  analyze in t u r n :  (1) t h e  e f f e c t i v e n e s s  of s t e p  7 of t h e  B-B 

a lgor i thm;  (2) t h e  a l t e r n a t i v e  separa t ion  s t r a t e g i e s  proposed in 

Chapter 3; (3) t h e  q u a l i t y  of t h e  bounds obta ined from t h e  LP re laxa-  

t i o n ;  and (4) t h e  t i g h t n e s s  of t h e  cond i t iona l  upper bounds UB(*) 



TABLE 4.5 

SUMMARY STATISTICS FOR THE B - B STAGE 

Problems Average number of Average number of CPU t ime 
0-1 v a r i a b l e s *  nodes evaluated* ( i n  seconds) 

Note: * Rounded t o  n e a r e s t  i n t e g e r .  

computed a t  each separa t ion .  

A t  s t e p  7 of t h e  B-B a lgor i thm an at tempt i s  made t o  peg a t  

t h e  l e v e l  1 some of t h e  Ak f r a c t i o n a l  in t h e  s o l u t i o n  t o  t h e  

re laxed problem a t  a given node. For t h i s  purpose Ek is computed 

f o r  each k corresponding t o  a f r a c t i o n a l  A ~ .  Computational tests 

performed w i t h  a sample of t h e  problems, both wi th  and without  Stage  1, 

showed t h a t  al though it succeeded in many cases  in pegging some va r i a -  

b l e s ,  it d i d  n o t  prove t o  be worth t h e  computational e f f o r t  expended 

i n  computing t h e  . Even in t h o s e  c a s e s  in which t h e  s i z e '  of t h e  
Ek 

tree decreased s i g n i f i c a n t l y  a s  a r e s u l t  of us ing  s t e p  7 ,  computational 

t i m e s  were genera l ly  h igher  than t h o s e  in which t h e  s t e p  was bypassed. 

This w a s  p a r t i c u l a r l y  t r u e  f o r  problems wi th  a l a r g e  number of f r e e  

v a r i a b l e s ,  r e g a r d l e s s  of t h e  separa t ion  s t r a t e g y  used. As a r e s u l t  

of t h e s e  experimental  runs  s t e p  7 was d iscarded,  and along wi th  i t  

t h e  separa t ion  r u l e  of s e l e c t i n g  t h e  hk corresponding t o  t h e  l a r g e s t  

Eke The s imples t  implementation of t h e  B-B a lgor i thm thus  proved 



the  most e f f e c t i v e ,  and a l l  t h e  computational r e s u l t s  given in t h i s  

chapter  p e r t a i n  t o  t h i s  s impler  form of t h e  a lgor i thm.  

The l a s t  two i tems ( ( 3 )  and (4) )  concerning t h e  B-B a lgor i thm a r e  

b e s t  d iscussed i n  t h e  context  of t h e  i n e f f e c t i v e n e s s  of s t e p  7 ,  a s  it 

serves t o  i l l u s t r a t e  t h e  success of t h e  approach. The ine f fec t iveness  

of s t e p  7 may be explained by s e v e r a l  f a c t o r s .  F i r s t ,  node evalua- 

t i o n s  a r e  c a r r i e d  out  extremely f a s t .  Independently of any o t h e r  

f a c t o r  t h i s  impl ies  that an a l l - i n t e g e r  s o l u t i o n  ( i . e . ,  t h e  f i r s t  

f e a s i b l e  s o l u t i o n  of (P)) can be obtained a t  a very  s m a l l  computational 

c o s t  .u Secondly, i f  t h e  f i r s t  f a c t o r  is combined wi th  an  e f f i c i e n t  

separa t ion  s t r a t e g y  one can conclude that t h e  f i r s t  a l l - i n t e g e r  solu- 

t i o n  obtained should be reasonably good. I n  our  approach t h i s  is evi-  

denced by t h e  f a c t  t h a t  in near ly  50% of t h e  test problems t h e  f i r s t  

f e a s i b l e  s o l u t i o n  obtained was in f a c t  optimal.  Thirdly ,  i f  t h e  two 

previous f a c t o r s  a r e  combined wi th  a r e l a x a t i o n  t h a t  y i e l d s  t i g h t  

bounds, one can conf iden t ly  expect t h a t  t h e  B-B tree should not  

grow very l a rge .  The computat i o n a l  experience provided he re  shows 

t h a t  t h e  number of node evaluat ions  required  in any of t h e  problems 

w a s  never very  l a r g e  i n  r e l a t i o n  t o  t h e  number of  0-1 v a r i a b l e s .  I n  

f a c t ,  i n  no case d i d  t h e  number of node eva lua t ions  exceed t h e  number' 

of va r iab les !  Moreover, f o r  most of t h e  cases  in which t h e  f i r s t  

a l l - i n t e g e r  s o l u t i o n  obtained w a s  optimal,  every a c t i v e  node of t h e  

tree subsequently examined was fathomed by bound without any f u r t h e r  

branching taking place .  F ina l ly ,  t h e  cond i t iona l  upper bounds UB(-) 

Even i f  a l a r g e  number of nodes must be evaluated .  



proved r e l a t i v e l y  e f f e c t i v e  in fathoming a t  a l l  l e v e l s  of the  B-B t r e e ,  

causing i n  most cases  a s i g n i f i c a n t  reduction in t h e  number of node 

evaluat ions  required.  

It is f a i r l y  s a f e  t o  conclude from the  above discuss ion t h a t  a l l  

t h e  ingred ien t s  f o r  a successful  B-B a r e  present  i n  our so lu t i on  

approach t o  such an ex ten t  that a t tempts  a s  those of s t e p  7 a r e  

rendered i ne f f ec t i ve  o r  "not worth t h e  e f f o r t . "  It is important t o  

note ,  in conclusion, t h a t  t h e  simpler B-B implementation seems t o  

provide t h e  bes t  of two worlds; not  only  it appears t o  be more 

e f f i c i e n t  f o r  t he  cases  i n  which t he  input-output matrix A i s  

upper t r i angu l a r ,  but ,  most importantly,  it  is a l s o  t he  vers ion  

1/ t h a t  app l i e s  when A is not  tr iangular .-  

L/ A weaker form of s t ep  7 could a c t u a l l y  be used, a s  indicated in 
sec t ion  3.5 of Chapter 3 .  I n  view of t h e  r e s u l t s  of t h i s  chapter ,  
however, i t  i s  extremely unl ikely  that it  would be e f f e c t i v e .  



CHAPTER 5 

RELATED PROBLEMS AND EXTENSIONS 

5.1  Int roduct ion 

In t h i s  chapter  we study s eve ra l  vers ions  of t h e  planning problem 

(P) in which t h e  capaci ty  shar ing f e a t u r e  is el iminated.  The most 

bas ic  version s tudied here  is i d e n t i c a l  t o  (P) with B = I, where 

I is t h e  i d e n t i t y  matrix. W e  show that f o r  t h i s  vers ion of t h e  

planning problem s t ronger  r e s u l t s  than those  of Chapter 3 can be 

obtained f o r  both s tages  of t h e  so lu t ion  approach. The r e s u l t s  ob- 

ta ined a r e  then extended t o  t h e  cases  in which the  following f ea tu r e s  

a r e  added to  t h i s  bas ic  ve rs ion  of (P) : a l t e r n a t i v e  products,  choice 

among a l t e r n a t i v e  production techniques f o r  each product, and piece- 

wise and general  concave investment co s t  functions.  These models w i l l  

be discussed wi thin  t he  general  context  of t he  so lu t i on  approach t o  

(P);  t h a t  is,  w e  assume that they w i l l  be solved by t he  two-stage 

approach and d i scuss  how the  r e s u l t s  derived here can improve each 

s t a g e  of the  so lu t ion  f o r  these  spec i a l  problems. 

W e  assume throughout t h i s  chapter  t h a t  t h e  input-output matrix 

is upper t r i angu l a r .  

5.2 Models of Input-Output Interdependence 

Consider t he  problem, which w e  l a b e l  (P l ) :  



where Hi = Wi - 1 ajiWj - Vi - Gi, and Ci 2 x f o r  a l l  p o s s i b l e  
j€I 

i 

(P l )  is a no-capacity-sharing v e r s i o n  of ( P ) .  It can be viewed 

a l t e r n a t i v e l y  as a Leontief  s u b s t i t u t i o n  problem w i t h  economies-of- 

s c a l e ,  o r  as a g e n e r a l i z a t i o n  of break-even analysis '  f o r  inter- 

dependent products .  

S ince  (P l )  is (P) wi th  B = I, it is obvious that t h e  s o l u t i o n  

approach t o  (P) can b e  d i r e c t l y  a p p l i e d  t o  (P I ) .  For t h i s  s impler  

s t r u c t u r e ,  however, we show that a s u f f i c i e n t  c o n d i t i o n  f o r  imports  

similar t o  t h e  c o n d i t i o n  f o r  domestic product ion used in t h e  problem 

reduc t ion  s t a g e  (Stage  l ) ,  can be  obta ined .  S t ronger  r e s u l t s  can 

a l s o  b e  der ived  f o r  t h e  B-B s t a g e  based on (c), t h e  LP r e l a x a t i o n  

of (P l )  , given below: 

1 / 
- If a i j  

= 0 (PI )  decomposes i n t o  I simple make-buy problems. 



(x) has p r e c i s e l y  t h e  s t r u c t u r e  of (F) , and t h e  two-step 

s o l u t i o n  approach a p p l i e s ,  wi th  t h e  Si computed a t  S tep  I (with 

Fi ) and t h e  obtained a t  Step 11. Theorem 3.1 Si = Hi - - 
i 

i 

c l e a r l y  a p p l i e s  t o  (5) a l s o ,  and t h u s  a t  l e a s t  one Si must be 

s t r i c t l y  p o s i t i v e  i f  any domestic production i s  t o  t a k e  p lace .  

Theorem 3.2, a s  before,  can be used t o  e l i m i n a t e  a c t i v i t i e s  noncompe- 

t i t i v e  a t  marginal c o s t ;  a s  t h i s  theorem a p p l i e s  t o  a l l  t h e  v e r s i o n s  

of (PI)  s tudied  in t h i s  chap te r ,  w e  assume h e r e a f t e r  t h a t  t h e  set I 

con ta ins  on ly  t h e  compet i t ive  a c t i v i t i e s  ( i . e . ,  zi > 0 f o r  each 

i E I ) .  

The s u f f i c i e n t  cond i t ions  f o r  domestic product ion  ( (3.5) and 

( 3 . 6 ) ) ,  of Stage 1, become r e s p e c t i v e l y  

and 

with t h e  and 6 having t h e  same i n t e r p r e t a t i o n  a s  i n  Chapter 3. 
i 

I f  I* i s  t h e  set of a c t i v i t i e s  t h a t  s a t i s f y  (5 .1) ,  then any a c t i v i t y  

i d I* t h a t  s a t i s f i e s  (5.2) i s  added t o  I* i n  an i t e r a t i v e  fashion 

a s  described i n  Chapter 3.  A t  t h e  end of t h i s  s t a g e  a set of a c t i v i -  

t ies  I* c - I is  i d e n t i f i e d  which is known t o  be op t ima l ly  undertaken. 



The problem reduct  ion s t a g e  f o r  (PI) does not  end here ,  however. W e  

g ive  next  a s u f f i c i e n t  cond i t ion  t ha t  can be used i t e r a t i v e l y  t o  iden- 

t i f y  a c t i v i t i e s  t h a t  a r e  optimally imported i n  (PI) . 
I n  t h e  absence of capac i ty  shar ing t h e  t o t a l  v a r i a b l e  savings 

a t t a b e d  by undertaking a given a c t i v i t y  must cover t h e  f ixed  c o s t  

incurred in undertaking it.- I/ I n  o t h e r  words, t o t a l  b e n e f i t s  must 

cover t o t a l  cos t s ;  t h i s  is t r u e  whether production is f o r  f i n a l  

consumption, f o r  in termedia te  input  in t h e  production of o t h e r  pro- 

duc t s ,  o r  both. I f  x; is  t h e  optimal l e v e l  f o r  a c t i v i t y  i and 

H* i ts  associa ted  v a r i a b l e  savings ( i . e . ,  W i  - H U s  t h e  v a r i a b l e  
1 1 

cos t  of producing product i )  , then f o r  each i such t h a t  x t  > 0 

t h e  condi t ion  H+x* > F must be s a t  i s £  ied .  It is easy t o  see t h a t  
1 1  i 

i f  t h i s  condi t ion  is not  s a t i s f i e d  then t h e  minimum average production 

c o s t  a t t a i n a b l e  is l a r g e r  than t h e  import cost2' and t h u s  no savings  

can be obtained by undertaking domestic production. 

1/ Under capac i ty  shar ing an a c t i v i t y  wi th  p o s i t i v e  marginal  savings  
over import c o s t  could opt imal ly  be undertaken which d id  not  cover 
i ts  associa ted  f ixed  c o s t s .  It was only required  t h a t  a l l  pro- 
c e s s  interdependent a c t i v i t i e s  j o i n t l y  covered f ixed c o s t s .  

ZI Let MACi = minimum average domestic production c o s t  a t t a i n a b l e  

f o r  product i. 
w 
I 

Then MACi = (Wi - HZ) + -;i; 
i 



Based on t h e  condi t ion given above that must be s a t i s f i e d  by t h e  

a c t i v i t i e s  a t  a pos i t i ve  l e v e l  i n  the  optimal so lu t i on  t o  (P I ) ,  we 

show how a  necessary condi t ion f o r  domestic product ion (equivalent ly ,  

a  s u f f i c i e n t  condi t ion f o r  import) can be obtained which can be 

applied i t e r a t i v e l y  t o  i den t i f y  a c t i v i t i e s  that a r e  optimally imported. 

The condi t ion is presented wi thin  t h e  context  of t h e  simplex method. 

L e t  Ci = - (equivalent ly ,  Fi = 0) f o r  each i E I in (x), 
and assume w e  have a bas ic  f e a s ib l e  so lu t ion  which con ta ins  a l l  t h e  

production a c t i v i t i e s .  With t h e  Fi = 0 t h i s  bas ic  so lu t ion  is  in 

f a c t  optimal i n  (x) s i n c e  a l l  a c t i v i t i e s  wi th  %. < 0 have been 
1 - 

eliminated and a r e  thus  exogenous t o  t he  model. With t he  ii and 

- 
x corresponding t o  t h i s  ba s i s  a t  hand, t h e  following theorem provides 
i 

a s u f f i c i e n t  condi t ion f o r  an a c t i v i t y  t o  be opt imal ly  imported. 

Theorem 5.1 If ZiGi 2 Fi then product i' is optimally imported i n  

t h e  so lu t i on  of (PI) .  

- - 
Proof. Fi - > H X  

i i 

- 
> i.x* - s ince  x > x p L O ,  

1 1  i - 
- 

> 2x2 - s ince  Hi ) H Z  2 0 

- - 
Hence H x  < Fi => Hfxt 5 Fi => x?t = 0 .  

i i  - 1 

Assume t h a t  t h e  condi t ion of Theorem 5.1 i s  s a t i s f i e d  f o r  one 

o r  more products and t h e  corresponding a c t i v i t i e s  a r e  el iminated from 

the  ba s i s  i n  (x) . Let I+ be t he  s e t  of production a c t i v i t i e s  

remaining in the  bas is .  I f  Gi and Gi correspond t o  the  new values 



- - 
of Hi and xi a s s o c i a t e d  wi th  t h e  new b a s i s ,  then ,  by t h e  i n t e r -  

- - 
p r e t a t i o n  of t h e  Hi and t h e i r  updated va lues  Hi, it should be 

c l e a r  t h a t  Ei - > H. > H 2  f o r  each i E 1'. It is a l s o  true t h a t  
1 - - 

x > x > x* s i n c e  t h e  set I' s t i l l  c o n t a i n s  t h e  set of a c t i v i t i e s  
i -  i -  i' 

opt imal  in (PI ) .  giGi is t h u s  s t i l l  a v a l i d  upper bound on H*x* 
i i '  

hence any a c t i v i t y  in t h e  new b a s i s  t h a t  s a t i s f i e s  

can be removed, as it cannot poss ib ly  be  opt imal  in (PI ) .  S ince  only  

a c t i v i t i e s  t h a t  are o p t i m a l l y  imported in (PI)  are e l imina ted  from t h e  

b a s i s  of (x), t h e  fii and 2 obta ined  a t  each  i t e r a t i o n  c o n s t i -  
i 

t u t e u p p e r  bounds on H t  and x* r e s p e c t i v e l y ,  and t h e  p rocess  can i 

t h u s  be r epea ted  u n t i l  (5.3) is no longe r  s a t i s f i e d  f o r  any of t h e  I' 

product ion a c t i v i t i e s  remaining i n  t h e  b a s i s .  

The set of products  I' obta ined  a t  t h e  end of t h e  e l i m i n a t i o n  

procedure has  t h e  fo l lowing proper ty :  I f  any - one  product  is dropped 

in favor  of imports ,  t o t a l  sav ings  over  imports  obta ined  from t h e  

domestic product ion  of t h e  remaining 1 - 1 products  is less than  

i f  a l l  I' products  a r e  produced. I n  o t h e r  words, t h e  v a l u e  of 

t h e  o b j e c t i v e  f u n c t i o n  of (P I )  dec reases  i f  any one of t h e  I' 

a c t i v i t i e s  i s  n o t  undertaken. It is p o s s i b l e ,  however, t h a t  i t  

i n c r e a s e s  i f  two o r  more in terdependent  a c t i v i t i e s  a r e  dropped i n  

f avor  of imports .  I n  p r i n c i p l e  a t  l e a s t ,  one could apply  a t  t h i s  p o i n t  

t h e  equ iva len t  of cond i t ion  (5.3)  t o  combinations of two o r  more i n t e r -  

dependent products  from t h e  s e t  1'- I*. Th i s ,  however, would be ra -  

t h e r  ted ious .  The o p t i m a l i t y  o r  non-optimali ty of t h e  c u r r e n t  s e t  of 



a c t i v i t i e s  can be e a s i l y  es tab l i shed  wi'th a very simple B-B s t age .  

A t  t h e  r oo t  node of t h e  B-B tree (x) with  I+ endogenous a c t i -  

+ i f  i E I* 
v i t i e s  i s  solved. W e  set, fo r  each i E I , C = 

i - otherwise  

This corresponds respec t ive ly  t o  s e t t i n g  Fi = 0 f o r  each a c t i v i t y  

known t o  be optimal in (PI) and t o  t igh ten ing  t h e  capaci ty  bounds f o r  

t h e  remaining production a c t i v i t i e s  by s e t t i n g  them equal  t o  t h e  bes t  

upper bounds cu r r en t l y  known, namely t h e  2 
i ' 

I f  t h e  so lu t i on  t o  

t h i s  problem is n a t u r a l l y  in teger  then it  is obviously optimal in (PI) .  

I f  it i s  not  in teger ,  however, it should be easy t o  see t h a t  in t h e  

X 

absence of capaci ty  shar ing,  a l l  Ai v a r i ab l e s  ) t h a t  a r e  

a t  t h e  l e v e l  one may be f ixed t o  one and t h e  corresponding a c t i v i t i e s  

may be added t o  t h e  set I*. Moreover, any Ai i n teger  i n  t h e  solu- 

t i o n  t o  t h e  r e l axa t i on  a t  any o ther  node of t h e  B-B tree w i l l  be 

in teger  i n  any completion of t h e  p a r t i a l  so lu t i on  at  t h a t  node. 

5.2.1 Al te rna t ive  Products 

Assume now t h a t  each product ion process (or  indust ry ,  whichever 

may be t he  i n t e rp r e t a t i on )  i n  (PI) may produce more than one product, 

but each product can only be produced by one production process. T h a t  

is, t h e  only s u b s t i t u t i o n  among a c t i v i t i e s  is between domestic pro- 

duct ion and import s -- no a l t e r n a t i v e  production techniques. 

There a r e  K production processes spec i f i ed  f o r  t h e  production 

of t he  I products, K - < I. Indust ry  k can produce any combination 

of products i E I and f o r  any k # L Ik n IL = 0. This problem, 
k ' 

(P2), has t h e  following formulation: 



where Hi = Wi - 1 ajiWj - Vkbki - Gi, and bki is de f ined  a s  in 
j E 1  

(P) .  Ck is an  upper bound on t h e  t o t a l  a c t i v i t y  of i n d u s t r y  k  f o r  

any p o s s i b l e  v a l u e  of x i E Ik. 
i ' 

(P2) obvious ly  inc ludes  (PI )  a s  a  s p e c i a l  ca se ,  and t h e  b a s i c  

d i s t i n c t i o n  between (P2) and (P) is  t h a t  in (P) Ik n It 0 f o r  a t  

least one k  # t. (P2) has t h e  fo l lowing LP r e l a x a t i o n :  

Fk (3) Max k€K 1 [I &Ik [Hi-7bki]xi]  

Theorem 3 .1  obvious ly  a p p l i e s  t o  (x) ; and c o n d i t i o n s  (5.1) 

and (5.2) become r e s p e c t i v e l y  



(5 .  l a )  

and 

I f  t h e  c o n d i t i o n  of t h e  Theorem 5 . 1  is rep laced  by 1 H.;. < F 
1 1 -  k '  

iEIk  

t h e  same r e s u l t s  obta ined  f o r  (PI )  fo l low f o r  (P2). A c h a r a c t e r i s t i c  

of t h e  s o l u t i o n  of ( ~ 2 )  can be seen  t o  be  t h a t  each  i n d u s t r y  k w F l l  

e i t h e r  produce a l l  p roduc t s  i E I 
k ' o r  none, where I k  c o n t a i n s  

on ly  products  i such t h a t  gi > 0 ,  a s  w e  assume t h a t  a l l  p roducts  

w i th  H < 0 have been e l imina ted  from t h e  set I. 
i - 

5.2.2 A l t e r n a t i v e  Product ion Techniques 

I n  t h i s  subsec t ion  w e  extend t h e  b a s i c  model (PI )  t o  a l low f o r  

cho ice  among a l t e r n a t i v e  product ion  techniques  f o r  each product ,  and 

show how t h e  r e s u l t s  obta ined  f o r  ( P l )  apply  t o  t h i s  v e r s i o n  of t h e  

problem. 

Let  T be t h e  set of a l t e r n a t i v e  techniques  f o r  product  i, as 
i 

w e l l  as t h e  c a r d i n a l i t y  of t h e  set. T f ixed-charge c o s t  f u n c t i o n s  
i 

are thus  s p e c i f i e d  f o r  each i E I. This  v e r s i o n  of t h e  problem, 

l a b e l e d  (P3),  has t h e  fo l lowing formula t ion  : 



t t t 
where Hi = Wi - 1 ajiWj - Gi - Vi and Ci is an upper bound on 

j € 1  
t 

xi, f o r  any t E Ti. Supersc r ip t s  t have been added t o  t h e  appro- 

p r i a t e  parameters t o  denote  t h e i r  dependence on t h e  production tech- 

niques.  A set of c o n s t r a i n t s  of t h e  form 

is  not  requi red  in (P3), as t h e  s u b s t i t u t i o n  theorem guarantees  that 

only one technique t from each T w i l l  be used i f  product i is 
i 

domest ica l ly  produced .- t 
I n  o t h e r  words, a t  most one x . ,  

1 t E Ti, 

o r  Yi ( t h e  s l a c k  v a r i a b l e )  w i l l  be a t  a p o s i t i v e  l e v e l  f o r  each 

It is assumed in t h e  formulat ion of (P3) that t h e  input-output 

s t r u c t u r e  does not  vary wi th  t h e  production technique.  This  is a 

reasonable assumption f o r  choice  of technique problems wi th  input- 

output  r e l a t i o n s h i p s  s p e c i f i e d  a t  t h e  product l e v e l .  It merely says 

t h a t  each technique t E Ti under cons ide ra t ion  f o r  product i 

r e q u i r e s  t h e  same endogenous inpu t s  ( p a r t s ,  components, modules, sub- 

assemblies,  e t c . )  i n  i ts production process,  but  may have completely 

L/ See Chapter 3 .  



d i f f e r e n t  exogenous input  requirements, l abor  s k i l l s ,  e t c .  The cos t  

t 
components Gi account f o r  t h e s e  d i f fe rences .  

W e  a l s o  assume, without  l o s s  of g e n e r a l i t y ,  that t h e  i n e q u a l i t i e s  

A i 
and - 1 

< Fi 

a r e  s a t i s f i e d  f o r  each i E I. I f  (5.4) i s  n o t  s a t i s f i e d  f o r  one 

o r  more i E I, then w e  can show t h a t  a t  l e a s t  one production tech- 

t '  t '  
nique t can be e l iminated  from T l e t  Vi + Gi = min {V: + G:}. 

i ' 
tETi 

We can then e l imina te  from f u r t h e r  considera t ion a l l  techniques 

t t '  
t E T such that Fi 2 Fi , a s  they a r e  completely dominated by 

i 

technique t '  ( i . . ,  c o s t s  under these  techniques a r e  a t  l e a s t  a s  

high a s  under t '  a t  a l l  production l e v e l s ) .  This s imple dominance 

r u l e  can be repeated f o r  
t" v:" + G~ = m i n  {V: + G:), and so on 

t ~ ~ ~ - { t  ' 1 

f o r  each t E Ti and i E I. I f  w e  then renumber t h e  "competitive" 

t t 
techniques f o r  each product i n  decreasing o rder  of (Vi + Gi) , t E Ti, 

i n e q u a l i t i e s  (5.4) will be s a t i s f i e d  and w e  w i l l  have obtained t h e  

concave envelope of t h e  capaci ty  cos t  curves f o r  each product.  

W e  n o t e  a t  t h i s  po in t  that i f  w e  r e l a x  t h e  assumption of constant  

marginal expansion c o s t  in (PI) and spec i fy  ins tead  a piecewise l i n e a r  

concave c o s t  funct ion f o r  each product,  t h e  formulat ion of t h e  problem 

would t ake  exact ly  t h e  form of (P3), with i n e q u a l i t i e s  (5.4) automa- 

t i c a l l y  s a t i s f i e d .  The s u p e r s c r i p t s  i n  t h e  v a r i a b l e s  and parameters 

i n  t h i s  problem would be assoc ia ted  with t h e  segments of t h e  capaci ty  



c o s t  funct ions .  Thus, w e  can conclude that a f t e r  t h e  e l imina t ion  of 

noncompetitive techniques,  t h e  " a l t e r n a t i v e  production techniques" 

vers ion  of (PI) is  i d e n t i c a l  t o  t h e  "multi-segment c o s t  funct ion"  

vers ion .  

The LP r e l a x a t i o n  of (P3) i s  

With A upper t r i a n g u l a r ,  t h e  c o n s t r a i n t  ma t r ix  of (x) is block 

t r i a n g u l a r ;  row i now con ta ins  T. + 1 p o s i t i v e  elements,  inc luding 
1 

t h e  c o e f f i c i e n t  of t h e  s l a c k  v a r i a b l e  y . 
i 

I f  we  so lve  (z) wi th  a l l  Ci = ( equ iva len t ly ,  a l l  F: = 0) 

then obviously any product i t h a t  is domest ica l ly  produced i n  t h e  

s o l u t i o n  t o  such problems w i l l  be produced by t h e  technique wi th  t h e  

t t 
lowest (Pi + G .) , namely technique Ti. Thus, r a t h e r  than working 

1 

wi th  t h e  f u l l  problem, t h e  approach taken h e r e  c o n s i s t s  of  working 

wi th  a sequence of problems such t h a t  each has a  s i n g l e  production 

technique s p e c i f i e d  f o r  each product .  I n i t i a l l y  w e  cons ider  t h e  

problem wi th  t = Ti only ,  f o r  each i E I. To t h i s  problem 
m 
1 - i 

< 0 can be e l imi-  Theorem 3 . 2  a p p l i e s  and a l l  a c t i v i t i e s  wi th  Hi - 

nated ,  a s  they a r e  opt imal ly  imported i n  (P3). Note t h a t  not  only 

technique 
Ti 

is e l iminated  in t h i s  case ,  but  a l l  Ti techniques 



-t 
a r e ,  s i n c e  -Ti < o = H~ c o f o r  any t E T ~ .  

Hi - - 
Rather than discuss ing both t h e  s u f f i c i e n t  cond i t ions  f o r  domes- 

t i c  production and t h e  s u f f i c i e n t  condi t ions  f o r  imports a s  they apply 

t o  (P3), w e  choose t o  d i scuss  in d e t a i l  only t h e  l a t t e r ;  it should 

become apparent  from t h e  d i scuss ion  how t h e  former can be appl ied .  

For t h e  development t h a t  fol lows,  some a d d i t i o n a l  n o t a t i o n  i s  

t 
needed. Let a denote  t h e  a c t i v i t y  vector  a ssoc ia ted  wi th  t h e  

i 
t 

production v a r i a b l e  xi and ei t h e  a c t i v i t y  vec to r  corresponding 

t 
t o  t h e  import v a r i a b l e  yi. I n  add i t ion ,  let Ci denote t h e  produc- 

t i o n  l e v e l  f o r  product i a t  which t h e  capac i ty  c o s t  func t ion  

changes s lope ,  that is, t h e  break point  between techniques t - 1 

and t. 

With a s o l u t i o n  a t  hand f o r  (x) with  t = Ti and a l l  Ci = -, 

t h e  s u f f i c i e n t  cond i t ion  f o r  a given production a c t i v i t y  t o  be per- 

manently removed from t h e  b a s i s  (given by Theorem 5.1) can be appl ied .  

I n  t h i s  case, however, i f  production a c t i v i t y  at is removed from 
i 

t h e  b a s i s ,  it may be replaced e i t h e r  by t h e  import a c t i v i t y  e 
i ' o r  

by a d i f f e r e n t  production a c t i v i t y  a t '  t '  E T ~ .  I f  a s i m i l a r  
i s  

i t e r a t i v e  procedure as that f o r  (Pl )  and (P2) is  t o  be appl ied  t o  

(P3), t h e  new a c t i v i t y  t o  become bas ic  must be s e l e c t e d  in a way t h a t  

t h e  v a l i d i t y  of Theorem 5.1  is maintained a t  each i t e r a t i o n  of t h e  

procedure. The following theorem rep laces  Theorem 5.1 f o r  t h i s  

problem. 

-t t t t t 
Theorem 5 . l a  Let t = Ti. I f  Higi 5 Fi and x > Ci then i - 
product i is opt imal ly  imported in t h e  s o l u t i o n  of (P3). 



t 
Proof. By condi t ion (5.4) we h o w  t h a t  Hi > H 

t L  
f o r  a l l  i E I 

i 
-t.t  

and any t '  = 1, 2, . .., t-1. It follows t h a t  3 > Hi and t h a t  

> 2' 
i 

f o r  a l l  i E I and any t = 1 2, . -1. Then, by 
i - 

-t -t 
Theorem 5.1, Hi xi 5 i s  a s u f f i c i e n t  condi t ion f o r  technique t 

i 
t -  

t o  be discarded,  that is, f o r  production a c t i v i t y  a i t o  be 

permanently removed from the  bas is .  Under a l t e r n a t i v e  production 

techniques, two cases  must be considered in order  t o  d e t e m i n e  which 

of t h e  a c t i v i t i e s  t h a t  produces product i should r ep l ace  a c t i v i t y  

a t -  
i 

in the  bas i s :  

-t 
(2) xi < C: , and 

To complete t h e  proof of t h e  theorem w e  need t o  show t h a t  i n  o rder  

t 
f o r  a t o  be replaced i n  t h e  bas i s  by t h e  import a c t i v i t y  e 

i i' 
< - <  

condi t ion ( i i )  must be s a t i s f i e d .  Assume f i r s t  t h a t  xi C: . 
-t 

Since xi i s  a v a l i d  upper bound on t h e  production l e v e l  f o r  product 

i, then technique t cannot be used i n  t h e  optimal so lu t ion  of 

(P3) because by condi t ion (5.4) t h e r e  e x i s t s  a production technique 

t ' -  < t ( t  = T >1) f o r  which lower domestic production c o s t s  a r e  
i 

-t . -t 
a t t a i ned  a t  production l e v e l  x 

i -  
Now, i f  xi 2 C: , then by 

concavity of t he  investment co s t  funct ion and t h e  f a c t  t h a t  

-t ' -t. 
x < x under any technique t '  = 1, 2 ,  ..., t-1, no technique can 
i - i 

yield  a lower domestic production cos t  f o r  product i than technique 

t. Hence, t he  import a c t i v i t y  e should rep lace  a L  
i i 

i n  t h e  ba s i s ,  

t ha t  is, product i is optimally imported i n  t h e  so lu t ion  of (P3). 

Under a l t e r n a t i v e  production techniques,  thus ,  t h e  suff ic iency 

condit ion fo r  product i t o  be imported must include t h e  add i t i ona l  



requirement that f > ct t t 
i -  i '  

s i n c e  i f  x < Ci t h e  expansion c o s t  
i 

-tL t 
used i n  t h e  cond i t ion  Hi xi 2 Fi ' overes t imates  t h e  t r u e  c o s t  a t  t h e  

product ion  l e v e l  f and t h i s  i n v a l i d a t e s  t h e  c o n d i t i o n  f o r  a c t i v i t y  
i '  

at t o  be dropped i n  f avor  of t h e  import a c t i v i t y  e However, 
i i 

t f < Ci i s  a s u f f i c i e n t  c o n d i t i o n  f o r  at t o  be r ep laced  i n  t h e  
i i 

b a s i s  by a d i f f e r e n t  p roduc t ion  a c t i v i t y ,  that is,  f o r  swi tching  

t'-1 -t 
product ion  techniques.  I f  Ci - t 1  

< xi 5 Ci , t 1  5 t ,  then  a c t i v i t y  

tl-1 
a 
i 

should r e p l a c e  at i n  t h e  b a s i s  r e g a r d l e s s  of whether condi- 
i 

-t -t 
t i o n  H x < is s a t i s f i e d  o r  n o t ,  s i n c e  f is  s t i l l  a v a l i d  

i i -  i 

upper bound on t h e  l e v e l  of domestic production f o r  product  i. I f  

t t t 3 3 > Fi and C then  obviously a c t i v i t y  a remains b a s i c .  
i i i 

+ 
Let I be t h e  set of product ion  a c t i v i t i e s  remaining i n  t h e  

b a s i s  a f t e r  t h e  above c o n d i t i o n s  are s y s t e m a t i c a l l y  a p p l i e d  f o r  each 

product  i n  t h e  s e t  I ,  and l e t  a t ( i )  be t h e  a c t i v i t y  i n  t h e  c u r r e n t  
i 

+ 
b a s i s ,  f o r  each i E I . Since  t h e  approach ensures  that --c(i) and 

Hi 
f (i) are s t i l l  v a l i d  upper bounds on v a r i a b l e  sav ings  over  import i 

c o s t s  and production l e v e l s  r e s p e c t i v e l y ,  ( i . e . ,  Theorem 5.3a is  v a l i d  

a t  each i t e r a t i o n  wi th  t = t ( i )  f o r  each i E I )  t h e  e l i m i n a t i o n  

procedure can be repeated  as long as technique  switching occurs  

and/or  product ion  a c t i v i t i e s  are e l iminated  i n  f avor  of imports ,  w i th  

-t(i) and t h e  set I+, and Hi f ( i )  updated a t  each i t e r a t i o n .  

The approach f o r  i d e n t i f y i n g  production a c t i v i t i e s  t h a t  a r e  

op t ima l ly  undertaken i n  t h e  s o l u t i o n  of (P3) is b a s i c a l l y  t h e  r e v e r s e  

of t h e  process  j u s t  descr ibed  and y i e l d s  a  set of products  I* known 

t o  be op t ima l ly  produced, a l though not  n e c e s s a r i l y  t h e  techniques  by 

which they  should be produced. The process  s t a r t s  wi th  an  a l l - impor t  



t 
b a s i c  s o l u t i o n .  Once a  product ion  a c t i v i t y  a  e n t e r s  t h e  b a s i s  it 

i 

can o n l y  be rep laced  ( i n  t h e  b a s i s )  by another  product ion  a c t i v i t y  

a  that is ,  on ly  product ion  technique  swi tch ing  can  occur  f o r  
i ' 

such a c t i v i t i e s .  Moreover, t '  > t ,  s i n c e  a t  each i t e r a t i o n  w e  must 

have lower bounds both  on v a r i a b l e  s av ings  over  impor ts  and on produc- 

t i o n  l e v e l s ;  t h e  f i r s t  a c t i v i t y  t o  e n t e r  t h e  b a s i s  must t h e r e f o r e  u s e  

technique  t = 1 A t  each  i t e r a t i o n  t h e  it g i v e  lower bounds on 
i 

t h e  l e v e l s  of domest ic  productior&/ and can  be used t o  s u b s t i t u t e  one 

product ion  technique  f o r  ano the r  i n  t h e  b a s i s .  A t  t h e  f i r s t  i t e r a t i o n  

1 -1 1 
a f t e r  a  is  in t roduced  i n t o  t h e  b a s i s ,  f o r  example, i f  Di 2 Ci 

i 
t -1 

then  t echn ique  t such that Ci 5 Di 5 Ci t+l w i l l  r e p l a c e  t echn ique  1 

f o r  product  i. Technique switching may occur  f o r  one  o r  more a c t i v i -  

t i e s  a t  each i t e r a t i o n .  A s  new product ion  a c t i v i t i e s  are in t roduced  

i n t o  t h e  b a s i s ,  a p a r t  from i t s  e f f e c t s  on product ion  c o s t s  of o t h e r  

products ,  endogenous demands a r e  genera ted  f o r  t h e  in te rdependent  

a c t i v i t i e s  a l r e a d y  i n  t h e  b a s i s ;  t h e s e  added demands may j u s t i f y  a  

swi tch  from product ion  technique  t t o  t '  , t '  > t .  With a c t i v i t y  

t '  
a  r e p l a c i n g  a t  i n  t h e  b a s i s ,  t h e m a r g i n a l  c o s t  of producing 
i i 

product i decreases,21 which i n  t u r n  d e c r e a s e s  t h e  p roduc t ion  c o s t s  

f o r  a l l  p roduc t s  j E I such that a  > 0. Thi s  in t u r n  may cause  
i j 

e i t h e r  new a c t i v i t i e s  t o  s a t i s f y  t h e  s u f f i c i e n t  c o n d i t i o n  f o r  be ing  

-t - The Di f o r  t h i s  problem correspond t o  t h e  ii i n  ( P l )  and (P2) 

and a r e  obta ined  t h e  same way. 

- 2/  By t h e  concav i ty  of t h e  c o s t  func t ion .  



in t roduced  i n t o  t h e  b a s i s ,  o r  technique  swi tch ing  f o r  t h e  a c t i v i t i e s  

a l r e a d y  i n  t h e  b a s i s  ( i . e . ,  a t  such t h a t  i E I*),  o r  both.   his 
i 

process  is repea ted ,  ma in t a in ing  a t  each i t e r a t i o n  
-t ^t 
Hi and Di 

v a l i d  lower bounds on v a r i a b l e  s av ings  over  impor ts  and product ion  

l e v e l s  r e s p e c t i v e l y .  

A t  t h e  end of t h i s  problem reduc t ion  s t a g e ,  as was a l s o  t h e  c a s e  

of problems (PI )  and (P2) , w e  have a  set I* of p roduc t s  that a r e  

known t o  be d o m e s t i c a l l y  produced i n  t h e  op t ima l  s o l u t i o n  of (P3) ,  

and a  set I+ (I' 2 I*) of p roduc t s  that have t h e  p r o p e r t y  that i f  

any one is dropped i n  f a v o r  of impor ts ,  t o t a l  s av ings  over  impor ts  

from t h e  remaining 1' - 1 products  dec reases .  Under a l t e r n a t i v e  

product ion  t echn iques ,  however, t h e  s e t  
Ti 

of c o m p e t i t i v e  t echn iques  

f o r  each  product  may have been reduced. Let  t ( i )  be t h e  technique  

cor responding  t o  product  i i n  t h e  f i n a l  b a s i s  formed by t h e  I+ 

a c t i v i t i e s ,  and d e f i n e  - t ( i )  s i m i l a r l y  f o r  t h e  I* a c t i v i t i e s .  

I f  t * ( i )  is t h e  product ion  technique  f o r  product  i in t h e  op t ima l  

s o l u t i o n  t o  (P3) ,  t hen  

- 
t ( i )  t * ( i )  5 t ( i )  - f o r  each i E I* , 

and 

- 
t * ( i )  t ( i )  

+ 
f o r  each i E 1 - I* 

- 
The o p t i m a l i t y  of t h e  s o l u t i o n  given by a c t i v i t i e s  a  t ( i )  

i 9 

i E I' can  be e a s i l y  v e r i f i e d  o r  d i sproved  by a s imp le  B-B s t a g e .  A t  

each node a  problem wi th  o n l y  one technique  s p e c i f i e d  f o r  each product  

is so lved ,  and t h e  s u f f i c i e n t  c o n d i t i o n s  used i n  t h e  problem r e d u c t i o n  

s t a g e  can be used h e r e  f o r  guiding s e p a r a t i o n .  



5.2.3 General Concave Cost Function 

Consider now the  case  i n  which t h e  investment cos t  funct ion f o r  

capaci ty  i s  given by a general  concave cos t  funct ion Fi(xi), wi th  

dFi(xi) d2p (x ) 
> 0 and - c 0 f o r  a l l  poss ib le  values  of xi, f o r  

dxi 
2 - 

dx 
i 

each i E I. This problem is formulated a s  

The Hi in t h i s  case  a r e  d is t inguished from t h e  Hi of t h e  previous 

problems by t h e  f a c t  t h a t  va r i ab l e  investment c o s t s  a r e  no t  included 

a s  components of v a r i a b l e  domestic production c o s t s .  

I n  the  previous subsection was shown t h e  equivalence between 

(P3) and a vers ion of (PI) with multi-segment concave cos t  funct ions .  

We show here that (P4) can be solved by solving an "equivalent" 

problem with a piecewise l i n e a r  co s t  funct ion.  

The "equivalent" problem with piecewise l i n e a r  approximation of 

the  cos t  curves F (x ) is obtained sequen t ia l ly .  The equivalence 
i i 

is in t he  sense that a t  t he  optimal so lu t ion  t h e  piecewise l i n e a r  

approximation coincides  wi th  t he  t r u e  cos t  funct ion.  Let Ci be an 



upper bound on a l l  p o s s i b l e  v a l u e s  of x - 
i ' 

I' Obtain then  f o r  each  

F (x  ) a f ixed-charge approximation that i s  t angen t  t o  i t  a t  x = Ci. 
i i i 

formula t ion  of t h i s  f ixed-charge v e r s i o n  of (P4) is p r e c i s e l y  ( P l ) ,  

Let  Fi be t h e  i n t e r c e p t ,  and t h e  s l o p e  dFi(xi) 
- 

vi - dx 
i 

wi th  Hi = Hf - Vi, and Theorem 3.2 a p p l i e s  t o  t h i s  problem s i n c e  t h e  

. The 

x,=C, 

- 
minimum a t t a i n a b l e  V a r e  used i n  Hi and consequent ly  t h e  Hi a r e  

i 

n o t  underes t imated .  We can  t h u s  e l i m i n a t e  from t h e  problem a l l  

p roduc t s  i such  that Hi 5 0 a s  t h e y  a r e  o p t i m a l l y  imported i n  (P4) .  

- - 
I f  any product  w i t h  H .  < 0 i s  found, w e  can  s e t  Ci = x 

1 - i ' t h e  

s o l u t i o n  of t h e  r e l a x a t i o n  of t h e  f ixed-charge problem wi th  a l l  

Fi = 0, and o b t a i n  a new f ixed-charge  approximation a t  t h e  new upper 

bounds x Th i s  can  b e  repea ted  a s  long a s  p roduc t s  are e l imina ted .  
i- 

The procedure  developed f o r  (P l )  and used f o r  (P2) and (P3) can  

now be a p p l i e d  t o  t h e  f ixed-charge  approximation of (P4) .  S t a r t i n g  

wi th  a l l  product ion  a c t i v i t i e s  i n  t h e  b a s i s ,  t h e  c o n d i t i o n  of Theorem 

5.1 can  now be s y s t e m a t i c a l l y  a p p l i e d  he re .  A t  t h e  end of t h e  f i r s t  

- 
i t e r a t i o n  w e  s e t  Ci = x where t h e  

i ' t h e  new b a s i c  s o l u t i o n ,  a r e  
i' 

ob ta ined  l i k e  i n  0, and new f ixed-charge approximations t o  F ~ ( x ~ )  , 
+ 

i E I , a r e  obta ined .  A t  t h i s  p o i n t  of t h e  i t e r a t i v e  procedure  

- One such upper bound can be e a s i l y  computed a s  fo l lows :  



we lmve an oppor tunl ty  t o  r e a p p l y  Theorem 3 . 2  i f  one o r  more 1 

changed from t h e i r  previous va lues ,  s i n c e  i n  t h i s  case  some Hi U Y  

decrease  a s  a r e s u l t  of p o s s i b l e  inc rease  i n  t h e  v a r i a b l e  investment 

The above process is  repeated u n t i l  no production a c t i v i t y  is 

dropped e i t h e r  i n  favor of a production a c t i v i t y  wi th  a d i f f e r e n t  

i f  a < b by concavi ty  
dFi(xi) 

c o s t  Vi, a s  

"technique" ( i . e . ,  one wl th  higher 
Vi, 

which would occur i f  one o r  

- 
more x decrease  from one i t e r a t i o n  t o  t h e  nex t ,  but  remain a t  a 

i 

p o s i t i v e  l e v e l ) .  W e  have a t  t h e  end of t h i s  s t a g e  a set of products  

1' with  t h e  same p roper ty  a s  i n  t h e  previous problems t r e a t e d ,  and 

dFi(xi) 
> 

fixed-charge f u n c t i o n s  which coincide  wi th  t h e  F (x ) a t  t h e  p o i n t s  
i i - + x f o r  each i E I . 

i' 

dxi xi=a 

Again, t h e  o p t i m a l i t y  o r  not  of t h e  s o l u t i o n  from t h e  f i r s t  

- dx i 

s t a g e  can be determined by a B-B s t a g e ,  i n  which a t  t h e  r o o t  node we 

x =b 

have t h e  l a s t  f ixed-charge approximation obta ined.  The procedure of 

i 

t h e  f i r s t  s t a g e  can be  used t o  o b t a i n  fixed-charge approximations 

whenever separa t ion  occurs.  

W e  n o t e  f i n a l l y  that t h e  procedure f o r  ob ta in ing  a s e t  of 

products  I* known t o  be opt imal ly  produced i n  (P4) cannot be app l i ed  

appl ied ,  however, t o  those  a c t i v i t i e s ,  i f  any, which s a t i s f y  

dFi(xi) 
t o  t h i s  problem, a s  may not  be f i n i t e .  It could be 

x =O 
i 



CHAPTER 6 

CONCLUSION 

6 .1  Summary 

I n  t h i s  study a so lu t i on  procedure w a s  developed f o r  a c l a s s  

of investment planning models which incorporates  t he  following fea- 

t u r e s :  economies-of-scale i n  production, intermediate input-output  

r e l a t i onsh ip s  among production a c t i v i t i e s ,  and capaci ty  sharing.  

The choice is between domestic production and imports t o  s a t i s f y  

exogenously stateddemands f o r  a given b i l l  of goods. The model w a s  

presented i n  Chapter 2 ,  which a l s o  provides a b r i e f  d i scuss ion  of 

t he  complex interdependencies t h a t  e x i s t  among production a c t i v i t i e s  

and t h e i r  po t en t i a l  e f f e c t s  on investment decis ions .  

The t h e o r e t i c a l  ana ly s i s  of t he  planning model was done i n  

Chapter 3 .  Simple suf f i c iency  condi t ions  f o r  import and f o r  domestic 

production of a given product were discussed and a problem reduct ion 

s t age  w a s  developed which app l ies  t he se  condi t ions  i n  an  i t e r a t i v e  

fashion.  A c t i v i t i e s  which a r e  not  competitive with imports when 

maximum bene f i t s  from interdependence a r e  assumed a r e  i d e n t i f i e d  a t  

t h i s  s tage ,  a s  wel l  a s  a c t i v i t i e s  t h a t  a r e  p r o f i t a b l e  even when no 

advantage is  taken of interdependence. For the  so lu t ion  s t age  an 

LP-based branch-and-bound (B-B) algori thm w a s  developed. It was shown 

t h a t  t h e  LP r e l axa t i on  of t h e  planning problem is a simple maximiza- 

t i o n  over a Leontief s u b s t i t u t i o n  s t r u c t u r e  f o r  which a very e f f i c i e n t  

so lu t i on  approach e x i s t s .  The development of t h i s  chapter  assumed an  



upper-tr iangular  input-output s t r u c t u r e  f o r  t h e  planning model. It 

was shown then how "data re laxat ion1 '  a l lows f o r  t h e  same problem 

reduc t ion  s t a g e  t o  be  used f o r  nontr iangular  input -output  s t r u c t u r e s ,  

and, most impor tant ly ,  it w a s  shown that t h e  LP r e l a x a t i o n  can a l s o  be 

very  e f f i c i e n t l y  solved in t h i s  case ,  and t h e  B-B s t a g e  is t h u s  

r e a d i l y  a p p l i c a b l e  t o  t h i s  more genera l  problem. 

Computational r e s u l t s  obta ined from t h e  implementation of t h e  

s o l u t i o n  approach developed in Chapter 3 us ing t h e  Korea s tudy d a t a  

were given in Chapter 4. The r e s u l t s  from 25 test problems generated 

by making parametr ic  changes i n  t h e  Koreandataprovided s t r o n g  evidence 

of t h e  e f f i c i e n c y  of o u r  two-stage approach. The problem reduc t ion  

s t a g e  w a s  ve ry  success fu l  i n  reducing t h e  s i z e  of t h e  problem. For 

s e v e r a l  problems, i n  f a c t ,  a l l  p r o f i t a b l e  production a c t i v i t i e s  w e r e  

i d e n t i f i e d  a t  t h i s  s t age ,  a l though t h i s  could o n l y  be laown a f t e r  

t h e  B-B s t age .  More important than t h e  f i r s t  s t a g e ,  however, w a s  

t h e  e f f i c i e n c y  of t h e  B-B s tage .  Computational exper ience  obta ined 

f o r  t h e  B-B s t a g e  a lone  showed t h a t  i t s  e f f i c i e n c y  does n o t  depend 

i n  any s i g n i f i c a n t  way on t h e  success of a problem reduct ion  s t age .  

This  is  important f o r  two reasons:  F i r s t ,  t h e  e f f e c t i v e n e s s  of t h e  

problem reduct ion  s t a g e  decreases  wi th  t h e  degree  of interdependence 

among t h e  a c t i v i t i e s ;  and secondly, f o r  non t r i angu la r  input -output  

s t r u c t u r e s  it is u n c e r t a i n  whether it "pays1' t o  u s e  a problem reduc- 

t i o n  s t a g e  and t h e  s o l u t i o n  t o  such problems must t h e r e f o r e  r e l y  

more heav i ly  o r  perhaps e n t i r e l y  on t h e  B-B s t age ,  o r  some o t h e r  

s o l u t i o n  method. 

The important conclusion from t h e  computational experience of 



Chapter 4 is  t h a t  very  l a r g e  problems can be e f f i c i e n t l y  solved by 

our two-stage approach. Computational f e a s i b i l i t y  should thus  no 

longer be an i s s u e  in deciding t h e  l e v e l  of aggregat ion a t  which 

such models should be es t imated.  

I n  Chapter 5 va r ious  models of input-output interdependence (no 

capac i ty  shar ing allowed) w e r e  s tud ied ,  each incorpora t ing  d i f f e r e n t  

f e a t u r e s .  The two-stage appraach was s p e c i a l i z e d  t o  each. It w a s  

shown f o r  t h e s e  models that bes ides  t h e  p o s s i b l e  i d e n t i f i c a t i o n  of 

a c t i v i t i e s  known t o  be opt imal ly  undertaken, t h e  problem reduct ion 

s t a g e  y i e l d s  a set of a c t i v i t i e s  which con ta ins  a l l  t h e  a c t i v i t i e s  

i n  t h e  optimal s o l u t i o n  t o  t h e  model and has t h e  fol lowing property:  

i f  any one a c t i v i t y  is dropped from t h e  s e t ,  t o t a l  savings  from 

undertaking a l l  t h e  remaining a c t i v i t i e s  decreases .  

While i t  is  u n l i k e l y  that t h e  simple models of Chapter 5 f i t  

any r e a l  s i t u a t i o n ,  they c o n s t i t u t e  never the less  bas ic  subs t ruc tu res  

of many important planning problems, inc luding t h e  process  a n a l y s i s  

models c i t e d  in Chapter 1. These subs t ruc tu res  can be exp lo i t ed  in 

many ways in decomposition schemes t o  ob ta in  e f f i c i e n t  s o l u t i o n  

approaches t o  more complex real problems, and t h i s  is perhaps t h e  

m a i n  va lue  of t h e  a n a l y s i s  of Chapter 5. 

6.2 Suggest ions  f o r  Fur ther  Research 

An obvious a rea  f o r  f u r t h e r  r esea rch  is t h e  in t roduc t ion  of 

s p a t i a l  and dynamic elements i n  t h e  planning model (P) .  Another 

important extens ion of (P) would be t h e  incorpora t ion of a l t e r n a t i v e  

production techniques f o r  each product. It seems t h a t  t h i s  p a r t i c u l a r  



extens ion could be incorporated in our two-stage approach wi th  only 

minor changes along t h e  l i n e s  of t h e  a l t e r n a t i v e  techniques extens ion 

of (PI) .  

It was pointed ou t  in t h e  previous s e c t i o n  that t h e  problems 

s tud ied  in Chapter 5 c o n s t i t u t e  important s u b s t r u c t u r e s  of  many 

planning problems. ks most of t h e  success fu l  approaches t o  mixed 

i n t e g e r  programming problems r e l y  heav i ly  on e x p l o i t i n g  s t r u c t u r e s ,  

t h e  r e s u l t s  of Chapter 5 can be u s e f u l  i n  so lv ing  more complex problems. 

A s e r i o u s  d i f f i c u l t y ,  however, occurs  when c o n s t r a i n t s  a r e  added t o  

t h e s e  simple models, o r  even t o  (P) ,  which e x p l i c i t l y  p lace  a l i m i t  

on some resource.  In t h e s e  cases  t h e  dichotomy between domestic pro- 

duct ion  and imports w i l l  n o t  be in genera l  a proper ty  of t h e  opt imal  

s o l u t i o n .  This  is  t h e  case ,  f o r  example, i f  a budget c o n s t r a i n t  is 

added t o  (P) o r  t o  any of t h e  models of Chapter 5. It is an important 

extens ion t h a t  would a l low s e c t o r a l  models l i k e  (P) t o  be imbedded 

i n  economy-wide models. This  c o n s t i t u t e s  a very d i f f i c u l t  problem, 

a s  no p r i c e  can be found in genera l  f o r  t h e  l i m i t e d  resource  which 

I/ would l e a d  t o  t h e  opt imal  production decisions.-  

An example is given next  of an extens ion of one of t h e  simple 

models of Chapter 5 which c o n s t i t u t e s  a very important c l a s s  of 

problems and f o r  which t h e  d i f f i c u l t y  descr ibed above does n o t  occur.  

The genera l  approach of this d i s s e r t a t i o n  seems t o  be promising f o r  

t h i s  c l a s s  of problems. Consider t h e  fol lowing multi-period extens ion 

of (P I ) ,  t h e  most b a s i c  s t r u c t u r e  s tud ied  in Chapter 5.  W e  u se  a 

This  immediately r u l e s  out  an o therwise  promising approach t o  t h i s  
cons t ra ined v e r s i o n  of (P) , which i s  Lagrangian r e l a x a t i o n  (dual  
decomposition) wi th  r e s p e c t  t o  t h e  added c o n s t r a i n t ( s )  . 



c o s t  minimizat ion formulat ion of (PI) without s u b s t i t u t i n g  f o r  t h e  

import v a r i a b l e s  so  that a l l  t h e  parameters  appear e x p l i c i t l y .  

We assume that V: inc ludes  t h e  v a r i a b l e  product ion  c o s t  component 

G:, and, a s  before ,  that t h e  input-output  matrix A is upper tri- 

angular .  I f  we g ive  t h e  fol lowing i n t e r p r e t a t i o n  t o  t h e  v a r i a b l e s  and 

parameters in (P5): 

xt = quan t i ty  of product i produced o r  ordered a t  t h e  
i 

beginning of period t ,  

yt = ending inventory of product i in period t , 
i 

v 1 = v a r i a b l e  c o s t  of production f o r  product i i n  period t 



t 
'i 

= h e n t o r y  holding c o s t  per  u n i t  of product i in 

t , 

I?: = f i x e d  c o s t  component of production c o s t ,  set-up c o s t ,  

o r  o rde r ing  c o s t ,  f o r  product i in period t ,  

then (P5) r e p r e s e n t s  an  important c l a s s  of problems occur r ing  in 

mate r i a l  requirements planning (MRP) systems. (P5) is  s i m i l a r  t o  

Veinott  's [I9691 m u l t i - f a c i l i t y  economic-lot-size model, and it 

inc ludes  a s  s p e c i a l  c a s e s  t h e  formulat ion of Crowston, Wagner and 

Williams [1973], and Crowston and Wagner [1973]. 

An optimal s o l u t i o n  t o  (P5) e x i s t s  which is an extreme p o i n t  of 

t h e  m a t e r i a l  balance c o n s t r a i n t s ,  and t h e  LP r e l a x a t i o n  of (P5), as 

in a l l  t h e  models s tud ied  here ,  y i e l d s  a Leontief  s u b s t i t u t i o n  problem, 

It can be seen immediately, by t h e  s u b s t i t u t i o n  theorem, t h a t  a t  most 

t t t-1 
i 

t-l w i l l  be a t  a p o s i t i v e  l e v e l  ( i .e . ,  xiyi = 0) o n e o f  x and yi 

t 
in t h e  o p t d l  solu+ion of (P5), and exac t ly  one i f  Di > 0. 

The r e s u l t s  of t h i s  study suggest t h a t  the  s p e c i a l i z a t i o n  

of our two-stage approach t o  t h i s  important c l a s s  of problems might 

be a worthwhile r e sea rch  e f f o r t .  



REFERENCES 

Chenery, H. B., "The Interdependence of Investment Decisions,"  i n  
M. Abramovitz, et a l . ,  The Al locat ion of Economic Resources, 
Stanford Univers i ty  Press ,  Stanford,  CA, 1959, pp. 82-120. 

Crher , J. , "Planning Interdependent Product ion  Processes wi th  
Increas ing Returns t o  2cale: Some Theory and an Algorithm," 
Reeort No. A153 1276, Ecole Polytechnique, Laboratoi re  
d ' Econom&trie, P a r i s ,  1976. 

Crowston, B. W.  and M. H .  Wagner, "Dynamic Lot S ize  Models f o r  
Multi-Stage Assembly Systems, " Management Science, Vol. 20, 
No. 1, September 1973. 

Crowston, B. W . ,  M. H. Wagner and J. F. W i l l i a m s ,  "Economic Lot S i z e  
Determination i n  Multi-Stage Assembly Systems , I '  Fanagement 
Science, Vol. 19,  No. 5, January 1973. 

Dantzig, G . ,  "Optimal Solut ion of a Dynamic Leontief Model wi th  
Subs t i tu t ion , "  Econometrica, Vol. 23, No. 3 ,  J u l y  1955. 

d e  l a  Garza, G. F. and A. S. Manne, "ENERGETICOS, A Process Analysis  
of t h e  Energy Sectors ,"  i n  Goreux, L. M. and A. S. Manne, eds . ,  
Multi-Level Planning : Case S tud ies  i n  Mexico, North-Holland 
Publishing Co., Amsterdam, 1973. 

Er lenko t te r ,  D., "Optimal P lan t  S i z e  with Time-Phased Imports," i n  
Manne, A.S., Investments f o r  Capacity Expansion: S ize ,  Location 
and Time-Phasinq, George Allen and Unwin, Ltd.,  London, 1967. 

Gale, D. ,  The Theory of Linear Economic Models, McGraw-Hill, NY, 1960. 

Gately, D. T. ,  Investment Planning f o r  t h e  E l e c t r i c  Power Indust ry :  
A Mixed-Integer Programming Approach, wi th  Appl ica t ions  t o  
Southern Ind ia ,  Ph.D. Disse r t a t ion ,  Pr inceton Univers i ty ,  1971. 

Geoffrion, A. M. ,  "Elements of Large-Scale Mathematical Programming," 
Management Science, Vol. 16, No. 11, J u l y  1970. 

Geoffrion, A. M. and R. E.  Marsten, "Integer Programming Algorithms: 
A Framework and State-of-the-Art Survey," Management Science,  
Vol. 20, No. 4 ,  December 1973. 

Kendrick, D . ,  Programming Investment i n  t h e  Process I n d u s t r i e s :  An 
Approach t o  Sec to ra l  Planning, MIT P ress ,  Cambridge, 1967. 

Koopmans, T .  C . ,  ed.,  Ac t iv i ty  Analysis of Production and Al locat ion,  
Wiley, NY, 1951. 



h n n e ,  A .  S . ,  Investments f o r  Capacity Expansion: S i z e ,  Locat ion and 
Time-Phasing, George Al len  and Unwin, Ltd. ,  London, 1967. 

Nam, J.  W . ,  Y.  W .  Rhee and L. E. Westphal, "Data Development f o r  a 
Study of t h e  Scope f o r  Capital-Labor S u b s t i t u t i o n  i n  t h e  
Mechanical Engineering I n d u s t r i e s  , " Development Research Center ,  
The World Bank, Washington, D . C . ,  and t h e  Korean I n s t i t u t e  of 
Sc ience  and Technology, Seoul ,  1973. 

S t o u t j e s d i j  k, A. and L. E. Westphal, eds . ,  I n d u s t r i a l  Investment  
Analys is  under I n c r e a s i n g  Returns,  Manuscript,  The World Bank, 
Washington, D. C . ,  September 1978. 

Ve ino t t ,  A. F. Jr., "Minimum Concave-Cost S o l u t i o n  of Leont ie f  
S u b s t i t u t i o n  Models of M u l t i - F a c i l i t y  Inventory  Systems," 
Opera t ions  Research, Vol. 17 ,  No. 2, March-April 1969. 

V i e t o r i s z ,  T., "Programming of Product ion  and Exports  f o r  Metalworking: 
Models and Procedures ,"  i n  Planning and Programming of t h e  
Metalworking I n d u s t r i e s  w i t h  a S p e c i a l  V i e w  t o  Expor ts ,  
United Nations I n d u s t r i a l  Development Organiza t ion ,  New York, 

Westphal, L. E. and Y.  W.  Rhee, "Planning i n  t h e  Mechanical 
- ~ n ~ i n e e r i n ~  Sec to r  , I 1  i n  1ndus t r  i a l  Investment Analys is  under  

I n c r e a s i n e  Returns.  A. S t o u t i e s d i i k  and L. E. W e s t ~ h a l .  eds. .  " 4 4 - z  

Manuscript,  The World Bank, Washington, D.C. ,  September 1978. 


