
Journal Pre-proofs

The components of directional and disruptive selection in heterogeneous
group-structured populations

Hisashi Ohtsuki, Claus Rueffler, Joe Yuichiro Wakano, Kalle Parvinen,
Laurent Lehmann

PII: S0022-5193(20)30304-0
DOI: https://doi.org/10.1016/j.jtbi.2020.110449
Reference: YJTBI 110449

To appear in: Journal of Theoretical Biology

Received Date: 31 March 2020
Revised Date: 5 August 2020
Accepted Date: 7 August 2020

Please cite this article as: H. Ohtsuki, C. Rueffler, J.Y. Wakano, K. Parvinen, L. Lehmann, The components of
directional and disruptive selection in heterogeneous group-structured populations, Journal of Theoretical
Biology (2020), doi: https://doi.org/10.1016/j.jtbi.2020.110449

This is a PDF file of an article that has undergone enhancements after acceptance, such as the addition of a cover
page and metadata, and formatting for readability, but it is not yet the definitive version of record. This version
will undergo additional copyediting, typesetting and review before it is published in its final form, but we are
providing this version to give early visibility of the article. Please note that, during the production process, errors
may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain.

© 2020 Published by Elsevier Ltd.

https://doi.org/10.1016/j.jtbi.2020.110449
https://doi.org/10.1016/j.jtbi.2020.110449


1,∗ 2 3,4,5 6,7 8

1

2

3

4

5

6

7

8

∗

k

k − 1

k k = 1, 2, 3





k

k − 1



k

k = 1, 2, 3

s ∈ S S = {s1, s2, ..., sN} N

s

s

ns

s

s N = 1

s

s



s

s

s

s

x y

x, y ∈ R

y

x

A = {a(s′, i′|s, i)}
(s′, i′; s, i) a(s′, i′|s, i) s′

i′ ≥ 1 s i ≥ 1

y

s i ns − i (s, i) A

ℓ

x y Aℓ ℓ A a(s′, i′|s, i)



A x y

x y

x

(s, 1) A ρ

ρ ≤ 1,

ρ

Au = ρu

u A ρ

y x

u u(s, i)

s i ≥ 1

u

A = {a(s′, i′|s, i)} u

k

(s, i)

q(s, i) ≡ iu(s, i)
∑

s′∈S

∑n
s
′

i′=1 i
′u(s′, i′)

.

s

q(s) ≡
ns∑

i=1

q(s, i).



s

i

q(i|s) ≡ q(s, i)

q(s)
.

φk(s, i) ≡







1 (k = 1)

k−1∏

j=1

i− j

ns − j
(2 ≤ k ≤ i)

0 (i+ 1 ≤ k ≤ ns),

k > 1 (s, i)

k− 1

k s

rk(s) ≡
ns∑

i=1

φk(s, i)q(i|s).

k−1

s

r2(s) =

ns∑

i=1

i− 1

ns − 1
q(i|s)

s

r3(s) =

ns∑

i=1

(i− 1)(i− 2)

(ns − 1)(ns − 2)
q(i|s)

s

k

(s, i)

w(s′|s, i) ≡ 1

i

n
s
′

∑

i′=1

i′a(s′, i′|s, i).

s′ (s, i) (s, i)

i w(s′|s, i)
s′

(s, i) w(s′|s, i)

w(s′|s, i)
w(s′|s, i) s



st
a
te
 s

st
a
te
 s
’

st
a
te
 s
’

g
e
n
e
ra
ti
o
n
s

M

MR R

M R

RR R

M

R

MR M

R

k
(s, 2) (s′, 3)

(s′, 1)
3 + 1 = 4

(s, 2) = 2 w1(s
′|s, 2) = 4/2 = 2

(s, 2) = 2
2/4 (s′, 3) 0/4 (s′, 1)

3 ·(2/4)+1 ·(0/4) = 3/2 w2(s
′|s, 2) = (3/2)/2 = 3/4

w3(s
′|s, 2) = {3 · (1/6) + 1 · (0/6)}/2 = 1/4 w4(s

′|s, 2) = w5(s
′|s, 2) = 0

k (1 ≤ k ≤ ns′)

wk(s
′|s, i) ≡ 1

i

n
s
′

∑

i′=1

φk(s
′, i′)i′a(s′, i′|s, i)

(s, i)

s′ k−1

wk(s
′|s, i) k

s′ (s, i)

1 w(s′|s, i) k

wk(s
′|s, i)
φk(s

′, i′) k



k k > 1

ρ

x = y + δ

δ |δ| ≪ 1 ρ δ

ρ F δ

F δ

F (δ) = F (0) + δF (1) + δ2F (2) + · · · ,

F (ℓ)

F (ℓ) =
1

ℓ!

dℓF (δ)

dδℓ

∣
∣
∣
∣
δ=0

.

F

(s, i)

w
(0)
1 (s′|s, i) = 1

i

n
s
′

∑

i′=1

i′a(0)(s′, i′|s, i),

a(0)(s′, i′|s, i) A

i

(s, i1) (s, i2) i1 6= i2

w
(0)
1 (s′|s, i) w

(0)
1 (s′|s)

N × N W (0) = {w(0)
1 (s′|s)} (s′, s)

s′

s

W (0) 1

W (0)



A

y

w
(0)
1 (s′|s, i) i W (0)

1 A(0) = {a(0)(s′, i′|s, i)}
W (0)

v(0) = {v(0)(s)} N v(0)(s)

s

v(0)(s) δ W (0)

δ v̂(0) = {v̂(0)(s, i)} n ≡
∑

s∈S
ns

v̂(0)(s, i) = v(0)(s)i v̂(0)

A(0) = {a(0)(s′, i′|s, i)} v̂(0)

A(0) ρ(0) = 1

{q(0)(s)}
N

W (0)

v(0)

∑

s∈S
v(0)(s)q(0)(s) = 1

q(0)(s′) =
∑

s∈S

w
(0)
1 (s′|s)q(0)(s) (q(0) = W (0)q(0)),

v(0)(s) =
∑

s′∈S

v(0)(s′)w
(0)
1 (s′|s) (v(0) = v(0)W (0)),

1 =
∑

s∈S

v(0)(s)q(0)(s) (1 = v(0)q(0)),

v(0) v(0)(s) q(0) q(0)(s)

A

ρ

A u v̂(0)

ρ =
1

V

∑

s′∈S

∑

s∈S

ns∑

i=1

v(0)(s′)w1(s
′|s, i)q(i|s)q(s),

V ≡
∑

s∈S

v(0)(s)q(s)

ρ

i



s′

s

s s

s′

1

V

1

ρ

w1(s
′|s, i) q(s) q(i|s) δ v(0)(s′)

ρ(1)(y) ≡ ∂ρ

∂δ

∣
∣
∣
∣
δ=0

ρ(2)(y) ≡ 1

2

∂2ρ

∂δ2

∣
∣
∣
∣
δ=0

.

y∗

ρ(1)(y∗) = 0.

c(y∗) ≡ dρ(1)(y)

dy

∣
∣
∣
∣
y=y∗

< 0.

δ

|δ| ≪ 1

ρ(2)(y∗) < 0.

ρ(2)(y∗) c(y∗) y∗

ρ δ

ρ(1) =
∑

s′∈S

∑

s∈S

ns∑

i=1

v(0)(s′)w
(1)
1 (s′|s, i)q(0)(i|s)q(0)(s).



ρ(1) 1 w1

ρ δ ρ(1) = 0

ρ(2) = ρ(2 ) + ρ(2 ) + ρ(2 )

ρ(2 ) =
∑

s′∈S

∑

s∈S

ns∑

i=1

v(0)(s′)w
(2)
1 (s′|s, i)q(0)(i|s)q(0)(s)

ρ(2 ) =
∑

s′∈S

∑

s∈S

ns∑

i=1

v(0)(s′)w
(1)
1 (s′|s, i)q(0)(i|s)q(1)(s)

ρ(2 ) =
∑

s′∈S

∑

s∈S

ns∑

i=1

v(0)(s′)w
(1)
1 (s′|s, i)q(1)(i|s)q(0)(s)

ρ(2 )

1 ρ(2 )

ρ(2 )

q(s) q(i|s)
w

(ℓ)
k (s′|s, i) (ℓ = 1, 2)

q(1)(i|s) q(1)(s)

wk(s
′|s, i) k = 1, 2, 3

ρ(1) ρ(2)

s z1

ns − 1 z2, · · · , zns

z

w1,s′|s(z1, z2, · · · , zns
, z) (s′, s ∈ S, z1, · · · , zns

, z ∈ R)

s′ s

w1,s′|s

z2, · · · , zns

w1,s′|s(z1, z{2,··· ,ns}, z) w1,s′|s(z1, z−{1}, z),



z{2,··· ,ns} ns−1 z2, · · · , zns

−{1}
{1, 2, · · · , ns} \ {1} = {2, · · · , ns} {1, 2, · · · , ns}

z−{1} z{2,··· ,ns}

−{1, 2} {1, 2, · · · , ns} \ {1, 2} = {3, · · · , ns}
z−{1,2} = z{3,··· ,ns} ns − 2 z3, · · · , zns

zi, z ∈ {x, y}

w1(s
′|s, i) = w1,s′|s(x, x, · · · , x

︸ ︷︷ ︸

i−1

, y, · · · , y
︸ ︷︷ ︸

ns−i

, y).

w1(s
′|s, i) δ

w
(0)
1 (s′|s, i) = w1,s′|s,

w
(1)
1 (s′|s, i) = ∂w1,s′|s

∂z1
+ (i− 1)

∂w1,s′|s

∂z2
,

w
(2)
1 (s′|s, i) = 1

2

∂2w1,s′|s

∂z21
+
i− 1

2

∂2w1,s′|s

∂z22
+ (i− 1)

∂2w1,s′|s

∂z1∂z2
+

(i− 1)(i− 2)

2

∂2w1,s′|s

∂z2∂z3
.

(y, · · · , y)
ns = 1 ns = 2 (i−1) (i−1)(i−2)

1 ≤ i ≤ ns

z1 s ns − 1

z−{1} = z{2,··· ,ns} z

w2,s′|s(z1, z−{1}, z) (s′, s ∈ S, z1, · · · , zns
, z ∈ R)

s′

w2,s′|s

w2,s′|s > 0

w2,s′|s

ns ≥ 2 z2

ns− 2 z−{1,2} = z{3,··· ,ns}

w2,s′|s(z1, z2, z−{1,2}, z) (s′, s ∈ S, z1, · · · , zns
, z ∈ R)



st
a
te
 s

st
a
te
 s
’

st
a
te
 s
’

12

1

1

2 2

g
e
n
e
ra
ti
o
n
s

1

w2 w2

z1

z2

1/4

w2,s′|s(z1, z−{1}, z) = 2 · (1/4)+1 · (0/4) = 1/2

1/4
1/4

w2,s′|s(z1, z2, z−{1,2}, z) = 2 · (1/4) + 1 · (1/4) = 3/4



s′ z1

z2

w2,s′|s(z1, z2, z−{1,2}, z)

z1 z2

z−{1,2} w2,s′|s(z1, z2, z−{1,2}, z)

z1 w2,s′|s(z1, z2, z−{1,2}, z)

2 ≤ i ≤ ns

w2(s
′|s, i) = w2,s′|s(x, x, · · · , x

︸ ︷︷ ︸

i−1

, y, · · · , y
︸ ︷︷ ︸

ns−i

, y) + (i− 1)w2,s′|s(x, x, x, · · · , x
︸ ︷︷ ︸

i−2

, y, · · · , y
︸ ︷︷ ︸

ns−i

, y),

i − 1

w2(s
′|s, i) δ

w
(0)
2 (s′|s, i) = w2,s′|s + (i− 1)w2,s′|s,

w
(1)
2 (s′|s, i) =

∂w2,s′|s

∂z1
+ (i− 1)

∂w2,s′|s

∂z2
+ 2(i− 1)

∂w2,s′|s

∂z1
+ (i− 1)(i− 2)

∂w2,s′|s

∂z3
,

∂w2,s′|s/∂z1 ∂w2,s′|s/∂z2 ∂w2,s′|s/∂z1

∂w2,s′|s/∂z3

ns = 1, 2 (i− 1)

(i− 1)(i− 2) 1 ≤ i ≤ ns

w3,s′|s(z1, z−{1}, z) s′

s z1

w3,s′|s(z1, z2, z−{1,2}, z)

s′ s

z1

z2 w3,s′|s(z1, z2, z3, z−{1,2,3}, z)

s′ s z1

A1

A2 ns w
2

A1 A2/(ns − 1)
A1A2/(ns−1) A1A2/(ns−1) A1 A2

w
2



z2 z3

w3(s
′|s, i) δ

w
(0)
3 (s′|s, i) = w3,s′|s + 3(i− 1)w3,s′|s +

(i− 1)(i− 2)

2
w3,s′|s,

w3,s′|s, w3,s′|s, w3,s′|s

(y, · · · , y)

ρ(1) ρ(2)

ρ(1) =
∑

s′∈S

∑

s∈S

v(0)(s′)

[

∂w1,s′|s

∂z1
+

ns∑

i=1

(i− 1)
∂w1,s′|s

∂z2
q(0)(i|s)

]

q(0)(s),

ρ(1) =
∑

s′∈S

∑

s∈S

v(0)(s′)

[
∂w1,s′|s

∂z1
+ (ns − 1)

∂w1,s′|s

∂z2
r
(0)
2 (s)

]

q(0)(s).

ρ(1)

r
(0)
2 (s) q(0)(i|s)

ρ(1)

q(0)(s)

v(0)(s) w1,s′|s = w
(0)
1 (s′|s)

s q(0)(s)

ρ(1)

s s′

ρ(1)



r
(0)
2 (s′) =

1

q(0)(s′)

∑

s∈S

[

w2,s′|s + (ns − 1)w2,s′|sr
(0)
2 (s)

]

q(0)(s).

r
(0)
2 (s)

ρ(1)

k k = 1, 2 w1,s′|s w2,s′|s w2,s′|s

k

N

A > 10

ρ(1) = 0

ρ(2 ) =
1

2

∑

s′∈S

∑

s∈S

v(0)(s′)

[

∂2w1,s′|s

∂z21
+ (ns − 1)

∂2w1,s′|s

∂z22
r
(0)
2 (s)

+ 2(ns − 1)
∂2w1,s′|s

∂z1∂z2
r
(0)
2 (s) + (ns − 1)(ns − 2)

∂2w1,s′|s

∂z2∂z3
r
(0)
3 (s)

]

q(0)(s)

ρ(2 ) =
∑

s′∈S

∑

s∈S

v(0)(s′)

[
∂w1,s′|s

∂z1
+ (ns − 1)

∂w1,s′|s

∂z2
r
(0)
2 (s)

]

q(1)(s)

ρ(2 ) =
∑

s′∈S

∑

s∈S

v(0)(s′)

[

(ns − 1)
∂w1,s′|s

∂z2
r
(1)
2 (s)

]

q(0)(s).

r
(0)
2 (s)

r
(0)
3 (s)



q(1)(s)

r
(1)
2 (s)

ρ(2 ) = 0

ρ(2 )+ρ(2 )

ρ(2) q(1)(s)

r
(0)
3 (s) r

(1)
2 (s)

ρ(1) = 0 q(1)(s)

q(1)(s′) =
∑

s∈S

[
∂w1,s′|s

∂z1
+ (ns − 1)

∂w1,s′|s

∂z2
r
(0)
2 (s)

]

q(0)(s) +
∑

s∈S

w1,s′|sq
(1)(s)

r
(0)
3 (s)

r
(0)
3 (s′) =

1

q(0)(s′)

∑

s∈S

[

w3,s′|s + 3(ns − 1)w3,s′|sr
(0)
2 (s) +

(ns − 1)(ns − 2)

2
w3,s′|sr

(0)
3 (s)

]

q(0)(s).

r
(1)
2 (s)

r
(1)
2 (s′) =

1

q(0)(s′)

∑

s∈S

[
∂w2,s′|s

∂z1
+ (ns − 1)

∂w2,s′|s

∂z2
r
(0)
2 (s)

+ 2(ns − 1)
∂w2,s′|s

∂z1
r
(0)
2 (s) + (ns − 1)(ns − 2)

∂w2,s′|s

∂z3
r
(0)
3 (s)

]

q(0)(s)

+
1

q(0)(s′)

∑

s∈S

[

(ns − 1)w2,s′|sr
(1)
2 (s)

]

q(0)(s)

+
1

q(0)(s′)

∑

s∈S

[

w2,s′|s + (ns − 1)w2,s′|sr
(0)
2 (s)

]

q(1)(s)

− r
(0)
2 (s′)

q(1)(s′)

q(0)(s′)
.

q(1)(s)

s

w3,s′|s, w3,s′|s w3,s′|s

r
(1)
2 (s)

w2,s′|s w2,s′|s

N

ρ(2)



k k = 1, 2, 3 w1,s′|s

w2,s′|s w2,s′|s w3,s′|s w3,s′|s w3,s′|s

S ρ(1)

ρ(1) ρ(2)

δ ω

ω ρ(2) ≈ ρ(2 ) ρ(2 ) ρ(2 )

ρ(2 )

ρ(1)

ρ(2)

ρ(1) ρ(2)

ρ(1)

ρ(2)

s

s

πs

s
∑

s∈S
πs = 1



γs < 1 s

γs = 0 γs ∼ 1

w1,s′|s(z1, z−{1}, z) =







w1,s|s(z1, z−{1}, z)
︸ ︷︷ ︸

+w1,s|s(z1, z−{1}, z)
︸ ︷︷ ︸

(s′ = s)

w1,s′|s(z1, z−{1}, z)
︸ ︷︷ ︸

(s′ 6= s).

w1,s′|s(z1, z−{1}, z) w1,s|s(z1, z−{1}, z)

w1,s|s(z1, z−{1}, z) = γs
︸︷︷︸

+(1− γs)w1,s|s(z1, z−{1}, z)
︸ ︷︷ ︸

.

w1,s′|s(z1, z−{1}, z) = (1− γs′)w1,s′|s(z1, z−{1}, z)
︸ ︷︷ ︸

.

s

q(0)(s) =
πsns

∑

s′∈S
πs′ns′

,

v(0)(s′)q(0)(s)

q(0)(s) ρ(1) ρ(2)

v(0)(s′)q(0)(s) =
w1,s|s′

(1− γs′)(1− w1,s′|s′)(1− w1,s|s)

/(
∑

s′′∈S

w1,s′′|s′′

(1− γs′′)(1− w1,s′′|s′′)
2

)

r
(0)
2 (s) =

2γsw1,s|s + (1− γs)
(

w1,s|s

)2

ns(1 + γs)− 2(ns − 1)γsw1,s|s − (ns − 1)(1− γs)
(

w1,s|s

)2



r
(0)
3 (s)

r
(0)
3 (s) =






(

w1,s|s

)3
[

ns + 2(ns − 1)
(

w1,s|s

)2
]

[

ns − (ns − 1)
(

w1,s|s

)2
] [

n2
s − (ns − 1)(ns − 2)

(

w1,s|s

)3
] γs = 0 ,

2
(

w1,s|s

)2

[

ns − (ns − 1)w1,s|s

] [

ns − (ns − 2)w1,s|s

] γs ∼ 1 .

ρ(1) = 0

q(1)(s) =

{

1

1− w1,s|s

[
∂w1,s|s

∂z1
+ (ns − 1)

∂w1,s|s

∂z2
r
(0)
2 (s)

]

−
∑

s′∈S

1

1− w1,s′|s′

[
∂w1,s′|s′

∂z1
+ (ns′ − 1)

∂w1,s′|s′

∂z2
r
(0)
2 (s′)

]

q(0)(s′)

}

q(0)(s)

q(1)(s)/q(0)(s)

q(0)(s)

v(0)(s′)q(1)(s) ρ(1) = 0

r
(1)
2 (s) = 2r

(0)
2 (s)

γs + (1− γs)w1,s|s

2γsw1,s|s + (1− γs)
(

w1,s|s

)2

×
{

[1 + (ns − 1)r
(0)
2 (s)]

∂w1,s|s

∂z1
+ (ns − 1)[2r

(0)
2 (s) + (ns − 2)r

(0)
3 (s)]

∂w1,s|s

∂z2

}

ρ(1) = 0

w1,s|s

w1,s′|s s

fs γs

ms

ps s

s (1− γs)ns

ns



ns Kns K

w1,s|s(z1, z−{1}, z) =







ns
(1−ms)fs(z1, z−{1}, z)

(1−ms)
∑ns

i=1 fs(zi, z−{i}, z) + I (z)

ns

(1−ms)

(1−ms)ns + I
︸ ︷︷ ︸

× ns

fs(z1, z−{1}, z)
∑ns

i=1 fs(zi, z−{i}, z)
︸ ︷︷ ︸

,

w1,s′|s(z1, z−{1}, z) =







πs′ns′
psmsfs(z1, z−{1}, z)

(1−ms′)
∑n

s
′

i=1 fs′(z, z, z) + I (z)

πs′ns′
psms

(1−ms′)ns′ + I
︸ ︷︷ ︸

× ns

fs(z1, z−{1}, z)
∑ns

i=1 fs(zi, z−{i}, z)
︸ ︷︷ ︸

,

fs(zi, z−{i}, z) i s

I (z) ≡
∑

s∈S

πsnspsmsfs(z, z, z)

I ≡
∑

s∈S

πsnspsms

s ns

Kns

fs(z1, z−{1}, z)/
∑ns

i=1 fs(zi, z−{i}, z)

1 − ms

1/ [K((1−ms)ns + I )]

K((1 − ms)ns + I )

s

πsnspsms s′ K ((1−ms′)ns′ + I )

πs′

ns(1 − γs) ns′(1 − γs′) s′

(1 − γs) (1 − γs′)

K

ρ(1) ρ(2)



ρ(1)

ρ(2)

ρ(1) ∝
∑

s∈S

πsnspsmsfs
ds,

{
∂fs
∂z1

fs
+ r

(0)
2 (s)(ns − 1)

∂fs
∂z2

fs
− (1− ds, )2r

(0)
2, (s)

(
∂fs
∂z1

fs
+ (ns − 1)

∂fs
∂z2

fs

)}

,

ds,

s

ds, ≡ I

(1−ms)nsfs + I
.

y I fs (y, · · · , y)

r
(0)
2, (s) ≡ 1

ns
+
ns − 1

ns

r
(0)
2 (s),

s

r
(0)
2 (s) =

2γs(1− ds, ) + (1− γs)(1− ds, )2

ns(1 + γs)− 2(ns − 1)γs(1− ds, )− (ns − 1)(1− γs)(1− ds, )2
.



ρ(2)

γs = 0

ρ(2) fs

γs ∼ 1

fs(z1, z−{1}, z) = fs(z1)

fs/ z1 s

ρ(2) ∝
∑

s∈S

πsnspsmsfs
ds,






X1,s,

2fs
z2

1

fs
+X2,s,

(
fs
z1

fs

)2





,

X1,s, =
1

2

ds, (1− ds, + ns)

1 + ds, (ns − 1)
(≥ 0)

X2,s, =
ds, (1− ds, )(1− ds, + ns)ns

{2 + ds, (ns − 2)}{1 + ds, (ns − 1)} (≥ 0)

ds, = 1 X1,s, = 1/2 X2,s, = 0

ds, X2,s, /X1,s,

( fs/ z1)
2

2fs/ z21

y∗

ds, < 1

X2,s, /X1,s,

( fs/ z1)
2

y ,s

fs(z1) = f exp

[

− (z1 − y ,s)
2

2σ2

]

,

f σ2

ns = n ms = m ps = p s

y ,s

s fs/ z1 = 0
2fs/ z2

1



y∗

y∗ =
∑

s∈S

ψs(y
∗)y ,s,

ψs

y∗

∑

s∈S

Ψs(y
∗)(y ,s − y∗)2 > σ2 ,

Ψs

S = {1, 2} π1 = π2 = 1/2 p = 1

y ,2 = −y ,1 y∗ = 0

Ψs(y
∗) =

1

2

(
2−m

m
− 4(1−m)2

m(2 +m(n− 2))

)

.

σ2 =
∑

s∈S

πs (y ,s − y∗)
2

π1 = π2 = 1/2







2−m

m
− 4(1−m)2

m(2 +m(n− 2))
︸ ︷︷ ︸

→ 0 n → ∞






σ2 > σ2 .

y∗

m



m = 0 m = 1







(1 + n)σ2
op > σ2

st m→ 0

σ2
op > σ2

st m = 1.

n = (σ2
st − σ2

op)/σ
2
op

m n = 4

σ2
op < σ2

st

σ2
st/σ

2
op

y∗ = 0





2−m− (1−m)2(1−m+ (1 +m)n)

(1 +m(n− 1))(1−m+ n)
︸ ︷︷ ︸

→ 0 n → ∞






σ2
op < σ2

st

σ2
op

m 1 m = 0, 1

m =

√
1 + n

n+
√
1 + n

n σ2
op < σ2

st

σ2
st σ2

op (m,n)

2σ2
op < σ2

st

m (2 −m)σ2
op < σ2

st

m = 2 − (σ2
st/σ

2
op)

n = 100

n σ2
op

0 < m < 1 n

y∗ = 0

m = 1

m = 1

m = 1 p = 1

w1,s|s(z1, z−{1}, z) = 0 w1,s′|s(z1, z−{1}, z) = πs′ns′fs(z1)/I (z) s′ s

I (z)

σ2
op < σ2

st

σ2
op > σ2

st



ρ(1) ∝
∑

s∈S

πsnspsms

ds,

{
∂fs
∂z1

fs
+ r

(0)
2 (s)(ns − 1)

∂fs
∂z2

fs
− r

(0)
2, (s)

(
∂fs
∂z1

fs
+ (ns − 1)

∂fs
∂z2

fs

)}

,

ds, ≡ I

(1−ms)ns + I

s

y r
(0)
2 (s)

ds, ds,

ρ(2)

γs ∼ 1

fs(z1, z−{1}, z) = fs(z1)

ρ(2) ∝
∑

s∈S

πsnspsms

ds,






X1,s,

2fs
z2

1

fs
+X2,s,

(
fs
z1

fs

)2





,

X1,s, =
1

2

ds, (ns − 1)

1 + ds, (ns − 1)
(≥ 0)

X2,s, =
ds, (ns − 1){ds, (1− ds, )(ns − 1)(ns − 2)− 2ds, (ns − 1) + (ns − 2)}

{2 + ds, (ns − 2)}{1 + ds, (ns − 1)}2 .

X2,s, /X1,s,

ds, ns

X2,s, X2,s, /X1,s,

ns ds

ns = n ms = m ps = p = 1

s d = m y∗



a) σ2

st
= 0.9 b) σ2

st
= 1.1 c) σ2

st
= 1.3

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Repellor

H
ar
d
se
le
ct
io
n

G
ro
u
p
si
ze
,
n

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Repellor

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Repellor

B
ra
n
ch
in
g

C
S
S

d) σ2

st
= 1.6 e) σ2

st
= 2 f) σ2

st
= 5

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

R
ep
el
lo
r

B
ra
n
ch
in
g

CSS

G
ro
u
p
si
ze
,
n

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

B
ra
n
ch
in
g

CSS

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

B
ra
n
ch
in
g

CSS

g) σ2

st
= 0.9 h) σ2

st
= 1.1 i) σ2

st
= 1.3

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Branching

S
of
t
se
le
ct
io
n

G
ro
u
p
si
ze
,
n

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Branching

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Branching

C
S
S

j) σ2

st
= 1.6 k) σ2

st
= 2 l) σ2

st
= 5

0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Branching CSS

G
ro
u
p
si
ze
,
n

Migration rate, m
0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

Branching CSS

Migration rate, m
0.0 0.2 0.4 0.6 0.8 1.0

20

40

60

80

100

B
ra
n
ch
in
g

CSS

Migration rate, m

y∗ = 0 m
n σ2

st

yop,1 = 1 = −yop,2 σ2
op = 1



y∗ =
∑

s∈S

πsy ,s







2−m

m
− 4 + 2m (2−m) (n− 2)

m(2 +m(n− 2))(1 +m(n− 1))
︸ ︷︷ ︸

→ 0 n → ∞






σ2 > σ2 ,

σ2

n ≥ 2

m n n→ ∞

y∗

σ2 σ2 n m

y ,1 = 1 = −y ,2 n m σ2 y∗ = 0

σ2

ρ(2)

ρ(2)

v(0)(s) s r
(0)
2 (s) r

(0)
3 (s)

s q(0)(s)

s

ρ(2)

s ρ(1)

N



A

k

wk(s
′|s, i) (s, i)

s′ k− 1

wk(s
′|s, i)

k k = 1, 2, 3

ρ(1) ρ(2)

k

k = 2, 3 k = 1

ρ(1)

ρ(2)

k

k

ρ(1) ρ(2)



S

S

ρ(1)

ρ(2)

ρ(2)










