WORKING PAPER

URBANIZATION LEVEL AND URBAN
CONCENTRATION: COMPARATIVE
PATHS AND A PERFORMANCE INDEX

Ahmed Seifelnasr

May 1980
WP-80-70

EEIIASA

lnternqtional Institute
tor Applied Systems Analysis



NOT FOR QUOTATION
WITHOUT PERMISSION
OF THE AUTHOR

URBANIZATION LEVEL AND URBAN
CONCENTRATION: COMPARATIVE
PATHS AND A PERFORMANCE INDEX

Ahmed Seifelnasr

May 1980
WP-80-70

Working Papers are interim reports on work of the
International Institute for Applied Systems Analysis
and have received only limited review. Views or
opinions expressed herein do not necessarily repre-
sent those of the Institute or of its National Member

Organizations.

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMS ANALYSIS
A-2361 Laxenburg, Austria



FOREWORD

Roughly 1.6 billion people, 40 percent of the world's popu-
lation, live in urban areas today. At the beginning of the last
century, the urban population of the world totaled only 25 mil-
lion. According to recent United Nations estimates, about 3.1
billion people, twice today's urban population, will be living
in urban areas by the year 2000.

Scholars and policy makers often disagree when it comes to
evaluating the desirability of current rapid rates of urban growth
and urbanization in many parts of the globe. Some see this trend
as fostering national processes of socioeconomic development, par-
‘ticularly in the poorer and rapidly urbanizing countries of the
Third World; whereas others believe the consequences to be largely
undesirable and argue that such urban growth should be slowed down.

The controversy also extends to the way the urban population
is distributed among different city size classes. In particular
a condition of primacy is said to exist when an observed urban
population distribution deviates from a given standard distribu-
tion, most commonly the rank-size distribution, and "overurbaniz-
ation" is often diagnosed as the cause.

In this paper, Ahmed Seifelnasr, a demographer, analyzes the
level, pace,and pattern of change in two urbanization dimensions:
urbanization level and urban concentration. The emphasis is on
regional and temporal comparisons. To facilitate the analysis a
new measure called the measure of combined change is introduced
and its use illustrated using the most recent data available.

In addition, a graphic method that shows compactly the simultan-
eous change in the two dimensions is presented. Finally, the
overall urbanization "performance" on these two dimensions is
examined over time with the help of a summary index.
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ABSTRACT

An attempt has been made to examine the development of the
urbanization process in two basic dimensions: urbanization level
and urban concentration.

To facilitate the regional and temporal comparisons, a sum-
mary measure that combines the two dimensions is introduced and
its use is illustrated using data compiled in UN (1979). The
historical development of the two dimensions, together with the
measure, has been depicted on a graph which shows compactly the
path that has been followed in the course of urbanization.

Finally, the urbanization "performance" (from the demographic
point of view) is compared over time and across space with the
help of a comparative index that takes values between zero and
one (called the performance index). This index is found to be
strongly (although tentatively) related to a summary measure of
the deviations between the observed urban distribution and the
empirically common rank-size distribution.
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URBANIZATION LEVEL AND URBAN
CONCENTRATION: COMPARATIVE
PATHS AND A PERFORMANCE INDEX

INTRODUCTION

In the statistical and demographic study of urbanization,
the following dimensions are usually considered: level of or
degree of urbanization, changes in the degree of urbanization
(the tempo), distribution and concentration of urban population
among city size categories, and components of urban growth. The
level and the tempo of urbanization constitute the minimum and
basic dimensions that must be quantified for any meaningful
study of the phenomenon. The other aspects are alternatively
treated as causes, effects, and dimensions of urbanization.
This paper is not an attempt to review or contrast the different
measures of urbanization, this can be found in Arriaga (1975).
The application of different measures to world data over time
and cross-sectional data can also be found in Davis (1970) and

most recently in UN (1979).

In this paper, a comparative analysis over time and between
regions of two dimensions of the urbanization process is pre-

sented: namely, urbanization level and urban concentration.

*Only two groups of countries, developed and less developed are
examined here. The classification of countries into these two

groups is that of the UN (1979). 1In that study, the definition
of urban areas was that adopted by each country.



In contrast to the other studies, however, the levels of the two
dimensions and the change in them are ex.mined simultaneously
with the help of a new measure that combines them analytically

(hereafter called the measure of combined change).

The numerical values taken by a given country or region on
the two dimensions at a given period of time are considered as
specifying the country's urbanization "position" relative either
to the position of other countries at the same time period, or
to its own position at earlier time periods. As urbanization
progresses these two dimensions change concomitantly, although
the magnitude and/or the direction of change may differ. As a
result, the country or the region under consideration will move
to a new position. Therefore, by tracing this simultaneous
change over time we will be able to follow the "path" of a given
country or region during the course of urbanization. These paths
provide an effective tool for regional and temporal comparisons.
Furthermore, since urbanization is a dynamic and cumulative pro-
cess, it is considered logical to regard the amount of change
that occurred during a given year in a given dimension as a
guantitative measure of the demographic "performance" on that
dimension of a given country or region. This led to the con-
struction of a summary index called the performance index, with
values between zero and one depending on the relative or net
change in the two urbanization dimensions, which greatly facili-

tates the regional and temporal comparison.

All the analysis presented in this paper is based on a simple
formula that combines the two dimensions analytically. The anal-
ysis is done with respect to two types of population; the urban
population as defined in UN (1979) and the "city population"
namely that part of the urban population that lives in cities of
at least 100,000 inhabitants. As will be demonstrated later, the
comparison between these two facets of urbanization is highly
instructive. It also facilitates relating some part of the
analysis to a given form of city size distribution, namely, the

rank-size distribution, which attracts a lot of interest.



The paper consists of four sections. Section I introduces
the measures used to quantify the dimensions, the measure of com-
bined change and discusses their relationships. The urbanization
paths are discussed and illustrated in Section II. In Section
IIT the performance index is defined and its relation with the
rank-size distribution is examined. Finally, the paper ends with
a summary and suggestions for further applications of the ideas

presented in the paper.

All the computations presented throughout the paper are
based on Table 4.4 of UN (1979), which gives population, number
of cities, and percentage of urban population in a given size
class or above (1950-1975), by world, developed and less developed
regions, major areas, and regions. It is important to note here
that the data for 1975 do not include some cities that have grad-
uated to a size class of 100,000+ between 1970 and 1975, but it

was decided to include them in the analysis for this paper.

I. URBANIZATION LEVEL, URBAN CONCENTRATION, AND A MEASURE OF
COMBINED CHANGE: OVERALL RELATIONSHIPS
Let n be the number of city size classes that encompass
the urban population in a given area (country or region), with
uy referring to that part of the population that lives in the ith

size class, and u being total urban population and

n
g (u;/u) = 1

All the observed city size distributions {(either cross-
nationally or longitudinally) could be looked on as lying between
two extreme cases; the case of complete concentration in one size
class (ui/u) = 1 for some i, and (uj/u)1= 0 for each j # i, and
the case of complete evenness (ui/u) =5 for all i . Our first
objective is simply to contrast the regional and the temporal
differences in urban concentration by examining the movements of
the corresponding city size distribution between these two ex-
tremes. Since movement towards one extreme implies movement away
from the other, it is sufficient to use one case onlv as a "bench-

mark" for comparison.



To facilitate the comparison we need a summary measure {(ag-
gregate) of the extent of concentration among different size
classes. The first such measure that comes to mind is the sum
of absolute deviations between the observed proportions (ui/u)
and the corresponding ones for the case of complete evenness
(1/n). This is an easy measure to calculate and to interpret.
However, its major disadvantage is that it is difficult to manip-
ulate algebraically. An alternative measure which has been sug-
gested by Berry (1971) in this connection, although no application
was given, is the entropy of the distribution. Considering (ui/u)
as the probabkility that a randomly selected individual of the
urban population be found in the ith size class, the entropy of

this distribution, according to Theil (1972) is given by

Do u, u,
H= - Z (T) 1n (?) (1)
i

where 1n is the natural logarithm. Theil (1972) gives an exten-
sive and comprehensive utilization of the entropy as a general

measure of "dividedness" or concentration.

H is zero when there is a complete concentration of urban
population in one size class. The maximum value of H is 1ln (n),
where n is the number of size classes, and will only be reached
when there is a complete evenness in the distribution, i.e.,
when all probabilities are egual to (1/n).* Therefore, an in-

creasingly skewed distribution is one in which H is decreasing.

The entropy H will be our measure of the overall degree of
urban concentration, and will, as mentioned earlier, be con-
trasted in some parts of the paper with the case of uniform dis-
tribution. However, this does not imply that we regard the
uniformity of urban population distribution among different size
classes as the optimum distribution. Simply, we need a standard
distribution (or a standard value of H) for comparative purposes,

and the uniform distribution fulfills this need.

*This is only correct if all size classes are of equal length.

If not, as in our case, then the probabilities have to be changed
accordingly. In this case the maximum value of H (which can be
reached empirically) will be less than 1ln (n). However, for
simplicity, 1ln (n) will be used here as the maximum value.



Following the UN (1979), seven city size classes will be used
with the first class consisting of all cities with less than

100,000 inhabitants and the last class consisting of cities with

four million inhabitants or more. 1In this case, n = 7 and we
have
7 ui u,
= e —_— —_— L
H % (ll) 1n (11) (1)

Let Pc be that part of urban population that lives in cities
of 100,000 inhabitants or more. To distinguish this population
from the total urban population, it will be referred to as the city
population. Letting Pci be that part of city population that

lives in the ith size class, the entropy of this distribution is

given by
6 Pei Pei :
H, = - % (j;—) In (jr—) (2)
c c
6
where P_ = ] P_ . Similarly, H, will be used to measure the
1

level of concentration of city population.

Tables 1 and 2 show the individual probabilities and the
corresponding entropies for both urban and city populations, for
developed and less developed countries from 1950 to 1975. This
table shows that entropy H for the urban population is increasing
over time for both developed and less developed countries, with
larger increases in the case of developed countries. This is
also accompanied by increasing concentration in the last size
class (four million or more). There is no contradiction here
since H measures the overall change in the distribution. Although

it is not presented here, the sum of absolute differences between

*¥One may dquestion the use of the entropy as a comparative measure
of the overall shape of a given distribution since two completely
different sets of probabilities can lead to the same value of the
entropy. However, this point is not relevant to our use of the
entropy as a measure of the closeness to the uniform distribution,
since for a given number and division of classes, the entropy will
increase (decrease) if and only if, there is a movement towards
(away from) the uniform distribution.
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the individual probabilities and the uniform probabilities (1/n)
declined by 24 percent in the case of developed countries and by
10 percent in the case of less developed countries during the
period 1950 to 1970. There is no clear trend in the case of city

population and this will be exposed clearly in the next section.

The most common measure of the degree of urbanization or
urbanization level is the proportion (or percentage) of the total
population that lives in urban areas. It will be used here to
quantify the first dimension of the urbanization process. Thus
let,

7 u.
ale) = (@ =1 (%) (3)

Hlc

be the degree or level of urbanization for a given country or
region in year t, where u is the urban population, and T the

total population.

As urbanization proceeds both the level of urbanization (a)
and urban distribution (ui/u) change, which results in the
changing of the individual components (ui/T). These components
show how the level of urbanization is distributed among differ-
ent city size classes. Thus the changing pattern of (ui/T) over
time reflects the simultanecus, or the "combined", change in the

level o and in the distribution (ui/u).

To measure the overall change in the distribution of the
level of urbanization, a formula equivalent to that used in de-

fining the entropy H immediately suggests itself:
7 u, u,
= - % (%) 1n (%) (4)

which is minus the weighted average of 1ln (ui/T). By dividing
both sides of equation (4) by a, the new weights (ui/u) now sum

to one and the new measure:

7 u u,
-1 (3 1n () (5)
1



is equal to minus the expected wvalue of 1ln (ui/T). It follows

immediately that
In (a) = H - H (6)
and thus
a=e e (7)
Since for a given number of city size classes (n):
0 <H < 1ln (n)

it follows that

*
1n(?1-)5H < 1n (B) a >0

%*
For a given level of urbanization, H reaches its maximum with

complete evenness of urban distribution.

Equation (6) shows that when o = 1, the measure of the com-
bined change reduces to the entropy of the distribution. H* is
always larger than H, and the smaller the level of urbanization,
the larger H* is in relation to H. Two countries with the same
urbanization level will have different values of H* if they have
different urban distribution (u /u). Two similar sets of (u /u)
will result in different values of H when they are comblned with
two different values of a. Also two similar values of the entropy
H can result from two different sets of (ui/u), however, unless
the two corresponding levels of urbanization are equal, the mea-

%
sure H will take two different values.

Equation (7) shows that the level of urbanization is equal
to the product of two components: eH and e—H*. Figure 1 shows
the plot of three contour lines using equation (7). Each line
represents all the different combinations of the two components

-g*

(eH and e ) that give the same level of urbanization, .1, .5,

or 1.
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With respect to city population, we have

Pc g Pci
c(t) = (=5 =) (=) (8)
e
* 6 Pci Pci
HC = - }l: (?) 1n (T) (9)
*
log (c) = H_ - H, (10)
and
H H*
c=e e € (11)

Tables 3 and 4 give the different values of H* and HZ over
the period 1950~-1975 for developed and less developed countries.
The values of H*, decline over time (this is true for urban and
city populations, except in 1960, at which time H: was larger
than that of 1955). The magnitude of the decline depends (as

we shall see) on the relative change of a (or c) and H (or Hc).

The two measures of the levels a and ¢ are given at the
bottom of Tables 3 and 4, respectively, each as the sum of its
individual components; (ui/T) in the case of a and (Pci/u) in

the case of c.

The equations that define the measure of combined change
(H*) lend themselves easily to a different kind of comparison,
namely, standardized comparisons, which, to the author's know-
ledge, has not been done in this context before. However, a pre-
requisite to this is the interpretation of the regional and
temporal variations of the values of H* as shown by Tables 3 and
4. This will be done in this paper, while deferring the stand-

ardized analysis to a future work.
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II. THE URBANIZATION PATHS

As urbanization progresses or evolves, there exists a simul-
taneous change in the level of urbanization and the degree of
urban concentration although the magnitude and the direction of
change may differ. Equation (8) and similarly equation (11)
which show that the level of urbanization can be factored to be
a product of two components: a concentration component (eH) and
another component which combines the change in the level and in
concentration (e_H*), can be used to trace graphically those
simultaneous changes. Figures 2 and 3 show the observed urbaniz-
ation paths for urban population and for city population. In
both figures the horizontal scale shows the values of (e_H*)
while values of the (eH) are plotted along the vertical scale.
The corresponding values of the urbanization level (a or c¢) can
be read by relating t?e point which represents a given combina-

—H ) to one of the three contour lines shown

tion of (eH) and (e
in the same graph.+ Each line represents the collection of all
possible combinations of (eH) and (e-H*) which result in the same
level of .2, .4, or .6 in the case of urban population, and .5,
.6, or .7 in the case of city population. The paths are shown
as lines connecting the different points in the direction of the
arrows, with the first point referring to 1950 and the last to

1975.

To facilitate the comparison, two hypothetical paths (a)
and (b), having the same initial position as the observed path,
are drawn in Figure 2 for both developed and less developed coun-
tries. 1In path (a) we assumed that beginning from the second
period (1955), the amount of change (increase) in the level of
urbanization will equal the observed change in the level of con-
centration. Path (a) then, is the path of equal change. Accord-
ingly, a country having the same initial position but following
path (a) would have different levels of urbanization in each time

period (from either developed or less developed countries, as is

tThe approach of drawing the contour lines on the same graph that
shows the values of the two components is similar to that used by
Coale et al. (1979) to analyze the changes in fertility in Russia.
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implied by the position of the contour lines) but the same concentra-
tion level. On the other hand, path (b) is the path that would
have materialized if the initial level of concentration was kept
constant for the whcele period, while the urbanization level in-
creased as observed. Path (b) then is the path of zero change

in concentration. The observed path of course, lies between

these two extremes.

The comparison between the observed paths can be made di-
rectly or by their relative position to the hypothetical paths
(a) and/or (b). 1In general, the closer the observed path is to
the vertical path (a) the closer the change in concentration is
to the change in the urbanization level and vice versa.T Thus
the relative position of the two observed paths to the path (a)
indicate that the difference between the magnitude of change in
the two dimensions of the urbanization process is becoming
larger over time with a much larger difference in the case of
less developed countries. Any path that lies between path (a)
and the observed path will pass through the horizontal lines that
connect the black dots on the two paths (shown for the developed
countries) and thus the intersection points will have the same
concentration level as the observed path but with a different

urbanization level (a).

The observed path for the less developed countries is closer
to the hypothetical path (b) than that of developed countries
(especially in the first two time periods) and thus indicates a
faster urbanization tempo and a faster decline in the measure
of combined change H*. The lines that connect the black dots
on the observed path with those in the path (b) represent the
same observation levels. Thus any path that lies between the
observed path and the path (b) will achieve the same observed
level of urbanization in each time period with different con-

centration levels.

tTAs will be made clear in the next section, the fact that the
two observed paths are to the right of path (a), is due to both
changes having equal (and positive) signs.
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That the regional and temporal evolution of the urbanization
dimensions can be shown compactly ina graphic form is illustrated
again in Figure 3, which shows the observed paths for city popu-
lation. This figure will not be commented upon here, except to
notice that almost no change in the level of concentration was
made during the 25 years for both developed and less developed

countries.

III. THE PERFORMANCE INDEX

As we have seen, the two dimensions of the urbanization pro-
cess, as they are considered here, change simultaneously during
the course of urbanization although the magnitude and the direc-
tion of change may differ regionally and/or temporally. The
last observation is very clearly demonstrated in Figure 3 which
shows the urbanization path for city population. In this section
an examination of the temporal pattern of the change in the two
dimensions will be presented.* The amount of this change will
then be used to construct an index which can be used to summarize
the relative performance during the course of urbanization, as it
is reflected by these two dimensions for a given country or re-

gion.

and Ht’ H represent two consecutive values

Let ayr Opygr t+5
of levels of urbanization and the degree of urbanization concen-
tration for a given country or region. The change in the second
dimension may be represented by the difference AH = Ht+5 - Ht'
Assuming exponential mode of growth in the level of urbaniza-
tion between (t) and (t+5), the amount of change in the first

dimension is conventionally measured as ln (o /at) = 5 Ly where

ry is the average rate of growth between (t)t;id (t+5). Similarly
AHC and 5 r, may be defined with respect to city population. How
are these two amounts of change related? Figure 4 summarizes
all possible cases together with a plot of the actual values

which are also given in Table 5. It is clear that the empirical

tWwithout loss of generality, and in accordance with the data set
used in this study, we only consider a 5-year time period.
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range of variations is very narrow compared to the possible one.
In addition,all the points (except one) lie below the 45° line
which indicates (as expected) that the magnitude of change in
the level of urbanization is larger than that of the degree of
concentration. Finally, it seems that the last 10-15 years
show an almost constant change in the urbanization level, to-
gether with a tendency to increase in concentration for both

developed and less developed countries.
This kind of comparison is greatly facilitated using the
measure of combined change H*. Recall equation (6):

*
H =H - 1n (a) (6)

* *
H we have:

It is easy to see that given Ht’ £45

H ~H_ =AH = AH - 51« (12)

H = AHc - 5r (13)

Thusthe change in the values of the measure of the combined
change is the "net" change in the two dimensions between two
points in time. This explains the empirical trend in the values
of H* which were given in Tables 3 and 4, namely, its decline
over time with a faster decline in the case of less developed
countries. A quick comparison of the relative magnitude of
change in the two urbanization dimensions can thus be made by

. * .
just examining how H changes over time.

Regarding the magnitude of change in a given dimension in
a given period as a quantitative measure of the performance on
that dimension in that period, the amount of change in the two
dimensions may then be considered as a measure of the overall
performance during the same period.. Among. the different ways
which can be used to relate the change in the two dimensions

to each other, we have chosen the form given by equations (12)
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and (13). Apart from its additivity, which makes it simple to
interpret, it will be shown in a subsequent paper that it can be
disaggregated quite easily by individual city size classes and
thus can be used to evaluate the relative contribution of each
size class to the change in the urbanization level and/or in the

overall shape of the distribution of urban population.

Since empirically the left hand side of equation (12) or
(13) is negative in most cases, the performance index is defined

as follows:

* ok
IA - AH*(obs.) - AH*(mln.) 0 < IA < 1 (14)
AH (max.) - AH (min.)
* *
where AH (obs.) is the observed value in a given year, AH (min.)

is the minimum possible value, which can be either theoretically
defined or empirically observed and AH*(max.) is the maximum
possible value. For the purpose of this paper, the minimum and
maximum value for each of the two components of the right hand

side of equation (13) are defined as follows:

o
A
[S)]
R

IA

.5 0 <5r < .5
0 £ (AH) < 1n (n)
where n = 7 for urban population and n = 6 for city population.

Thus we have:

*
_ AH (t) + .5
- 2.4459

for urban population

and

*
AH (t) + .5
2.2918

for city population

H
>
t
Il
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In the case of equal change (AH* = 0), I, takes the values .2044
and .2182 for urban and city population respectively. Figure 5
shows the plots of the values of the index taken by developed

and less developed c¢ountries together with the line of equal
change. Except for the period 1¢255-1960, for city population,
all the values are below the line of equal change. This is to

be expected because of the high negative contribution of the
tempo of urbanization to the index value (except for the period
1955-1960 in which the proportion of urban population living in
cities of at least 100,000 inhabitants declined from its previous
value in less developed countries). The developed countries in
general score higher values on this index than the less developed

countries.

It is clear from the way this index is constructed, that for
a given change in the urbanization level, a higher than otherwise
score is possible only with a larger (and positive) change in AH,
i.e., with a larger decrease in the measure of urban concentra-
tion. This explains the relatively higher scores for the devel-

oped countries.

Finally another potentially useful and interesting utiliza-
tion of the index has been suggested by the data. It has been
noted that the distribution of population among cities of various
sizes very often closely follows aguite simple statistical rule,
usually termed the "rank-size" distribution. According to one
version of this statistical generalization when size of place
categories are related so that the upper and lower limits of
each size class represent a doubling of those in the next lower
size class, the amount of population in each size group will tend
to be constant.f In UN (1979) a graphical comparison of the size
distribution of cities in the major regions of the world for
1970 was presented and it was evident that (in this year) the
rank-size distribution was closely followed. Here we follow a
different approach. For each time period, 1950, 1955, to 1975,
we fitted a rank-size distribution for developed and less devel-
oped countries. The sum of the absolute proportional differences

+For a substantive and theoretical discussion of this distribu-~
tion, see Berry (1971).
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between the observed (0) and the expected (E) numbers were com-

puted for each period, i.e.,

The change in this total between two time periods was also com-

puted, i.e., the amount

(16)

which is shown at the bottom of Table 5. This amount was con-
trasted with the value of the performance index I, in the form

of a scatter diagram shown in Figure 6. The strong negative
relationship between the two indices is readily apparent. Note

in particular that the largest reduction in the absolute devia-
tion in the case of less developed countries is associated with
the largest value of I, Again the largest increase in the ab-
solute deviation for developed countries is associated with the
smallest value of the index I, The emphasis here on the temporal
change in the variables (not on the levels themselves) is impor-

tant since urbanization is a dynamic and not a static process.

As mentioned above, the two terms on the right hand side of
equation (13) can be disaggregated by city size class. With the
help of a larger set of data, this fact will be used to examine

the aforementioned relationship in greater detail.

IV. SUMMARY AND SUGGESTIONS FOR FURTHER APPLICATIONS

An attempt has been made to examine the development of the
urbanization process in two basic dimensions: urbanization

level and urban concentration.

To facilitate the regional and temporal comparisons, a sum-
rary measure that combines the two dimensions analytically is

introduced and its use is illustrated with data compiled in UN
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(1979). The historical development of the two dimensions, to-
gether with the new measure, has been depicted on a graph which
shows ccmpactly the path that has been fcllowed in the course

of urbanization.

Finally, a comparative index with values k=tween zero and
one, called the performance index, was defined and was found to
be strongly (although tentatively) related to a summary measure
of the deviations between the observed urban distribution and
the empirically common rank-size distribution. It will be shown
in a subsequent paper that this index (when disaggregated hy
city size classes) can be explicitly related to the growth rate
of urban population, the growth rates of the individual size
classes, and a weighted function of the size of the population

in each class.

One result of this decomposiﬁion is that it now becomes
possible to apply the different techniques of standardization
(familiar in fertility and mortality comparisons) to the analy-
sis of the demographic aspects of urbanization. In the mean-
time, however, we would like to suggest the possible uses of

the ideas presented in this paper in a more general way.

Given a total that is divided into components, it is always
interesting to compare the change in that total (in terms of
both the magnitude and direction of change) with the change in
the overall importance of individual components, namely the

change in their proportional contribution to the total.

An immediate field of application is fertility, where the
total can be represented by total fertility rate (TFR) and the
individual components are the age-specific fertility rates. Thus

we immediately have

o= - 1 £(i) log (f(i))

=
Il

=
il

2= -] £(i) log (F(i))

and



*
Hp - Hp = log (TFR)
where F (i) is the age-specific fertility rates and TFR = Z F (i)
i
is the total fertility rate and f£(i) = F(i)/TFR with

*
) £(i) = 1. H_ will give the combined effect of the change in

the timing of gertility represented by the change in shape of
the proportional contribution of the reproduction ages to TFR
f(i) and of the change in average family size represented by
TFR. We may also define a fertility path similar to the urban-
ization path defined earlier. This can be used effectively in
comparative analysis over time and across space of the change in

these two dimensions of fertility.

The same approach can be applied to the migration by replac-
ing TFR with GMR (Gross Migraproduction Rate) and F (i) by M(i),

the age-specific migration rate; Castro and Rogers (1979).

With respect to mortality, Keyfitz's (1977) analysis of the
effect of a uniform change in death rates on the expectation of
life is in the same line. His quantity H derived as the propor-
tional change in the expectation of life has the same form

*
as our measure H with 1l(a) playing the role of (ui/T).

*
Finally it is interesting to note that our measure H may

be made (after a suitable change in scale) to have the same form
as the quantity ¢, defined as the reproductive potential and
derived using some concepts from statistical mechanics and as-

suming stable age distribution, in Demetrius (1980).
This function has the form
. 1o 1. m.

1 py log (1y my)

)

q) =
iPj

where lj is the probability of suryiving to age j, mj is the fe-
cundity at age J and pj = (lj mj/xj), A being the growth ratio.
No application was given, however. The utilization and the
interpretation given to the measure H* in the course of this
paper may be carried over to ¢ and some possible use of it with-

in the context of stable population theory suggests itself.
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