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PREFACE 

Methods based  i n  a l g e b r a  and geometry a r e  i n t r o d u c e d  f o r  

t h e  mathemat ica l  f o r m u l a t i o n  of  problems i n  t h e  s o c i a l  and 

b e h a v i o r a l  s c i e n c e s .  S p e c i f i c a l l y ,  t h e  paper  i n t r o d u c e s  t h e  

main c o n c e p t s  of  s i n g u l a r i t y  t h e o r y ,  c a t a s t r o p h e  t h e o r y  and 

q - a n a l y s i s  f o r  t h e  c h a r a c t e r i z a t i o n  o f  t h e  g l o b a l  s t r u c t u r e  

o f  s o c i a l  sys tems.  A p p l i c a t i o n s  i n  urban . land development ,  

e l e c t r i c  power g e n e r a t i o n  and i n t e r n a t i o n a l  c o n f l i c t  a r e  

g iven  t o  i l l u s t r a t e  t h e  methodology. The p a p e r  c o n c l u d e s  

w i t h  an  o u t l i n e  f o r  a  g e n e r a l  ma themat ica l  t h e o r y  o f  s u r -  

p r i s e s ,  t o g e t h e r  w i t h  a  program f o r  i n v e s t i g a t i n g  t h e  

s y s t e m i c  p r o p e r t y  o f  r e s i l i e n c e .  



1. Mathematical Modeling in the Social Sciences 

Stimulated by the (partial) successes of their cousins in 

the economics community, social and behavioral scientists have 

been increasingly adopting the tools of applied mathematics to 

formulate and analyze various models of human behavior. Especially 

in the past decade there has been a veritable explosion of papers, 

books and lecture notes advocating the uses of linear programming, 

graph theory, regression analysis, and llarkw cmins, to name but a few 

approaches, for the study of such assorted social ills as the 

criminal justice system, populations migration, public health 

facilities and automobile parking space allocations. Interesting 

surveys of some of this literature are the books [l-31. While we 

do not wish to minimize the importance or.relevance of this work 

in any way, the fact still remains that most of the modeling efforts 

in the social and behavioral areas leave the practitioners and 

decision makers with a strong feeling of unease and dissatisfaction. 

The general view is that once one steps away from a very localized 

situation, such as the microeconomy of a firm, and tackles a large, 

complex system, such as the national economy, the tools and methods 

of classical applied mathematics fail to adequately cope with many 

of the essential ingredients of the problem. In short, the tools 

developed around the physics-based paradigm of classical mechanics 

and its minor extension into engineering, are no longer appropriate 

for capturing the structural aspects of large social systems. In 

the Kuhnian sense, a new paradigm has been created, requiring its 

own blend of mathematical concepts and tools. But, what are the 

distinguishing features of this paradigm which the mathematics 



must s t r i v e  t o  cap tu re?  

One of t h e  c e n t r a l  founda t ions  upon which t h e  physics-based 

theo ry  of modeling rests i s  t h e  assumption of a b a s i c  "law" 

governing t h e  r e l a t i o n s h i p  between t h e  v a r i a b l e s  of t h e  problem. 

Such a law may be something r a t h e r  e lementary l i k e  Ohm's Law o r  

q u i t e  e l a b o r a t e  such a s  t h e  s e l e c t i o n  r u l e s  of quantum mechanics, 

b u t  t h e  e s s e n t i a l  assumption under lying a l l  modeling e f f o r t s  i s  

t h e  e x i s t e n c e  of such a law. W e  have argued e l sewhere[4]  t h a t  i n  

t h e  s o c i a l  and behav io ra l  realms t h e r e  a r e  no such laws,  a t  l e a s t  

n o t  i n  t h e  s ense  i n  which t h e  t e r m  is  used i n  phys i c s .  While t h e  

arguments of [ 4 ]  do n o t  bea r  r e p e a t i n g  h e r e ,  it i s  worth no t ing  

t h a t ,  i n  our  view, t h e  on ly  p o s s i b i l i t y  f o r  f r e e i n g  t h e  modeling 

p roces s  from an overdependence upon laws i s  t o  conve r t  t h e  laws 

i n t o  pure ly  mathemat ical  axioms. The s e a r c h  f o r  laws i s  then  

r ep l aced  by t h e  c o n s t r u c t i o n  of a p p r o p r i a t e  mathematical  s t r u c t u r e s .  

Thus, any mathematical  theory  of modeling addressed  t o  t h e  s o c i a l  

s c i e n c e s  must n o t  r e l y  upon t h e  presence of laws f o r  i t s  

u t i l i z a t i o n .  

A common consequence of t h e  employment of a p h y s i c a l  law i n  

c l a s s i c a l  modeling i s  t h a t  t h e  model t hen  r e f e r s  on ly  t o  t h e  

behavior of t h e  system i n  some l o c a l i z e d  spa t io - tempora l  reg ion .  

For i n s t a n c e ,  Newton's 2nd law p o s t u l a t e s  t h e  r e l a t i o n s h i p  between 

t h e  f o r c e  e x e r t e d  upon a p o i n t  p a r t i c l e  a t  a s p e c i f i c  moment i n  

t i m e  and t h e  p a r t i c l e ' s  a c c e l e r a t i o n  a t  t h a t  same i n s t a n t .  The 

i m p l i c i t  hope i n  such a modeling scheme i s  t h a t  t h e  l o c a l  in-  

format ion provided by t h e  law can somehow be p ieced  t o g e t h e r  t o  

p rov ide  a g l o b a l  p i c t u r e  of t h e  p a r t i c l e ' s  behavior  throughout  



space and time. Such a procedure works reasonably we l l  i n  phys ics ,  

probably due t o  t h e  f a c t  t h a t  a l l  laws of phys ics  can t e c h n i c a l l y  

be  expressed i n  terms of i n v a r i a n t s  of c e r t a i n  groups of coord ina te  

t ransformat ions  and it t u r n s  o u t  t h a t  t h e s e  groups have a n a l y t i c  

r e p r e s e n t a t i o n s .  This f a c t  has t h e  consequence t h a t  i f  w e  know 

t h e  experimental  d a t a  i n  a l o c a l  spat io- temporal  r eg ion ,  then w e  

can extend it by a n a l y t i c  con t inua t ion  t o  o t h e r  r eg ions  wi thout  

having t o  t a k e  i n t o  account what i s  happening " a t  i n f i n i t y " .  I n  

s h o r t ,  t h e  a n a l y t i c i t y  f o r c e s  a c e r t a i n  " r i g i d i t y "  upon t h e  process  

which s e e m s  t o  be e s s e n t i a l  f o r  t h e  e x i s t e n c e  of a phys ica l  law. 

Needless t o  say ,  i n  t h e  s o c i a l  s c i ences  t h e  absence of laws c a s t s  

s e r i o u s  doubt over o n e ' s  a b i l i t y  t o  employ t h e  above s o r t  of l oca l -  

to-global ,  r e d u c t i o n i s t  philosophy of modeling. Any mathematical 

approach t o  s o c i a l  s c i ence  modeling must c o n t a i n  wi th in  i t s  frame- 

work t h e  a b i l i t y  t o  cap tu re  t h e  g loba l  s t r u c t u r e  of a s i t u a t i o n  

wi thout  f i r s t  having t o  decompose t h e  system i n t o  elementary "atoms". 

The a b i l i t y  t o  expres s  b a s i c  concepts  i n  a morphological way 

i s  one of t h e  s t r e n g t h s  of c l a s s i c a l  modeling theory.  Here by 

morphological ,  w e  mean being a b l e  t o  e x h i b i t  t h e  concept i n  mind 

by a simple geometr ical  form. Thus, i n  c l a s s i c a l  phys ics  we speak 

of p o i n t  p a r t i c l e s ,  e l l i p t i c a l  p l ane ta ry  o r b i t s ,  s p h e r i c a l l y -  

symmetric g r a v i t a t i o n a l  f i e l d s  and s o  on. I n  t h e  s o c i a l  s c i ences ,  

concepts  a r e  used which cannot  be expressed i n  a morphological  way. 

For i n s t a n c e ,  no t ions  such a s  "power", ' " s t a t u s " ,  " ideology",  e t c .  

seem d i f f i c u l t  t o  i d e n t i f y  with  any "forms" from elementary geo- 

metry. Mathematical methods f o r  modeling i n  t h e  behaviora l  and 

s o c i a l  spheres  must be capable  of e x p l i c i t  geometric c h a r a c t e r i z a t i o n  



and manipulat ion of morphogenetic f i e l d s  i f  s o c i a l  s c i ence  modeling 

i s  t o  be made i n t o  a s c i e n t i f i c  d i s c i p l i n e .  

The Cartesian/Newtonian world view, upon which c l a s s i c a l  

modeling i s  based,  s ays  t h a t  "space" i s  - a p r i o r i  and t h a t  "ob jec t s "  

s i t  i n  it. S i m i l a r l y ,  t h i s  view a s s e r t s  t h e  e x i s t e n c e  of some 

"abso lu te  time" t o  go a long  wi th  t h e  "abso lu te  space".  Although 

t h e  E i n s t e i n i a n  r e v o l u t i o n  abol i shed  both such a b s o l u t e s ,  it d i d  

so i n  a most p e c u l i a r  way: by invoking t h e  e x i s t e n c e  of another  ab- 

s o l u t e ,  t h e  v e l o c i t y  of l i g h t  i n  a vacuum. ~t i s  our  con ten t ion  

t h a t  t h e  s o c i a l  s c i ences  cannot  a b o l i s h  one type  of absolu t i sm by 

r e p l a c i n g  it with another  and t h a t  a coherent  theory  of modeling 

i n  t h e s e  a r e a s  w i l l  have t o  appeal  t o  t h e  r e l a t i o n a l  philosophy of 

A r i s t o t l e  and Leibniz .  I n  t h i s  world-view, t h e  concept of space 

i s  developed v i a  t h e  no t ion  of r e l a t i o n  between observed o b j e c t s ,  

i . e .  ou r  awareness of space comes through our  awareness of t h e  

r e l a t i o n  between o b j e c t s .  I n  a s i m i l a r  view, t i m e  i s  then  t h e  

man i fe s t a t ion  of r e l a t i o n s  between even t s .  The idea  of a b s o l u t e  

space and time i s  thus  completely absen t  from t h e  A r i s t o t e l i a n /  

Le ibniz ian  framework, thereby providing t h e  b a s i s  f o r  a h o l i s t i c  

r a t h e r - t h a n  r e d u c t i o n i s t i c  t heo ry  of modeling. 

The t a sk  t h a t  remains i s  t o  t r a n s l a t e  t h e  foregoing 

d e s i d e r a t a  i n t o  a s p e c i f i c  mathematical form which w i l l  then 

supply t h e  needed t o o l s  f o r  modeling i n  the  s o c i a l  sphere .  

While t h i s  program i s  a s  y e t  f a r  from complete, t h e  s i t u a t i o n  

has  progressed beyond t h a t  of mere armchair philosophy. I n  

what fo l lows ,  w e  s h a l l  explore  two methodological  d i r e c t i o n s  

which have been pursued wi th  the  above 



goals in mind: catastrophe theory and q-analysis. Each of these 

methodological approaches to modeling follow the same conceptual 

approach, namely, to map a given situation or process in the 

external world onto a well-defined and well-understood abstract 

geometrical form. In the case of catastrophe theory these forms 

are the geometrical objects (fold,&sp, butterfly, etc.) resulting 

from the Thom Classification Theorem for smooth functions. For 

q-analysis, the standard form is a simplicia1 complex (or collec- 

tion of such complexes), which is associated in a well-defined 

way with the data sets and relations of the given problem. Thus, 

both catastrophe theory and q-analysis provide us with a language 

of structure, enabling us to speak in a rather precise, mathematical 

and morphological way about the global and local connective struc- 

ture present in any particular situation. In addition, many of the 

qualitative features observed in the social and behavioral sciences 

such as discontinuities, "surprises", hysteresis effects, subjective 

time scales and so on, which cause some nontrivial modeling 

difficulties using physics-based methods, can be approached in a 

mathematical way using the catastrophe theory -and q-analysis 

machinery. 

Following a brief outline of both catastrophe theory and 

q-analysis in the next two sections, we shall then illustrate the 

employment of these tools in a variety of social and behavioral 

settings involving electric power networks, international con- 

flict, and land use development. 

These examples serve not only to indicate the power and scope of 

the catastrophe theory/q-analysis "language", but also to suggest 



certain extensions of the "vocabulary" and "grammar" needed for 

a deeper understanding of such human phenomena. 

2. Catastrophe Theory 

So much has been written about catastrophe theory in the 

past few years that we shall refrain from a detailed exposition 

here, contenting ourselves with the bare essentials needed for 

what follows. For the interested reacter we recommend the recent 

book [5] as the best elementary introduction to the subject. The 

volumes [6,7] can also be recommended for a wealth of interesting 

theory and examples and, of course, the original source which 

ignited the catastrophe theory explosion is Thom's treatise [81. 

Finally, for some adverse views on the subject, particularly 

focusing upon some of its early application in the social sciences, 

see [ 9 ] .  

At the mathematical level, catastrophe theory is involved 

with the problem of classification of singularities of smooth 

(i.e. c ~ )  functions. From the standpoint of applications, the 

utility of the mathematical theory hinges upon being able to 

identify the equilibria states of the svstm under study with the 

critical points of some parametrized family of C- functions. 

Roughly speaking, catastrophe theory addresses itself to 
OD 

the question: given a C function f (x), XE R ~ ,  when can we find 

a smooth coordinate transformation y = h(x) such that in the y 

variables f is exactly represented by a finite segment of its 

Taylor series expansion in the neighborhood of a critical point? 

In the event such a transformation h is possible, a secondary 

question then arises: is there a smoothy ~arametrized family 



of f u n c t i o n s  F  c o n t a i n i n g  f  such t h a t  t h e  above " f i n i t e  t r u n c a t i o n "  

p r o p e r t y  ho ld s  f o r  each  f  E F  and, i f  s o ,  what  does  such- a  f ami ly  look 

l i k e ?  The Thom-Mather theorem answers t h e  above q u e s t i o n s  i n  

t e r m s  of c e r t a i n  i n t e g e r s  computable from t h e  f u n c t i o n  f  i n  a  

neighborhood o f  t h e  c r i t i c a l  p o i n t .  Looking a t  t h e  q u e s t i o n  from 

t h e  o t h e r  end,  c a t a s t r o p h e  t h e o r y  a l s o  answers ( p a r t i a l l y )  t h e  

ques t i on :  i n  a  k-parameter  f a m i l y  o f  f u n c t i o n s ,  which l o c a l  

t y p e s  do w e  t y p i c a l l y  meet? For  a p p l i c a t i o n s  e i t h e r  form of t h e  

q u e s t i o n  may a r i s e ,  a l t h o u g h  t h e  l a t t e r  seems t o  be  more common. 

Now l e t  u s  b e  a b i t  more s p e c i f i c  abou t  t h e  f o r e g o i n g  m a t t e r s .  

Consider  a  smooth f u n c t i o n  f  ( x  l t X 2 '  . . . , x  ) i n  a  ne ighbor-  n  
k  hood of  t h e  o r i g i n .  W e  w r i t e  j f t o  deno t e  t h e  k - j e t  of  f  a t  0 ,  

i .e .  t h e  Tay lo r  series expans ion  o f  f  t o  terms of  o r d e r  k .  Thus, 

A 

k where f  i s  o f  o r d e r  k + 1. So, j f  i s  a  polynomial  f u n c t i o n  o f  

deg ree  < k.  W e  s a y  a  f u n c t i o n  f  i s  k-de te rmina te  a t  0  i f  when- - 
k  k  e v e r  j f  = j g  f o r  some smooth g ,  t h e r e  i s  a  smooth change o f  

c o o r d i n a t e s  x + y  such t h a t  

I n  such  a  c a s e ,  w e  say  f  and g  a r e  r i g h t - e q u i v a l e n t ,  deno ted  f % R g .  

Note t h a t  t h e  c o o r d i n a t e  change must b e  r e g u l a r ,  i . e .  d e t ( 2 ) l  i 0  

and it must l e a v e  t h e  o r i g i n  f i x e d .  I t  need n o t  be  more t h a n  l o c a l ,  



i.e. de f ined  on ly  i n  some neighborhood of 0. I f  w e  choose g ( x )  = 

k  k  k  
1 f ,  t hen  c l e a r l y  j f  = j g ,  which imp l i e s  t h a t  i f  f  i s  k-determinate 

t hen  t h e r e  i s  a  l o c a l  c o o r d i n a t e  system such t h a t  i n  t h e  y  coordin- 

k  a t e s  f  i s  expressed e x a c t l y  by t h e  polynomial j f .  The s m a l l e s t  k  

such t h a t  f  i s  k-determinate  a t  0 i s  c a l l e d  t h e  determinacy of f ,  

denoted a ( f )  . 
I f  w e  l e t  f  , den0 t e  t h e  p a r t i a l  d e r i v a t i v e  af then  w e  say  axif 

t h a t  a  smooth f u n c t i o n  $ ( x )  i s  genera ted  by t h e  f t i  i f  t h e r e  e x i s t  

n  smooth func t ions  { qi  ( x )  1 such t h a t  

Define t h e  non-negative i n t e g e r  codim f  = t h e  number of  t e r m s  which 

a r e  independent ly  - n o t  gene ra t ed  by t h e  f ,  i ' This  number i s  c a l l e d  
3 3 

t h e  codimension of  f .  For example, i f  f ( x l , x 2 )  = x1 + x 2 t hen  

codim f  = 3 ,  s i n c e  xl, x  and x1x2 a r e  n o t  gene ra t ed  (by conven- 2 

t i o n ,  w e  do n o t  cons ide r  t h e c o n s t a n t  t e r m  1 i n  t h e s e  computa t ions) .  
2 

On t h e  o t h e r  hand, i f  f ( x l , x 2 )  = x1 x2 ,  then  codim f  = w ,  s i n c e  x  k  

2 
is  n o t  gene ra t ed  by t h e  f t i  f o r  any k. 

Unfor tuna te ly ,  it may r e q u i r e  an i n f i n i t e  number of computa- 

t i o n s  t o  dec ide  i f  a  p a r t i c u l a r  f  i s  f in i t e ly -de t e rmined ,  s o  w e  

i n t r o d u c e  t h e  r e l a t e d  concept  of k-completeness. The func t ion  f ( x )  

k  i s  k-complete i f  every $ (x )  such t h a t  $ = 0 ( lx 1 ) i s  gene ra t ed  by 

f  u s ing  f u n c t i o n s  $ i ( ~ )  = 0 ( lx 1 )  . I n  o t h e r  words, i f  $ i s  of  

o r d e r  k  and w e  can g e n e r a t e  $ by f t i  u s ing  m u l t i p l i e r s  con ta in ing  

no c o n s t a n t  t e r m s ,  then  f  i s  k-complete. For example, t h e  func t ion  
4 4 

f(x1,x21 = x + x i s  5-complete, b u t  n o t  4-complete s i n c e  terms of  1 2 



2 2 
t h e  t ype  x x2 cannot  be  ob ta ined  from t h e  f ,  a l though  we could 

4 4 if  

o b t a i n  pure  q u a r t i c s  l i k e  x and x2.  I t  i s  reasonably  c l e a r  t h a t  
1 

k-completeness can b e  decided i n  a f i n i t e  number of s t e p s .  I n  

f a c t ,  t o  prove k-completeness it i s  s u f f i c i e n t  t o  show t h a t  any 

k $ ( x )  = o ( ~ x (  ) can be w r i t t e n  a s  

f o r  some smooth f u n c t i o n s  $i ( x )  = O (  I x / ) . 
The r e l a t i o n s h i p  between k-completeness, k-determinacy and 

codimension i s  con ta ined  i n  t h e  fo l lowing  theorems, due p r i m a r i l y  

t o  Mather and Thom. 

Theorem 1. f k - c o m ~ l e t e  i m ~ l i e s  f i s  k-determinate .  

Theorem 2 .  f  k-determinate  imp l i e s  f i s  ( k + l ) - c o m ~ l e t e .  

Theorem 3 .  codim f < w i f  and on lv  i f  f  i s  f i n i t e l v  de t e rmina t e .  

The above theorems enab le  u s  t o  conclude t h a t  a lmost  every  

smooth f u n c t i o n  i s  r i g h t - e q u i v a l e n t  t o  a polynomial and t h e  on ly  

smooth f u n c t i o n s  which a r e  n o t  a r e  t hose  wi th  codim f = w .  So, 

i f  f  i s  f i n i t e l y  de t e rmina t e ,  w e  can i n t r o d u c e  a l o c a l  coo rd ina t e  

system near  0 such t h a t  t h e  behavior  of  f i n  t h i s  neighborhood i s  

e n t i r e l y  and e x a c t l y  given by i t s  k - j e t ,  i .e .  by a f i n i t e  segment 

of i t s  Taylor  s e r i e s  expansion.  

The n e x t  q u e s t i o n  t o  be addressed  i s  whether o r  n o t  a smal l  

p e r t u r b a t i o n  of  f i n t r o d u c e s  any e s s e n t i a l  change i n t o  t h e  above 

r e s u l t s .  To answer t h i s  s t a b i l i t y  q u e s t i o n  w e  need t h e  concept  of 

a u n i v e r s a l  un fo ld ina  of  f .  L e t  t h e  f u n c t i o n  f have codim f = c 

< w ,  and l e t  u . ( x ) ,  j=1 ,2 ,  ..., c be  independent f u n c t i o n s  n o t  
7 



genera ted  by f ,  
i ' 

The f u n c t i o n  

where { a , )  a r e  c o n s t a n t s ,  i s  c a l l e d  a  u n i v e r s a l  unfo ld ing  of f .  
3 

Now assume t h a t  t h e  o r i g i n a l  f u n c t i o n  f  i s  pe r tu rbed  by some 

smooth f u n c t i o n s  { $ k ( x ) j ,  i . e .  t h e  new f u n c t i o n  cons idered  i s  

which we can w r i t e  a s  

where t h e  $i (x )  , j  = 1 , . . . N are genera ted  by f  , i. The main 

s t r u c t u r a l  s t a b i l i t y  r e s u l t  i s  

Theorem 4 .  I n  t h e  exp res s ion  ( * ) ,  t h e  f u n c t i o n s  $ . ( x ) ,  j = 
3 

c + l ,  ..., n, can  be removed by a  smooth c o o r d i n a t e  t r ans fo rma t ion .  

Thus, t h e  u n i v e r s a l  unfo ld ing  of f  r e p r e s e n t s  t h e  most g e n e r a l  type  

of smooth p e r t u r b a t i o n  t o  which f  can be sub jec t ed .  I t  then  fo l lows  

t h a t  t o  s tudy  t h e  e f f e c t  of  l o c a l  p e r t u r b a t i o n s  on f ,  it s u f f i c e s  

t o  s tudy  t h e  p r o p e r t i e s  of a  u n i v e r s a l  unfo ld ing .  

The l a s t  i n g r e d i e n t  we need i n  o r d e r  t o  s t a t e  t h e  Thom-Mather 

C l a s s i f i c a t i o n  Theorem i s  t h e  i d e a  of t h e  corank of f. Define t h e  

Hessian ma t r ix ,  H of f ( x )  a t  0 by 



The integer r = n - rank H is called the corank of f at 0. The 

importance of the corank resides in the following result. 

Splitting Lemma. The function f(x) is right-equivalent to 

3 the function (xl, x2 , . . . , xr) + q ( x ~ + ~  , . . . , xn) , where g = 0 ( ( x / ) 

and q is a non-degenerate quadratic form. 

Thus, the Splitting Lemma enables us to separate the variables 

xlt*.-tx into 2 classes: the "essential" variables entering n 

into intrinsically nonlinear behavior, and the n-r "inessential" 

variables which play no role in bifurcations and "catastrophes." 
. . 

The claim of utility of catastrophe theory in the social and 

behavioral sciences rests heavily upon the Splitting Lemma in the 

following sense. Investigations in the social sciences usually 

involve large numbers of variables and traditional methods usually 

attempt to control all but a small number and analyze the inter- 

relations of those remaining. On the other hand, in catastrophe 

theory the primary focus is upon the codinension, i.e. the number 

of assignable parameters. If this is small, which is usually re- 

quired for any decent theory, then the corank is also small.* Hence, 

the Splitting Lemma then insures that the number of mathematically 

relevant state variables is small, usually 1 or 2. All the other 

state variables are well-behaved in a neighborhood of the critical 

point. 

Finally we can state the basic classification result of Thom. 

Classification Theorem. Up to multiplication by a constant and 

addition of a non-degenerate quadratic form in other variables, 

every smooth function of codimension < - 6 is right-equivalent to one 
of the universal unfoldings listed in Table 1. 

*More precisely, c. 



Table 1 

< 
Functions of Codimension -6 

Name Corank Codimension Function Universal Unfolding 

1 1 X 
3 3 x +a x 1 

1 2 X 
4 4 2 

x +a x +a2x 1 

1 3 X 
5 5 3 2 

x +a x +a2x +a x 1 3 

1 4 X 
6 6 4 3 2 x +a x +a x +a3x +a4x 1 2 

1 5 X 7 7 5 4 3 x + a x + a x + a x +  1 2 3 
2 a x +a5x 4 

Fold 

Cusp 

Swallowtail 

Butterfly 

Wigwam 

Star 

Elliptic 
umbilic 

Hyperbolic 
umbilic 

Parabolic 
umbilic 

2nd Hyperbolic 
umbilic 

2nd Elliptic 
umbilic 

Symbolic 
umbilic 

(None) 

2nd Parabolic 
umbilic 



I f  w e  denote  t h e  u n i v e r s a l  unfo ld inqs  of  Table 1 by y ( x ) ,  then  

we d e f i n e  t h e  b i f u r c a t i o n  set  B t o  be 

B =F k: k= axi 0 ,  d e t  i, j= l ,  2 , .  . . , n  
k=1 ,2 , .  . . , c  1 

I n  t h e  above se t -up ,  t h e  parameters  ( a  1 a r e  u s u a l l y  thought  of k  

a s  a s s i g n a b l e  " c o n t r o l "  v a r i a b l e s  and t h e  xi a r e  smooth f u n c t i o n s  

of t h e  ak except  a t  p o i n t s  on B. So, a s  t h e  parameters  s lowly 

change t h e r e  9 be a  sudden change i n  t h e  xi a s  t h e  c o n t r o l s  pas s  

a c r o s s  B. Such a  d i s c o n t i n u i t y  i s  what i s  u s u a l l y  termed a  

"ca t a s t rophe"  i n  t h e  popula r  l i t e r a t u r e .  

I n  r ega rd  t o  a p p l i c a t i o n s  of c a t a s t r o p h e  theo ry ,  w e  can d i s -  

t i n g u i s h  two approaches.  The f i r s t  i s  when w e  a c t u a l l y  know some 

p h y s i c a l  law governing t h e  p roces s  under s tudy .  I n  t h i s  c a s e ,  w e  

can t a k e  t h e  known law a s  ou r  func t ion  f  ( x )  and s u b j e c t  it t o  t h e  

machinery o u t l i n e d  above t o  reduce it t o  one of  t h e  s t a n d a r d  forms 

of Table 1. Such an approach i s  most t y p i c a l  of  t h e  p h y s i c a l  

s c i e n c e s  and has  been used wi th  some success  i n  mechanics, geometri-  

c a l  o p t i c s  and e l a s t i c i t y  t heo ry  a s  developed i n  [ 6 1 .  I n t e r e s t i n g  

a p p l i c a t i o n s  i n  b io logy  and ecology us ing  t h i s  approach have a l s o  

been r e p o r t e d  [ 7 ]  . 
The second "metaphysical"  approach t o  t h e  use  of c a t a s t r o p h e  

theo ry  i s  t o  p o s t u l a t e  - a  p r i o r i  t h a t  t h e  unknown process  governing 

t h e  system under i n v e s t i g a t i o n  meets t h e  assumptions of t h e  t heo ry ,  

e .g .  t h a t  t h e r e  e x i s t s  some under ly ing  p o t e n t i a l  f u n c t i o n  which 

t h e  system l o c a l l y  ( o r  g l o b a l l y )  moves s o  a s  t o  minimize. This  

approach i s  more c h a r a c t e r i s t i c  of a p p l i c a t i o n s  i n  t h e  s o c i a l  and 



behavioral areas and is the line which we shall follow in the 

latter sections of this paper. 

3. Q-Analysis 

Catastrophe theory focuses upon the structure present in 

smooth functions of several variables and provides a geometric 

language for characterizing this structure. The language termed 

"q-analysis" [lo], or "polyhedral dynamics" [Ill, offers a similar 

approach to the study of binary relations between finite sets of 

data. Thus, while catastrophe theory with its emphasis upon smooth 

functions, is heavily-flavored by the analytic tools of differential 

topology, q-analysis relies upon the ideas and methods of algebraic 

topology. 

Consider two finite sets 

and a binary relation X C  Y x X. As is well-known, we can repre- 

sent X by an mxn incidence matrix A defined as 

r 

Associated with the relation X are two simplicia1 complexes K (X;X) Y .  
* 

and KX(Y:h ) defined in the following fashion: in K (X:h) 
Y 

we identify the elements of the set X with the vertices of the 

complex and let the elements of Y represent the simplices. Thus, 

Y i 
is the p-simylex consisting of the vertices xi,xi ,...,X if 

1 2  ip+l 



and on ly  i f  (yi ,xi  ) E X f o r  j = 1 , 2 , .  . . , p + l .  The conjuga te  complex - * J 
K X ( Y ; X  ) i s  formed by in t e r chang ing  t h e  r o l e s  of t h e  s e t s  X and Y ,  

1 
which i n  terms of  t h e  i nc idence  mat r ix  A i nvo lves  us ing  A ,  t h e  

t r anspose  of A .  I n  t h i s  f a s h i o n ,  w e  can a s s o c i a t e  a  s t anda rd  

geomet r ica l  form, namely a  s i m p l i c i a 1  complex, w i th  every  b ina ry  

r e l a t i o n  A and use  t h e  s t r u c t u r a l  p r o p e r t i e s  of t h i s  form t o  t e l l  

us  something about  A .  Th is  i s  t h e  e s s e n t i a l  i d e a  under ly ing  q- 

a n a l y s i s .  

An impor tan t  a s p e c t  of t h e  e f f e c t i v e  use  o f  t h e  above i d e a  

i s  t h e  r e c o g n i t i o n  t h a t  d a t a  sets X and Y a r e  o f t e n  h i e r a r c h i c a l l y  

s t r u c t u r e d .  To account  f o r  t h i s  s t r u c t u r e  w i t h i n  t h e  q -ana lys i s  

language,  w e  employ t h e  no t ion  of a  set cover .  We say a  set  A 

covers  a  set  X i f  

i) each ai&A i s  conta ined  i n  P ( X ) ,  t h e  power set  of X ;  

ii) Uai = X.  

Thus, each element a  i s  t h e  name of a  s u b s e t  of  elements from X .  i 

The s p e c i a l  ca se  of a  s e t  p a r t i t i o n  occurs  when a i h  = 1 4 ) .  
j  

I f  w e  t h i n k  of  t h e  set  X a s  being a t  some p a r t i c u l a r  h i e r a r c h i c a l  

l e v e l ,  say  N ,  then  it i s  n a t u r a l  t o  say t h a t  A i s  a t  t h e  (N+l ) - l eve l .  

S i m i l a r l y ,  we could f i n d  a  cover r of A and t h i n k  of l' a s  e x i s t i n g  

a t  l e v e l  ( N + 2 )  and s o  on. O r ,  going t h e  o t h e r  d i r e c t i o n ,  w e  may 

r ega rd  X a s  a  cover  of a  set Q which would than  be p laced  a t  t h e  

(N-1)- level .  I n  t h i s  manner, t h e  fol lowing h i e r a r c h i c a l  diagram 

could be ob ta ined :  



I n  t h e  above diagram, t h e  r e l a t i o n  T r e p r e s e n t s  t h e  n a t u r a l  r e -  

l a t i o n  a s s o c i a t i n g  a given element a t  one l e v e l  wi th  i t s  s u b s e t  

a t  t h e  next .  The d i agona l  r e l a t i o n  9 t a k i n g  us  from one l e v e l  t o  

t h e  n e x t  i s  de f ined  i n  t h e  u s u a l  s e t - t h e o r e t i c  way i n  o r d e r  t o  make 

t h e  above diagram commutative. 

Within t h e  q -ana lys i s  framework, t h e  b a s i c  b u i l d i n g  b locks  

of  t h e  r e l a t i o n  h a r e  t h e  s i m p l i c e s  o f  t h e  complexes s ( X ; h )  and 
* 

K X ( Y ; h  ) .  W e  a r e  i n t e r e s t e d  i n  s tudying  t h e  way i n  which t h e s e  

p i e c e s  a r e  "glued" t o g e t h e r  i n  t h e  complex. To t h i s  end, w e  d e f i n e  

a connec t ive  r e l a t i o n  upon t h e  s i m p l i c e s  a s  fo l lows .  W e  say  t h a t  two 

s i m p l i c e s  a and a a r e  q-connected i f  t h e r e  e x i s t s  a sequence of 
P n r 

s i m p l i c e s  {a  1 a i n  K such t h a t  
i i=l 

i) u s h a r e s  a f a c e  o f  dimension B wi th  u 
P 0 

ii) or s h a r e s  a f a c e  of dimension B w i t h  oa 
n n 

iii) a s h a r e s  a f a c e  of dimension B w i th  oa 
a i i i+l 

i v )  q = min {B,, B 1  . . . , B  1. n 

(Note: w e  s h a l l  adopt  t h e  s t anda rd  n o t a t i o n a l  convent ion t h a t  dim 

"i = i t  wi th  dim u = ( #  v e r t i c e s  i n  u )  - 1. Also, dim K = dim o f  



h i g h e s t  d imensional  o E K ) .  I t  i s  an easy  ma t t e r  t o  v e r i f y  t h a t  

q-connection i s  a n  equiva lence  r e l a t i o n  on K (x;X), s o  w e  may 
Y 

s tudy  t h e  equiva lence  c l a s s e s  of t h i s  r e l a t i o n .  For each  va lue  

of q=O,l ,  ..., dim K t  w e  d e f i n e  t h e  i n t e g e r  

Qq 
= # of  d i s t i n c t  q - c l a s s e s  

and c a l l  t h e  v e c t o r  

N = dim k t  

t h e  s t r u c t u r e  v e c t o r  of K .  The v e c t o r  Q g i v e s  us some i d e a  of t h e  

g l o b a l  geometry of  K t  a s  it t e l l s  us how many q-dimensional "p i eces"  

e x i s t  i n  t h e  complex. The lower-dimensional ( cq )  "gaps" between 

t h e s e  p i e c e s  form an o b s t a c l e  t o  t h e  n a t u r a l  flow of in format ion  o r  

" t r a f f i c "  throughout  K t  an  obse rva t ion  t h a t  i s  of  some s i g n i f i c a n c e  

a s  our  l a t e r  a p p l i c a t i o n s  w i l l  show. 

While Q t e l l s  us something about t h e  complex K a s  a  whole, t h e  

r e l a t i o n  of  q-connection prov ides  l i t t l e  in format ion  about  t h e  

i n d i v i d u a l  s i m p l i c e s  of K .  I n  p a r t i c u l a r ,  i t  is  of  i n t e r e s t  t o  

know how w e l l  a  g iven  s implex f i t s  i n t o  t h e  o v e r a l l  complex and,  

e s p e c i a l l y ,  whether o r  n o t  a  p a r t i c u l a r  simplex should be  regarded 

a s  "unusual"  o r  " s p e c i a l " ,  r e l a t i v e  t o  t h e  rest  of t h e  complex. 

A s  a  measure of  i n t e g r a t i o n ,  w e  d e f i n e  t h e  e c c e n t r i c i t y  of a  

simplex a a s  



h V 
where q = dim a ,  q = highes t -d imens iona l  f a c e  which a  s h a r e s  w i t h  

a n o t h e r  d i s t i n c t  s implex  i n  K.  W e  remark t h a t  t h e  above d e f i n i t i o n  

h a s  t h e  d e f e c t  t h a t  t h e  measure o f  a  s i m p l e x ' s  non-conforming 

n a t u r e  depends o n l y  upon a n o t h e r  s i n g l e  s implex  i n  K and n o t  upon 

a l l  t h e  o t h e r  members o f  K .  Var ious  a l t e r n a t i v e  measures of 

e c c e n t r i c i t y  have been proposed t o  e l i m i n a t e  t h i s  problem b u t  f o r  

o u r  purposes  t h e  above d e f i n i t i o m d u e  t o  Atk in  [ l o ] ,  w i l l  s u f f i c e .  

I n  o r d e r  t o  c o n s o l i d a t e  t h e  above n o t i o n s ,  l e t  u s  c o n s i d e r  

t h e  f o l l o w i n a  s i m p l e  example. L e t  t h e  i n c i d e n c e  m a t r i x  of t h e  

r e l a t i o n  h be  g iven  hy 

Geome t r i c a l l y ,  K ( X ; A )  h a s  t h e  form Y 



3  0 
The s t r u c t u r e  v e c t o r  f o r  K i s  Q = ( 2  8 1 1). Thus, t h e r e  a r e  2 

3-connected components i n  K t  c o n s i s t i n g  of t h e  s i n g l e  s i inp l ices  

Iyl} and Iy4} .  A t  t h e  o p p o s i t e  end of the spectrrun, w e  have Qo = 1 

i n d i c a t i n g  t h a t  t h e  complex i s  a  s i n g l e  p i e c e  a t  t h e  0-dimensional 

l e v e l .  The f a c t  t h a t  Q2 = 8 shows t h a t  K s p l i t s  i n t o  many d i s j o i n t  

p i e c e s  a s  f a r  a s  2-dimensional c o n n e c t i v i t y  i s  concerned,  i n d i c a t i n g  

t h a t  t h e r e  i s  a  h igh  l i k e l i h o o d  of s e r i o u s  o b s t r u c t i o n  t o  t h e  f low 

of t r a f f i c  between v a r i o u s  2-dimensional s i m p l i c e s  i n  K .  W e  s h a l l  

pursue t h e s e  i d e a s  f u r t h e r  on a f t e r  i n t roduc ing  t h e  i d e a  of a  

dvnamic on K.  

By " t r a f f i c "  on a  complex K t  w e  mean anyth ing  a s s o c i a t e d  wi th  

X t h a t  

(i) is  de f ined  on t h e  s imp l i ce s  of K 

and 

(ii) can be desc r ibed  by a  graded set  f u n c t i o n  



which w e  c a l l  t h e  p a t t e r n  of t h e  t r a f f i c .  Each 

i n :  I i-dim. s imp l i ce s )  -t J ( a  number domain). 

Thus, n i  i s  t h e  p a t t e r n  n r e s t r i c t e d  t o  t h e  i - s imp l i ce s  of K. A 

t y p i c a l  example of  t r a f f i c  on % ( X )  would occur  i n  a  s i t u a t i o n  i f  

w e  had X = t r a f f i c  r o u t e s  t h r u  a  town, Y = type  of  v e h i c l e s ,  and 

t h e  t r a f f i c  a s  t h e  amount of goods and people  c a r r i e d  by d i f f e r e n t  

v e h i c l e s .  

Any change i n  t h e  p a t t e r n  n ,  which i s  p a r t  of a  f r e e  r e d i s -  

t r i b u t i o n  of  t h e  v a l u e s  of IT,  means e f f e c t i v e l y  t h a t  t h e r e  i s  a  

f r e e  flow of  numbers from one simplex t o  ano the r .  However, s i n c e  

n i s  graded by d imens iona l i t y  l e v e l s ,  t h e  numbers themselves 

a c q u i r e  a  dimensional  s i g n i f i c a n c e  which must be  taken account  of 

when s tudying  t h e  r e d i s t r i b u t i o n  of numbers from one simplex t o  

ano the r .  Hence t h e  dimensions of t h e  common f a c e s  of two s i m p l i c e s  

is  ve ry  impor tan t .  I f  t h e  p a t t e r n  n t  i s  t o  chanqe f r e e l y  t hen  it  

needs a  ( t + l ) - c h a i n  of connec t ion  t o  do so.  Thus, t h e  number of 

s e p a r a t e  t-connected components i n  K i s  an i n d i c a t i o n  of t h e  

t i m p o s s i b i l i t y  of  f r e e  changes i n  n . For t h i s  reason  w e  d e f i n e  
A 

t h e  o b s t r u c t i o n  v e c t o r  Q a s  

where U = v e c t o r  a l l  of  whose components equa l  1. 

Note t h a t  t h e  above c o n s i d e r a t i o n s  regard ing  f r e e  changes of  

n a r e  r e l a t e d  on ly  t o  t h e  under ly ing  geometry of  K .  The p e c u l i a r i t i e s  

of some p a r t i c u l a r  p a t t e r n  n might a l s o  involve  i n t e r n a l  c o n s t r a i n t s  

on t h e  a c t u a l  cha ins  of connect ion w i t h i n  a  s i n g l e  connected 



component which p l a c e  a d d i t i o n a l  o b s t a c l e s  i n  t h e  way of t h e  

change T + o + 6o. For  i n s t a n c e ,  we might have a  " conse rva t ion  
n  

law" of t h e  form C 6ot = 0. This  i s  an a d d i t i o n a l  c o n s t r a i n t ,  
t = O  

above and beyond those  imposed by t h e  geometry. 

A change i n  n a t  t h e  l e v e l  t , i . e .  6ot i s  a s s o c i a t e d  w i th  

a  " f o r c e "  i n  K a t  t h e  dimension l e v e l  t. I f  6 r t  > 0 w e  speak of 

an a t t r a c t i v e  t - f o r c e ,  wh i l e  6 r t  c 0 i s  t - f o r c e  of r e p u l s i o n .  

A g r e a t  d e a l  of  t h e  a d d i t i o n a l  a l g e b r a i c  s t r u c t u r e  of K ,  

i n c l u d i n g  n o t i o n s  of  " h o l e s "  and " loops"  i n  t h e  complex a r e  

d i s c u s s e d  i n  some d e t a i l  i n  [ 1 2 ] .  Of s p e c i a l  i n t e r e s t  f o r  

a p p l i c a t i o n s  a r e  t h e  computat ional  methods developed f o r  p a t t e r n s  

and t h e i r  r e l a t i o n s h i p  w i th  dynamics on K .  L e t  us  now t u r n  t o  

some p r o t o t y p i c a l  a p p l i c a t i o n s  of  t h e  methods i n t roduced  above. 

4 .  Land U s e  and Development 

A s  a  s imple  i l l u s t r a t i o n  of  how c a t a s t r o p h e  t heo ry  i s  some- 

t imes  a p p l i e d  i n  p r a c t i c e ,  l e t  u s  c o n s i d e r  an  urban housing model, 

whose o b j e c t i v e  i s  t o  p r e d i c t  t h e  development o f  a  g iven  r e s i d e n t i a l  

a r e a  a s  a  f u n c t i o n  of  b o t h  t h e  a c c e s s i b i l i t y  of t h e  a r e a  and t h e  

number of vacan t  u n i t s  a v a i l a b l e .  More s p e c i f i c a l l y ,  l e t  

N ( t )  = r a t e  of growth of housing u n i t s  i n  t h e  a r e a  a t  t ime  t ,  

a  = excess  number of  v a c a n t  u n i t s  r e l a t i v e  t o  t h e  r e g i o n a l  norm, 

b  = r e l a t i v e  a c c e s s i b i l i t y  of t h e  a r e a  t o  t h e  r e g i o n a l  popu la t i on .  

Our goa l  i s  t o  d e s c r i b e  t h e  v a r i a t i o n  of N a s  a  f u n c t i o n  of a  and 

I n  o r d e r  t o  j u s t i f y  employment of  c a t a s t r o p h e  t heo ry  w e  s h a l l  

assume t h a t  t h e  dynamic unde r ly ing  N i s  such t h a t  f o r  each ( a , b )  



l e v e l ,  N ( t )  moves s o  a s  t o  l o c a l l y  maximize a p o t e n t i a l  func t ion  

V. This  assumption ( o r  i t s  e q u i v a l e n t )  i s  o f t e n  employed i n  land  

development models of  t h e  so -ca l l ed  " g r a v i t y "  type.  Furthermore,  

we assume t h a t  f o r  each l e v e l  of a and b t h e  t ime-scale  f o r  t h e  

change of N i s  f a s t  enough t h a t  we observe on ly  t h e  s t e a d y - s t a t e  

l e v e l  of  N ,  i . e .  t h e  t r a n s i e n t  dynamics of  N ( t )  a r e  " f a s t "  compared 

t o  t h e  "slow" changes of a and b ( f o r  a t h e o r e t i c a l  t r ea tmen t  of  

t h i s  "delay"  convent ion a s  w e l l  a s  a d i s c u s s i o n  of what i s  f a s t  

and what i s  slow, see [ 1 3 ] ) .  

Under t h e  foregoing  hypotheses ,  we may invoke t h e  c a t a s t r o p h e  

theory  machinery and r ega rd  N ( = N ( a ) )  a s  t h e  s i n g l e  " e s s e n t i a l "  

v a r i a b l e  of t h e  S p l i t t i n g  Lemma, w i th  a and b a s  two parameters .  

I n  c a t a s t r o p h e  theo ry  p a r l a n c e ,  w e  a r e  i n  t h e  c a s e  of t h e  cusp 

c a t a s t r o p h e ,  which has  t h e  u n i v e r s a l  unfo ld ing  v = + - ( N 4  - + aN2 - + bN),  
4 2 

l e ad ing  t o  t h e  well-known p i c t u r e  of t h e  equ i l i b r ium manifold  M -- 
f o r  N g iven i n  F igu re  1. 
I&,- --- 

1 
M 

low housinq 
\ growth r a t e  

/ e2cess  vacan t  urd%\ 

F igu re  1. Manifold of Equi l ibr ium Housing Growth 4 a t e s  



I n  t h e  above canon ica l  un fo ld ing  f o r  t h e  p o t e n t i a l  V, w e  would 

choose t h e  nega t ive  s i g n  s i n c e  it i s  more r ea sonab le  t o  assume 

t h a t  f o r  a  f i x e d  l e v e l  of vacancy and a c c e s s i b i l i t y ,  a  g iven 

r eg ion  w i l l  develop a t  t h e  f a s t e s t ,  r a t h e r  t han  s lowes t  p o s s i b l e  

r a t e .  Thus, our  model i s  a c t u a l l y  t h e  so -ca l l ed  "dua l"  cusp.  

The p i c t u r e  emerging from Figure  1 i s  t h a t  t h e  housing r a t e  

w i l l  grow d i scon t inuous ly  on ly  i f  a  combination of h igh  vacancy 

and h igh  a c c e s s i b i l i t y  (probably s t r o n g l y  p o s i t i v e l y  c o r r e l a t e d  wi th  

d e s i r a b i l i t y )  t a k e s  p l a c e  i n  such a  way a s  t o  c r o s s  t h e  f o l d  l i n e  

( I )  moving from r i g h t  t o  l e f t  i n  t h e  parameter space P .  S i m i l a r l y ,  

we can expec t  t h e  growth r a t e  t o  "c ra sh"  i f  t h e  v a c a n c y / a c c e s s i b i l i t y  

combination c r o s s e s  t h e  f o l d  l i n e  (11) from l e f t  t o  r i g h t .  To 

i n s u r e  a  smooth development of housing,  it i s  necessary  t o  t a k e  

s t e p s  which p reven t  e n t e r i n g  t h e  shaded cusp r e g i o n ,  The s i m p l e s t  

way t o  accomplish t h i s  i s  t o  keep a  < 0, i . e . .  make s u r e ' t h a t  t h e  

vacancy r a t e  of t h e  p a r t i c u l a r  a r e a  i s  no g r e a t e r  t han  t h a t  of t h e  

r e g i o n a l  average.  Zoning r e g u l a t i o n s ,  p r e f e r e n t i a l  t a x  r a t e s ,  

r e s t r i c t i o n s  on b u i l d i n g  pe rmi t s  and/or housing s u b s i d i e s  could 

a l l  c o n t r i b u t e  toward keeping a  sma l l .  

On t h e  o t h e r  hand, should we wish t o  s t i m u l a t e  a  s l u g g i s h  

housing market and promote a  boom i n  development of a  p a r t i c u l a r  

a r e a ,  it would be necessary  t o  have a  > 0  and t o  make b  l a r g e ,  i . e .  

t h e  model sugges t s  a c t i o n s  such a s  s u b s i d i e s  f o r  c o n s t r u c t i o n ,  

b u i l d i n g  of new roads  t o  t h e  a r e a ,  encouragement of development 

of l o c a l  shopping a r e a s  and s o  f o r t h .  A l l  a c t i o n s  of t h i s  t ype  

would work toward f o r c i n g  t h e  system t o  c r o s s  t h e  f o l d  l i n e  ( I ) ,  

consequent ly  i n c r e a s i n g  t h e  growth r a t e  d i scon t inuous ly .  



To transform the above static model into a dynamical de- 

scription, we can use the assumption that h(t) moves so as to 

maximize the potential V(N). This leads to the dynamical equa- 

tion for h as 

Now, of course, a and b must also be regarded as time-varying 

functions a (t) , b (t) satisfying their own differential equations 

The functions Gl and G2 are not dictated by the catastrophe theory 

methodology and must be determined through understanding of the 

particular process and utilization of measured data, if available. 

We note in closing that in order to have the dynamical model merge 

into the earlier static one,it is necessary to choose the functions 

G1 and G so that the time-scales of N and a and b differ signifi- 2 

cantly. In other words, we cannot use functions G and G2 which 1 

would cause a and b to change at more or less the same rate as i. 

This constraint can be easily met, however, by first choosing 

physically meaningful G1 and G2, then multiplying these functions 

by a.smal1 parameter ~ < < 1 ,  which would act to slow down the time- 

scale in (a, b) space. 

Shifting now to the problem of land use, let us consider the 

employment of q-analysis for the study of how the types of activities 

of a given town interconnect with the physical space available. 



Assume that the town has a certain set of geographically-distinct 

areas which form the members of a set X. For instance, in 

Manhattan we might have 

X = ([$per East Side, Upper West Side, Harlem, Midtown, 
Theatre District, Garment District, Chelsea, Green- 
wich Village, Soho, Chinatown, Financial ~istrict) 

We also have a collection of activities which may take place in 

the locations of X. Such activities form the elements of a set Y. 

Let us take 

Y = (retail trade, cultural amenities, residential, 
entertainment, light manufacturing, heavy industry, 
finance/business) 

An obvious relation X on X x Y is 

A :  (x~,Y.)E X if and only if activity y takes place in 
I area x j 

i' 

A plausible incidence matrix for the relation X using the above 

sets X and Y is 



The structure vector for the complex K (X;X) and its conjugate Y 

K X  (Y;X*) are 

Thus, in terms of the activities taking place in the city we see 

that there is a high degree of connectivity at every dimension 

level. This is accounted for by the fact that retail trade and 

residential activity (yl and y ) take place in so many sections 3 

of the city. In fact, from dimension 4 to 10, these are the only 

activities we "see" taking place in the city. So, if we are 

considering activities which occur in 5 or more neighborhoods, 

we would view Manhattan as consisting only of retail trade and 

residential property. Furthermore, we note that heavy industry 

(y6) is a (-1)-dimensional simplex showing that it does not belong 

to the complex at all and could be eliminated from our analysis 

altogether. 

Looking at the eccentricities of the simplices, only retail 

trade (y ) has a nonzero eccentricity (ecc y = 4/7), indicating 1 1 

that there is really no single activity that is carried out in 

isolation in the city. 

Viewing the city from the standpoint of neighborhoods rather 

than activities, the conjugate complex shows that Soh0 (xg) is 

the most diverse neighborhood with 5 different activities taking 

place there, followed closely by Greenwich Village (xg) with 4. 

In terms of overall cohesion via activities, Q* shows us that the 



c i t y  i s  well-connected a t  a l l  l e v e l s  excep t  f o r  t h e  smal l  f r ag -  

mentat ion a t  q=2. A more d e t a i l e d  look a t  t h i s  s e p a r a t i o n  shows 

t h a t  t h e  2-connected components a r e  Midtown ( x 4 )  and t h e  c o l l e c t i o n  

o f  neighborhoods N = { x ~ ,  x5, x8, x g ,  x l0) .  This  i n d i c a t e s  t h a t  

t h e r e  i s  some combination of 3 a c t i v i t i e s  happening i n  Midtown 

t h a t  i s  no t  shared by t h e  neighborhoods N.  I n s p e c t i o n  of  t h e  

s i t u a t i o n  shows t h a t  t h i s  i s  due t o  t h e  f a c t  t h a t  t h e  v e r t e x  y7,  

f inance/business ,does  n o t  occur i n  any p a r t  of  N.  Other than  

t h i s  smal l  anomaly, t h e  view of Manhattan a s  a c o l l e c t i o n  of  

neighborhoods s u g g e s t s  t h a t  t h e  a c t i v i t i e s  a c t  t o  "cement" t h e  

neighborhoods t o g e t h e r  i n  a very  s o l i d  f a sh ion .  This  f e e l i n g  i s  

f u r t h e r  borne o u t  by t h e  f a c t  t h a t  t h e  e c c e n t r i c i t i e s  of  theneighborhoods 

a r e  a l l  very sma l l ,  w i t h  on ly  Soho and Midtown be ing  nonzero,  and even 

t h e s e  two a r e  q u i t e  i n s i g n i f i c a n t  (ecc  xg = 1 / 4 ,  ecc  x4  = 1 / 2 ) .  

I n  conc lus ion ,  t h e  o v e r a l l  p i c t u r e  t h a t  emerges of Manhattan 

from t h e  above a n a l y s i s  i s  j u s t  t h a t  which one o b t a i n s  i n t u i t i v e l y ,  

namely, a c o l l e c t i o n  of  i n d i v i d u a l  neighborhoods well-connected 

t o  each o t h e r  through a broad a r r a y  of urban a c t i v i t i e s .  Fu r the r -  

more, t h e  a c t i v i t i e s ,  themselves ,  a r e  w e l l - d i s t r i b u t e d  throughout  

t h e  c i t y  j u s t i f y i n g  what every  New Yorker knows t h a t  you can l i v e  

your whole l i f e  i n  your own neighborhood and n o t  f e e l  t h a t  y o u ' r e  

miss ing anything!  

Should w e  wish t o  t a k e  a more d e t a i l e d  view of  t h e  above 

r e l a t i o n  A ,  w e  cou ld  employ t h e  set cover i d e a  t o  decompose t h e  

N-level sets X and/or Y i n t o  t h e i r  (N-1)- level  components. For 

example, t h e  set X may be thought  of  a s  a cover f o r  a new set U 

c o n s i s t i n g  of  e lements  



r 7 
U = \ E59th S t .  - E96th S t . ,  E96th F t .  E125th S t . ,  above E125th S t . ,  ': 

~ 4 2 n d  S t .  - E59th S t . ,  E14th S t .  - E42nd S t . ,  Canal S t .  - } 
I 

1 E14th S t . ,  below Canal S t . ,  .... 

Thus, each of t h e  e lements  xi = uu where t h e  union i s  over  a l l  
j  ' 

elements of U corresponding t o  t h e  p a r t i c u l a r  r eg ion  x  . I n  t h i s  
i 

way w e  can t a k e  a  more d e t a i l e d  look a t  how l o c a l  neighborhoods 

r e l a t e  t o  t h e  human a c t i v i t i e s  t ak ing  p l a c e  w i t h i n  them and a l s o  

how t h e  a c t i v i t i e s  work t o  t i e  neighborhoods t o g e t h e r .  

On t h e  o t h e r  hand, should w e  wish t o  examine t h e  a c t i v i t i e s ,  

i n  g r e a t e r  d e t a i l ,  then  w e  would use  t h e  se t  Y t o  cover  a  c o l l e c t i o n  

of a c t i v i t i e s .  For i n s t a n c e ,  t h e  element y l r r e t a i l  t r a d e ,  may 

a c t  a s  a  name f o r  t h e  se t  { b u t c h e r ,  bookshop, supermarket ,  jeweler ,  

dep t .  s t o r e ,  camera s t o r e ,  p i z z e r i a ,  barber} .  Thus, each yi = C) z 
j  j 

and t h e  elements z  form a  new set  Z covered by Y .  So, we would 
j 

have t h e  h i e r a r c h y  

A 
X ' Y N - l e v e l  

T T 
\ 

u ,  . Z ( N - 1 )  - l e v e l  

The n a t u r a l  p r o j e c t i o n s  T ,  t o g e t h e r  w i th  t h e  r e l a t i o n s  A and u ,  

de f ined  a t  t h e i r  r e s p e c t i v e  l e v e l s ,  enab le  us t o  c o n s t r u c t  t h e  

r e l a t i o n  0 l i n k i n g  t h e  micro t o  t h e  macro view of Manhattan. 

Some t y p i c a l  p a t t e r n s  which may be de f ined  on t h e  complex 

K ~ ( x ;  A ) , i n c l u d e  . 



(1) amount of money spent /year  i n  a c t i v i t y  y ,  

( 2 )  number of people  employed i n  a c t i v i t y  y ,  

( 3 )  t a x  base  provided by a c t i v i t y  y  
* 

On t h e  complex KX(Y;h ) some p o s s i b l e  p a t t e r n s  of i n t e r e s t  i n c l u d e  

( 4 )  number of  people  l i v i n g  i n  a r e a  x ,  

( 5 )  number of square  b locks  inc luded  i n  a r e a  x ,  

( 6 )  p o l i t i c a l  v o t i n g  d i s t r i b u t i o n  i n  a r e a  x ,  

( 7 )  consumer-good spending i n  a r e a  x ,  

Thus, w e  s e e  t h a t  t h e  q -ana lys i s  language provides  us w i th  a  very 

f l e x i b l e  t o o l  f o r  looking  a t  many f a c e t s  of t h e  urban s t r u c t u r e  

p r e s e n t  i n  a  given town and g i v e s  a  b a s i s  f o r  a  r a t i o n a l  p l an  of 

land use  development. 

5. I n t e r n a t i o n a l  C o n f l i c t s  and C r i s e s  

C r i s i s  ha s  been r e f e r r e d  t o  a s  both  t h e  a c t u a l  p re lude  t o  war 

and t h e  a v e r t e d  approaches.  The c u r r e n t  i n t e r n a t i o n a l  s i t u a t i o n  

c e r t a i n l y  makes t h e  importance of c r i s i s  pe rcep t ion  and management 

c l e a r ,  b u t  a  d e f i n i t e  c o n c e p t u a l i z a t i o n  of  c r i s e s  has  s o  f a r  e luded 

s t u d e n t s  of t h e  s n b j e c t .  Perhaps t h e  vagueness of t h e  t e r m  " c r i s i s "  

i s  t o  blame. Nonetheless ,  i f  we assume t h e  v a l i d i t y  of  McClel land 's  

d e f i n i t i o n  [14] : "A c r i s i s  i s ,  i n  some way, a  change of s t a t e  i n  

t h e  flow of i n t e r n a t i o n a l  p o l i t i c a l  a c t i o n s , "  then  c a t a s t r o p h e  theory  

sugges t s  i t s e l f  a s  a  p o s s i b l e  language wi th  which t o . d i s t i n g u i s h  

c r i s i s  from n o n c r i s i s  pe r iods .  

Since t h e r e  i s  no r e a d i l y  i d e n t i f i a b l e  " p o t e n t i a l "  f u n c t i o n  

governing t h e  dynamics of  c r i s i s  o n s e t  and d i sappearance ,  w e  s h a l l  

employ t h e  "metaphysical  way" of c a t a s t r o p h e  theo ry  and p o s t u l a t e  

t h e  e x i s t e n c e  of such a  p o t e n t i a l .  Furthermore,  we s h a l l  a l s o  



assume t h a t  t h e  c o o r d i n a t e  system chosen t o  v e r b a l l y  d e s c r i b e  t h e  

s i t u a t i o n  i s  such t h a t  we can appea l  t o  t h e  S p l i t t i n g  Lemma and 

s e p a r a t e  t h e  many v a r i a b l e s  involved i n  a  c r i s i s  i n t o  " e s s e n t i a l "  

and " i n e s s e n t i a l "  v a r i a b l e s ,  w i t h  t h e  e s s e n t i a l  v a r i a b l e s  co r r e s -  

ponding t o  our  perce ived  r e a c t i o n  t o  t h e  c r i s i s .  I n  t h i s  example, 

t h e r e  w i l l  be on ly  t h e  s i n g l e  e s s e n t i a l  v a r i a b l e ,  m i l i t a r y  a c t i o n .  

This  i s  e q u i v a l e n t  t o  s t a t i n g  t h a t  our  p o s t u l a t e d  p o t e n t i a l  

f u n c t i o n  i s  of corank 1. The c o n t r o l  parameters  used i n  ou r  model 

of  c r i s i s  w i l l  be  perce ived  d e c i s i o n  t ime and perce ived  t h r e a t .  

Choice of t h e s e  v a r i a b l e s  imp l i e s  t h a t  w e  a r e  assuming ou r  p o t e n t i a l  

f u n c t i o n  t o  be  of codimension 2 which, by t h e  C l a s s i f i c a t i o n  

Theorem, imp l i e s  t h a t  t h e  c r i s i s  s i t u a t i o n  can be r e p r e s e n t e d  by 

t h e  cusp  c a t a s t r o p h e .  

A s  an  a s i d e ,  w e  n o t e  t h a t  t h e  c o n t r o l  parameters  a r e  c o n s i s t e n t  

w i th  t hose  advocated by Hermann [15] i n  h i s  work on c r i s i s  d e t e c t i o n .  

I n  h i s  c a s e ,  t h e r e  a r e  t h r e e  c o n t r o l  dimensions,  t h e  e lement  of 

s u r p r i s e  being added t o  t h e  two v a r i a b l e s  t ime and t h r e a t .  Hermann 

r e p r e s e n t s  t h e s e  t h r e e  dimensions i n  a  c r i s i s  cube (F igu re  2 ) .  

According t o  Hermann's theory  of  c r i s i s ,  t h e  v e r t i c e s  of t h e  

cube correspond t o  v a r i o u s  l e v e l s  of c r i s i s  w i th  a  high c r i s i s  

s i t u a t i o n  be ing  c h a r a c t e r i z e d  by p o i n t s  n e a r  A (h igh  t h r e a t / s h o r t  

t ime / su rp r i s e )  and t h e  r o u t i n e  s i t u a t i o n s  being a t  G (low t h r e a t /  

extended t i m e / a n t i c i p a t e d )  . 
I n  our  s i m p l i f i e d  cusp mode1,decision t ime i n c r e a s e s  t h e  re- 

l a t i v e  amount of t i m e  a v a i l a b l e  f o r  choosing a l t e r n a t i v e  behaviors .  

The ze ro  p o i n t  r e p r e s e n t s  normalcy, o r  average  d e c i s i o n  t ime us ing  

everyday s t anda rd  o p e r a t i n g  procedures .  On t h e  low end, d e c i s i o n  
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t i m e  i s  a  m a t t e r  of  minu tes  such a s  r e a c t i o n  t o  a  n u c l e a r  a t t a c k .  
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On t h e  h i g h  end,  a c t i o n s  need n o t  be t a k e n  f o r  s e v e r a l  d a y s  o r  

" /  
A 

High Low 
T h r e a t  

weeks. 

The continuum f o r  p e r c e i v e d  t h r e a t  w i l l  r a n g e  from s t r a t e g i c  

dominance a t  t h e  low end,  t o  s t r a t e g i c  impotence a t  t h e  h i g h  end. 

I t  s h o u l d  b e  k e p t  i n  mind t h a t  w e  a r e  speak ing  h e r e  o f  p e r c e i v e d  

t h r e a t ,  which may b e  a  q u i t e  d i f f e r e n t  m a t t e r  t h a n  a c t u a l  t h r e a t .  

The b e h a v i o r a l  o u t p u t  v a r i a b l e ,  m i l i t a r y  a c t i o n ,  l i e s  on a  

continuum going from comple te  p a s s i v i s m  on t h e  one  hand t o  n u c l e a r  

a t t a c k  on t h e  o t h e r .  M i l i t a r y  o p e r a t i o n s  b e g i n  a t  t h e  z e r o  p o i n t  

and b u i l d  t o  n u c l e a r  a t t a c k  a t  t h e  ext reme.  



Putting all the foregoing assumptions and definitions together 

we arrive at the cuspgeometry of Figure 3 for characterizing the 

crisis situation. 

high I 

Figure 3. Cusp Model of Crisis 



Since  t h e  l i t e r a t u r e  [I61 on c r i s i s  management i n d i c a t e s  t h a t  t h e  

jump from a  non-c r i s i s  mode t o  c r i s i s  i s  d i s t i n c t  from t h e  jump 

from c r i s i s  mode t o  n o n - c r i s i s ,  we emply t h e  so-ca l led  "de lay"  

convent ion f o r  i n t e r p r e t a t i o n  of t h e  model. 

The geometry of F igu re  3 s t r o n g l y  sugges t s  t h a t  when t h e  

system i s  n o t  a l r e a d y  involved i n  m i l i t a r y  a c t i o n ,  it w i l l  n o t  

choose t o  engage i n  such a c t i o n  u n t i l  t h e  t h r e a t  i s  extremely high.  

But i f  m i l i t a r y  a c t i o n  i s  a l r e a d y  being t aken ,  t h e  system w i l l  

con t inue  such a c t i o n  u n t i l  t h e  t h r e a t  i s  f a i r l y  low (e .g .  occupa t ion  

f o r c e s ) .  The a c t u a l  l e v e l s  of  where t h e  t h r e a t  i s  perce ived  t o  be 

high o r  low can on ly  be determined by empi r i ca l  means. 

The divergence i n  moving from m i l i t a r y  a c t i o n  t o  non-action 

becomes l a r g e r  a s  d e c i s i o n  t ime becomes s h o r t e r .  This  imp l i e s  t h a t  

when d e c i s i o n  t i m e  i s  s h o r t ,  t he  d e c i s i o n  t o  i n i t i a t e  h o s t i l i t i e s  

may be  l e s s  r o u t i n e  than  t h e  c e s s a t i o n  of m i l i t a r y  behavior .  

A very i n t e r e s t i n g  ex t ens ion  of t h e  above model i s  r e p o r t e d  i n  

[17] where, i n  a d d i t i o n  t o  t h e  v a r i a b l e s  of t h e  cusp model, an  

a d d i t i o n a l  behavior  ( o u t p u t )  v a r i a b l e  termed " o p e r a t i o n a l  preparedness"  

i s  in t roduced ,  a long  w i t h  a  t h i r d  i n p u t  parameter  "degree  of un- 

c e r t a i n t y " .  The u n c e r t a i n t y  i n  a  s i t u a t i o n  i s  a  replacement f o r  

t h e  v a r i a b l e  " s u r p r i s e "  i n  Hermann's c r i s i s  cube, and i s  j u s t i f i e d  

on t h e  grounds t h a t  i f  one d e f i n e s  a  c r i s i s  s i t u a t i o n  on ly  i n  terms 

of even t s  w i th  s u r p r i s e s ,  a  g r e a t  d e a l  of impor tan t  even t s  and 

s i t u a t i o n s  a r e  e l imina t ed  which have t h e  p o t e n t i a l  of be ing  desc r ibed  

a s  c r i s e s .  The o r i g i n a l  o u t p u t  v a r i a b l e  m i l i t a r y  a c t i v i t y  a c t s  a s  a  

measures of  t h e  i n f l u e n c e  of t h e  system on i t s  exter .na1 environment. 

On t h e  o t h e r  hand, t h e  new o u t p u t  o p e r a t i n g  procedures  a c t  a s  a  



measure of change i n  t h e  i n t e r n a l  environment of  t h e  system t o  

m e e t  t h e  pe r ce ived  t h r e a t .  

Accept ing t h e  above v a r i a b l e s  a s  t h o s e  which o f f e r  promise 

i n  d e s c r i b i n g  c r i s i s  and cr is is  s i t u a t i o n s ,  t h e i r  i n t e r r e l a t i o n s h i p  

i s  d e s c r i b e d  by t h e  e l l i p t i c  umb i l i c  c a t a s t r o p h e ,  hav ing  2 b e h a v i o r a l  

o u t p u t s  ( m i l i t a r y  a c t i o n  and o p e r a t i o n a l  p r epa rednes s )  and 3 i n p u t s  

( pe r ce ived  t h r e a t ,  d e c i s i o n  t i m e  and degree  o f  u n c e r t a i n t y ) .  A 

d e t a i l e d  d i s c u s s i o n  of t h e  i m p l i c a t i o n s  o f  t h i s  model i s  g iven  i n  

[17] and w i l l  n o t  b e  r e p e a t e d  he re .  L e t  u s  j u s t  s k e t c h  t h e  

b i f u r c a t i o n  se t  B i n  pa ramete r  space  o f  t h i s  model (see F i g u r e  4 ) .  

u n c e r t a i n t y  

F i g u r e  4 .  The B i f u r c a t i o n  s e t  f o r  t h e  E l l i p t i c  Umbilic Model 

To e n t e r  B i s  t o  c r e a t e  p o t e n t i a l  crises,  w h i l e  t o  l e a v e  B i s  

t o  c r e a t e  a  s h i f t  i n  behav io r  space ,  i . e .  a  cr is is .  Note, however, 

t h a t  t h e  above model d i s t i n g u i s h e s  between a  c r i s i s  and a  cr is is  

s i t u a t i o n .  A c r i s i s  i s  an i n s t a n t a n e o u s  change i n  behav ior ,  i . e .  

a  d i s c o n t i n u i t y  i n  behav io r .  A c r i s i s  s i t u a t i o n  p l a c e s  t h e  

system i n  a  s t a t e  of  " a l e r t " .  B a s i c a l l y ,  any p o i n t  i n  B c o r r e s -  

ponds t o  a  cr is is  s i t u a t i o n ,  w h i l e  c r o s s i n g  t h e  boundary o f  B m a y  

b r i n g  on t h e  cr is is .  



Before  c l o s i n g  t h i s  example, i t  i s  worthwhi le  t o  p o i n t  o u t  t h a t  

t h e  i d e a s  ske tched  above app ly  i n  any c r i s i s  management s i t u a t i o n ,  

n o t  j u s t  i n  t h e  m i l i t a r y  c o n t e x t  w e  have chosen.  By r e p l a c i n g  o u r  

o u t p u t  v a r i a b l e  " m i l i t a r y  a c t i o n " ,  w i t h  ano the r  " a c t i o n "  v a r i a b l e ,  

t h e  formalism of -  t h e  above model goes over  f o r  o t h e r  crisis  

s i t u a t i o n s  such a s  b u s i n e s s  management, p sycho log i ca l  t raumas o r  

epidemic d i s e a s e  c o n t r o l .  

Now l e t  u s  t u r n  a t t e n t i o n  t o  ano the r  t y p e  o f  i n t e r n a t i o n a l  

c o n f l i c t  which can  b e  ana lyzed  u s ing  t h e  t o p o l o g i c a l  t o o l s  of 

q - a n a l y s i s .  Consider  t h e  long-s tand ing  A r a b - I s r a e l i  d i s p u t e  over  

t e r r i t o r y  i n  t h e  Middle E a s t .  A t  t h e  most b a s i c  l e v e l ,  t h i s  

d i s p u t e  can b e  viewed a s  a  r e l a t i o n s h i p  between t h e  c o u n t r i e s  i n -  

volved ( i . e .  t h e  Arab n a t i o n s ,  I s r a e l  and t h e  PLO) and t h e  v a r i o u s  

i s s u e s  ( e . g .  I s r a e l i  occupa t i on  of t h e  W e s t  Bank, f r e e  a c c e s s  t o  

Je rusa lem,  r e t u r n  o f  t h e  Golan Heigh ts ,  e t c . ) .  Thus, t h e  b a s i c  

sets X and Y f o r  o u r  q - a n l a y s i s  w i l l  b e  t aken  t o  be  

where 

x  = autonomous P a l e s t i n i a n  s t a t e  i n  t h e  West Bank and Gaza 
1 

x  = r e t u r n  of  t h e  West Bank and Gaza t o  Arab r u l e  
2 

X3 = I s r a e l i  m i l i t a r y  o u t p o s t s  a long  t h e  Jbrdan  River  

x  = I s r a e l  r e t a i n s  E a s t  Je rusa lem 
4 

x  = f r e e  a c c e s s  t o  a l l  r e l i g i o u s  c e n t e r s  
5 



x  = r e t u r n  o f  S i n a i  t o  Egypt 
6 

x  = d i s m a n t l e  I s r a e l i  S i n a i  s e t t l e m e n t s  7 

r e t u r n  Golan He igh t s  S y r i a  

x9 = I s r a e l i m i l i t a r y  o u t p o s t s  on Golan He igh t s  

X 1 O =  
Arab c o u n t r i e s  g r a n t  c i t i z e n s h i p  t o  P a l e s t i n i a n s  

choosing t o  remain  w i t h i n  t h e i r  b o r d e r s  

The se t  o f  p a r t i c i p a n t s  i s  

= { I s r a e l ,  Egypt ,  P a l e s t i n i a n s ,  Jo rdan ,  S y r i a ,  Saudi  

The r e l a t i o n  X C YxX which w e  s h a l l  e m p l ~ y  i s  

( y .  , x  . )  E X t+ p a r t i c i p a n t  y  i s  n e u t r a l  o r  f a v o r a b l e  
1 3  i 

toward g o a l  x  
j 

The i n c i d e n c e  m a t r i x  f o r  X is  



Examination of  t h e  complex K ( X ; A )  shows t h a t  t h e  most l i k e l y  
Y 

n e g o t i a t i n g  p a r t n e r  f o r  I s r a e l  is  Saudi Arabia ,  which i s  n e u t r a l  

o r  f avo rab le  on a l l  i s s u e s  except  one. However, bo th  Egypt and 

t h e  P a l e s t i n i a n s  a r e  n e a r l y  a s  l i k e l y  candida tes  s i n c e  they  a r e  

s imp l i ce s  of dimension on ly  one l e s s  t han  Saudi Arabia .  A s  t h e  

Camp David t a l k s  demonstra ted,  Egypt i s  indeed a  favored  n e g o t i a t i n g  

p a r t n e r  due a l s o  t o  psychologica l  and o t h e r  f a c t o r s  n o t  i nco rpo ra t ed  

i n t o  t h e  above r e l a t i o n  A .  

Focusing upon g o a l s  and i s s u e s ,  we f i n d  t h e  high-dimensional 
* 

o b j e c t s  i n  K X ( Y ; A  ) being x2  = r e t u r n  of t h e  West Bank and Gaza t o  

Arab r u l e ,  x5 = f r e e  a c c e s s  t o  r e l i g i o u s  c e n t e r s  and x  = r e t u r n  
6 

of t h e  S i n a i  t o  Egypt. These goa l s  a r e  viewed a s  n e u t r a l  o r  

f a v o r a b l e  by a l l  6 p a r t i c i p a n t s .  Therefore ,  they  provide  a  good 

b a s i s  f o r  a  n e g o t i a t e d  s e t t l e m e n t  of t h e  c o n f l i c t .  Th i s  obse rva t ion  

has  been borne o u t  by t h e  Camp David t a l k s ,  a s  w e l l  a s  by subsequent 

developments. 

I n  a d d i t i o n  t o  t h e  above r e l a t i o n  A ,  t h r e e  o t h e r  c a s e s  were 

cons idered  i n  [18] :  f avo rab le  on ly ,  unfavorable  on ly  and n e u t r a l  

only .  The r e s u l t s  of t h e s e  s t u d i e s  confirmed t h a t  (1) I s r a e l  i s  

h igh ly  disconnected from t h e  o t h e r  p a r t i e s  i n  t h e  d i s p u t e ,  ( 2 )  

Saudi Arabia i s  t h e  most moderate of t h e  Arab s t a t e s ,  ( 3 )  S y r i a  

i s  by f a r  t h e  most r i g i d  and i n f l e x i b l e  and ( 4 )  t h e  s i n g l e  i s s u e  

which t ends  t o  b r i n g  a l l  t h e  p a r t i e s  t o g e t h e r  i s  f r e e  acces s  t o  a l l  

r e l i g i o u s  c e n t e r s .  

6 .  E l e c t r i c  Power Systems 

A s  an i n t e r e s t i n g  example of a  p h y s i c a l  p rocess  f o r  which t h e  



dynamical equa t ions  a r e  known, we cons ide r  t h e  behavior  of  a  

c o l l e c t i o n  of g e n e r a t o r s  forming an e l e c t r i c  power supply network. 

For a  network wi th  n  g e n e r a t o r s  and zero t r a n s f e r  conductance,  t h e  

equa t ions  a s  developed i n  [19] a r e  

Here 

= angula r  speed of  r o t o r  i, 
i 

6 i  = e l e c t r i c a l  t o rque  ang le  of  r o t o r  i 

Mi = angula r  momentum of r o t o r  i 

di 
= damping f a c t o r  f o r  r o t o r  i 

Ei = v o l t a g e  of g e n e r a t o r  i 

Bi j  = s h o r t  c i r c u i t  admit tance between g e n e r a t o r s  i and j,  

* 
& i j  = t h e  s t a b l e  s t e a d y - s t a t e  v a l u e  of  6 i j .  

W = a  - a  i j  i j 
Our i n t e r e s t  i s  i n  s tudying  t h e  behavior  of t h e  equ i l i b r ium va lues  

of a i  and 6 i  a s  a  f u n c t i o n  of  t h e  parameters  Mi,  Ei ,  B i j ,  and di. 

I f  w e  d e f i n e  ai 
= di 

- 
j  I b i j  = Ei 

B i j ,  then  it can  be 
j  

shown t h a t  t h e  f u n c t i o n  



n  n-1 n  
C C C Mi b  cos  6 + K , 

i=l j = l  k = j + l  jk jk 
j#i k f i  

i s  a  Lyapunov f u n c t i o n  f o r t h e  above dynamics. We may now use  t h e  

f u n c t i o n  V a s  our  b a s i c  p o t e n t i a l  f u n c t i o n  and i n v e s t i g a t e  t h e  

p o s s i b i l i t y  of r e p r e s e n t i n g  V by a  polynomial canon ica l  form i n  a  

neighborhood of an equ i l i b r ium.  

To i l l u s t r a t e  t h e  c a t a s t r o p h e  theo ry  approach wi th  a  minimum 

of n o t a t i o n a l  complex i t i e s ,  cons ide r  t h e  s imple  c a s e  of  n  = 2 gen- 

e r a t o r s .  I n  t h i s  c a s e ,  we have only 2 b a s i c  v a r i a b l e s  u12 ' xl, 

- 
5 2  X2 '  The f u n c t i o n  V then  becomes 

V(x1.x2) = 1 / 2  M1 M2 xl - a 1 2 X 2 - b 1 2  ( M  1 +M 2 ) cos  x2 + K 

2 
= 1 / 2  axl - Bx2 - y cosx + K 

2 

Since a d d i t i o n  of t h e  c o n s t a n t  K t o  V does n o t  a f f e c t  ou r  problem, 

we s e t  K = 0. Upon computing grad  V ,  we f i n d  t h e  c r i t i c a l  p o i n t s  

of V a r e  

* * -1 
x  = 0, x2 = s i n  
1 B / Y .  



Computing t h e  4 - j e t  of  V a t  t h e  c r i t i c a l  p o i n t  y i e l d s  

4 -1 
j  V(x l Ix2)  = - I $  s i n  ~ / y  + Jy'-BZl + 1 1 2  1 - X21 

3 

Again w e  d rop  t h e  c o n s t a n t  term and examine 

Here w e  see t h a t  t h e  f u n c t i o n  V i s  2-determinate  w i t h  codim V = 0 

i f  a # 0 and y# 2 6 .  The c o n d i t i o n  on a i s  neces sa ry  f o r  t h e  problem 

t o  make' s e n s e ,  s o  t h e  o n l y  i n t e r e s t i n g  p o s s i b l i t y  f o r  a  degeneracy 

i n  V occu r s  when y =B. I f  y # 6,  thenV i s  e q u i v a l e n t  t o  a  Morse 

f u n c t i o n  i n  a  neighborhood of  i t s  c r i t i c a l  p o i n t  and can be re- 

p l aced  by i t s  2 - j e t  

a  s imple  Morse s a d d l e .  So, l e t  u s  assume t h a t  y = B .  

The f u n c t i o n  V now assumes t h e  form 

V ( x  x  ) = 1/2axl - B ( x 2  + c o s  x 2 ) .  1' 2 -  

Computing V,, and V,  . w e  have 
1 2 



ThusI no t e r m  of t h e  t y p e  i c o s  x2} can be gene ra t ed  by V,  and 
x 1 

V,  . A l l  o t h e r  smooth t e r m s  can be gene ra t ed  and we can e a s i l y  
x, 

L 
f i n d  t h a t  t h e  Hess ian  o f  V has  corank 1. Thus, w e  a r e  i n  t h e  c a s e  

r = 1, c  = 1 of  Tab le  1, which i s  t h e  s o - c a l l e d  " f o l d "  c a t a s t r o p h e .  

W e  may i d e n t i f y  t h e  s i n g l e  e s s e n t i a l  v a r i a b l e  w i t h  x 2 ,  a s  i s  seen 

4 
by examina t ion  o f  t h e  j e t  J V when y  = B .  So, a  u n i v e r s a l  un fo ld ing  

o f  t h e  p o t e n t i a l  f u n c t i o n  V i n  t h e  c r i t i c a l  c a s e  i s  

where t i s  t h e  un fo ld ing  parameter .  

Summarizing t h e  above r e s u l t s ,  w e  conc lude  t h a t  when y  f B 

t h e  p o t e n t i a l  V i s  e q u i v a l e n t  t o  a  s imple  Morse s a d d l e ,  w h i l e  i n  

t h e  c r i t i c a l  c a s e  when y  = $ 1  V is  r i g h t - e q u i v a l e n t  t o  t h e  cub i c  
'L 

p o t e n t i a l  V. Only i n  t h e  second c a s e  can  w e  e x p e c t  t o  f i n d  an  

a b r u p t  change i n  t h e  s t a b i l i t y  behav ior  o f  t h e  power sys tem a s  
'L 

paramete rs  a r e  v a r i e d .  I n  t h e  c a n o n i c a l  s t r u c t u r e  V, t h e  un fo ld ing  

parameter  t depends upon t h e  p h y s i c a l  pa ramete rs  a ,  $, y ,  and a  

change i n  t h e  system s t a b i l i t y  behav ior  w i l l  occur  when t p a s s e s  

t h r u  t h e  v a l u e  0.  W e  can  see t h e  s t r u c t u r e  more c l e a r l y  i f  w e  set 

3 
y  = B + E and c o n s i d e r  J V.  W e  o b t a i n  

Neglect ing t h e  q u a d r a t i c  term i n  xl,  t h i s  i s  an un fo ld ing  of  t h e  
'-L 

f u n c t i o n  x: and can be  b rought  i n t o  t h e  s t a n d a r d  form V by a  s imple  



c o o r d i n a t e  change.  The change w i l l  t h e n  y i e l d  t a s  a  f u n c t i o n  of  

B and y .  

Adopting a more macroscopic  v iew of  t h e  power ne twork,  w e  can  re- 

p r e s e n t  t h e  sys tem s c h e m a t i c a l l y  as i n  F i g u r e  5 .  

n  g e n e r a t o r s  m l o a d s  

- - A  

network ( - I 

I I 

F i g u r e  5 .  Power D i s t r i b u t i o n  Network 

The above d iagram makes it c l e a r  t h a t  t h e  t r a n s m i s s i o n  network,  

which c o n s i s t s  of  p a s s i v e  e l e m e n t s ,  is a r e l a t i o n  between t h e  se t  

o f  n  g e n e r a t o r s  and t h e  set o f  m l o a d s .  Thus, w e  c a n  a p p l y  t h e  

q - a n a l y s i s  l anguage  t o  d e s c r i b e  v a r i o u s  a s p e c t s  o f  t h e  c o n n e c t i v e  

s t r u c t u r e  o f  t h e  ne twork.  

I n  t h e  power sys tem c o n t e x t ,  i t  i s  u s e f u l  t o  t h i n k  of  t h e  

r e l a t i o n  between g e n e r a t o r s  and l o a d s  a s  a  weighted  r e l a t i o n ,  w i t h  

t h e  e n t r i e s  of  t h e  i n c i d e n c e  m a t r i x  A o f  t h e  r e l a t i o n  d e f i n e d  a s  

"j 
= t h e  f r a c t i o n  o f  t h e  power r e q u i r e m e n t  o f  l o a d  j which 

is  s u p p l i e d  by g e n e r a t o r  i, i = 1, 2 ,  ..., n;  



For s c a l i n g  convenience,  w e  s h a l l  mu l t i p ly  each A i j  by 100 i n  o r d e r  

t o  work only wi th  i n t e g e r s .  

To i l l u s t r a t e  t h e  use  of  q -ana lys i s ,  l e t  u s  cons ide r  a  network 

c o n s i s t i n g  of  n  = 5 g e n e r a t o r s  and m = 6 loads  w i th  t h e  weighted 

inc idence  ma t r ix  A 

X 
( l o a d s )  

I n  o r d e r  t o  i n v e s t i g a t e  t h e  connec t ive  s t r u c t u r e  of t h i s  d i s t r i b u t i o n  

-- 

y1 

Y Y 2  

( g e n e r a t o r s )  y3  

Y 4  

Y5 

network, w e  t a k e  v a r i o u s  views of t h e  r e l a t i o n  by " s l i c i n g "  A a t  

- - 

30 20 10 10 30 20 

10 30 0  20 0  20 

40 50 40 20 0  10 

0  0  20 1 0  60 0  

20 0  30 40 10 50 

d i f f e r e n t  l e v e l s .  

For i n s t a n c e ,  l e t  us  s l i c e  a t  t h e  lowest  l e v e l  1%, which con- 

sists of i nc lud ing  any g e n e r a t o r  which s u p p l i e s  any amount of power 

t o  any load  i n  our  induced b i n a r y  r e l a t i o n  y. The r e l a t i o n  y i s  

given by a  b i n a r y  inc idence  ma t r ix  U a s  fol lows:  

1, i f  A i j  > 0 

0, o the rwi se  



Thus, a t  t h e  1% l e v e l  we have 

The complex Ky (X;p) has t h e  s t r u c t u r e  v e c t o r  

* 
while  t h e  conjugate  complex KX(Y;p ) has t h e  s t r u c t u r e  v e c t o r  

So, we s e e  t h a t  both t h e  gene ra to r s  and t h e  loads  a r e  well-connected 

i n s o f a r  a s  t h e  supply and demand of some power i s  concerned. This 

f a c t  i s  a l s o  seen i f  w e  c a l c u l a t e  t h e  e c c e n t r i c i t i e s  of t h e  gen- 

e r a t o r s  and t h e  loads .  The only elements having nonzero e c c e n t r i c i t i e s  

a r e  t h e  genera tor  y  with  ecc yl = 1/5 and t h e  load  x4 wi th  ecc  1 

x  = 1 / 4 .  
4 

Now we s l i c e  a t  a  much higher  l e v e l  and cons ider  only those  

connect ions  which provide a t  l e a s t  2 0 %  of t h e  t o t a l  power r equ i re -  

ment of a  load.  I n  t h i s  case ,  t h e  inc idence  mat r ix  U is 



I n  t h i s  c a se ,  t h e  r e l e v a n t  s t r u c t u r e  v e c t o r s  t u r n  o u t  t o  be  

So, w e  see t h a t  a t  t h e  20% supply  r a t e  bo th  t h e  complexes o f  

g e n e r a t o r s  connected by l oads  and l o a d s  connected by g e n e r a t o r s  

f ragment  i n t o  d i s connec t ed  p i e c e s  a t  t h e  h igher-dimensional  l e v e l s -  

Th i s  means, f o r  example, t h a t  any k i n d  o f  load-shar ing  i n v o l v i n g  

20% o r  more of  a  l o a d  among 2 o r  more g e n e r a t o r s  i s  imposs ib l e  due t o  

t h e  connec t i ve  s t r u c t u r e  of t h e  network. I t  i s  a l s o  of  some i n t e r e s t  

t o  observe  t h e  i n t e g r a t i o n  of  i n d i v i d u a l  g e n e r a t o r s  i n t o  t h e  complex 

Ky(X;p). The e c c e n t r i c i t i e s  a t  t h e  20% l e v e l  a r e  

e c c  y  = 1, ecc y2  = 1 / 2 ,  ecc y3 = 1/3,  ecc y4 = 0,  ecc y  = 1. 
1 5 

Thus, y5 which was p e r f e c t l y  w e l l  i n t e g r a t e d  i n t o  t h e  network a t  

t h e  1% l e v e l ,  i s  now q u i t e  a  conspicuous  e lement  a t  t h e  20% l e v e l .  

Th i s  i n d i c a t e s  t h a t  y5 i s  a  much more c e n t r a l  e lement  i n  t h e  over-  

a l l  power system than ,  s a y ,  y 4 .  
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I n  t h e  con juga t e  complex, w e  have 

e c c x  = 1 ,  e c c x  = 1 / 2 ,  i = 1 ,  2 ,  3 ,  4 ,  6 .  5  i 

Thus, w e  see t h a t  l o a d  x5,  w i t h  i t s  heavy dependence upon g e n e r a t o r  

y4 ,  s t a n d s  o u t  a t  t h e  20% l e v e l  more t h a n  any of t h e  o t h e r  l o a d s .  

Th is  s u g g e s t s  t h a t  a  s u r g e  i n  demand i n  load  a r e a  x5 i s  l i k e l y  t o  

cause  more s t r a i n  on t h e  network t h a n  t h e  same s u r g e  i n  o t h e r  load  

a r e a s .  

The p reced ing  i d e a s  can be  extended t o  a  dynamical c o n t e x t  by 

i n t r o d u c i n g  a  p a t t e r n  on t h e  complexes a s  was i n d i c a t e d  i n  o u r  

e a r l i e r  examples. For  i n s t a n c e ,  a  t y p i c a l  p a t t e r n  on KV(X;X) would - 

be t h e  amount o f  power gene ra t ed  a t  each g e n e r a t o r .  The c o n n e c t i v i t y  

s t r u c t u r e  j u s t  p r e s e n t e d  would t h e n  e n a b l e  us  t o  s t udy  t h e  p o s s i b i l i t y  

o f  r e - d i s t r i b u t i n g  t h e  power from a  g iven  g e n e r a t o r  t o  o t h e r  l o a d s  

i n  t h e  e v e n t  of  a  d i s r u p t i o n  i n  some p a r t  o f  t h e  system. Analogously,  

a  p a t t e r n  on t h e  con juga t e  complex i n v o l v i n g  t h e  demand a t  each  l o a d  

would p rov ide  u s  w i th  t h e  b a s i s  f o r  i n v e s t i g a t i o n  of how t o  re- 

a l l o c a t e  power when s u r g e s  i n  demand occur .  

7 .  R e s i l i e n c e ,  T i m e  and S u r p r i s e  

Lurking j u s t  below t h e  s u r f a c e  i n  much o f  t h e  p r eced ing  d i s -  

c u s s i o n  and examples i s  t h e  i d e a  t h a t  i n  many s o c i a l ,  a s  w e l l  a s  

n a t u r a l  sys tems some seemingly smal l  unknown, o r  even unknowable, 

d i s t u r b a n c e s  w i l l  o ccu r  and cause  t h e  system t o  e n t e r  i n t o  a  s t a t e  

of s t r u c t u r a l  and/or dynamical c o l l a p s e .  Indeed,  p a r t  of t h e  

r a i s o n  d ' e t r e  f o r  t h e  development of  c a t a s t r o p h e  t heo ry  was t o  

p rov ide  a  mathemat ica l  f ounda t i on  f o r  speaking of such b e h a v i o r a l  



d i s c o n t i n u i t i e s .  I t  i s  e v i d e n t  t h a t  t h e  need f o r  such  a t h e o r y  

o f  s y s t e m i c  s t a b i l i t y  i s  g r e a t e r  now t h a n  e v e r  b e f o r e ,  a s  mankind 

f a c e s  an  e v e r - i n c r e a s i n g  s e n s e  of  v u l n e r a b i l i t y  t o  r i s k s ,  un- 

c e r t a i n t i e s  and t h e  unknown. The Three-Mile I s l a n d  and Love Canal  

i n c i d e n t s  r e p r e s e n t  o n l y  t h e  t i p  of  t h e  i c e b e r g  of  p o t e n t i a l  

d i s a s t e r s  t h a t  l i e  i n  w a i t  f o r  s o c i e t y  i f  w e  a r e  u n a b l e  t o  p r o v i d e  

a d e s i g n  and management methodology t h a t  e n a b l e s  a sys tem t o  n o t  

o n l y  p e r s i s t  and respond  t o  t h e  unknown, b u t  t o  a c t u a l l y  b e n e f i t  

from it. 

I t  h a s  been a r g u e d  e l s e w h e r e  [ 2 0 ] ,  t h a t  a comprehensive t h e o r y  

of  sys tem " r e s i l i e n c e "  must i n c l u d e  p r e d i c t i v e ,  r e g u l a t i v e  and 

a d a p t i v e  components. Based upon a v a r i e t y  o f  c a s e  s t u d i e s  i n -  

v o l v i n g  f o r e s t  p e s t s ,  f i s h e r i e s ,  f o r e s t - f i r e  sys tems ,  human d i s e a s e  

and savannah ecosys tems ,  it w a s  conc luded  i n  [20]  t h a t  " a l l  manage- 

ment p o l i c i e s  succeeded i n  t h e  s h o r t  t e r m ;  a l l  f a i l e d  i n  t h e  l o n g e r  

t e r m  and produced a crisis; a l l  owed t h e  f a i l u r e  t o  a s u c c e s s f u l  

e f f o r t  t o  r e d u c e  v a r i a b i l i t y ;  and some a d a p t e d  s u c c e s s f u l l y  t o  t h e  

f a i l u r e  w h i l e  o t h e r s  d i d  n o t . "  Fur the rmore ,  i n  a s s e s s i n g  t h e  i n -  

g r e d i e n t s  needed t o  a v o i d  t h e  t y p e s  o f  crises ment ioned above,  

"... t h e  key q u e s t i o n s  a r e  what are  t h e  s o u r c e s  o f  s u r p r i s e ,  

which ones  are most d i f f i c u l t  t o  d e a l  w i t h ,  how do p e o p l e ,  and 

i n s t i t u t i o n s  i n t e r p r e t  and respond  t o  s u r p r i s e ,  and how can  w e  

d e s i g n  and manage f a i l u r e  and s u r p r i s e  a d a p t i v e l y ?  .... Hence, 

r e s i l i e n c e  becomes t h e  c a p a b i l i t y  t o  a d a p t  t o  s u r p r i s e  because  o f  

p a s t  e x p e r i e n c e  of  i n s t a b i l i t i e s  ...." 



Thus, we s e e  a  p r e s s i n g  need f o r  a  sys t ema t i c  theory  - of  s u r p r i s e s ,  

warning us  when ou r  concept ions  of r e a l i t y  f a i l  t o  match t h e  r e a l  

world. When couched i n  t h e s e  terms,  it i s  reasonably  c l e a r  t h a t  such 

a  theory  i s  f a r  removed from t r a d i t i o n a l  arguments i n  p r o b a b i l i t y  

theory  and s t a t i s t i c s .  While a  comprehensive theo ry  of s u r p r i s e s  i s  

f a r  from a  r e a l i t y ,  a t  t h e  p r e s e n t ,  it i s  our  con ten t ion  t h a t  many 

of t h e  necessary  components can be expressed  through t h e  c a t a s t r o p h e  

and q -ana lys i s  languages we have employed above. 

Le t  us  beg in  by conszde ra t ion  of t h e  q u a l i t a t i v e  f e a t u r e s  of a  

system which " s u r p r i s e  theory"  must cap tu re .  

A. B i f u r c a t i o n  - by d e f i n i t i o n ,  s u r p r i s e  occurs  when r e a l i t y  

and ou r  concept ion of r e a l i t y  p a r t  company. I n  e f f e c t ,  t h i s  means 

t h a t  - o u r  model of a  system and t h e  " r e a l "  model b i f u r c a t e  from each 

o t h e r .  To speak meaningful ly  of such a  b i f u r c a t i o n ,  we must develop 

a  mathematical  theory  which enab le s  us t o  say when one model b i f u r c a t e s  

from ano the r  and, when t h i s  happens, t o  g i v e  a  measure of  t h e  magnitude 

of t h e  b i f u r c a t i o n .  I t  w i l l  be noted below t h a t  t h e  type  of b i f u r -  

c a t i o n  ( d i s c o n t i n u i t i e s )  seen i n  c a t a s t r o p h e  theo ry ,  a r e  only  a  s p e c i a l  

ca se  of t h i s  more g e n e r a l  b i f u r c a t i o n  of models. 

B.  Q u a l i t a t i v e  Time - no theory  of  s u r p r i s e  can avoid add res s ing  

t h e  observed f a c t  t h a t  d i f f e r e n t  even t s  i n  a  system occur on widely- 

va ry ing  t ime-sca les  and, a s  a  consequence, t ime and r a t e s  of change 

a r e  c e n t r a l  f a c t o r s  i n  t h e  unders tanding and des ign  of  r e s i l i e n t  

systems.  I n  f a c t ,  we s h a l l  go f u r t h e r  and argue t h a t  t h e  c l a s s i c a l  

Newtonian view of t ime expressed  i n  t h e  P r i n c i p i a  a s  

"Absolute,  t r u e  and mathematical  t ime,  of i t s e l f ,  and by i t s  

own na tu re ,  f lows uniformly on, wi thout  r ega rd  t o  anything e x t e r n a l , "  



i s  woefu l ly  i nadequa t e  f o r  c a p t u r i n g  t h e  n o t i o n  o f  d u r a t i o n  

between e v e n t s  o u t s i d e  t h e  rea lm of c l a s s i c a l  phys i c s .  Our 

c o n t e n t i o n  w i l l  be t h a t  t h e  d imens iona l  q u a l i t y  o f  e v e n t s  ( a s  

exp re s sed  through q - a n a l y s i s )  h a s  temporal  s i q n i f i c a n c e  and must 

be  t aken  i n t o  account  when speak ing  of  t h e  occu r r ence  o r  non-occurrence 

of t h o s e  e v e n t s .  

Here a g a i n  w e  see t h a t  c l a s s i c a l  p r o b a b i l i s t i c  arguments,  having 

t h e i r  b a s i s  i n  t h e  abso lu t i sm  of  Newtonian t i m e ,  cannot  p o s s i b l y  

c a p t u r e  t h e  s t r u c t u r a l d i f f e r e n c e  between t h e  n a t u r a l  t i m e s  a s s o c i a t e d  

w i th  h igh  and low-dimensional even t s .  The q u a l i t a t i v e  s t r u c t u r e  of  

t i m e  g iven  below a l s o  a l l ows  u s  t o  speak p r e c i s e l y  abou t  graded r a t e s  

o f  change o f  v a r i a b l e s ,  t a k i n g  e x p l i c i t  account  o f  t h e i r  d imens iona l  

l e v e l s .  Such a  d i s t i n c t i o n  p rov ides  a  f i r m  f o o t i n g  f o r  t h e  somewhat 

vague " fas t - s low"  d i s t i n c t i o n  o f t e n  seen  i n  e lementa ry  a p p l i c a t i o n s  

of c a t a s t r o p h e  t h e o r y ,  e s p e c i a l l y  i n  t h e  b e h a v i o r a l  s c i e n c e s .  

C .  Adap t a t i on  and Evo lu t i on  - i n  t r a d i t i o n a l  e n g i n e e r i n g  de- 

s i g n  and o p t i m i z a t i o n  sys tems a r e  developed which a r e  un fo rg iv ing  of  

e r r o r .  Success  i s  measured by t h e  r e d u c t i o n  o f  v a r i a b i l i t y  o f  

impor tan t  q u a n t i t i e s ,  u s u a l l y  by some type  o f  e r r o r - c o n t r o l l e d  feed-  

back mechanism. There a r e  two b a s i c  problems a s s o c i a t e d  w i th  such 

an  approach:  1) t h e  unde r ly ing  system i s  n o t  s t a t i c  and o f t e n  

evo lves  i n t o  an  unexpected s t r u c t u r e  f o r  which t h e  r e g u l a t i o n  

scheme i s  i n a p p r o p r i a t e  and 2 )  t h e  concep t  o f  e r r o r - c o n t r o l l e d  

r e g u l a t i o n  means t h a t  i f  t h e r e  i s  no e r r o r ,  t h e r e  i s  no r e g u l a t i o n ,  

i . e .  i f  t h e r e  i s  no v a r i a t i o n  i n  t h e  s t a t e  v a r i a b l e s ,  t h e n  t h e  

c o n t r o l l e r  become i n a c t i v e  and may become incapab l e  o f  responding  

t o  an  unexpected change i n  t h e  o p e r a t i n g  environment.  What i s  



needed i s  a  c o n t r o l  p o l i c y  t h a t  i s  more t o l e r a n t  of e r r o r  and pro- 

v ides  f o r  t h e  cont inued  e x p l o r a t i o n  of a l t e r n a t i v e  a c t i o n s  and 

o b j e c t i v e s  based upon a  l e a r n i n g  process  s t i m u l a t e d  by induced 

v a r i a t i o n  i n  t h e  system. I n  s h o r t ,  w e  need an adap t ive  c o n t r o l  

p o l i c y .  

S ince  p r e d i c t i o n ,  r e g u l a t i o n  and a d a p t i v e  c o n t r o l  have been 

e x t e n s i v e l y  developed i n  t h e  engineer ing  and system theory  l i t e r a -  

t u r e  f o r  a  number of y e a r s  w e  s h a l l  say  no more about  t h e s e  m a t t e r s  

he re ,  b u t  focus  t h e  ba lance  of  our  a t t e n t i o n  upon some system- 

t h e o r e t i c  i d e a s  which appear  r e l e v a n t  t o  developing the t h e o r i e s  

of  system b i f u r c a t i o n  and t i m e  need t o  fo rma l i ze  our  concept  of 

s u r p r i s e .  

Le t  Q r e p r e s e n t  a  c o l l e c t i o n  of  a d m i s s i b l e  i n p u t  f u n c t i o n s  

( d e c i s i o n s )  t o  our  system and l e t  f :  Q + I' b e  a n  inpu t /ou tpu t  map 

w i t h  I' t h e  set  of o u t p u t  f u n c t i o n s .  Thus, f  i s  what i s  termed an I 
e x t e r n a l  d e s c r i p t i o n  o f  t h e  system. We can in t roduce  an equiva lence  

r e l a t i o n  Rf i n t o  SI. by d e f i n i n g  (ul ,  u 2 ) &  Rf i f  and on ly  i f  f  (a l )  = 

f  ( w 2 ) .  The inpu t /ou tpu t  d e s c r i p t i o n  f  g i v e s  r ise t o  t h e  se t  of 

equ iva lence  c l a s s e s  of i n p u t s  Q / R f ,  which i s  termed t h e  s t a t e  se t  

X of t h e  system. Thus, t h e  s t a t e s  a r e  e lements  of the form [w] 

denot ing  t h e  c l a s s  of  a l l  i n p u t s  g i v i n g  rise t o  t h e  same o u t p u t  a s  

w .  L e t  us assume t h a t  t h e  se t  I' i s  a  m e t r i c  space s o  t h a t  w e  may 

induce a  m e t r i c  i n t o  X a s  fo l lows:  I  /  [ w l l  , [ w 2 1  1  I = /  I f ( w l )  - f ( w 2 )  ( 

Under t h i s  m e t r i c ,  t h e r e  i s  a  homeomorphism between X and the s e t  of 

v a l u e s  ( o u t p u t s )  of f ,  i . e ,  t h e  va lues  of f paramet r ize  t h e  s t a t e s  X.  

Through t h e  m e t r i c  1 1 . 1  I X  w e  w i l l  t hen  s a y  t h a t  two s t a t e s  a r e  

" c l o s e "  i f  and on ly  i f  t h e i r  corresponding f  va lues  a r e  c l o s e .  



W e  can  make e x a c t l y  t h e  same-arguments i f  we have a  c o l l e c t i o n  

of d e s c r i p t i o n s  F = Cf 1' f  2 ,  . . . , fn}  of t h e  system a t  o u r  d i s p o s a l .  

W e  g e n e r a t e  an  equ iva lence  r e l a t i o n  by ( w  1 ,02) E % if and on ly  i f  

f .  ( a l )  = f ,  (02 )  f o r  each i = 1 . 2 , .  . . , n .  W e  t h e n  pa rame t r i ze  t h e  
1 1 

q u o t i e n t  se t  R / %  and impose a  m e t r i c  on this space  which shows t h a t  

two s t a t e s  [o 1 and [o  1 a r e  c l o s e  i f  and on ly  i f  f  (o l )  and f  . ( o  ) 1 2 1 2  

a r e  c l o s e  f o r  each i = 1, 2 ,  . .. , n. 

What i s  impor tan t  t o  r ecogn ize  i s  t h a t  any set of  d e s c r i p t i o n s  

F g i v e s  rise t o  a  p a r t i c u l a r  way of c h a r a c t e r i z i n g  t h e  system and 

c a p t u r e s  some a s p e c t  of t h e  r e a l i t y  of t h e  system. W e  s h a l l  be 

concerned w i t h  t h e  way i n  which a l t e r n a t e  d e s c r i p t i o n s  can  be 

compared w i t h  each o t h e r .  

I n  Thom's view of c a t a s t r o p h e  t heo ry ,  i d e a s  of  t h e  above type  

a r e  used t o  d i s c u s s  o r g a n i c  f o r a .  H e  c o n s i d e r s  a  se t  E of "geometr ic  

o b j e c t s "  paramet r ized  by a  mani fo ld  S through a  mapping r, : E + S .  

Here, E corresponds  t o  o u r  set  R/R (=X) and t h e  parameter  se t  S 

corresponds  t o  t h e  space  o f  v a l u e s  of  t h e  maps feF.  Thom t h e n  s a y s  

t h a t  a  p o i n t  aeS i s  g e n e r i c  i f ,  f o r  a l l  a '  c l o s e  t o  a ,  a '  has  " t h e  

same form" a s  a .  The set  of g e n e r i c  p o i n t s  i s  c l e a r l y  open 

i n  S and t h e  complement of  t h i s  open set i s  t h e  c l o s e d  set  of  

b i  f u r c a t i o n  p o i n t s .  

I n  Thom's geometr ic  view, w e  a r e  c l e a r l y  i n  t h e  s i t u a t i o n  of 

comparing two d i f f e r e n t  d e s c r i p t i o n s  of t h e  e lements  i n  E.  On t h e  

one hand, w e  have a  d e s c r i p t i o n  a r i s i n g  from t h e  p a r a m e t r i z a t i o n  . 
On t h e  o t h e r  hand, w e  have a  t a c i t  d e s c r i p t i o n  summed up i n  t h e  use  

of t h e  words "same form". The de t e rmina t ion  of t h e  "form" of a n  

o b j e c t  i n  E can on ly  come about  from an  a l t e r n a t e  d e s c r i p t i o n  of 



t hose  o b j e c t s ,  one which i s  independent of t h e  d e s c r i p t i o n  a r i s i n g  

from t h e  pa rame t r i za t ion .  

Example 1: (The Cusp Catas t rophe1 

Here we t a k e  E = s e t  of a l l  curves  r e p r e s e n t i n g  cub ic  equa t ions  

i n  one v a r i a b l e .  I n  a p p r o p r i a t e  coo rd ina t e s  we can w r i t e  

3  
E = { x  + ax  + b: a ,  b  r e a l  numbers). 

Thus, we can r ega rd  E a s  being parametr ized by t h e  s e t  

2 
S = { ( a , b )  : a , b  r e a l )  = R , 

2 
and n:  E+S i s  a  map from E+R . 
On t h e  o t h e r  hand, t h e s e  cu rves  may a l s o  be desc r ibed  by t h e i r  r o o t  

s t r u c t u r e  r e l a t i v e  t o  t h e  x-axis .  They may have a  s i n g l e  r e a l  r o o t ,  

r epea t ed  r o o t s  o r  3  d i s t i n c t  r e a l  r o o t s .  We d e f i n e  a  mapping 4 

from t h e  s e t  o f  a l l  cub ic  curves  a s  

0 ,  i f  C ha s  one r e a l  r o o t  

1, i f  C has  a  r epea t ed  r e a l  r o o t  

2 ,  i f  C h a s  t h r e e  d i s t i n c t  r e a l  r o o t s  

Then, according t o  t h e  4 d e s c r i p t i o n ,  two cub ic  curves  C and C 
1 2 

a r e  " c l o s e "  i f  4 (C l )  = 4 ( C 2 )  . 
I f  we use  4 t o  d e f i n e  t h e  i n t r i n s i c  "topology" on E and look 

a t  t h e  g e n e r i c  p o i n t s  of R~ induced by n ,  w e  f i n d  t h a t  t h e s e  comprise 

2 a l l  ( a , b )  f o r  which 4a3 + 27b # 0, i . e .  t h e  b i f u r c a t i o n  p o i n t s  of 

t h e  n d e s c r i p t i o n  r e l a t i v e  t o  t h e  4 d e s c r i p t i o n  l i e  on t h e  cusp,  

which i s  t h e  complement of t h e  gene r i c  set.  On t h e  o t h e r  hand, i f  

we use  n t o  d e f i n e  t h e  i n t r i n s i c  topology,  w e  f i n d  t h a t  each of t h e  

t h r e e  p o i n t s  {Of 1, 2) is  a  b i f u r c a t i o n  p o i n t  of t h e  4 d e s c r i p t i o n  



r e l a t i v e  t o  t h e  n d e s c r i p t i o n ,  i . e .  a p o i n t  where two curves  a r e  

no longer  " c l o s e "  i n  t h e  $ d e s c r i p t i o n ,  whi le  remaining "c lose"  

i n  t h e  n d e s c r i p t i o n .  Here, of course ,  " c l o s e "  i n  a p a r t i c u l a r  

d e s c r i p t i o n  i s  de f ined  i n  t e r m s  of t h e  topology i n  X a s s o c i a t e d  

wi th  t h a t  d e s c r i p t i o n .  

Example 2 .  (Dynamical Systems) 

Consider t h e  c l a s s  E of  a l l  dynamical systems de f ined  on some 

d i f f e r e n t i a b l e  manifold  M .  Suppose t h a t  t h e  dynamics a r e  given 

( l o c a l l y )  by a system of d i f f e r e n t i a l  equa t ions  

There a r e  two independent ways i n  which such a system can be 

descr ibed :  (1) i n  t e r m s  of t h e  func t ions  i f .  l and  ( 2 )  i n  t e r m s  of 
1 

t h e  asymptot ic  p r o p e r t i e s  of t h e  t r a j e c t o r i e s  determined by t h e  

d i f f e r e n t i a l  equa t ions .  

I n  t h e  f i r s t  d e s c r i p t i o n ,  two dynamical systems I: = ( f l ,  f  2 ,  1 

. . . , f n )  and E 2  = (gl ,  g 2 ,  . . . , gn) a r e  regarded a s  c l o s e  i f  each 

f .  i s  c l o s e  t o  t h e  corresponding g i n  some a p p r o p r i a t e  norm i n  
1 i 

1 func t ion  space.  Usual ly ,  w e  use  t h e  so -ca l l ed  Whitney C - topology,  

which g i v e s  t h e  d i s t a n c e  between E l  and E 2  a s  

n I a f i  a g. 
I: = max (1 f  P (I:,, 2 

x i=l 

On t h e  o t h e r  hand, i n  t h e  second type  of  d e s c r i p t i o n ,  C1 and C 2  

a r e  c l o s e  i f  corresponding t r a j e c t o r i e s  i n  M a r e  c l o s e  f o r  a l l  t .  

I n  t h e  u s u a l  i n v e s t i g a t i o n s  of s t r u c t u r a l  s t a b i l i t y ,  t h e  

" i n t r i n s i c "  topology on E i s  taken t o  be  t h a t  which i s  imposed by 

t h e  c l o s e n e s s  of corresponding t r a j e c t o r i e s .  Comparing t h i s  d e s c r i p t i o n  



wi th  t h a t  g iven  by t h e  Whitney topology,  t h e  r e s u l t i n g  b i f u r c a t i o n  

s e t  ( i . e .  t h e  p o i n t s  which a r e  - n o t  c l o s e  i n  t h e  Whitney topology 

b u t  a r e  c l o s e  i n  t h e  i n t r i n s i c  topology) l i e s  i n  a  space  of  para- 

1 meters  determined by t h e  f u n c t i o n s  {f i lwhich map M+R . On t h e  

o t h e r  hand, i f  w e  choose t h e  Whitney topology a s  t h e  i n t r i n s i c  one,  

then  t h e  b i f u r c a t i o n  set  l i e s  i n  a  s e t  of parameters  determined by 

1 
mappings of R +M ( r e p r e s e n t i n g  t h e  corresponding t r a j e c t o r i e s ) .  

Now l e t  u s  r e t u r n  t o  t h e  s i t u a t i o n  i n  which t h e  system C i s  

desc r ibed  by a  map f :  R+r. Then any o t h e r  d e s c r i p t i o n  g ,  which i s  

a  cont inuous f u n c t i o n  of  f  induces  t h e  s a m e  m e t r i c  on X ( = R / R ~ )  t h a t  

f  does ,  i . e .  i f  E l  E ' E X  a r e  c l o s e  under f ,  then  they  a r e  a l s o  c l o s e  

under g .  I n  t h i s  c a s e ,  t h e  d e s c r i p t i o n  of C provided by g  i s  

redundant t o  t h a t  provided by f ,  s i n c e  every p o i n t  o f  r i s  a  

g e n e r i c  p o i n t  f o r  e i t h e r  d e s c r i p t i o n  w i t h  r e s p e c t  t o  t h e  topology 

induced by t h e  o t h e r .  I n  s h o r t ,  w e  o b t a i n  no new informat ion  about  

C by supplementing t h e  £ - d e s c r i p t i o n  w i t h  t h e  g -desc r ip t ion .  

The p o i n t  of  u s ing  an a l t e r n a t e  d e s c r i p t i o n  i s  t o  g a i n  new 

in fo rma t ion  about  C .  Thus, ano the r  c r i t e r i o n  f o r  t h e  equiva lence  
- 

of two d e s c r i p t i o n s  f :  X+S, g: x+S, where S ,  S  a r e  a r b i t r a r y  para-  

m e t e r  sets, i s  t h a t  t h e  b i f u r c a t i o n  sets i n  S,  s induced by t h e  

p a i r s  ( g , f )  and ( f , g ) ,  r e s p e c t i v e l y ,  s h a l l  be  empty. I n  g e n e r a l ,  

g iven  t h e  d e s c r i p t i o n s  f  and g ,  t h e  g e n e r i c  p o i n t s  o f  S  and 5 re- 

p r e s e n t  e lements  of X f o r  which t h e  two d e s c r i p t i o n s  co inc ide .  On 

t h e  o t h e r  hand, on t h e  b i f u r c a t i o n  p o i n t s ,  t h e  two d e s c r i p t i o n s  

d i f f e r  and we g a i n  i n fo rma t ion  abou t  t h e  corresponding e lements  of 

X by employing bo th  d e s c r i p t i o n s .  On t h e  g e n e r i c  p o i n t s  of  e i t h e r  

d e s c r i p t i o n s  w i th  r e s p e c t  t o  t h e  o t h e r ,  t h e  p r o p e r t i e s  of t h e  



second d e s c r i p t i o n  a r e  hidden; they  r e v e a l  themselves on ly  on t h e  

b i f u r c a t i o n  p o i n t s .  

The q u e s t i o n  a r i s e s  a s  t o  how we should go about  i n c o r p o r a t i n g  

bo th  d e s c r i p t i o n s  f  and g  i n t o  a  new d e s c r i p t i o n  which improves 

upon them both .  The obvious way i s  t o  t a k e  t h e i r  c a r t e s i a n  produc t .  

W e  form t h e  produc t  S  x and d e s c r i b e  a  given element [ w I E X  by t h e  

p a i r  [ f  ( w ) ,  g ( w ) ] .  We g i v e  S  x S t h e  produc t  topology,  s o  t h a t  two 

elements [w], [w' ]  a r e  c l o s e  i f  and on ly  i f  f  ( w )  i s  c l o s e  t o  f  ( w l )  

i n  S  and s imul taneous ly  g(w) is  c l o s e  t o  g ( w l )  i n  5. W e  can now 

s t a t e  t h e  fol lowing a b s t r a c t  c h a r a c t e r i z a t i o n  of when t h e  desc r ip -  

t i o n  f  improves upon t h e  d e s c r i p t i o n  g: 

Improvement Theorem. f :  X+S i s  an improvement upon q: x+S 

i f  and on ly  i f  every  p o i n t  of S  i s  g e n e r i c  r e l a t i v e  t o  t h e  topology 

imposed on X by g ,  wh i l e  t h e  b i f u r c a t i o n  s e t  i n  2 a r i s i n g  from t h e  

topology imposed on X by f i s  n o t  empty. 

L e t  us  b r i e f l y  d i s c u s s  t h e  meaning of t h e  above r e s u l t s  f o r  

Example 1. There w e  had two d e s c r i p t i o n s  of t h e  fami ly  of cub ic  

curves  i n  a  s i n g l e  v a r i a b l e :  (1) v i a  t h e  c o e f f i c i e n t s  ( a , b )  and 

( 2 )  v i a  t h e  numbers 0, 1, 2 r e p r e s e n t i n g  t h e  r o o t  s t r u c t u r e  of  

t h e  curve.  Thus, a  combination of t h e s e  two d e s c r i p t i o n s  y i e l d s  

t h e  c a r t e s i a n  produc t  S  x  S = R~ x 10 , 1 , 2 )  and a  d e s c r i p t i o n  0 : X+S x S. 

Thus, i n  t h e  0 -desc r ip t ion ,  w e  a s s o c i a t e  w i th  every c u b i c  curve C 

t h e  t r i p l e  ( a , b , z ) ,  where ( a , b )  a r e  t h e  c o e f f i c i e n t s  of C and z  

r e p r e s e n t s  t h e  r o o t  s t r u c t u r e  (Remark: n o t  every  such t r i p l e  

corresponds t o  a  c u b i c  c u r v e ) .  I n  t h e  0 -desc r ip t ion ,  two curves  

C and C 1  a r e  c l o s e  i f  and on ly  i f  ( a , b )  and ( a ' , b l )  a r e  c l o s e  i n  R 
2 

and s imul taneous ly  z = z l .  Thus, i n  t h e  new 0 -desc r ip t ion ,  t h e  cub ic  



cu rves  cor responding  t o  c o e f f i c i e n t s  l y i n g  on t h e  b i f u r c a t i o n  set 

2 
(i  .e. on t h e  cusp  4a3 + 27b = 0 )  can b e  c l o s e  o n l y  t o  each o t h e r ,  

and n o t  t o  any c u b i c s  determined by c o e f f i c i e n t s  o f f  t h e  b i -  

f u r c a t i o n  set .  Thus, w e  see by t h e  Improvement Theorem t h a t  t h e  

d e s c r i p t i o n  6 i s  an improvement ove r  b o t h  t h e  d e s c r i p t i o n s  

T-I and 4 .  

S i m i l a r  remarks app ly  t o  Example 2  making u s e  o f  t h e  two 

a l t e r n a t e  d e s c r i p t i o n s  g iven  f o r  a  dynamical sys tem C .  

Returning now t o  ou r  d i s c u s s i o n  o f  " s u r p r i s e s " ,  w e  no ted  e a r l i e r  

t h a t  a  s u r p r i s e  o c c u r s  when ou r  concep t ions  of  r e a l i t y  f a i l  t o  match 

r e a l i t y .  I n t e r p r e t i n g  a  concep t ion  of  r e a l i t y  a s  one d e s c r i p t i o n  

f  ( o r  model) f o r  r e a l i t y ,  w h i l e  t h i n k i n g  of r e a l i t y  i t s e l f  a s  

g iven  by ano the r  d e s c r i p t i o n  g ,  it i s  reasonab ly  c l e a r  t h a t  a  

s u r p r i s e  o c c u r s  when t h e  g - d e s c r i p t i o n  ' b i f u r c a t e s  from t h e  f -de sc r ip -  

t i o n .  I n  o t h e r  words, when two s t a t e s  a r e  c l o s e  i n  o u r  concep t ion  

o f  a  s i t u a t i o n ,  b u t  f a i l  t o  remain c l o s e  i n  t h e  r e a l  s i t u a t i o n ,  

t h e n  w e  may i n t e r p r e t  t h i s  b i f u r c a t i o n  a s  a  s u r p r i s e .  

O p e r a t i o n a l l y ,  w e  never  r e a l l y  know t h e  d e s c r i p t i o n  o f  o u r  

s i t u a t i o n  which cor responds  t o  r e a l i t y .  A l l  w e  have i n  p r a c t i c e  

a r e  two o r  more a l t e r n a t i v e  d e s c r i p t i o n s  (models) which w e  can 

compare w i th  each o t h e r .  Thus, w e  must choose one model a s  t h e  

"base"  model, and i n t e r p r e t  b i f u r c a t i o n s  o f  t h e  o t h e r  models from 

t h e  ba se  a s  t h e  s u r p r i s e s .  One s y s t e m a t i c  way of choosing t h e  ba se  

model i s  t o  s t a r t  w i t h  a  d e s c r i p t i o n  f  and t h e n  " r e f i n e "  f  t o  a  model 

g  s o  t h a t  t h e  r e l a t i o n  R r e f i n e s  R f ,  i . e .  e ach  f - equ iva l ence  c l a s s  
g  

i s  a  union o f  g-equivalence  c l a s s e s  o f  i n p u t s .  I n  t h i s  way, two 

s t a t e s  which a r e  c l o s e  i n  g  must be  c l o s e  i n  f ,  b u t  n o t  conve r se ly .  



Thus, t h e  model g  may e x h i b i t  s u r p r i s e s  r e l a t i v e  t o  t h e  desc r ip -  

t i o n  provided by f .  More d e t a i l s  about  a l l  of t h e  above pro- 

cedures ,  a s  w e l l  a s  a  d i s c u s s i o n  of r e l a t e d  i s s u e s  may be found 

i n  [21] .  

Any v i a b l e  theory  of  s u r p r i s e  must c o n t a i n  some component 

f o r  d e a l i n g  wi th  t h e  observed q u a l i t a t i v e  n a t u r e  of t ime.  The 

i n t u i t i v e l y  f e l t  n o t i o n s  of " t ime f l i e s "  o r  " t ime drags"  must 

man i f e s t  themselves on t h e  change of p a t t e r n  a s s o c i a t e d  w i t h  t h e  

dynamics on t h e  b a s i c  geometr ic  s t r u c t u r e  r e p r e s e n t i n g  ou r  system. 

W e  f i n d  it convenient  t o  r e p r e s e n t  t h e s e  v a r i o u s  t ypes  of t ime 

through t h e  medium of  q -ana lys i s  i n  t h e  fo l lowing  manner. 

Consider t h e  c l a s s i c a l  Newtonian view of  t i m e ,  which can be  

r ep re sen ted  by t h e  diagram 

p a s t  + now + f u t u r e  

0 0 0 0  r, O / T O  

-1 0  1 2 3 

where t h e  numbers r e p r e s e n t  t h e  measurement of s p e c i f i c  moments of 

t i m e .  The l i n e s  connect ing up t h e  v e r t i c e s  of t ime measurement re- 

p r e s e n t  ou r  s ense  of t i m e  d u r a t i o n .  This  p i c t u r e  r e p r e s e n t s  a  very 

elementary s o r t  of s i m p l i c i a 1  complex, having an i n f i n i t e  s e t  of 

v e r t i c e s  w i th  t h e  numbers a t t r i b u t e d  t o  each v e r t e x  forming a  

p a t t e r n  r o  on t h e  v e r t i c e s ,  i .e .  t h e  0-s impl ices .  The numbers 

which we a s s i g n  t o  t h e  edges j o in ing  t h e  v e r t i c e s  form ano the r  

1 p a t t e r n  r  , r e f e r r e d  t o  a s  t h e  t ime i n t e r v a l s  between succes s ive  

moments of measurement. Thus, i n  t h e  Newtonian view t h e  t i m e  

p a t t e r n  is  t h e  graded p a t t e r n  



The r e p r e s e n t a t i o n  above makes it c l e a r  why we r e f e r  t o  t h e  

Newtonian view of t ime a s  a l i n e a r  concept a s s o c i a t e d  wi th  t h e  

s i m p l i c i a 1  complex K c o n s i s t i n g  of a s e t  of 1 -s impl ices  which a r e  

0-connected. When t h e  Newtonian t ime-axis i s  used t o  r e p r e s e n t  a 

s e t  of observed e v e n t s ,  t h e  i d e a  behind it i s  t o  somehow produce 

a k ind  of " c lock" ,  whose t ime moments ( t h e  v e r t i c e s )  can be pu t  

i n t o  a 1-1 correspondence wi th  t h e  s e t  of even t s .  The p a t t e r n  T 0 

d e s c r i b e s  t h e  "now" e v e n t s ,  whi le  d e s c r i b e s  t h e  i n t e r v a l  

p a t t e r n .  

I n  t h e  r e l a t i v i t y  t heo ry  of E i n s t e i n ,  t h e  c l a s s i c a l  Newtonian 

p a t t e r n  above was r ep l aced  by a new and d i f f e r e n t  one. The new 

s t r u c t u r e  was a consequence of  t h e  p h y s i c a l  r o l e  played by t h e  

l i g h t  s i g n a l  and had t h e  s t r u c t u r e  

Thus, now t h e  t ime moments a r e  r ep re sen ted  by 3-s impl ices ,  whi le  

t h e  t ime i n t e r v a l s  a r e  corresponding 4-s impl ices  ( s e e  F igu re  6 ) .  

P a s t  ,y' 
Figure  6 .  R e l a t i v i s t i c  Time-Pattern T = T~ $ r 4  



So, i n  t h e  r e l a t i v i s t i c  view of phys ics  t h e r e  w i l l  be 1-simplex 

i n t e r v a l s  a s  w e l l  a s  2- and 3-simplex i n t e r v a l s  between a p p r o p r i a t e  

"now" moments. A more d e t a i l e d  d i s c u s s i o n  of t h e s e  p o i n t s  can be 

found i n  [22] .  

The foregoing  c o n s i d e r a t i o n s  sugges t  t h a t  we in t roduce  t h e  

fol lowing s t r u c t u r a l  d e f i n i t i o n  of t ime.  

D e f i n i t i o n .  On any given s i m p l i c i a 1  complex K t  t ime is  a  - 
s p e c i f i c  type  of  graded p a t t e r n  s a t i s f y i n g  t h e  f o l l o y i n g  cond i t i ons :  

i) time imposes a  t o t a l  o rde r ing  of  a l l  p-s impl ices  i n  K 

( s o  t h a t  we can speak of one p-event preceding a n o t h e r ) ;  

ii) t h e  t ime-pa t t e rn  is  of t h e  form 

The p a t t e r n  -rP d e s c r i b i n g  t h e  now- t ra f f ic  o f  p-events on K can be 

understood a s  a  s imple  0/1 f u n c t i o n  on t h e  p-s impl ices  o f  K.  The 

l o c a t i o n  of t h e  s i n g l e  non-zero va lue  i d e n t i f i e s  t h e  p a r t i c u l a r  

p-event which i s  t h e  now-moment. Then t h e  "nex t  p-event" i n  K i s  

exper ienced by a  change i n  t h i s  p a t t e r n  v i a  6 r P I  s o  t h a t  t h e  1-value 

i s  found on a  d i f f e r e n t  p-simplex. This  movement of  v a l u e s  through- 

o u t  K c l e a r l y  i nvo lves  t h e  topology ( c o n n e c t i v i t y )  of K I  s i n c e  

one p-event cannot  fo l low ano the r  u n l e s s  t h e r e  is  an  a v a i l a b l e  

( p + l ) - i n t e r v a l  connect ing t h e  two. Thus, 6rP i s  a  p-force  i n  t h e  

s t r u c t u r e  of even t s  r e p r e s e n t i n g  ou r  s ense  of moving t i m e .  

The commonly accep ted  assumption of Western c u l t u r e  i s  t h a t  

when w e  u se  t h e  word " t ime" we a r e  r e f e r r i n g  t o  t h e  Newtonian t i m e  
0  1 

p a t t e r n  r  = r  @ r  . This  convent ion i s  c e r t a i n l y  u s e f u l  i n  pro- 

v i d i n g  a  common frame of  r e f e r e n c e ,  y e t  it d i s g u i s e s  t h e  e s s e n t i a l  



- 
n a t u r e  of ou r  exper ience  of  t ime.  Thus, suppose t h a t  an i n d i v i d u a l  

exper iences  a t ime t r a f f i c  o f  dimension p ( p  > 0 ) .  Then he f i n d s  

it c u l t u r a l l y  necessary  t o  r e p l a c e  t h i s  by t h e  Newtonian T a s  

fo l lows  : 

(exper ienced  t i m e )  (Newtonian t i m e )  

Th i s  means t h a t  t h e  i n d i v i d u a l  exper iences  a ( p + l ) - f o r c e  of 

r e p u l s i o n  a s  f a r  a s  t h e  i n t e r v a l  p a t t e r n  i s  concerned,  having t o  

f o r c e  h i s  ( p + l ) - p e r c e p t i o n  of t h e  t ime  i n t e r v a l  down i n t o  t h e  

1-dimensional  i n t e r v a l  of t h e  Newtonian p a t t e r n .  The exper ience  

of  t h i s  f o r c e  i s  expressed  by such ph rases  a s  " t ime drags"  o r  

" t ime f l i e s " ,  i n d i c a t i n g  t h e  f a c t  t h a t  r and r1 a r e  o u t  of  

s t e p .  

S ince  a "p-event" i n  K w i l l  g e n e r a l l y  correspond t o  t h e  

r e c o g n i t i o n  of  a p-simplex i n  K ,  l e t  us  assume, f o r  t h e  moment, 

t h a t  t h e r e  i s  a 1-1 correspondence between t h e  1-s impl ices  of K 

and t h e  Newtonian r e f e r e n c e  frame. Then t h e  t ime- in t e rva l s  f o r  

t h e  gap between one p-event and ano the r  w i l l  be p r o p o r t i o n a l  t o  t h e  

n u m b e r t i ?  , s i n c e  t h i s  i s  t h e  number of edges i n  t h e  l e a s t  

connect ion between two p-s impl ices .  Here w e  have assumed t h a t  a 

p-event occu r s  by way of  t h e  edges which make up t h e  ( p + l )  

even t  which b r i d g e s  t h e  c u r r e n t  and prev ious  p-events.  A s  an 

1 
example, i f  t h e  r u n i t  ( t h e  Newtonian t ime)  i s  1 day, t hen  a 

6-event would r e q u i r e  (6+2) (6+1)./2 = 28 days t o  " a r r i v e " .  

S i m i l a r l y ,  a p=25 e v e n t ,  would r e q u i r e  (27) (26)./2 = 351 days ,  



almost  a  f u l l  y e a r ,  i . e .  t h e  i n t e r v a l  between s u c c e s s i v e  25-events 

i s  351 days. 

We have assumed above t h a t  r ecogn i t i on  of a  p-event occu r s  

by way of  t h e  edges which connect  it t o  ano the r  ( t h e  "nex t " )  p- 

event .  I f ,  on t h e  o t h e r  hand, we assume t h e  wors t  c a s e ,  t h a t  we 

cannot  recognize  a p-event u n t i l  a l l  o f  i t s  f a c e s  have been 

s e p a r a t e l y  recognized,  we would have t o  recognize  a l l  i n t e r v a l s  

between t h e  s u c c e s s i v e  0, 1, 2 ,  ..., p e v e n t s .  This  number i s  t h e  

Sum 

I Thus, now i f  T = 1 day, we have t h a t  a  p  = 5-event would t a k e  6 7 2  
% 

days = 2 yea r s  t o  a r r i v e .  Although we s h a l l  n o t  pursue it he re ,  

an  argument can b e  made f o r  a s s o c i a t i n g  t h i s  "worst"  c a s e  w i t h  

t h e  q u e s t i o n  of  moving up a  h i e r a rchy  from l e v e l  N t o  l e v e l  N + l 1  

s i n c e  a  p-event a t  ( N + 1 )  w i l l  g e n e r a l l y  correspond t o  a  q-event a t  

l e v e l  N ,  w i t h  q  > >  p. 

A t  a  f i x e d  N-level s t r u c t u r e ,  t h e  t o t a l  range of t i m e - i n t e r v a l  

p a t t e r n s  w i l l  be conta ined  i n  t h e  sequence of numbers 1, 3,  6 ,  10,  

15, 2 1 ,  . . . de r ived  from t h e  va lues  of ( p + l )  (p+2)/2 .  These numbers 

I r e p r e s e n t  t h e  apparen t  i n t e r v a l s  of convent iona l  t ime (T ) r e q u i r e d  

f o r  t h e  r e c o g n i t i o n  of 0-events,  1-events ,  e t c .  When w e  speak o f  

t h e  f u t u r e  w e  conven t iona l ly  r e f e r  t o  t h e  sequence of 0-events i n  

0  1 
t h e  Newtonian s t r u c t u r e  T = T $ T . But, i n  ou r  s t r u c t u r a l  view 

of t i m e  w e  can s e e  t h a t  many p-events a t  t h e  now-point cannot  

man i f e s t  themselves u n t i l  much l a t e r  on t h e  Newtonian s c a l e .  Thus, 

t h e r e  i s  an obvious sense  i n  which t h e  " f u t u r e "  even t s  a r e  a l r eady  



conta ined  i n  t h e  " p r e s e n t "  even t s .  But an a b i l i t y  t o  be  s e n s i t i v e  

t o  h ighe r  o r d e r  p-times by s e e i n g  succes s ive  p-events would be  

man i f e s t  a s  i n s i g h t  i n t o  t h i s  f u t u r e .  

W e  no t e  i n  c l o s i n g  t h a t  t h e  mul t id imensional  t i m e  theory  

o u t l i n e d  above can be employed i n  our  b i fu rca t ion -based  theo ry  of 

s u r p r i s e  i n  a t  l e a s t  two d i f f e r e n t  ways. F i r s t  of a l l ,  we can use  

t h e  t i m e  t heo ry  t o  a s s i g n  d e f i n i t e  meaning t o  t h e  problem v a r i a b l e s  

a s  " f a s t " ,  "slow",  " i n t e r m e d i a t e " ,  e t c .  and r ega rd  t h e i r  v a r i a t i o n  

a s  a  m a n i f e s t a t i o n  of c e r t a i n  p-events.  S ince  w e  a l r e a d y  know 

where t h e  b i f u r c a t i o n  s u r f a c e s  a r e  i n  t h e  parameter  space ,  t h e  t i m e  

theory  enab le s  u s  t o  p r e d i c t  when t h e s e  s u r f a c e s  w i l l  be c ros sed ,  

caus ing  one d e s c r i p t i o n  t o  b i f u r c a t e  from ano the r .  

An a l t e r n a t i v e  r o u t e  would be t o  formula te  t h e  b a s i c  system 

d e s c r i p t i o n s  i n  s i m p l i c i a 1  complex terms.  The dynamics a r e  t hen  

r ep re sen ted  a s  a  change of  p a t t e r n  

a s  a l r e a d y  d i scussed .  Now we could in t roduce  t h e  mul t id imens iona l  

t ime f a c t o r  by a t t empt ing  t o  extend t h e  c l a s s i c a l  n o t i o n  of  a  

d i f f e r e n t i a l  equa t ion  by s e t t i n g  

ATP --. - - h ( a '  a 2  S 
P I  P I  * * - t  ap)  I 

ATP 

where AT' i s  t h e  change i n  t h e  p -pa t t e rn ,  ArP i s  t h e  change i n  t h e  

p-time p a t t e r n  and {a i ?  a r e  t h e  p-s impl ices  of  t h e  complex K .  Here, 
P 

o u r  t a s k  would be  t o  develop t h e  a p p r o p r i a t e  f u n c t i o n s  h  c h a r a c t e r -  
P  

i z i n g  t h e  corresponding dynamics. 
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