
Working Paper 
I 

THE ONE-YEAR - FIVE-YEAR MIGRATION PROBLEM 

P .  Kitsul 
D. Philipov 

May 1980 
WP-80- 81 

International Institute for Applied Systems Analysis 
A-2361 Laxenburg, Austria 



NOT FOR QUOTATION 
WITHOUT PERMISSION 
OF THE AUTHORS 

THE ONE-YEAR - FIVE-YEAR MIGRATION PROBLEM 

P. K i t s u l  
D.  P h i l i p o v  

May 1980 
WP-80- 8 1  

Working Papers  are i n t e r i m  r e p o r t s  o n  work o f  t h e  
I n t e r n a t i o n a l  I n s t i t u t e  f o r  App l i ed  Sys t ems  A n a l y s i s  
and  have r e c e i v e d  o n l y  l i m i t e d  r e v i e w .  V i e w s  o r  
o p i n i o n s  e x p r e s s e d  h e r e i n  d o  n o t  n e c e s s a r i l y  r e p r e -  
s e n t  t h o s e  o f  t h e  I n s t i t u t e  o r  o f  i t s  N a t i o n a l  Member 
O r g a n i z a t i o n s .  

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMS ANALYSIS 
A-2361 Laxenburg ,  A u s t r i a  



FOREWORD 

D e c l i n i n g  r a t e s  of  n a t i o n a l  p o p u l a t i o n  growth,  c o n t i n u i n g  
d i f f e r e n t i a l  l e v e l s  o f  r e g i o n a l  economic a c t i v i t y ,  and s h i f t s  
i n  t h e  m i g r a t i o n  p a t t e r n s  of  peop le  and jobs  a r e  c h a r a c t e r i s t i c  
e m p i r i c a l  a s p e c t s  of  many developed c o u n t r i e s .  I n  some r e g i o n s  
they  have combined t o  b r i n q  a b o u t  r e l a t i v e  (and i n  some c a s e s  
a b s b l u t e )  p o p u l a t i o n  d e c l i n e  of  h i g h l y  u r b a n i z e d  a r e a s ;  i n  
o t h e r s  t h e y  have b r o u g h t  a b o u t  r a p i d  m e t r o p o l i t a n  growth.  

The o b j e c t i v e  of  t h e  Urban Change Task i n  IIASA's Human 
S e t t l e m e n t s  and S e r v i c e s  Area i s  t o  b r i n g  t o g e t h e r  and s y n t h e s i z e  
a v a i l a b l e  e m p i r i c a l  and t h e o r e t i c a l  i n f o r m a t i o n  on t h e  p r i n c i p a l  
d e t e r m i n a n t s  and consequences  o f  such urban growth and d e c l i n e .  

The s t u d y  o f  p a t t e r n s  o f  urban change i s  hampered, i n  
many c o u n t r i e s ,  by t h e  i n a d e q u a t e  a v a i l a b i l i t y  o f  d a t a  on i n t e r n a l  
m i g r a t i o n .  These d a t a  o f t e n  come i n  t h e  form o f  f i v e - y e a r  t i m e  
i n t e r v a l s  and have t o  be  combined w i t h  o t h e r  demographic and 
economic i n d i c a t o r s  t h a t  a r e  r e p o r t e d  a n n u a l l y .  Thus t h e r e  
f r e q u e n t l y  e x i s t s  a  problem o f  r e c o n c i l i n g  one-year  w i t h  f i v e -  
y e a r  d a t a .  T h i s  i s  p a r t i c u l a r l y  d i f f i c u l t  i n  t h e  c a s e  o f  migra- 
t i o n  f low d a t a .  The a u t h o r s  o f  t h i s  p a p e r  c o n s i d e r  t h i s  problem 
and o u t l i n e  an e l e g a n t  mathemat ica l  p rocedure  f o r  d e a l i n g  w i t h  i t .  

A l i s t  o f  p u b l i c a t i o n s  i n  t h e  Urban Change S e r i e s  a p p e a r s  
a t  t h e  end o f  t h i s  p a p e r .  

Andre i  Rogers 
Chairman 
Human S e t t l e m e n t s  
and S e r v i c e s  Area 



ABSTRACT 

A g e n e r a l  problem i n  t h e  a n a l y s i s  o f  m o b i l i t y  i s  caused 
by t h e  comparison o f  d a t a  stemming from d i f f e r e n t  t ime-.period 
d u r a t i o n s .  Var ious  methods f o r  e a s i n g  t h i s  problem have been 
sugges ted .  I n  t h i s  p a p e r ,  an  e x t e n s i o n  o f  t h e  mover-s tayer  
model i s  d i s c u s s e d .  A method f o r  i t s  s o l u t i o n  i s  sugges t ed  
by making use  of  m a t r i x  t r a n s f o r m a t i o n  and e igenva lue  t heo ry .  
The d i s c u s s i o n  i s  c a r r i e d  o u t  i n  t e r m s  o f  m i g r a t i o n  t a b l e s  and 
m u l t i r e g i o n a l  l i f e  t a b l e s ,  and d a t a  f o r  t h r e e  r e g i o n s  o f  Grea t  
B r i t a i n  have been used f o r  an  i l l u s t r a t i o n .  
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THE ONE-YEAR - FIVE-YEAR MIGRATION PROBLEM 

I .  THE PROBLEM 

The a n a l y s i s  of mob i l i t y  o f t e n  i s  r e s t r i c t e d  by t h e  

u n a v a i l a b i l i t y  of d a t a .  Frequent ly  models a r e  used t o  approxi-  

mate l o n g i t u d i n a l  p a t t e r n s  wi th  t h e i r  c r o s s - s e c t i o n a l  d a t a .  

Problems a l s o  a r i s e  because t h e  c r o s s - s e c t i o n a l  d a t a  may r e f e r  

t o  d i f f e r e n t  p e r i o d s  of t ime.  

I n  t h e  c a s e  of mig ra t ion ,  r e g i s t r a t i o n  s t a t i s t i c s  i n  

many c o u n t r i e s  can be used t o  produce o r i g i n - d e s t i n a t i o n  t a b l e s  

of mig ra t ion  f lows over  a pe r iod  of one y e a r .  Censuses u s u a l l y  

a l s o  provide such flow d a t a ,  b u t  over  a  f i v e -  o r  ten-year  

pe r iod .  S t a t i s t i c i a n s  a r e  t hus  faced  wi th  two s e t s  of d a t a ,  

which g i v e  d i f f e r e n t  in format ion  t h a t  may be d i f f i c u l t  t o  

r e c o n c i l e .  Should p r i o r i t y  be given t o  one of them, o r  do 

they  r e v e a l  d i f f e r e n t  p a t t e r n s  of migra t ion?  

I n  t h i s  paper ,  t h e  d i s c u s s i o n  i s  c a r r i e d  o u t  i n  t h e  frame- 

work of m u l t i r e g i o n a l  demography. The above problem of mob i l i t y  



can be inco rpo ra t ed  i n  t h e  f i r s t  s t e p s  i n  t h e  c o n s t r u c t i o n  of 

t h e  s i m p l e s t  m u l t i r e g i o n a l  model: t h e  m u l t i r e g i o n a l  l i f e  t a b l e .  

Consider a  m u l t i r e g i o n a l  popula t ion  d i sagg rega t ed  by age 

and f o r  which t h e  neces sa ry  d a t a  on r e g i o n a l  popu la t ions ,  b i r t h s ,  

d e a t h s ,  and place- to-place  mig ra t ion  a r e  r e a d i l y  a v a i l a b l e .  A s -  

sume t h a t  t h e  width  of t h e  age group i s  f i v e  y e a r s  and t h a t  t h e  

t i m e  pe r iods  of o b s e r v a t i o n  a r e ,  a l t e r n a t i v e l y ,  of one-year and 

f ive-year  d u r a t i o n s ,  r e s p e c t i v e l y .  Then t h e  m u l t i r e g i o n a l  l i f e -  

t a b l e  p r o b a b i l i t i e s  of mig ra t ing  can  be computed accord ing  t o  t h e  

formula (Rogers and Ledent 1976; Wil lekens  and Rogers 1978) .  

where P 5 ( x )  i s  t h e  ma t r ix  of p r o b a b i l i t i e s  p i j ( x )  t h a t  a person - 
a t  e x a c t  age  x  i n  r e g i o n  i w i l l  be i n  r eg ion  j f i v e  y e a r s  l a t e r ;  

M I  (x )  i s  t h e  ma t r ix :  ." 

n 
........ 

1 6  ( X I  + 1 Mlj ( X I  -M2 (X ) -Mnl (x )  
j # 1 

................. M1(x) = ............ .............. 

n 
............ -M (x )  -M (x) .... I In 2 n 

Mn6 (x )  + 1 Mnj 
j = 1 
j +n I 

where Mij(x) a r e  t h e  one-year observed g r o s s  mig ra t ion  r a t e s ,  

and Mi6(x) i s  t h e  dea th  r a t e  i n  r e g i o n  i f o r  i n d i v i d u a l s  aged 

x t o  x+4. The m a t r i c e s  M,(x) and P5(x )  a r e  of dimension nxn, 
w .., 

where n  = number of r e g i o n s .  



A f a c t o r  o f  f i v e  i n  e q u a t i o n  ( 1 )  i s  i n t r o d u c e d  t o  r e c o n c i l e  

t h e  o n e - y e a r  o b s e r v e d  d a t a  w i t h  t h e  f i v e - y e a r  p r o b a b i l i t y .  T h i s  

f a c t o r  a p p e a r s  a l o n g  w i t h  t h e  a s s u m p t i o n  t h a t  t h e  m i g r a t i o n s  

a re  u n i f o r m l y  d i s t r i b u t e d  o v e r  t h e  f i v e - y e a r  t i m e  p e r i o d  

( L e d e n t  1978 )  . 
When t h e  o b s e r v e d  d a t a  r e f e r  t o  a f i v e - y e a r  p e r i o d ,  t h e  

a b o v e  a s s u m p t i o n  i s  n o t  n e c e s s a r y .  I n  s u c h  a case, t h e  f o l l o w i n g  

f o r m u l a  c a n  b e  u s e d :  

whe re  M5(x) i s  a mat r ix  c o n s t r u c t e d  a n a l o g o u s l y  t o  M l  ( x )  f r o m  - - 
f i v e - y e a r  o b s e r v e d  g r o s s  m i g r a t i o n  a n d  d e a t h  r a t e s .  

I f  t h e  a s s u m p t i o n  f o r  t h e  u n i f o r m  d i s t r i b u t i o n  o f  t h e  

m i g r a n t s  were c o r r e c t ,  t h e  two e q u a t i o n s  ( 1 )  a n d  ( 2 )  would  

g i v e  a p p r o x i m a t e l y  e q u a l  r e s u l t s ,  a n d  i n  s u c h  a case e q u a t i o n  

( 1 )  would  b e  a good a p p r o x i m a t i o n  t o  e q u a t i o n  ( 2 ) .  Computed 

r e s u l t s  f o r  t h r e e  r e g i o n s  o f  Great B r i t a i n  ( E a s t  A n g l i a ,  S o u t h  

E a s t ,  a n d  t h e  R e s t  o f  B r i t a i n )  a n d  f o r  t h e  p e r i o d  1966-1971 

and  1970  a re  p r e s e n t e d  i n  T a b l e  1  f o r  exact a g e  15.  F o r  o t h e r  

a g e s ,  t h e  e s t i m a t i o n s  a re  g i v e n  i n  Appendix  3 .  

T a b l e  1 .  P r o b a b i l i t i e s  o f  d y i n g  a n d  m i g r a t i n g  a t  exact a g e  1 5  
f o r  t h e  t h r e e  r e g i o n s  o f  Great B r i t a i n .  

l a :  T ime-pe r iod  o f  o b s e r v a t i o n  1970 [ e s t i m a t e d  w i t h  
e q u a t i o n  ( 1  ) ] . 

r e a i o n  o f  d e s t i n a t i o n  

r e g i o n  o f  o r i g i n  1  2  3  d e a t h  

1 .  E a s t  A n g l i a  0 .838896 0 .084048 0 .073464 0 .003591 

2 .  S o u t h  E a s t  O.Gl0098 0.917494 0 .069230  0 .003178  

3 .  R e s t  o f  B r i t a i n  0 .005401 0 .047277 0 .944153  0 .003169 



Ib: Time-period of obse rva t ion  1966-1971 [ e s t ima ted  with  
equa t ion  ( 2 )  1 . 

r e a i o n  of d e s t i n a t i o n  

r eg ion  of o r i g i n  1  2  3  d e a t h  

1. Eas t  Anglia 0 .898068  0 .053417  0 . 0 4 4 9 2 0  0 . 0 0 3 5 9 5  

2. South E a s t  0 .00704  1  0 .948826  0 .040965  0 .003168 

3.  Rest  of B r i t a i n  0 .003073  0 .030466  0 . 9 6 3 2 1 0  0 . 0 0 3 2 5 1  

Obviously t h e  p r o b a b i l i t y  of l eav ing  t h e  r eg ion  of o r i g i n  

i n  Table la i s  s u b s t a n t i a l l y  h ighe r  t han  t h e  cor responding  

va lue  i n  Table 1b. Therefore ,  equa t ion  ( 1 )  o v e r e s t i m a t e s  t h e  

p r o b a b i l i t i e s  of mig ra t ing  and underes t imates  t h e  p r o b a b i l i t i e s  

of remaining i n  t h e  r eg ion  of o r i g i n  f i v e  y e a r s  l a t e r .  The 

l a t t e r  p r o b a b i l i t i e s  a r e  r ep re sen ted  by t h e  main d i agona l  of 

each t a b l e .  The same i n f e r e n c e s  ho ld  f o r  o t h e r  ages  t o o ,  a s  

i s  shown by t h e  estimates i n  Appendix 3.  

That t h e  two sets of  p r o b a b i l i t i e s  a r e  s i g n i f i c a n t l y  d i f f e r -  

e n t  can b e s t  be eva lua t ed  by comparing t h e  cor responding  expecta-  

t i o n s  of l i f e  g iven  i n  Table  2  (see a l s o  Appendix 4 ) .  

Table  2. Expec ta t ions  of l i f e  a t  age 1 5  f o r  t h r e e  r e g i o n s  of  
Grea t  B r i t a i n ,  1966-1971  and 1 9 7 0  p e r i o d s  of obser-  
v a t i o n .  

( 1 )  es t ima ted  wi th  equa t ion  ( 1 )  and based on t h e  1 9 7 0  
pe r iod  of o b s e r v a t i o n .  

( 2 )  es t ima ted  wi th  equa t ion  ( 2 )  and based on t h e  1966-  
1 9 7 1  per iod  of o b s e r v a t i o n  

r eg ion  of d e s t i n a t i o n  

r e g i o n  of  o r i g i n  1  2  3  t o t a l  

1. Eas t  Anglia ( 1 )  18 .46  17 .76  2 3 . 1 6  59 .38  
( 2 )  28 .76  13 .86  17 .01  59 .65  

2. South E a s t  ( 1 )  2 - 8 2  3 4 . 4 6  22 .14  59 .32  
( 2 )  2 - 4 8  40 .97  1 6 . 0 1  59 .46  

3. R e s t o f  B r i t a i n  ( 1 )  1 .62  1 1 - 4 8  45 .70  5 8 . 8 0  

( 2 )  1  . 29  8 .22  49 .25  58 .76  



The d i f f e r e n c e s  i n  t h e  d i s t r i b u t i o n  o f  t h e  e x p e c t a t i o n  of 

l i f e  f o r  an i n d i v i d u a l  born i n  t h e  f i r s t  r e g i o n  ( E a s t  Angl ia )  a r e  

t o o  l a r g e  t o  be neg lec t ed .  Although n o t  s o  l a r g e ,  t h e  d i f f e r e n c e s  

concerning t h e  o t h e r  two r e g i o n s  a r e  a l s o  s i g n i f i c a n t .  The same 

holds  t r u e  f o r  o t h e r  ages  (Appendix 4 )  . 
NOW compare t h e  p r o b a b i l i t i e s  f o r  dy ing ,  e x h i b i t e d  i n  Tables  

l a  and Ib .  They a r e  obvious ly  s o  c l o s e  t h a t  t h e  p r o b a b i l i t i e s  

f o r  dying from Table l b  a r e  a  good approximation t o  t h o s e  from 

Table l a .  The i r  e s t i m a t i o n ,  however, i s  based on t h e  same assump- 

t i o n  a s  f o r  t h e  mig ran t s ;  namely, t h a t  t h e  observed d e a t h s  

a r e  uniformly d i s t r i b u t e d  over  t h e  f i ve -yea r  t ime  p e r i o d .  

One and t h e  same assumption g i v e s  d i f f e r e n t  r e s u l t s :  i n  t h e  

c a s e  o f  d e a t h s  i t  i s  v a l i d ,  bu t  i n  t h e  c a s e  of  m i g r a t i o n s  it i s  

e r roneous .  The reason  f o r  t h i s  d i f f e r e n c e  i s  t h a t  mig ra t ion  i s  

a  r e p e t i t i v e  even t ,  u n l i k e  dea th .  Migrants a r e  u s u a l l y  r e g i s t e r e d  

a s  such by comparing t h e i r  p l a c e s  of r e s i d e n c e  a t  t h e  beginning 

and a t  t h e  end of t h e  t ime-per iod of i n t e r e s t .  Therefore ,  mu l t i -  

p l e  moves w i t h i n  t h e  same t ime-period a r e  n o t  i d e n t i f i e d .  

An example i s  p re sen ted  i n  F igu re  1 .  Le t  t h e  i n d i v i d u a l  re- 

s i d e  i n  r eg ion  1 a t  t ime  0. He w i l l  be a  r e s i d e n t  o f  t h e  same 

r e g i o n  a t  t h e  end o f  t h e  f i r s t  y e a r ,  bu t  a t  t h e  end of t h e  second 

he w i l l  be a  r e s i d e n t  o f  t h e  second reg ion .  A t  t h e  end of t h e  

t h i r d  and f o u r t h  y e a r  he w i l l  be r e s i d i n g  i n  r e g i o n  3 .  By t h e  

end of t h e  f i f t h  y e a r ,  he w i l l  be i n  r e g i o n  3 according t o  t h e  

graph i n  F i g u r e  l a ,  and back i n  r eg ion  1 accord ing  t o  F igure  1b. 

I n  a  one-year d a t a  c o l l e c t i o n  system t h i s  i n d i v i d u a l  would 

be r e g i s t e r e d  a s  a  migran t  e i t h e r  t h r e e  t i m e s  (F igu re  l a )  o r  f o u r  

t imes  (F igu re  I b ) .  But i f  d a t a  a r e  c o l l e c t e d  over  a  f ive-year  

pe r iod ,  t h e  same i n d i v i d u a l  would r e g i s t e r  one move i n  t h e  c a s e  

of  F igu re  l a  and no move i n  t h e  c a s e  of F igu re  Ib .  

I n  t h e  above example, t h e  a d d i t i o n  of a  f o u r t h  move i n  t h e  

system of one-year o b s e r v a t i o n s  produced one l e s s  move i n  t h e  c a s e  

of f ive-year  o b s e r v a t i o n s .  Hence, t h e r e  e x i s t  some k inds  of moves 

t h a t  a r e  r e s p o n s i b l e  f o r  t h e  erroneous r e s u l t s  produced by t h e  use  

of a  m u l t i p l i c a t i v e  f a c t o r  o f  f i v e .  A d e t a i l e d  d e s c r i p t i o n  of  

t h e  i d e a s  o u t l i n e d  above may be found i n  Rees (1977) . 



r e g i o n s  I r e g i o n s  T 

F i g u r e  1 .  Moves o f  a n  i n d i v i d u a l  among t h e  t h r e e  r e g i o n s  o v e r  
a  p e r i o d  o f  f i v e  y e a r s .  

3 

2  

1  

The above r e f l e c t i o n s  s u g g e s t  t h e  r e p r e s e n t a t i o n  o f  t he  i n -  

d i v i d u a l ' s  b e h a v i o r  a s  a  s t o c h a s t i c  p r o c e s s .  I f  e v e r y  move i s  

independen t  from t h e  o t h e r s ,  and i f  t h e  p r o b a b i l i t y  o f  a  move 

does  n o t  depend on t i m e ,  t h e  p r o c e s s  c a n  be  d e s c r i b e d  a s  a  homo- 

geneous Markovian p r o c e s s .  

The Markovian assumpt ion  g i v e s  r ise t o  a  new k i n d  o f  a n  

e s t i m a t i n g  p r o c e d u r e ,  r e p r e s e n t e d  by e q u a t i o n  ( 3 )  

, I b 
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where Pl ( x )  i s  a  m a t r i x  w i th  a  t y p i c a l  e lement  p i j  (.x) be ing  t h e  - 
p r o b a b i l i t y  o f  an  i n d i v i d u a l  a t  e x a c t  age  x  i n  r e g i o n  i s u r v i v i n g  

i n  r e g i o n  j  one yea r  l a t e r .  Thus d e f i n e d ,  t h i s  p r o b a b i l i t y  ha s  

l i t t l e  demographic meaning, because  o f  t h e  i n c o n s i s t e n c y  between 

t h e  age-group wid th  ( 5  y e a r s )  and t ime-per iod  of i n t e r e s t  (1 y e a r )  

b u t  i t s  fo rmal  d e f i n i t i o n  i s  c o r r e c t .  I f  t h e  Markovian assumpt ion 

proves  t o  be c o r r e c t ,  t h e n  [P ( x )  l 5  i s  a l r e a d y  demographical ly  * - 1  
meaningful .  

For t h e  t h r e e  r e g i o n s  o f  Grea t  B r i t a i n ,  e q u a t i o n  ( 3 )  y i e l d s  

t h e  r e s u l t s  e x h i b i t e d  i n  Table  3.  The p r o b a b i l i t i e s  i n  Table  3  

a r e  much t h e  same a s  i n  Table  Ib .  Hence t h e  Markovian assumpt ion 

has  n o t  i n t r o d u c e d  any s i g n i f i c a n t  improvement. The same i n f e r -  

ence ho ld s  f o r  t h e  o t h e r  ages  t o o  (Appendix 2 ) .  

Where i n t e r r e g i o n a l  moves are concerned ,  t h e  Markovian as- 

sumption has  been sugges ted  by Rogers (1965) and Rees (1977 ) .  

R e e s  h a s  a p p l i e d  t h e  approach t o  two sets o f  d a t a  f o r  Great 

B r i t a i n :  f o r  s imple  d a t a  r e f e r r i n g  t o  heads  o f  households ,  and 

f o r  c ensus  d a t a  f o r  i n t e r r e g i o n a l  m i g r a t i o n s .  I n  t h e  former  

c a s e ,  t h e  r e s u l t s  ob t a ined  a re  r e p o r t e d  t o  be s a t i s f a c t o r y  b u t  

i n  t h e  l a t t e r  c a s e ,  where 10 r e g i o n s  o f  Great B r i t a i n  a re  i n -  

vo lved ,  t h e  model r a t e s  d i f f e r  s i g n i f i c a n t l y  from t h e  observed  

ones .  A f t e r  a  d e t a i l e d  examinat ion o f  t h e  problem t h e  a u t h o r  

conc ludes  t h a t  "... a  more complex [ t h a n  t h e  Markovian] p roces s  

i s  invo lved  when an i n t e r r e g i o n a l  framework i s  employed". ( p .  262) 

Table 3. P r o b a b i l i t i e s  o f  dy ing  and m i g r a t i n g  a t  e x a c t  age 15 
f o r  t h e  r e g i o n s  of  Grea t  B r i t a i n  (Markovian a s sumpt ion ) .  

r e a i o n  o f  d e s t i n a t i o n  

rest  o f  o r i g i n  1 2 3 d e a t h  

1 .  Ea s t  Angl ia  0.839297 0.083767 0.673345 0.00359 1 

2 .  South E a s t  0.010063 0.917623 0.069137 0.003178 

3 .  R e s t  o f  B r i t a i n  0.005394 0.047212 0.944226 0.003169 

*However, i f  t h e  m a t r i c e s  P l ( x )  f o r  x  = 1 , 2 , 3 ,  ... a r e  a v a i l a b l e  
P5 ( x )  shou ld  be approximatGd by t h e  m a t r i x  - 

P1 - (x+4)  P1  (x+3)  PI (x+2)  P1 (x+1)  P1 ( x )  - - - - 



The Markovian assumption is theoretically better than the 

assumption for uniform distribution of the migrants, because it 

allows a consideration of return migration (see Figure Ib). 

Therefore, it can be thought of as distinguishing two different 

groups of population. Ideas of this kind have been explored by 

Blumen, Kogan, and McCarthy (1955) who gave rise to what is known 

today as the "mover-stayer" model. This model was later elabor- 

ated by Goodman (19611, Spilerman (1972), Boudon (1975), Barth- 

olomew (1973) etc. 

The mover-stayer framework is based on the assumption that 

a certain part of the population has a zero probability of mi- 

gration (stayers), and the remainder are those who make all of 

the moves (movers). The formal description of the model is: 

where 0 < a <  1, P5(x) and n5(x) are matrices of probabilities - ... 
for migrating (at exact zge x), which are similarly defined, but 

differ in magnitude, and I is the i3-entity matrix. ... 
The Markovian property now is assigned to the matrix 

IT (x) , instead of P (x) . Therefore, if n1 (x) were only available, ... - ... 
a possible approximation of (2) would be: 

Note that for a = 1, equation (5) reduces to equation (3a). 

Note also that according to this presentation of the mover-stayer 

model, a does not depend on the region of origin or destination. 

Instead of elaborating on the last equation we shall 

proceed further by considering a possible extension. 



11. THE H I G H -  AND LOW-INTENSITY MOVERS MODEL 

The mover - s t aye r  model w a s  based  on t h e  e x i s t e n c e  o f  two 

homogeneous g r o u p s  o f  i n d i v i d u a l s - m o v e r s  and  s t a y e r s .  I n  t h e  

demographic  l i t e r a t u r e ,  however ,  m i g r a n t s  are  o f t e n  c o n s i d e r e d  

t o  c o n s i s t  o f  two g r o u p s  w i t h  r e s p e c t  t o  t h e  " p a r i t y "  o f  t h e  

e v e n t .  One g r o u p  c o n s i s t s  o f  t h o s e  m i g r a n t s  who move o n l y  o n c e  

d u r i n g  t h e  p e r i o d  o f  o b s e r v a t i o n ,  and  t h e  o t h e r  c o n s i s t s  o f  
i n d i v i d u a l s  who m i g r a t e  more o f t e n .  Sometimes t h e  l a t t e r  are  k e -  

f e r r e d  t o  as " c h r o n i c "  m i g r a n t s .  Long and  Hansen (1975)  r e p o r t  

t h a t  t h e  rates  o f  r e t u r n  m i g r a t i o n  t o  t h e  S o u t h  o f  t h e  USA a r e  

much h i g h e r  t h a n  t h o s e  f o r  t h e  f i r s t  moves i n  t h e  same d i r e c t i o n .  

A t  t h e  same t i m e ,  t h e  " r e t u r n e r s "  c o n s t i t u t e  a  s m a l l  p a r t  o f  t h e  

t o t a l  number o f  m i g r a n t s  (10-20%) . 
S p i l e r m a n  (1972)  h a s  c o n s i d e r e d  t h e  e x t e n s i o n  o f  t h e  mover- 

s t a y e r  model by f o l l o w i n g  t h e  s u g g e s t i o n s  i n  t h e  p i o n e e r i n g  es- 

s a y  o f  Blumen e t  a l .  ( 1 9 5 5 ) ,  t o  a l l o w  f o r  t h e  e x i s t e n c e  f o r  a  

con t inuum o f  i n t e n s i t i e s  t o  move, and  p r o p o s e s  a  s o l u t i o n  t o  t h e  

problem.  However, t h i s  model i s  Markovian and  c a n n o t  b e  u s e d  i n  

t h e  p r e s e n t  c a s e .  Boudon (1975)  s u g g e s t s  t h a t  t w o  homogeneous 

p o p u l a t i o n s  s h o u l d  b e  c o n s i d e r e d ,  b o t h  w i t h  p r o b a b i l i t i e s  t o  move 

t h a t  a r e  h i g h e r  t h a n  z e r o .  H e  f o c u s e s  b a s i c a l l y  on i n t e r g e n e r a -  

t i o n a l  o c c u p a t i o n  t a b l e s .  The methods f o r  s o l u t i o n  o f  t h e  r e s u l t -  

i n g  model a r e  b a s e d  on  t h e  maximum l i k e l i h o o d  p r i n c i p l e ,  which  

b r i n g s  a b o u t  s u b s t a n t i a l  c o m p u t a t i o n a l  d i f f i c u l t i e s  when t h e  

d i m e n s i o n  o f  t h e  problem i s  l a r g e .  

I n  t h e  p r e s e n t  p a p e r ,  w e  s h a l l  assume,  l i k e  Boudon, t h a t  

t h e  p o p u l a t i o n  c o n s i s t s  o f  two g r o u p s  w i t h  d i f f e r e n t  i n t e n s i t i e s  

t o  move, b u t  w e  p r o p o s e  a  d i f f e r e n t  method o f  s o l u t i o n  (mat r ix  

d i a g o n a l i z a t i o n ) .  I t  i s  b e l i e v e d  t h a t  i n  t h i s  way t h e  model w i l l  

b e  c l o s e r  t o  t h e  demographic  u n d e r s t a n d i n g  o f  m i g r a t i o n  propen-  

s i t i e s ,  and  w i l l  b r i n g  more t h e o r e t i c a l  i n s i g h t  i n t o  s u c h  e m p i r i c a l  

n o t i o n s  a s  r e t u r n e r s  o r  c h r o n i c  m i g r a n t s .  

Let 
( x )  b e  t h e  p r o b a b i l i t y  t h a t  a n  i n d i v i d u a l  a t  e x a c t  

a g e  x i n  r e g i o n  i w i l l  be  i n  r e g i o n  j o n e  y e a r  l a t e r .  L e t  
n  

p i j ( x )  = 1 ,  where n  = number o f  r e g i o n s .  The l a s t  
j=1  



equation states that the effect of mortality is not accounted 

for in the estimation of pij (x). This assumption is made for 

convenience, since the matrix of the pij(x) will be stochastic, 

hence its properties are easier to describe and understand. 

Note that the probabilities pij(x) as described here, 

are linked with the estimated probabilities Bij(x) from: 

A 1 
P (x) = (I + 7 Ml (x) ) 1 
- - - (1 - 7 y1 (XI 1 

A 

where P (x) = Yei (x) 11 , with the following equality: - 

.- 

Having in mind that 1 B . .  (x) + Si6(x) = I ,  obviously 
n j=l 1 3  

pij(x) = 1. The formal description of the extension of the 
j=1 
mover-stayer model considered here is based on the following 

equality : 

where nij and pij are probabilities with meaning analogous to 

that of pij, and ciij(x) is a real parameter, 0 < a < 1. The 

equality shows that the probability pij(x) which refers to the 

total population of region i at exact age x, is the weighted 

sum of two probabilities, which refer to subgroups of this re- 

gional population, with weights a (x) and [ I  - a (x) ] respect- 
i j i j 

fully. The model defined by the above probabilities, will be 

called the high-and low-intensity model, to contrast it from the 

extension of ~pilerman (1972). 

In order to make use of this model, it is necessary to 

know the values of ai (x) , n (x) , and pi (x) , so that the i j 
estimation of pij (x) would be possible. Unfortunately, these 



d a t a  a r e  unava i l ab l e .  That i s  why a  number of f u r t h e r  assump- 

t i o n s  w i l l  be made i n  o r d e r  t o  f i n d  a  convincing method of  so lu-  

t i o n  f o r  a ,  T ,  and p .  

We s h a l l  f i r s t  assume t h a t  t h e  parameter  a i j ( x )  does no t  

depend on t h e  r e g i o n s  i and j ,  i . e . ,  t h e  d e l i n e a t i o n  of t h e  

two groups of i n d i v i d u a l s  wi th  d i f f e r e n t  i n t e n s i t i e s  t o  migra te  

does n o t  depend on t h e  r e g i o n a l i z a t i o n .  The demographic 

meaning of t h i s  assumption i s  t h a t s o n e  f a c t o r s  o t h e r  t han  t h e  

r e g i o n s  ( f o r  i n s t a n c e ,  s o c i a l  s t a t u s ,  economic occupa t ion ,  e t c . )  

de te rmine  t h e  e x i s t e n c e  and t h e  number of r e t u r n e r s  and chronic  

mig ran t s .  The v a l i d i t y  of t h i s  and t h e  fo l lowing  assumptions 

w i l l  be d i scus sed  l a t e r  i n  t h e  paper.  

The ma t r ix  e q u i v a l e n t  of ( 6 )  i s :  

where a  ( x )  i s  a  s c a l a r  depending on t h e  age x.  Note t h a t  a ( x )  

and t h e  e lements  of t h e  two ma t r i ce s  n l  ( x )  and P ,  ( x )  a r e  a l l  
.., - 

non-negative.  

We s h a l l  f u r t h e r  assume t h a t  t h e  s t o c h a s t i c  p roces ses  

de f ined  by t h e  s t o c h a s t i c  m a t r i c e s  n l ( x )  and p , ( x )  a r e  Markovian. - .. 
Thus we assume t h a t  t h e s e  ma t r i ce s  f u l f i l l  t h e  Kolmogoroff- 

Chapman equa t ions  (Chiang 1968, Kar l in  1969) .  I f  s o ,  t h e  

p r o c e s s ,  de f ined  by P (x) i s  a  sum of two Markovian p roces ses .  
.., 

Genera l ly ,  t h e  sum of two Markovian p roces ses  i s  i t s e l f  

n o t  a  Markovian p roces s .  S ince  a ( x )  = 1 reduces  t h e  p r o c e s s ,  de- 

f i n e d  by P, ( x ) ,  t h e  high- and low- in t ens i ty  model i s  a  non- 
.., 

Markovian ex t ens ion  of t h e  Markovian model. 

Equa l i t y  ( 7 )  was based on a  one-year t ime-per iod of 

obse rva t ion .  When t h e  per iod  of obse rva t ion  is  r y e a r s  l ong ,  

i t  can be r ep re sen ted  a s :  



The Markovian a.ssumption for IT and p gives the following 
-7: - T 

feedback between different values of T (T = 1 and T = 5, say): 

With the expressions (9) in hand, equation (8) can be used 

to form the following system: 

If the solution of this system, with respect to the 

unknowns a (x) and the elements of r (x) and pl  (x) is known, the - - 
one-year - five-year migration problem can be attacked in the 
light of the newly formulated model. Hence we proceed further 

to solve (1 0) with respect to a (x) , ni (x) , and pi (x) for 

each i,j = 1, ..., n. The unknowns in the system (10) are 

2n2 + 1, where n = number df regions, while the number of the 

equations is 2n + 2x1 (the first 2n comes from the dimension of 

the matrices, and the second 2n comes from the restrictions 
n n 
1 rij= 1 and 1 pij = 1). 
j=1 j=1 

In order to find the solution of the system in (10) we are 

faced with one basic problem: the number of unknowns is larger ' 

than the number of equations. For instance, for n = 3 the un- 

knowns are 19, and the equations are 12, hence seven unknowns 

have to be exogenously defined. An additional problem is caused 

by the large number of equations in a system that is non-linear. 

The two problems will be considered further together. 



Cons ide r  t h e  s y s t e m  of  Kolmogoroff ' s  d i f f e r e n t i a l  e q u a t i o n s  

(Chiang 1968) : 

w i t h  t h e  f o l l o w i n g  i n i t i a l  c o n d i t i o n :  

A t y p i c a l  e l ement  o f  t h e  m a t r i x  u ,  i s  t h e  i n t e n s i t y  of  of m i -  - i j  
g r a t i n g  from r e g i o n  i t o  r e g i o n  j .  The e l e m e n t s  s a t i s f y  t h e  cond i -  

t i o n s :  p i j  = 0 ,  u i j  2 0  f o r  i # j ,  and ui i  5 0.  Some 
j=1 

i m p o r t a n t  p r o p e r t i e s  o f  u a r e  g i v e n  i n  Chiang (1  968) . I n  t h e  .., 
demographic l i t e r a t u r e  t h e  i n t e n s i t y  o f  m i g r a t i n g  i s  o f t e n  

r e f e r r e d  t o  a s  t h e  " f o r c e "  of m i g r a t i n g .  

The fo rmal  s o l u t i o n  o f  t h e  sys tem o f  Kolomogoroff d i f -  

f  e r e n t i a l  e q u a t i o n s  i s  : 

The d e f i n i t i o n  of  eYT, as a  f u n c t i o n  of  m a t r i c e s ,  can  be 

found i n  Gantmacher ( 1959, Chap te r  V )  . 
The m a t r i c e s  n1 ( x )  and p 1  ( x )  a r e  t h o s e  of Markovian .., - 

p r o c e s s e s ,  hence  t h e y  c a n  a l s o  be r e p r e s e n t e d  a s  i n  ( 1 1 ) ,  f o r  

T = 1:  

(1  l a )  

and 



Then the system (lo), with a(x) set equal to a, transforms to: 

Note that on the right-hand side,the probabilities of migrating 

are now replaced by the corresponding intensities of migrating. 

We introduce next the following assumptions: 

and 

for all x 

Their demographic meaning is that the difference in the propen- 

sity to migrate for individuals from the two groups (weighted by 

the parameter a) is independent of the regions i and j. By in- 

troducing (13) into the system (12) we get, denoting by !: 
- .  

By introducing the assumptions in (13), the number of un- 
2 

knowns reduces from 2n2 + 1 in (1 0) to n + 2 in (1 4), the number 
of equations reducing to 2n + n, the restrictions 1 aij = 1 

and 1 p i j  = 1 being replaced by 1 pij = 0. 

For n = 2, the number of equations will be equal to 

the number of unknowns. Hence, the solution can be sought 

directly from (14 ) . 



F o r  n  = 3 ,  t h e  number o f  unknowns w i l l  be  1 1 ,  and  t h e  number 

o f  e q u a t i o n s ,  9 .  Fo r  n  > 3 ,  t h e  number o f  unknowns w i l l  i n c r e a s i n g l y  

exceed  t h e  number o f  e q u a t i o n s .  T h e r e f o r e ,  f o r  n  2 3 ,  t h e  s o l u -  

t i o n  must  b e  s o u g h t  i n  a n  i n d i r e c t  manner .  Here, t h e  method o f  

d i a g o n a l i z a t i o n  w i l l  be  u t i l i z e d .  
* 

L e t  t h e  e i g e n v a l u e s  o f  P1 b e  d i f f e r e n t  and  n  i n  number. 

( T h i s  a s s u m p t i o n  i s  u s u a l  i n  s o c i a l  s c i e n c e s  and  a d e q u a t e l y  re- 

f l e c t s  rea l  w o r l d  s i t u a t i o n s . )  Then t h e  t r a n s f o r m a t i o n  TI which  - 
d i a g o n a l i z e d  P I ,  is  d e f i n e d  by t h e  n  d i f f e r e n t  r i g h t  e i g e n v e c t o r s .  

Ana logous ly  l e t  P5  b e  d i a g o n a l i z e d  by T5. By T-' w e  d e n o t e  t h e  
-. - - 1 - 1 

i n v e r s e  o f  t h e  m a t r i x  T. Hence, 
-. T 1 and  T 5  are  c o n s t r u c t e d  by 

t h e  l e f t  e i g e n v e c t o r s  o f  P1 and  P 5 ,  r e s p e c t i v e l y .  F o r  more de-  

t a i l s  a b o u t  d i a g o n a l i z a t i o n  see, f o r  i n s t a n c e ,  Bel lman ( 1 9 6 0 ) ,  

Chiang  ( 1 9 6 8 ) ,  o r  Gantmacher ( 1 9 5 9 ) .  

~ e t  = d i a g  ( P I )  = A , where \ i s  a d i a g o n a l  ma-  - - 1 - 1 
t r i x  o f  t h e  e i g n e v a l u e s  o f  P  . C o r r e s p o n d i n g l y ,  l e t  d i a g  (P5)  

-. 1 - - 
- 4 5 .  I n t r o d u c i n g  t h e  d i a g o n a l i z a t i o n  i n t o  ( 1 4 )  g i v e s :  

- 1 5!J 5klJ - 
A =  T5 - 5  ( a e  ' + ( 1  - a ) e  

) T5 
where 

F u r t h e r ,  it w i l l  b e  n e c e s s a r y  t o  u s e  a  c e r t a i n  c l a s s  o f  

m a t r i c e s ,  which a r e  d e f i n e d  a s  f o l l o w s :  

D e f i n i t i o n .  The matrices A and  B a r e  r e l a t e d  i f  t h e y  c a n  - - 
b e  d i a g o n a l i z e d  by t h e  same t r a n s f o r m a t i o n  T.** - 

I t  i s  e a s y  t o  show t h a t  i f  t h e  matrices A and  B a r e  r e l a t e d ,  - - 
t h e n  t h e  m a t r i x :  

- 

*To s i m p l i f y  t h e  n o t a t i o n ,  age  g r o u p s  w i l l  no l o n g e r  b e  d e n o t e d .  

**?'he a u t h o r s  would l i k e  t o  t h a n k  A .  S e i f e l n a s r ,  who i n d i c a t e d  
t h a t  t h e  word " s i m i l a r "  which  was used  h e r e  o r i g i n a l l y  was 
i n a p p r o p r i a t e  b e c a u s e  t h i s  t e r m  i s  used  i n  t h e  l i t e r a t u r e  t o  
d e f i n e  a n o t h e r  c l a s s  o f  m a t r i c e s .  



. - 
where f ( .  ) and g ( .  ) are certain scalar functions and a and B 

are real numbers, is also related to A and B (see Gantmacher 
" .., 

1959, Chapter V). In particular, if v is the diagonalized 
" 

matrix diag (p) , then, - 

lJ v 
diag (e-) = e" 

Consider now the system (14a). Since the left-hand side of 

each equation is a diagonal matrix, the same will be true of the 

sum of matrices on the right-hand side. But the matrices l~ and 
" 

ku are related, therefore, according to the above definition, the 
.., 

lJ k~ 
matrices e- and e are also related. Hence they are diagonal-, 

ized by one and the same transformation. Let U be such a trans- - 
1 I P 

formation. Then U diagonalizes a linear combination of e- and - 
k? l~ ~ I J  - 
e , and hence diagonalizes P as well. Then P and eN, or e - 1 - 1 
are also undefined. If so, the transformation TI diagonalizes 

ku 
- 

P " " 
e and e . 

5~ - 
Analogously, T5 diagonalizes the related matrices P e , 
Sku 

- -5, 

and e ". Then (1 4a) can be represented as: 

having in mind the similarity between l~, kp, 5u, and 5ku, and - - - - 
applying successively the property of matrix functions cited 

above. 
lJ 5lJ " kP 5k lJ 

Note that e- and e (or, e - and e - )  are pelatedl hence 

the transformations T1 and T5 should diagonalize them both. - - 
This implies that the matrices PI and P5 should also be reZatzdr - - 
and be diagonalized by either TI, or T5. Transformations - - 



a r e  however u n i q u e ,  hence  T and T5 s h o u l d  be  e q u a l .  T h i s  con- - 1 
d i t i o n  i s  t o o  r i g i d  t o  b e  m e t  by t h e  p r a c t i c a l  i m p l i c a t i o n s ,  b u t  

w e  c a n  r e l a x  it a  l i t t l e ,  by assuming t h a t  T1 and ' E 5  a r e  e m p i r i -  - 
tally c l o s e  enough t o  meet t h e  t h e o r e t i c a l  r e q u i r e m e n t s :  i . e . ,  

t h a t  when a p p l i e d  t o  t h e  d i a g o n a l  m a t r i c e s  A l  and A 5 ,  t h e y  y i e l d  - -- 
t h e  i n i t i a l  m a t r i c e s  P and P 5 .  That  i s ,  t h e  f o l l o w i n g  expres -  - 1 
s i o n s :  

and 

must be  t r u e .  

I f  t h e  e x p r e s s i o n s  ( 16a)  and ( 1  6b) do  n o t  h o l d ,  t h e  whole 

t h e o r y  developed up t o  now w i l l  n o t  h o l d .  T h i s  would mean t h a t  

t h e  Plarkovian assumpt ions  o r  some o f  t h e  a s s u m p t i o n s  made f o r  

t h e  m a t r i c e s  IT and p a r e  n o t  v a l i d .  T h e r e f o r e ,  t h e  approxima- - .., 
t i o n s  i n  (16a)  and (16b)  p r o v i d e  a  measure of  t h e  v a l i d i t y  of  * 
t h e  model c o n s i d e r e d  h e r e .  The a u t h o r s  c o n s i d e r  such  a  measure 

t o  be  o n l y  a n  e m p i r i c a l  one ,  i . e . ,  t h e  n u m e r i c a l  e x p r e s s i o n s  f o r  
A 

P and P have  t o  be  compared, and t h i s  w i l l  be done i n  t h e  n e x t  - - 
s e c t i o n ,  where t h e  n u m e r i c a l  a p p l i c a t i o n  o f  t h e  model i s  c o n s i d -  

e r e d .  For  t h e  t i m e  b e i n g ,  w e  s h a l l  j u s t  ment ion  t h a t  t h e  numer- 
A 

i c a l  r e s u l t s  show t h a t  P and P a r e  c l o s e  enough i n  o r d e r  t o  - - 
a c c e p t  t h e  v a l i d i t y  of  t h e  model. For  conven ience  t o  t h e  r e a d e r ,  

t h e  e s t i m a t e d  r e s u l t s  a r e  g i v e n  i n  Appendix 2 .  

L e t  X i  ( P I )  be t h e  i - t h  e i g e n v a l u e  o f  E l  and X i  ( P 5 )  o f  - - 
E5 . L e t  y ~ i  t h e  i - t h  e i g e n v a l u e  of  v .  Then t h e  sys tem o f  - 
m a t r i x  e q u a t i o n s  ( 1 5 )  c a n  b e  p r e s e n t e d  a s  t h e  f o l l o w i n g  non- 

l i n e a r  sys tem o f  e q u a t i o n s :  

*Some t h e o r e t i c a l  a s p e c t s  of t h i s  approx imat ion  a r e  c o n s i d e r e d  
i n  ~ p p e n d i x  1 . 



The m a t r i c e s  - P I  and P a r e  s t o c h a s t i c .  The re fo re ,  t h e i r  - 5  
l a r g e s t  e i genva lue  i s  e q u a l  t o  u n i t y  and t h e  co r r e spond ing  e igen-  

v a l u e  o f  m a t r i x  i n t e n s i t y  i s  e q u a l  t o  ze ro .  Hence, two of  t h e  

equa t i ons  i n  (17)  w i l l  t u r n  i n t o  e q u a l i t i e s ,  and must be  excluded 

from t h e  system. Then t h e  number o f  t h e  e q u a t i o n s  w i l l  d e c r e a s e  

t o  2n - 2 .  A t  t h e  same t i m e ,  t h e  number o f  unknowns i s  n  + 1 

( s i n c e  f o r  some i, v = O ) ,  which i s  a  s u b s t a n t i a l  d e c r e a s e  i f  i 
compared w i t h  ( 1  4 )  . 

Now l e t  n  = 2 .  Then t h e r e  w i l l  be  2 e q u a t i o n s ,  and 3 un- 

knowns. I n  ( 1 4 )  f o r  n  = 2 t h e  number o f  e q u a t i o n s  was equa l  t o  

t h e  number of  unknowns, however; t h a t  i s  why a f t e r  ( 1 4 )  o n l y  

n  1 3 w i l l  be cons ide red .  

Le t  n  = 3 .  The e q u a t i o n s  are 4 ,  t h e  unknowns a l s o  4 .  There- 

f o r e ,  t h e  sys tem i s  w e l l  d e f i n e d .  

Le t  n  > 3 .  Then t h e  e q u a t i o n s  w i l l  be more t h a n  t h e  unknowns. 

The re fo re ,  i f  t h e  system i s  c o n s i s t e n t ,  t h e  method o f  s o l u t i o n  

f o r  n  = 3 can be a p p l i e d .  W e  proceed f u r t h e r  toward t h i s  so lu -  

t i o n ,  assuming n  = 3 .  

I n  o r d e r  t o  s i m p l i f y  t h e  n o t a t i o n ,  l e t  zi = evi.  L e t  

a l s o  A 1 ( P 1 )  - and A 1 ( P 5 )  - be  equa l  t o  u n i t y ,  hence E~ = 0. Then 

(17)  can be  r e w r i t t e n  a s :  

L e t  k be  h e l d  f i x e d .  The l a s t  sys tem can  be  r e a r r a n g e d  a s :  



and h e n c e ,  

Note t h a t  t h e  above  e q u a t i o n s  a r e  w e l l  d e f i n e d ,  s i n c e  t h e  

e x c l u s i o n  o f  t h e  e i g e n v a l u e  v = 0  a s s u r e s  t h a t  a l l  t h e  1 
d e n o m i n a t o r s  be  non-ze ro .  

I n  t h e  l a s t  e q u a t i o n  above ,  t h e r e  a r e  t h r e e  unknowns: 

k ,  z 2 ,  and  z3 .  An a d d i t i o n a l  r e s t r i c t i o n  i s  p r o v i d e d  by t h e  

a s sumpt ion  t h a t  a d o e s  n o t  depend on t h e  r e g i o n s .  T h e r e f o r e ,  

t h e  s o l u t i o n s  f o r  z 2  and  z3  must  be  s u c h  t h a t  ( 1 9 )  would y i e l d  

t h e  same v a l u e  f o r  a .  The l a s t  c o n d i t i o n  i s  u t i l i z e d  t o  c o n s t r u c t  

t h e  f o l l o w i n g  a l g o r i t h m  f o r  s o l v i n g  ( 1 8 ) :  

S t e p  1 .  F i x  a n  a r b i t r a r y  v a l u e  f o r  k ,  0  < k < 1 .  

S t e p  2 .  Form t h e  f u n c t i o n :  

k  5k k f  ( z i )  = (A. ( P I )  - z i )  ( z 5  - zSk)  - (Ai(P5)  - zi  ) ( z i  - z i )  
1 - i 1 

f o r  t h e  g i v e n  v a l u e  o f  k .  

S t e p  3.  F i n d  t h e  r o o t s  o f  f ( z i )  = 0 ,  by a p p l y i n g  t h e  

method o f  Newton-Raphson: 

s t a r t i n g  w i t h  z0 = 0 . 0 1 ,  s a y .  R e c a l l  t h a t  si i s  bounded i n  t h e  
v .  i n t e r v a l  ( 0 , l )  b e c a u s e  zi = e I ,  and  v i  < 0 .  



S t e p  4 .  With t h e  r o o t s  f o r  z i ,  e s t i m a t e  a  from ( 1 9 ) .  

L e t  zi p rov ide  an  e s t i m a t e d  a  denoted by a i .  

S t e p  5 .  I f  a 2  # a 3 ,  go back t o  S t e p  1 .  I f  a2  = a 3  (up  t o  

a p r e d e f i n e d  t o l e r a n c e  l e v e l ) ,  t h e  s o l u t i o n  i s  found.  

The s m a l l  i n i t i a l  v a l u e  f o r  z0 i s  assumed i n  o r d e r  t o  

avo id  t h e  f i n d i n g  o f  t h e  t r i v i a l  r o o t  zi = 1 ,  which g i v e s  
v 

1 = z  = e  i ,  i . e . ,  v = 0.  i i 

By f i n d i n g  t h e  s o l u t i o n  o f  (18)  and w i t h  t h e  found v a l u e s  

f o r  a ,  k ,  v 2 ,  and v w e  can  c o n s t r u c t  t h e  m a t r i c e s  n and p .  
3  ' - * 

Thus t h e  i n i t i a l  sys tem (10)  can  be numer i ca l l y  c o n s t r u c t e d .  

I t  i s  p o s s i b l e  t o  f i n d  an approximate  s o l u t i o n  by 

minimizing a  f u n c t i o n  F o f  f o u r  v a r i a b l e s :  

Th i s  method of  s o l u t i o n  was found t o  g i v e  t h e  same 

r e s u l t s  a s  t h e  one d e s c r i b e d  above,  and i s  t o  be p r e f e r r e d  

where l i b r a r y  n o n l i n e a r - o p t i m i z a t i o n  r o u t i n e s  a r e  a v a i l a b l e .  

NUMERICAL VERIFICATION 

Cons ider  t h e  two m a t r i c e s  PI  - and P5 - f o r  t h e  age-group 15-19 

of  t h e  t h r e e  r e g i o n s  o f  G r e a t  B r i t a i n  c o n s i d e r e d  i n  t h e  f i r s t  

s e c t i o n .  L e t  t h e  e f f e c t  o f  m o r t a l i t y  be e l i m i n a t e d ,  s o  t h a t  t h e  

two m a t r i c e s  a r e  s t o c h a s t i c ,  t h a t  i s ,  w i t h  row e l emen t s  summing 

up t o  u n i t y .  T h e i r  numer i ca l  e x p r e s s i o n s  t h e n  are: 

and 



The eigenvalues are: hl(P1) - = 1, h2(P1) - = 0.96405, h3(P1) - = 0.97419 

The eigenvalues of each matrix are different, hence the 

eigenvectorS are also different, and they define the diagonaliza- 

tion transformations. 

The system (15) now will be: 

The equivalent of (18), after removing the two trivial 

equalities, is: 

For the system (18a) we search a solution for a, k, v2, and v3. 
v v 

Further, denoting z2 = e and z = e 3, (184 yields: 3 



The algorithm at the end of the previous section was then 

applied. A unique value for k was found, such that a2 = a3, 

and that was k = 0.01. For this k, a = 0.0233, and v2 = -1.6848, 

The values for a and k allow us to state that a subgroup 

which is 2.3% of the total population of Great Britain, aged 

15-19, has an intensity to migrate one hundred times as large 

as that for the remaining population. Note that this large 

difference in the intensities does not imply the same differences 

in the probabilities to migrate! Recalling that the matrices 

r1 (XI and p l  (x) from (1 la) and (1 lb) are represented as: - " 

and 

it is possible to estimate them and find the numerical expres- 

sion for (10). 

Note at first that if Pl(x) is diagonalized with the - 
transformation Tl (x), nl(x) and pl(x) are diagonalized with 

" " " 

the same transformation  IT^ and pl are r e l a t e d ) .  Then (20a) 
" 

yields : 



-2 3- 

and similarly from (20b): 

Then, 

and 

From the last two expressions, IT and p can be found by applying - 1 - 1 
the reverse transformations. 

and 

The estimated values for and P 1  are: 



and 

While p i s  s t r u c t u r e d  s i m i l a r l y  t o  E l ,  t h i s  i s  n o t  t h e  c a s e  - 1 
with n . The elements on t h e  main d iagonal  of r e f l e c t  t h e  - 1 
p r o b a b i l i t i e s  f o r  t h e  h i g h - i n t e n s i t y  movers t o  remain i n  t h e  re- 

gion of  o r i g i n ,  over a  per iod  of one year .  They a r e  by f a r  lower 

than usua l .  Note t h a t  t h e s e  kinds of p r o b a b i l i t i e s  depend substan-  

t i a l l y  on t h e  s i z e  of t h e  r e g i o n a l  popula t ions .  That i s  why t h e  

comparat ively smal l  reg ion  of Eas t  Anglia i s  connected wi th  out-  

migra t ion  p r o b a b i l i t i e s .  

For ( n l )  and ( p l )  5 ,  t h e  fol lowing express ions  may be de- 
" - 

r i v e d  : 

and 

where 

and 
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The f i n a l  n u m e r i c a l  e s t i m a t i o n  f o r  - P5 ( x )  u s i n g  

i s :  

and  

Note t h a t  t h e  e s t i m a t e d  m a t r i x  P 5 ( 1 5 )  i s  v e r y  c l o s e  t o  t h e  

o b s e r v e d  o n e ,  g i v e n  on  page  20 ,  w h i l e  P 1 ( 1 5 )  i s  e x a c t l y  t h e  same. - 
What d e s e r v e s  s p e c i a l  a t t e n t i o n  i n  t h e  l a s t  n u m e r i c a l  

5  
e q u a l i t y ,  i s  t h e  m a t r i x  [ r r 1 ( 1 5 ) ]  - . I t s  columns have  a p p r o x i -  

m a t e l y  e q u a l  numbers.  T h i s  i s  a  consequence  o f  t h e  f a c t  t h a t  

rr r e f e r s  t o  t h e  g roup  h a v i n g  a p p r o x i m a t e l y  a  one  hundred  t i m e s  - 1 - 
l a r g e r  i n t e n s i t y  f o r  moving t h a n  t h e  o t h e r  g r o u p .  S i n c e  [nilL - 

VT - kIJT 
L = e W ,  and [ p l ]  = e  - - , b o t h  p r o c e s s e s  t e n d  t o  one  and  t h e  

same a s y m p t o t e s ,  b u t  t h e  f i r s t  a p p r o a c h e s  it much q u i c k e r  (see 

F i g u r e  2 ,  whereby [ d l i j  i s  d e n o t e d  an  e l e m e n t  f rom t h e  i - t h  row - 
any j - t h  column o f  a  m a t r i x  a ) .  - 



YT ~ P T  .-, 
Figure 2. Asymptotic behavior of e and e 

Therefore, [p115 is very close to the asymptotic distribu- 

tion, say denoted by [nl l m .  But [nl I m  Zefines the stable state 
.-, .-, 

of the high-intensity movers, hence, even if this part of the 

population is not stable in the initial period of time, it will 

reach spatial stability over a period of 5-10 years. Taking into 

account that real demographic processes are sufficiently homo- 

geneous over such a small period of time, it is reasonable to 

suppose that the spatial distribution of the high-intensity 

movers is approximately stable at the initial point of time. 
m m m = n  = Because the matrices El, z1 and pl are related, El el. 

Therefore, we get a proof that the process described by the high- 

and low-intensity movers model retains the important demographic 

properties of stabilization and ergodicity, although the model is 

not Markovian. 

Until now, one age group (15-19) was considered. All the 

above estimates were repeated for the other age groups (15 in 

all). The solution with respect to a, k, v2, and v3, of the sys- 

tem (18) was sought using the same algorithm. The method of 

solution failed twice, for the age groups 55-59, and the last one 

70-74. Generally, the solutions are not satisfactory for the 

ages beyond 50. The results are exhibited in Table 4. 

It is believed that thesuggested procedure gives bad re- 

sults for the aged population primarily because of the solution 



method. During t h e  s e a r c h  f o r  s o l u t i o n  f o r  t h e  age  g roups  beyond 

50, i t  cou ld  be obse rved  t h a t  a and k t e n d  t o  z e r o .  S i n c e  a s  

k + 0 t h e  model t e n d s  t o  t h e  mover-stayer  one ,  and a + 0 r educes  

it t o  t h e  Markovian, i t  i s  p o s s i b l e  t h a t  t h e  more s o p h i s t i c a t e d  

e s t i m a t i o n  p rocedu re s  o f  t h e  h igh-  and l o w - i n t e n s i t y  movers model 

a r e  more i n a c c u r a t e  t h a n  t h o s e  which would be more s u i t a b l e  f o r  

t h e  e a s i e r - t o - s o l v e  models mentioned above,  when t h e  m i g r a t i o n  

movements a r e  v e r y  low. The above r e f l e c t i o n s  e x p l a i n  t o  some 

e x t e n t  t h e  gaps  between t h e  s o l u t i o n s  f o r  t h e  age  g roups  45-49 

and 50-54. 

Cons ider  now t h e  f i r s t  t e n  age  g roups  i n  Tab le  4 .  The f o l -  

lowing i n f e r e n c e s  can  be made: 

Tab le  4 .  Values of a ,  k ,  v 2 ,  v3 ,  f o r  d i f f e r e n t  a g e  g roups .  

a g e  g roup  a k v2 V 3 

* S o l u t i o n  n o t  found.  



1 )  The va lues  f o r  k  a r e  q u i t e  s i m i l a r ,  t h e  mean being 

0.01202. 

2 )  The va lues  f o r  a g e n e r a t e  a  curve  which i s  ve ry  much 

l i k e  a  mig ra t ion  curve .  [ D i f f e r e n t  ~ g r a t i o n  schedu le s  f o r  Great  

B r i t a i n  a r e  e x h i b i t e d  i n  Rees ( 1 9 6 9 ) l .  

3 )  The a b s o l u t e  va lues  f o r  each of  t h e  vi a l s o  g e n e r a t e  a  

curve  t h a t  resembles  a  mig ra t ion  curve ,  a l t hough  n o t  s o  c l o s e l y  

a s  t h e  cu rve  genera ted  by a .  

These r e g u l a r i t i e s  can be used i n  t h e  implementation of  t h e  

model, which i s  t h e  t o p i c  o f  d i s c u s s i o n  i n  t h e  nex t  s e c t i o n .  

I V .  IMPLEMENTATION OF THE MODEL 

The prev ious  two s e c t i o n s  s e t  o u t  t h e  mathematical  and nu- 

mer i ca l  d e s c r i p t i o n s  of  t h e  high- and l o w - i n t e n s i t y  movers model. 

The numerical  r e s u l t s  v e r i f y  t h e  assumptions made, t h u s  a l s o  

v e r i f y i n g  t h e  model i t s e l f .  They w e r e  d e r i v e d ,  however, on t h e  

b a s i s  o f  two sets of data--from one-year and f ive -yea r  observa- 

t ions- -bo th  d i sagg rega t ed  by age.  

I n  o r d e r  t o  make u s e  o f t h e  model, w e  must suppose t h a t  on ly  

one set  o f  d a t a  i s  a v a i l a b l e ,  and then implement it t o  o b t a i n  

approximat ions  f o r  t h e  o t h e r  s e t .  S ince  one-year d a t a  are usu- 

a l l y  a v a i l a b l e  from v i t a l  s t a t i s t i c s  i n  most c o u n t r i e s ,  t hey  

w i l l  be supposed t o  be given.  Before c o n s i d e r i n g  t h e  numerical  

r e s u l t s  once a g a i n  t h e  t h e o r e t i c a l  background w i l l  be f u r t h e r  

developed.  

I n  Sec t ion  I1 it i s  shown t h a t  s t a r t i n g  w i t h  t h e  fo l lowing  

ma t r ix  equa t ion :  

t h e  fo l lowing  system of  s c a l a r  equa t ions  can be c o n s t r u c t e d :  



where t h e  age s u b s c r i p t  x  i s  aga in  omi t t ed .  I n  t h e  l a s t  

system, t h e  equa t ions  a r e  two, whi le  t h e  unknowns a r e  f o u r :  

a ,  k ,  v 2 ,  and v 3 .  The re fo re ,  two of them must be s p e c i f i e d  

exogenously. This  i s  i n  f a c t  t h e  b a s i c  p o i n t  i n  t h e  implementa- 

t i o n  of t h e  model. 

Reca l l i ng  t h e  i n f e r e n c e s  from Table 4 a t  t h e  end of t h e  

prev ious  s e c t i o n ,  it seems r easonab le  t o  s e a r c h  f o r  v a l u e s  of 

a  and k  which might r e f e r  even t o  t h e  aggregated-by-age 

popu la t ion ,  aTOT and k TOT say .  Then two approaches a r e  pos- 

s i b l e :  keep t h e s e  v a l u e s  c o n s t a n t  f o r  a l l  ages  o r  d i s a g g r e g a t e  

them, i n  accordance wi th  t h e  r e s u l t s  from Table 4 [ i . e . ,  kTOT 

may be kep t  c o n s t a n t ,  and aTOT may be used t o  g e n e r a t e  a  

set a ( x )  f o r  a l l  x ,  such t h a t  a ( x )  form a  curve s i m i l a r  t o  

t h a t  of t h e  observed mig ra t ion  r a t e s ,  and t h e  a r i t h m e t i c  

mean of a ( x )  be equa l  t o  aTOTl .  

I n  e i t h e r  c a s e ,  v a l u e s  f o r  aTOT and kTOT a r e  s u f f i c i e n t .  

How t h e s e  a r e  d e r i v e d  w i l l  be d i scus sed  l a t e r  i n  t h i s  s e c t i o n ,  

bu t  now suppose they  a r e  somehow a v a i l a b l e .  I f  s o ,  kTOT and 

aTOT, o r  a  ( x )  , can be e n t e r e d  i n  t h e  system ( 2 1  ) t o  s o l v e  f o r  

v 2 ( x )  and v 3 ( x ) .  A f t e r  t h a t ,  t h e  fo l lowing  system can be 

so lved  wi th  r e s p e c t  t o  t h e  unknowns A 2  (P5)  and h 3  ( P 5 )  ( t h e  - 
age s u b s c r i p t  being o m i t t e d ) :  

Thus t h e  d i agona l i zed  ma t r ix  A 5  = d i a g ( P 5 )  becomes a v a i l a b l e .  - - 
[Reca l l  t h a t  h (P5)  = 1 I . I n  o r d e r  t o  f i n d  P5 it i s  necessary  - - 
t o  have i t s  d i a g o n a l i z i n g  t r ans fo rma t ion .  But t h e  d i s c u s s i o n  



h e r e  s u g g e s t s  t h a t  P5 i s  a  f u n c t i o n  of  P I ,  P5 = £ ( . P I ) ,  where - - -. 

t h e  f u n c t i o n  f ( . )  i s  s p e c i f i e d  i n  ( 1 0 ) .  T h e r e f o r e ,  T1  must 

d i a g o n a l i z e  P  Hence, -5 '  

Note t h a t  e q u a t i o n  ( 2 3 )  i m p l i e s  T1 = T5.  T h i s  e q u a l i t y  - 
was d i s c u s s e d  on page 16,  and it was i n f e r r e d  t h a t  it  s h o u l d  

be a p p r o x i m a t e l y  t r u e  (Appendix 2 ) .  T h i s  t h e n  i m p l i e s  t h a t  

( 2 3 )  i s  a l s o  an  approx imat ion .  According t o  t h e  s t r u c t u r e  of  

t h e  model,  t h i s  approx imat ion  s h o u l d  y i e l d  b e t t e r  r e s u l t s  t h a n  

t h o s e  d i s c u s s e d  i n  t h e  f i r s t  s e c t i o n .  

What r emains  u n c l e a r  i s  how v a l u e s  f o r  a and k even f o r  

t h e  aggregated-by-age p o p u l a t i o n ,  c o u l d  become a v a i l a b l e .  

One way t o  f i n d  them i s  t o  look  a t  s o c i o l o g i c a l  s t u d i e s :  a 

c a n  be i n f e r r e d  from s t a t e m e n t s  on what p a r t  o f  t h e  p o p u l a t i o n  

i s  moving more f r e q u e n t l y ,  and k  can  be i n f e r r e d  from s t a t e m e n t s  

on how much l a r g e r  t h i s  f r equency  i s ,  keep ing  i n  mind t h a t  k i n -  

d i c a t e s  i n t e n s i t y  and n o t  p r o b a b i l i t y  d i f f e r e n c e ~ .  

Here a n o t h e r ,  much more p r e f e r a b l e ,  way o f  d e r i v i n g  a and 

k w i l l  be d i s c u s s e d .  I n  many c o u n t r i e s  d a t a  a r e  a v a i l a b l e  on 

i n t e r r e g i o n a l  m i g r a t i o n  f lows  a g g r e g a t e d  by a g e  ( t h e  m i g r a t i o n  

f low m a t r i x )  stemming from c e n s u s e s  o r  e n q u i r i e s  which a r e  

u s u a l l y  h e l d  each  f i v e  or t e n  y e a r s .  S i n c e  t h e  mid-period 

m u l t i r e g i o n a l  p o p u l a t i o n  d a t a  a r e  u s u a l l y  a v a i l a b l e ,  one can  

e s t i m a t e  t h e n  an  age-aggrega ted  m a t r i x  o f  t h e  o r i g i n - d e s t i n a t i o n  

m i g r a t i o n .  r a t e s .  L e t  t h i s  m a t r i x  be d e n o t e d  M 5 ( T O T ) .  For  - 
G r e a t  B r i t a i n ,  it was e s t i m a t e d  a s  f o l l o w s :  

The same m a t r i x ,  f o r  a  one-year  t i m e  p e r i o d ,  i s  a s  f o l l o w s :  



Note t h a t  t h e s e  m a t r i c e s  have t h e  same s t r u c t u r e  a s  t h o s e  from 

page 2 0 .  The i r  e igenva lues  a r e :  h l ( M 5 )  = 1; A ( M  ) = 0 . 9 1 9 7 3 ;  
-. 2  - 5  

h3(M5) = 0 . 9 4 2 9 6 ;  h l ( M 1 )  = 1 ;  h 2 ( M 1 )  = 0 . 9 7 2 8 6 ;  h 3 ( M 1 )  = - - - 
0 . 9 8 1 5 9 .  Repeating f u r t h e r  t h e  procedures  from Sec t ion  3 ,  

one r e c e i v e s  t h e  fo l lowing  va lues  f o r  t h e  unknown parameters :  

These v a l u e s  w i l l  be used t o  d e r i v e  t h e  a g e - s p e c i f i c  

mig ra t ion - r a t e  m a t r i c e s ,  M 5 ( x ) .  - This  can be done i n  two 

d i f f e r e n t  ways. F i r s t ,  f o r  each x  t h e  parameters  a and k  

from ( 2 5 )  a r e  k e p t  c o n s t a n t .  Consider f u r t h e r  t h e  c a s e  

when x = 1 5 .  New v a l u e s  f o r  v  and v 3  may be e s t ima ted  from 
2  

( 2 1 ) .  Then, va lues  f o r  X 2  [ M 5 ( 1 5 ) ]  and X 3  [ H 5 ( 1 5 ) ]  a r e  found - - 
cor respondingly  equa l  t o  0 . 8 9 0 0 3  and 0 . 9 2 2 5 4 ,  by making use  

of t h e  system ( 2 2 )  . Thus t h e  d i agona l i zed  ma t r ix  A 5  ( 1 5 )  = - 
d i a g  [M ( 1 5 )  ]  becomes a v a i l a b l e ,  bea r ing  i n  mind t h a t  A [M5 ( 1 5 )  1 -5 - 
= 1. Then t h e  t r ans fo rma t ion  T 1 ( 1 5 ) ,  which d i a g o n a l i z e s  - 
M ( 1 5 )  may be used t o  o b t a i n :  - I 

The second way of d e r i v i n g  t h e  m a t r i c e s  M5(x)  f o r  a l l  x  is  - 
t o  keep k  c o n s t a n t  once a g a i n ,  b u t  t o  use  aTOT and t h e  observed 

mig ra t ion  schedules  t o  y i e l d  v a l u e s  f o r  a ( x )  f o r  each  x. Suppose 

t h e  mig ra t ion  schedule  is  g iven  by t h e  a g e - s p e c i f i c  r a t e s  m l ( x )  

which can  be e s t ima ted  a t  t h e  n a t i o n a l  l e v e l .  Le t  n  be t h e  num- 

ber  of age groups.  Then, from t h e  exp res s ions  f o r  t h e  means: 



Z a ( x )  c a n  b e  d e r i v e d  as  a ( x )  = m l  (x), . 
1  

F o r  x = 1 5 ,  a ( 1 5 )  w a s  e s t i m a t e d  t o  b e  e q u a l  t o  0 . 0 3 4 0 4 .  

T h i s  v a l u e  o f  a ,  t o g e t h e r  w i t h  k 
TOT f r o m  ( 2 5 ) ,  w e r e  u s e d  t o  

d e r i v e  t h e  f o l l o w i n g  mat r ix :  

E a c h  o n e  o f  t h e  m a t r i c e s  ( 2 6 a )  o r  ( 2 6 b )  c a n  b e  r e a r r a n g e d  

a c c o r d i n g l y  (see t h e  e x p r e s s i o n  o n  p a g e  2 )  a n d  t h e n  s e t  i n t o  

e q u a t i o n  ( 2 )  , w h i c h  t h e n  y i e l d s  t h e  d e s i r e d  m a t r i x  P5 ( 1 5 )  . - 
T h e s e  p r o c e d u r e s  y i e l d e d  t h e  f o l l o w i n g  r e s u l t s  ( T a b l e  5 ) .  

T a b l e  5 .  A p p r o x i m a t e d  p r o b a b i l i t i e s  o f  d y i n g  a n d  m i g r a t i n g  
a t  exact age 1 5  f o r  t h r e e  r e g i o n s  of Great B r i t a i n .  

5 a :  D e r i v e d  b y  m a k i n g  u s e  o f  ( 2 6 a )  

r e g i o n  of d e s t i n a t i o n  
r e g i o n  o f  o r i g i n  1  2  3  d e a t h  

1 .  E a s t  A n g l i a  0 . 8 9 8 5 3 1  0 . 0 5 2 7 9 1  0 . 0 4 5 0 8 2  0 . 0 0 3 5 9 5  

2 .  S o u t h  E a s t  0 . 0 0 6 3 4 7  0 . 9 4 8 1 4 9  0 . 0 4 2 3 3 6  0 . 0 0 3 1 6 8  

3 .  R e s t  of B r i t a i n  0 . 0 0 3 2 9 1  0 . 0 2 8 9 2 6  0 . 9 6 4 5 3 2  0 . 0 0 3 2 5 1  

Sb:  D e r i v e d  b y  m a k i n g  u s e  of ( 2 6 b )  

r e g i o n  of d e s t i n a t i o n  
r e s i o n  of o r i s i n  1  2  3  d e a t h  

1 .  E a s t  A n g l i a  0 . 9 1 1 2 9 6  0 . 0 4 3 8 8 0  0 . 0 4 1 2 2 6  0 . 0 0 3 5 9 8  

2 .  S o u t h  E a s t  0 . 0 0 5 2 3 7  0 . 9 5 2 3 4 8  0 . 0 3 9 2 4 8  0 . 0 0 3 1 6 7  

3 .  R e s t  o f  ~ r i t a i n  0 . 0 0 3 0 5 0  0 . 0 2 6 7 7 8  0 . 9 6 6 9 2 7  0 . 0 0 3 2 5 1  



Both t a b l e s  a r e  very c l o s e  t o  theobserved  p r o b a b i l i t i e s ,  

e x h i b i t e d  i n  Table l a ,  and show much b e t t e r  r e s u l t s  than  Table 

Ib .  I t  i s  worth n o t i n g  t h a t  aTOT g i v e s  b e t t e r  r e s u l t s  than  

a ( x )  a l though  t h e i r  numerical  va lues  a r e  s u b s t a n t i a l l y  d i f f e r e n t .  

This  proves  t h e  i n s e n s i t i v i t y  of t h e  high- and low- in tens i ty  

movers model wi th  r e s p e c t  t o  i t s  parameters .  

For c o n s i s t e n c y ,  Table 6  g i v e s  t h e  l i f e  expec t anc i e s  

a t  age 15 e s t ima ted  by making use  of (26a)  and (26b)  a s  

desc r ibed  above. 

Table 6. Expec ta t ions  of l i f e  a t  age 15 f o r  t h r e e  r eg ions  of 
Grea t  B r i t a i n ,  der ived  by making use of  (26a)  and 
(26b) : 

( 1 )  de r ived  by making use  of (26a)  
( 2 )  de r ived  by making use  of (26b). 

reg ion  of d e s t i n a t i o n  
reg ion  of o r i g i n  1 2 3  t o t a l  

1 .  Eas t  Anglia ( 1 )  27.69 14.69 17.25 59.63 
( 2 )  30.40 13.03 16.25 59.68 

2 .  South E a s t  ( 1 )  2.33 40.65 16.47 59.45 
( 2 )  2 . 1 1  41.91 15.45 59.47 

3. R e s t  of B r i t a i n  ( 1 )  1.17 8.52 49.07 58.76 
( 2 )  1 . 1 1  7.86 49.77 58.74 

Again, i n  both c a s e s ,  t h e  r e s u l t s  a r e  very c l o s e  t o  t hose  

i n  Table 2 ( 2 ) ,  and a  
TOT 

y i e l d s  b e t t e r  r e s u l t s  t han  a ( x ) .  

These numerical  r e s u l t s  r e f e r  t o  t h e  age 15,  bu t  t h e  

i n f e r e n c e s  ho ld  f o r  a l l  o t h e r  ages .  For convenience t o  t h e  

r e a d e r ,  t h e  complete set  of e x p e c t a t i o n s  of l i f e  a r e  g iven  i n  

Appendix 4 ,  t o g e t h e r  w i th  t h e  l e v e l s  of migra t ion .  The l a t t e r  

a r e  given a t  t h e  age 0 ,  and r e p r e s e n t  a  measure of t h e  goodness- 

o f - f i t ,  f o r  t h e  d i f f e r e n t  approximat ions  ( see  t h e  i n t r o d u c t o r y  

remarks i n  Appendix 4 ) .  



~ h u s  t h e  model sugges ted  h e r e  g i v e s  a s u f f i c i e n t l y  good ap- 

proximat ion t o  t h e  problem cons ide red .  R e c a l l i n g  t h a t  a number 

of  assumpt ions  weremade i n  o r d e r  t o  f i n d  a s o l u t i o n ,  it t u r n s  

o u t  t h a t  t h e s e  assumpt ions  a r e  p l a u s i b l e .  They r e f e r  t o  t h e  i n -  

dependency of  c e r t a i n  models '  v a r i a b l e s ,  a and k, on t h e  reg ion-  

a l i z a t i o n ,  and hence may be used t o  show t h a t  t h e  inhomogeneity 

o f  t h e  p o p u l a t i o n  w i t h  r e s p e c t  t o  t h e  i n t e r p r e t a t i o n s  o f  a and k 

does  n o t  depend on t h e  r e g i o n a l i z a t i o n .  

The f a c t  t h a t  t h e  t r a n s f o r m a t i o n s  TI and T5 a r e  approx imate ly  
-,, 

e q u a l ,  may be i n t e r p r e t e d  as  a p r e se rved  r ank ing  i n  t h e  a t t r a c -  

t i v e n e s s  of t h e  r e g i o n s  w i t h  r e s p e c t  t o  t h e  m i g r a t i o n s .  Tha t  i s ,  

ove r  t h e s e  p e r i o d s  of  t i m e ,  t h e  magnitude o f  t h e  m i g r a t i o n  f lows  

may change,  b u t  o n l y  p r o p o r t i o n a l l y  f o r  each d i r e c t i o n .  

F i n a l l y ,  t h e  f a c t  t h a t  a and k b a r e l y  depend on t h e  age  

groups  w a s  unexpected,  b u t  it has  i t s  demographic o r  s o c i a l  i n -  

t e r p r e t a t i o n :  it shows t h a t  t h e  d i f f e r e n c e s  i n  t h e  a g e - s p e c i f i c  

m i g r a t i o n  c u r v e s  o f  t h e  "chronic1 '  m ig ran t s  and " a l l "  m ig ran t s  

a r e  i n s i g n i f i c a n t  w i t h  r e s p e c t  t o  t h e  one-year - f i v e - y e a r  migra- 

t i o n  problem. 



APPENDIX 1 

In the text it was shown that the empirical transition 

matrices P1 and P5 can be diagonalized by almost the same - - 
matrices T and T5, such that - 1 

and 

This empirical fact led tothe conclusionthat the n(n-1)- 

dimensional problem of estimating the five-year transition 

matrix from the one-year matrix (or vice versa) can be'reduced 

to the (n-1)-dimensional problem of estimating the eigenvalues 

hi(P5) - [or hi (PI) - 1 , i = 2, ...,n; h 1  - - 1. Further we will 

consider for simplicity only the case when all the hi are real 

and positive. For simplicity let also n = 3. This case is 

presented graphically in Figure A1. 



Figure Al. Dependence of eigenvalues of a transition matrix 
on time. 

If the matrices PI and P5 are known, it is necessary to 
% - 

fit the empirical points [I, X2(1), A2(5)1 and [I, A3(1), A3(511 

as functions of time. 

In this paper it was suggested instead to make use of the 

following approximating function: 

where a and k are known (or can be found from aggregate data, 

in which case they will also be approximated). 

As usual the decreasing of the dimension [from n(n-1) to 

n] inevitably presents additional theoretical problems. 

In this case, they are the following ones: 

1. Is it always possible to solve the equation (A31 for 

T = 1 if a and k are given? 

1 v 2  2. Are 1 ,  e , and e eigenvalues of any stochastic 

matrix? 

1 v 2  3. Are 1 ,  e , and e eigenvalues of any continuous- 

time Markovian transition matrix? 



1 v2 4. Are 1, e , and e eigenvalues of any stochastic 

matrix which can be diagonalized by a given trans- 

formation TI? 

The answers to these questions follow next. 

1. Equation (A3) has a unique non-negative solution. 

It is easy to see that the function 

is amonotonically decreasing one, f (0) = 1 , lim f (v) = 0, 
v +a 

and, hence, for 0 < A - < 1, the equation f(v) = X 

has a unique non-negative solution. 

2. Theorem. (~uleimanova, 1949). The set of n+l real numbers 

{ I l  A1, A21...,An}, where lAil < 1 for i = l12,...,n 

is a set of eigenvalues of a positive stochastic 

matrix provided that the sum of the modulus of the 

negative numbers of the set is less than unity. 

3. The problem of representing some stochastic matrix 

as a continuous time Markovian transition matrix 

(imbedding problem) can be avoided by considering an 

integer m and discrete time. The necessary conditions 

for such imbedding can be found in the paper of 

Singer and Spilerman ( 1 976 ) . 
4. If the transformation TI of the matrix P I  is such - 

that A 1  is equal to 1, then it is easy to show that 

the matrix 



n 
has the property 1 nij = 1. This is so because 

i= 1 
the eigenvector, corresponding to the eigenvalue equal 

to 1, is up to a scalar always equal to (1, 1, 1 , .. . , 1 ) . 
It is necessary only to check if n - > 0.  - 

Empirical results show that in our case is always 

positive and hence stochastic. In the general case it is 

necessary to prove that the transformation 

P-' ( P I  - , where 

conserves the positiveness of the matrix 

and this problem is still an unresolved question. 



APPENDIX 2 

This Appendix presents the estimations which verify the val- 

idity of the assumption that the transition matrices Pl(x) and 
w 

P (x) can be diagonalized by one and the same transformation - 5 
matrix T(x) for each age group. The following matrices are com- - 
pared : 

5 3  (five-year observed) 
A - - 1 
?s - ?I !!5 211 (fiveryear estimated) 

and 

P (one-year observed) - 1 
A -1 

= T 5  T5 - 1 (one-year estimated) 

The comparison with the "Markovian" approximation 



i s  a l s o  given. 

and 



age group 1 *******...** 

f  ive -year  o b s .  f  i v e - y e a r  e s t  . f i f t h  d e g r e e  

one-year o b s .  one-y e a r  es  t .  f i f t h  r o o t  

age group 2 .***..****** 

f i v e - y e a r  o b s .  f i v e - y e a r  e s t .  f i f t h  d e g r e e  

one-year o b s .  one-year e s t .  f i f t h  r o o t  
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age group 5 
.**.*..C.C.* 

five-year obs. f ive-year est. f i f t h  degree 

one-year obs. one-year est. fifth root 

age group 6 ..**...*.*** 

five-year obs. five-year est. fifth degree 

one-year obs. one-year est. f i f t h  root 



age group 7 .*********,* 

five-year obs. 

one-year obs. 

age group 8 .* t**t*****. 

five-year obs. 

one-year obs. 

five-year est. 

one-year est. 

five-year est. 

one-year est. 

fifth degree 

fifth root 

fifth degree 

fifth root 



age group 9 
00.00.. o*... 

five-year obs. 

one-year obs. 

age group 10 
40.0 CC.*.*.* 

five-year obs. 

one-year obs. 

f i ve-year es t . 

one-year est. 

five-year est. 

one-year est. 

fifth degree 

fifth root 

fifth degree 

fifth root 



age group 1 1  **+**+++++*+ 

five-year obs. five-year est. fifth degree 

one-year obs. one-year es t . fifth root 

age group 12 
* * * * * * + * * C * +  

f ive-year obs. five-year est. fifth degree 

one-year obs. one-year e s  t. f i f t h  root 



a g e  group 13 ..***..***** 

f i v e - y e a r  o b s .  f i v e - y e a r  e s t .  f i f t h  d e g r e e  

one-year  o b s .  one -year  e s t .  f i f t h  r o o t  

a g e  group 14 ...*.*.**** t 

f i v e - y e a r  o b s .  f i v e - y e a r  e s t .  f i f t h  d e g r e e  

one-year  o b s .  one -year  e s t .  f i f t h  r o o t  
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APPENDIX 3 

In this Appendix, the probabilities of dying and migrating 

at exact age x are presented. as estimated according to four 

different models. Appendix 3.1 concerns individuals born in 

region East Anglia; Appendix 3.2 - individuals born in region 
South East; and Appendix 3.3 - individuals born in region Rest 
of Britian. 

The four different models of estimation are represented 

as follows: 

Table A - estimated with equation (2). These estimates 

are the correct ones. 

Table B - estimated with the parameters a and k, a being 
disaggregated by age such that the schedule 

is of the observed migration schedule 

for Britain, and the area under the curve is 

equal to aTOT. 

Table C - estimated with the parameters a and k, a aggregated 
by age. 

Table D - estimated with equation (-1 ). . 
The results in Tables B and C are approximately equal. 

Both give much better approximations to the results in Table 

A, than those from Table D. 
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Appendix 3. 3 probebi l i  ties of dying and migratin8 
.*O.e........ option 3 ............. 

...*me.... 

ren ion r.bri t 

Table A 

death migration from r.brit to 
e.anglia s.east r.bri t 

0.022136 0.004181 0.017998 0.955684 
0.001871 0.002506 0.015177 0.980446 
0.001633 0.002209 0.015518 0.980641 
0.003251 0.003073 0.030466 0.963210 
0.003800 0.003934 0.039181 0.953085 
0.003777 0.003682 0.029948 0.962593 
0.004903 0.002833 0.020878 0.971386 
0.007725 0.002162 0.015796 0.974317 
0.013437 0.002167 0.012477 0.971920 
0.023507 0.002290 0.009976 0.964227 
0.036279 0.002165 0.007582 0.953974 
0.061317 0.001438 0.005829 0.931416 
0.097875 0.001059 0.005380 0.895686 
0.152017 0.001377 0.005082 0.841524 
1.000000 0.000000 0.000000 0.008000 

Table  C 

death migration from r.brit to 
e.anglia s.east r.brit 

0.022138 0.002882 0.018335 0.956644 
0.001871 0.002461 0.015392 0.980277 
0.001633 0.002038 0.013536 0.982793 
0.003251 0.003291 0.028926 0.964532 
0.003797 0.004592 0.050819 0.940792 
0.003777 0.003927 0.030489 0.961807 
0.004903 0.002671 0.020336 0.972089 
0.007725 0.002237 0.015947 0.974091 
0.013437 0.001795 0.012538 0.972229 
0.023511 0.001305 0.008951 0.966232 
0.036282 0.001136 0.008269 0.954313 
0.061319 0.001035 0.006063 0.931584 
0.097874 0.001138 0.005441 0.895547 
0.152019 0.001084 0.005267 0.841631 
1.000000 0.800000 0.000000 0.000000 

emj,..memm.mm.m. 
Table B 

a 8  e death migration from r.brit to 
e.ang1ia s.east r.brit 

Table  D 

d e a t h  migration from r.brit to 
e.anglia s.east r.brit 

0.021738 0.004690 0.029974 0.943598 
0.001798 0.003871 0.023720 0.970611 
0.001556 0.003043 0.019920 0.975481 
0.003 169 0.00540 1 0.047277 0.944 153 
0.003588 0.007540 0.077211 0.911661 
0.003647 0.006435 0.049150 0.940768 
0.004800 0.004348 0.033083 0.957769 
0.007492 0.003422 0.024503 0.964583 
0.013599 0.002444 0.017808 0.966149 
0.023844 0.001625 0.012251 0.962281 
0.038534 0.001478 0.011135 0.948853 
0.061789 0.001125 0.008033 0.929053 
0.098387 0.001260 0.007228 0.893125 
0.153253 0.001212 0.007210 0.838325 
1.000000 0.000000 0.000000 0.000000 



APPENDIX 4 

I n  t h i s  Appendix, t h e  e x p e c t a t i o n s  of l i f e  a t  age x  a r e  

r ep re sen ted .  The s t r u c t u r e  of t h i s  Appendix i s  t h e  same a s  of 

Appendix 3 .  The e x p e c t a t i o n s  of l i f e  a r e  g iven  h e r e ,  because 

they g ive  a  b e t t e r  empi r i ca l  v e r i f i c a t i o n  of t h e  d i s c u s s i o n s  

i n  t h e  t e x t .  

Appendix 4 . 4  i s  most h e l p f u l  i n  t h i s  r e s p e c t .  I t  g i v e s  

t h e  r e g i o n a l  d i s t r i b u t i o n  of t h e  l i f e  expec t anc i e s  a t  age ze ro ,  

a s  a  percen tage  t o  t h e  t o t a l .  This  measure of mig ra t ion  i s  

c a l l e d  t h e  migra t ion  l e v e l .  



Appendix 4.1 expectations of life by place of birth ...................................... 
initial region o f  cohort e.anglia .................................. 

Table A Table B 

ag e total e.anglia s.east r.brit age total e.anglia s.east r.brit 

Table C Table D 

total e.anglia 

73.03786 39.87083 
69.41029 35.87259 
64.53058 3 1 .64669 
59.62715 27.69015 
54.82837 24.08595 
50.03131 20.95878 
45.19673 18.30097 
40.39109 15.95318 
35.64829 13.80612 
3 1 .04238 1 1 .82975 
26.63955 10.01059 
22.43355 8.33453 
18.57315 6.83635 
15.10771 5.50704 
12. 13194 4.37217 

a8 e total e.anglia s.east r.brit 



Appendix 4 - 2  expectations o f  life b y  place of birth 
...................................... 

initial region of cohort s.east 
..********1.*****.***4****~*****4* 

Table A 

total e.anglia s.east total 

72.76698 
69.26432 
64.37720 
59.4684 1 
54.65029 
49.825 10 
44.99222 
40.19072 
35.45534 
30.86038 
26.46599 
22.28550 
18.44527 
1 4 .99966 
12.02564 

Table B 

Table C 
Table D 

total e.anglia s.east 

72.74550 2.43525 53.43427 
69.24203 2.46342 49.64874 
64.35522 2.40892 45.07616 
59.44641 2.33465 40.64504 
54.62826 2.24561 36.44219 
49.80346 2.12610 32.50816 
44.97081 1.97334 28.86644 
10.16946 1.80167 25.44020 
35.43467 1.62196 22.17944 
30.84056 1.44174 19.09189 
26.44775 1.26500 16.19757 
22.26844 1.09366 13.49517 
18.43030 0.93320 11.05284 
14.98720 0.78243 8.89777 
12.01601 0.64498 7.07244 

total 



Appendix 4. 3 expectations of life b y  place of birth ...................................... 
i n i t i a l  region of cohort r.brit .................................. 

Table A Table B 

total e.anglia age total e.anglia s.east r.brit 

Table C Table D 

total e.anglia age total e.anglia s.east r.brit 

0 72.04422 1.67049 11.76890 58.60482 
5 68.58958 1.69563 11.95382 54.94812 
10 63.70807 1.66608 11.76848 50.27349 
15 58.80295 1.62132 11.48491 45.69672 
20 53.98223 1.56295 11.07999 41.33929 
25 49.16759 1.48281 10.44365 37.24113 
30 44.33633 1.38078 9.60925 33.34629 
35 39.53420 1.26460 8.69119 29.57841 
40 34.80239 1 . 14097 7.734 16 25.92726 
45 30.23069 1.01562 6.77442 22.44065 
50 25.87479 0.89212 5.84091 19.14176 
55 21.76488 0.77351 4.94922 16.04214 
60 17.97826 0.66222 4.12198 13.19406 
65 14.59352 0.55830 3.38529 10.64993 
70 11.69842 0.46433 2.76441 8.46908 



Appendix 4 . 4  m i g r a t i o n  levels -------_______-- 

Table A 

t o t a l  1.000000 1.000000 1.000000 

Table C 

t o t a l  1.000000 1.000000 1.000000 

Table B 

e .  ang 1 i a s .  ees t r . b r i  t 

t o t a l  1.008888 1.000000 1.000088 

Table D 

e .  ang 1 i e S .  eas t r . b r i  t 

total 1.000000 1.080000 1.000000 
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