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ABSTRACT

When an optimization problem depends on parameters, the
minimum value in the problem as a function of the parameters is
typically far from being differentiable. Certain subderivatives
nevertheless exist and can be intepreted as generalized marginal
values. In this paper such subderivatives are studied in an
abstract setting that allows for infinite dimensionality of the
decision space. By means of the notion of proximal subgradients,
a new general formula of subdifferentiation is established which
provides an upper bound for the marginal values in gquestion and
a very broad criterion for 1local Lipschitz continuity of the
optimal value function. Augmented Lagrangians are introduced
and shown to lead to still sharper estimates in terms of special
multiplier vectors. This approach opens a way to taking

higher-order optimality conditions into account in such estimates.
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AUGMENTED LAGRANGIANS AND MARGINAL VALUES
IN PARAMETERIZED OPTIMIZATION

INTRODUCTION

An enormous variety of optimization problems can be posed

in the form

(1.1) minimize F(u,x) over all x€x ,
where X is some linear topological space (locally convex and
separated), u is a parameter vector ranging over another such
space U, and F is an extended-real-valued function on U x X.

For example, a nonlinear programming problem

minimize fo(x) over all x€C satisfying

(1.2) £o(x) + u, |SO0 fori=1, .., s,

i i .
=0 for i s +1, .., m,

where C = X andf%}X - R, can be represented in terms of

u = (u1,..,um) and

fO(x) if x is feasible in (1.2) ,

(1.3) Fla,x) =) "% if x is not feasible.



The abstract formulation (1.1) is illuminating because
it applies equally well to problems and parameterizations quite
beyond the nonlinear programming framework (1.2), and because
it directs our attention to the fundamental difficulties in

studying the optimal value function

(1.4) p(u) = inf F(u,x)
XeE X

These difficulties revolve around the fact that no amount of
smoothness assumed on the data in the problem, such as smoothness
of the functions fi in (1.2), is enough to imply that p is
differentiable. Even if F itself were finite everywhere and
smooth, differentiability of p could fail. Yet this negative
observation cannot be the end of the story, because p is an
extremely important function in many applications. Some
understanding, however imperfect, of its "subdifferential"

properties is essential.

Progress has been made in various directions over the years,
but recently there have been redoubled efforts in terms of a
generalized theory of differentiation founded by Clark [1]. For
the abstract case of (1.4) specifically there are results of
Clarke [1] and Hiriart-Urruty [2], and when F represents a
nonlinear (possibly nonconvex) programming problem as in (1.3),
there are more detailed analyses of Gauvin [3], Gauvin and
Dubeau [4], and Rockafellar [5], [6], [7]. Here we shall prove
a new theorem for the abstract case and show how augmented
Lagrangian functions can be introduced and utilized to get
improvements. The importance of augmented Lagrangians as a
theoretical took for such purposes has already been demonstrated
in work in finite-dimensional nonlinear programming [5}, [6],
[7] . But the fact that the same idea can be pursued more generally,
and may even open a new route to the study of higher-order
optimality conditions for problems that can be put in the form

(1.1), has not previously been pointed out.
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To set the stage we make the blanket assumptions that F is

lower semicontinuous, F(u,x) > -« everywhere, and

(1.5) for every UEU and o €R there is a neichborhood U of u
) and a compact set K C X such that

WE€U,F(u,x) <o = x€EK
This is relatively painless and has the wvirtue of ensuring that
p is a lower semicontinuous function on U with p(u) > —= everywhere.
It implies further that the optimal solution multifunction
X: U 3 X defined by

(1.6) X(u) = arg min F(u,x)
X € X

is upper semicontinuous, nonempty-valued where p < «, and locally

has values uniformly contained in a compact set.

Clarke founded his theory of generalized differentiation
on a concept of "subgradient" and showed that for locally
Lipschitzian functions on Banach spaces, subgradients are dual
to certain special directional derivatives. We extended this
duality in [8] to the non-Lipschitzian case through an
appropriate definition of "subderivatives" slightly more
complicated than the expressions considered by Clarke. These
are the sort of derivatives needed in dealing with the optimal
value function p, since although lower semicontinuity is no
real problem, we cannot suppose a priori that p is locally
Lipschitzian. Indeed, we hold the hope of developing by
subdifferential theory useful conditions that <Zmply p is locally

Lipschitzian.

Let u be a point where p(u) is finite. For each he€l,
let N(h) denote the collection of all neighborhoods of h. The
(upper) subderivative of p at u is the quantity

(1.7) pT(u;h) = sup [lim sup [inf p(u'+th') - p(u')1]]

vueN(h) u' 2 u ' t
p(u') = p(u) hieU
t v 0




.

This limit may initially seem rather peculiar, not to mention
complicated, but it emerges as fundamental in so many ways that
the reader would do well to reflect carefully on its meaning.
Bolstered by the mathematical evidence already compiled of the
robustness of this definition in application to a large number

of situations, one is tempted to suggest that these subderivatives
are just what should be put in mind when the subject of "marginal

values" in the parameterized problem (1.1) comes up.

Some of the properties of subderivatives are quite
surprising. As a function of h, pT(u;h) is lower semicontinuous
and sublinear (convex and positively homogeneous), not identically
+ o, If h is such that

(1.8) inf [1lim sup [sup p(u'+th')]] < « ,
ueN(h) u' = u h'€eu t
p(u') = p(u)

p is said to be directionally Lipschitzian at u with respect to
h; Lipschitz continuity of p in a neighborhood of u corresponds
to h = 0. It turns out that if (1.8) holds for any h at all,
then the set

(1.9) D(u) = {h|p' (u;h) < =}

has a nonempty interior, and for every he&€int D( ), (1.8) holds
and the limits in (1.7) and (1.8) coincide. When the space U

is finite-dimensional, this conclusion holds even without the
prior assumption that (1.7) is satisfied by at least one h. Note
that in these cases where (1.7) and (1.8) give the same value,
there is a certain uniformity in the behavior of the difference quotient
with respect to the way h is approached, and in fact pT(u;h) is
then continuous locally in h. See [8] for the proofs of these

assertions,

For the dual concepts, we need to refer to the space u* of
continuous linear functionals on U; we write (y,h? for the pairing

of elements y€ U* and h€ U, The subgradient set of p at u is



(1.10)  ap(w) = {yeu*{y,n> < p(u,h), vheu} |,

and the singular subgradient set is

(1.11) 3°p(u) = {yeU*|{y,h)<0, ¥h with pT(u,h) <o}

These are closed convex sets, and the second is obviously the
polar of the cone D(u). The basic properties of the subderivative

function imply that either dp(u) # g# and

(1.12) pT(u;h) = sup {{y,h? | yedp(u)} > «», ¥h ,

or sp(u) g and

4 ~o for y€D(u) ,
(1.13) p (u,h) =
+ for y &D(u)

The case where 3p(u) consists of just a single element y
corresponds by (1.12) to a strong form of differentiability

of p at u with Vp(u) = y. When p is convex, as 1is true under
(1.4) when F is convex, 3p(u) 1is the usual subgradient set of
convex analysis. Again we refer the reader elsewhere [1], [8],
for the details. '

The relationship between 3p(u) aﬁd 3°p(u) is guite simple.

Obviously from (1.10) and (1.11), one has
9°p(u) = {y°|y+ty’€2p(u) ,¥yedp(u),t>0} if 3p(u) # g -

Thus the rays in 5°p(u) represent the "points of 3p(u) lying
at «," except that there can be such "points" even when 3p(u)
is empty, as in (1,13), 1In any event, 3°p(u) is a sort of
measure of the unboundedness of 5p(u). When the space U is
finite~dimensional (which is the case we will mainly be
occupied with, although the decision space X will be allowed

to remain either finite or infinite-dimensional), 3°p(u) consists
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of just the zero vector if and only if 23p(u) is nonempty and
compact (see [6,Prop.3]), and this is in turn equivalent (by the
facts cited in the preceding paragraph) to p being finite and
Lipschitz continuous on a neighborhood of u. More generally,
estimates of 3°p(u) can provide information about directionally

Lipschitzian behavior of p at u.

Estimates of 3p(u) and 3°p(u) are both of interest, therefore,
in connection with bounds on the subderivatives pT(u;h). Outer
estimates and corresponding upper bounds will be the theme of

the rest of this article.

2. PROXIMAL SUBGRADIENTS AND A SUBDIFFERENTIATION FORMULA

A special technique has recently been developed for
analyzing subgradients in the finite-dimensional case. While
an infinite-dimensional generalization of some sort may be
possible, none has yet been worked out. This technique involves
lower guadratic supports to a function, and when applied to the
optimal value function p for the nonlinear programming model
(1.3), it is intimately connected with the theory of augmented
Lagrandgians [5]. Although augmented Lagrangian functions have
been studied for nonlinear programming problems with infinite-
dimensional parameter vectors u (cf.[9]),we shall limit
ourselves here, because of the technique in gquestion, to finitely
many parameters and assume henceforth that

(2.1) U==r"=Uu* u-= (Wyseeru )y ¥ = (Yqree,yy)

A vector y is called a proximal subgradient of p at u
(a2 point where p is finite) if for some r > 0 sufficiently

large and some ¢ > O,
(2.2) p(u') 2 p(u) + {(y,u'-u) - % hl'—illz when |u' - u| < ¢

(Here |-!| denotes the Euclidean norm). A condition that can be
seen to be equivalent is the following: there is a function
g of class C2 on a neighborhood of u such that g <p, g(u) = p(u),

and Vg(u) = y. Let



(2.3) 3¥p(u) = {yly is a proximal subgradient at u}

Working from a result of Clarke [1, p.254] about normal cones

to closed sets, we demonstrated in [5] that not only is

3*p(u) C sp(u), but more significantly, the multifunction 3*p
serves completely to determine dp and 3°p as follows: for the

sets

(2.4) Y(u) = {y|2yFoy with y¥es*p ™) ,uf>u, p)=p)

0 ) ju~u,p(u)=>p(u)}

Y (u) = {y|5‘)\kyk—’y with xkio,ykea*p(uk k k
4

one has (denoting the closure of a set by "cl" and the convex
hull by "co")

(2.5) d3p(u) = cl co [Y(u)+YO(u)], 3°p(u) = cl co Y(u)

Dual to these expressions there are, by the relations explained
in §1, corresponding formulas for pT(u;h) and cl D(u), but of
particular note is the estimate

(2.6) pT(u,h) < lim sup <yk,h>

yiea*p (u¥)
uk*u

p(uk) - p(u)

This is "tight" in a sense we shall not go into here.

In the results we now state and prove, subgradients and
subderivatives of F are used to estimate those of p. The
definitions of such things for F are the obvious analogue of
those for p and involve the natural pairing of R" x X with

RD x X*.



THEOREM 1.
Assuming (1.5) and (2.1), consider any u where p is fintite,
and let
M(u) = {y|3Ixex(u) with (y,0)E3F (u,x)} ,
(2.7)
Mo(u) = {y|Fx€X(u) with (y,0)€F (u,x)}
Then
(2.8) 3p(u) € cl colM(u)+M,(u)], 3°p(u) € cl coMy(u)
Proof:

Resting our argument on (2.5), we are obliged only to

demonstrate that
(2.9) Y(u) € M(u), Yo(u) - Mo(u)

For the first inclusion, <choose any yeY(u) and corresponding
sequences of elements yk, uk, as in the definition (2.4) of Y(u).
Since p(uk) - p(u), we have (at least for k large enough) that
p(uk) is finite and hence by our blanket assumption (1.5) that
X(uk) # . Choose any xke)(hfS and recall that (1.5) implies

the multifunction X is upper semicontinuous and maps some
neighborhood of u into a compact set. From this it can be
supposed, passing to a subsequence if necessary, that xk
converges to some x € X(u). (Without some restriction on the
topology of X, we should really at this stage employ the
language of nets or filters, rather than speak of sequences
and subsequences, but this would affect nothing essential.) For
some r, > 0 and €, > 0, we have by definition of the relation

kK «5 k K K K
vy €3"p(u™), the value p(u’) and set X(u’), that

r

(2.10) F(u',x') = F(uk,xk) + (yk,u'—tfc) - 7;-h1'— uk|2
for all x'e Xand u'€R" satisfying |u' - uk\ < €

where

(2.11) F(uk,xk) = p(uk) - p(u) = F(u,x) .



If X were finite-dimensional, we could conclude from (2.10) that
(yk,O)ea*F(uk,xk) and hence in the limit, via the formula for

oF analogous to (2.5) for op, that (y,0)€3F(u,x) and consequently
yeM(u). The infinite-dimensional case of X requires a more direct

approach, however, to establish that (y,0)€3F(u,x).

Suppose it were true that (y,0)€3F(u,x). Then by the
duality between subgradients and subderivatives there would

have to exist (h,w)ERm x X with

{y,h) = {(y,0), (h,w)) > E‘T(u,x;h,w)

= sup [limsuo [inf F(u'+th,'x'4+tw')- F(u',x")1]
ueN() (u',x')>(u,x) h'eU t
WeNw) F(u',x")?°F(u,x) w'EW
ti0
>sup  [lim sup[inf [Fu+th', % tw') - F5,%9 1]
UeN(t) k>« h'eyu t

WENW ti1 0 wew

Then for every UEN(h) and sequence thIO, we would in

particular have (using (2,11) and the definition of p)

{y,h) > limsup {inf F(uk+tkh',xk+tkw') - F(uk,xk)]
k > = h'eu tk
(2.12) w'e X
g , k k
= lim sup [inf p(u +tkh') - p(u)]
00 v
k —> h'€U tk
But on the other hand we know
k k k Tk K, 2
(2.13) p(u') =Zp(u) + {y ,u'-u> - 7|u' - u
when
u' - ukl < € .



Taking the arbitrary neighborhood U in (2.12) to be of the form
(2.14) U = {h'| |h'-h]| <¢} for some € > 0 ,

we may se2lect the arbitrary sequence t, ¥+ 0 in such a manner

k
that tkrk 4 0 and

](uk+t h') - uk| < ¢, when h'eu ,
k k
as is obviously possible simply by requiring tk < ek/e. Then
(2.13) implies for u' = u® + t h' that
K tkrk 2 p(uk+tkh') - p(uk)
(y",h") - — lh' |© < ‘ for all k,
"

or by taking the infimum over both sides subject to h'€U, that

K K tkrke2 p(uk+tkh') - p(uk)
(2.15) {(y ,h) - ely" | - ——>— < inf -
h'el k
and in the limit
p(uk+tkh') - p(uk)
(y,h) - €|y| < lim sup [inf - £ 1.
k = o h'eu k

Since there was free choice of € in (2.14), this inequality
leads to a contradiction with (2,12). Therefore it is impossible
that (y,0)%d5F(u,x), and the proof of the first inclusion in

(2.9) 1is complete.

The proof of the second inclusion is identical in the
finite-dimensional case and only a little different when X is
infinite-~dimensional. In the latter case, the relation
(y,0)23°F (u,x), which must be proved impossible, means that
there exists (h,w)€E R™x X with

Fl(u,x;h,w) < « but {(y,0), (h,w)) > 0

Keeping to the earlier pattern, one can deduce from Ej(u,x;h,w) < ®
that



11~

(2.16) limsup [inf p(uk+tkh’) - pwf)] <
k = h'EU tk

for every Ue N(h) and sequence tk¢ 0. On the other hand, through
appropriate choice of tk and U we still have (2.15), and
multiplying this through by kk (where ka,o and kkyk—’yr as in
the definition of Y,(u)) and taking the limit as k2>« we get

from (2.16) that

0

{(y,h) - ely| < 0

This being valid for arbitrary € > 0, we see a contradiction
to the starting inequality ((y,0), (h,w)?> > 0, and the second

inclusion in (2.9) is thereby confirmed.

COROLLARY 1.

Under the hypothesis of Theorem 1, one also has

(2.17) op(u) € clco [M(u)+M6(u)] ’
where
M(‘)(u) = {y|3xeX(u) with 9F (u,x) =g and (y,0)€E3° F(u,x)}
Proof:
Since 3F(u,x) + 3°F(u,x) = 3F(u,x) , all the information

represented by 3°F (u,x) is already embodied in 3F (u,x) when

3F(u,x) # §. In fact
(2.19) M((u) + Mo(u) = M(u) + Mé(u) .

COROLLARY 2,

Under the hypothesis of Theorem 1, if X(u) consists of a

single element X one has

(2.20) op(u) € {y|(y,0) € oF(u,x)} , 3°p(u) C{y|(y,0)€3°F (u,x)}
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Proof. As in Corollary 1, we use the fact that
3F (u,x) + 3°F(u,x) = doF(u,x). Since 3F(u,x) and 3°F(u,x) are
closed convex sets, the "cl" and "co" operations can be omitted.

COROLLARY 3.
Under the hypothesis of Theorem 1, if

(2.21) AxeX(u) and vy # 0 with (y,0)€3°F(u,x) ,

then p is Lipschitz continuous on a neighborhood of u.
Proof: o
In this case we have 3°p(u) = {0} by the second inclusion
in (2.20). Then p is Lipschitzian around u, as explained in
§1.

Corollary 3 provides a far more general criterion for
Lipschitz continuity than has previously been available. An
elementary fact that has long been recognized (e.g., Clarke [10])
is the following: 1if for some neighborhood U of u there is a

set S CX such that

(2.22) the functions F(.,x) for Xx€S are all Lipschitzian

on U with respect to a common Lipschitz constant A ,

and
(2.23) X{(u') € s for all u'evu ,
then p is Lipschitzian on U (with the same constant A). 1In

contrast, Corollary 3 makes no demands on the properties of F
over an entire set of the form U x S but only at the crucial
points (u',x) with x€X(u). DMNor does it even regquire F(u',x)

to be Lipschitzian in u' on a neighborhood of u when xe€X(u).
For example, if u' and x are simply real variables and
0 if u' +x <0 ,

F(u',x) =
o if u' + x>0 ,
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one has for (u,x) = (0,0) that 3°F(0,0) = {(t,t)|t =0}. It is
true then that there is no y # 0 with (y,0)€53°F(0,0), yet
F(u',0) is not even finite on an entire neighborhood of u' = 0,

much less Lipschitzian on such a neighborhood.

Although distant from a discussion of "marginal values" in
parametric optimization, there is another consequence of
Theorem 1 that is well worth recording for the sake of other
applications. This concerns the calculation of normal cones,
which can be defined as follows: for a closed set H and its

indicator function

(O if wveHn ,

o if u&H ,
L
the normal cone to H at a point ue€H is

Ny (u) = 38, (u) (=8°5H(u))

COROLLARY 4. m

Let G be a nonempty closed subset of x X, and

let

H = {ueR"™|3xeX with (u,x)EG} ,

X(u) = {x€X | (u,x)eG} .

Suppose that for each UWEH there is a neighborhood U of u and
a compact set KCX such that X(u) C K for all ueU. Then H s

closed and

N,(u) € cl co{U NG(x,u)} for all uGH

H x€X (u)

Proof: i ] . .

Simply take F in Theorem 1 to be the indicator SG. The
compactness condition in the corollary is the corresponding

version of (1.5).
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COROLLARY 5. Under the assumptions in Corollary 4, suppose u
18 a point of C such that

IxeX(u) and y # 0 with (y,O)ENG(u,x)

Then 0 € int C.

Proof:
This specializes Corollary 3 to the case treated in

corollary 4.

We now state the dual form of Theorem 1.

THEOREM 2.

Under the hypothesis of Theorem 1, one has

(2.24) pT(u;h) < sup inf Fuu,x;h,w) for all h.
XEX(u) we kX

Proof:
Suppose first that 3p(u) # g, so that (1.12) is valid.
The estimate already obtained for 3p(u), which we take in the

form in Corollary 1 above, then says
pT (u;h) < sup {(y+y°,h}|yeM(u) ,y°€M'0(u)}

Noting that M'o(u) is closed under multiplication by positive

scalars and letting

(2.25) A= {hj{y5h) €0 for all y°eM'0(u)}
=N {h|{y,h)Y < 0 whenever (y,0)€5F (u,x)} ,
X € X (u)

dF(u,x)= g

we can translate this into

(2.26) pT(u;h) < sup sup (y,h?> for all heA
x€X(u) (y,0)€EDF (u,x)
OF (u,x)# @

The definition of 3F(u,x) entails that when (y,0)€5F (u,x)
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we have

((y,0), (h,w)) < FT(u,x;h,w) for all (h,w)
Therefore
(2.27) sup (y,h) < inf Ejku,x;h,w) for all h,

(y,0)€ESF (u,x) weE X

an estimate which in due course will be employed in (2.26).

Let us next analyze the set A in (2.25) a bit further.
For x€ X(u) with 3F(u,x) = @ we have by the analogue of (1.13)
for F that

" - for (h,w)€EE(u,x) ,
(2.28) F (u,x;h,w) =
+o for (h,w)¥E (u,x) ,

where E(u,x) 1s a certain nonempty convex cone whose polar is

3°F(u,x). The polarity implies that when (y,0)€3°F(u,x) we have
((y,0),(h,w)y < 0 for all (h,w)EE(u,x) ,
so that
{h|3w with (h,w)€E(u,x)} < {h|{y,h) < 0,¥(y,0)€3°F (u,x)}
Hence (2.28) yields

4 -o if 3w with (h,w)E E(y,x) ,
inf F (u,x;h,w) =4~
w X +o otherwise

-» if (y,h) < 0,¥(y,0)€3°F(u,x) ,

+o otherwise .
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Consequently
. ) .
sup inf F (u,x;h,w) >|-» if h&€A
X € X(u) we X . '
3F (0, x) =@ +o if h&A .,

Substituting (2.27) into (2.26) for x€x(u) with 3F(u,x) # @

and using (2.29), we extract from (2.26) the desired estimate
(2.24) .

3. THE ROLE OF AUGMENTED LAGRANGIANS

While Theorems 2 and 3 have much to say about the optimal
value function p, they do not go far enough in one important
respect. They really are first-order results only. The vectors
y such that (y,0)e&dF(u,x) or (y,0)€8°F(u,x) do help characterize
the optimality of an X €X(u), but there may be more of them than
are needed or relevant. It would be nice if one could pare the
set down by considering second-order properties, for instance,
but this is difficult to do directly in the context of the function
F even in situations like nonlinear programming. Some of the
trouble comes from the fact that F itself may not be the best
vehicle for expressing the optimality conditions in question.

Often some kind of Lagrangian does the job better.

In nonlinear programming with smooth objective and
constraints, second-order estimates of 3p(u) can be derived by
way of the usual (quadratic-type) augmented Lagrangian function;
see [7]. What we propose to do here is to trace the general
chain of reasoning and demonstrate that in principle, at least,
it provides a method of taking higher-order conditions into
account in estimates for dp(u). As a matter of fact, it may even

assist in the discovery of the form those conditions might take.

The first step is the definition of the augmented Lagrangian

in the general framework of problem (1.1): for each

UERm, x X, yeRm and r > 0, set

(3.1) L (x,y) = inf {F(u,'x){y,u'-u)+L|u'-u 2}
u,r e RD 7| |
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To get very far with this concept of augemented Lagrangian, it
would be necessary in a given case to be able to calculate the
infimum in closed form. We do not pretend that is easy, although
some powerful results in convex analysis can be brought to bear
when F(+,x) 1s convex on R" for each X € X, say. Yet there are
some highly significant situations where the calculation is

elementary, and there could be others.

The nonlinear programming model (1.2),(1.3), offers the
prime example; note that in that case F(u,x) is indeed convex
in u for fixed x, regardless of any nonconvexity of the functions
fi' Formula (3.1) then yields (see [11]):

(

S m
£ )+ ) O (F. () +u.,y.,t) + ) Y. (f.(x) +u,,y.,r)
(3.3) 0 i=11 i i’’4 i=s+11 i i’7i

L, (6y) = < if xec,

+o if x¢&C,

where

(3.4) V. (£, (x) +ui,yi,r)

—yi/Zr otherwise

e

The valuable computational and theoretical properties of this

function are well known. It is easy to see that Lu’r(x,y) is
always nondecreasing in r and concave in y. If F(u,x) is con-
vex in u, it can be shown that Lu’r(x,y) is continuously dif-
ferentiable in y, except when u,r,x, are such that it is iden-

tically +« in y.
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A mild assumption will simplify the general discussion that

follows:

(3.5) p majorizes some quadratic function on Rm, or equiv-
alently, there exist ¥ eRW, ?GERm, ¥ >0, such that

inf L. ~(x,¥) > -
xeX w, T

(The equivalence asserted in (3.5) is immediate from the defin-
_ itions,of p and Lu,r in terms of F). Clearly (3.5) is quite a
mild assumption in situations where only local properties are
really at stake, as here. It is satisfied trivially if p is
bounded below, i.e., if F is bounded below, and in conjuction
with our blanket assumption (1.5) this could always be arranged
by some innocuous modification of the values of F(u,x) when |u]
is large.

The key to using the augmented Lagrangian in the study of
subdifferential properties of p is the following connection with
the proximal subgradients of p considered in (2.2), (2.3). Recall

that (x,y) is said to be a saddle point of Ly r if

14

m
(3.6) Lu,r(x',y) > Lu,r(x,y) > Lu’r(x,y') for all x'eX, y€R .
Let
(3.7) S(u) = {(x,y)|dr>0 with (x,y) a saddle point of L, e

4

THEOREM 3.  sssume (1.5),(2.1) and (3.5), and consider any u

with p(u) < o, One has

(3.8) (x,y) €5(u) © x€X(u) and y €3 plu).

Furthermore, the formulas

(3.9) dp (u) = cl colY(u) +Y, ()], 3°p(u) = cl co Y, (u),

hold with
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k

(3.10) Y(u) = {y|3x€EX(u) and (x ,yk)'*(x,y) with

(xk,yk) ES(uk), uk—>u, p(uk) “p(u)} ,

k
{y|3x€X(u) and (xk,Xky ) 7 (x,y) with
k

(3.11) Y

3
!

A0, (5,75 es ), uFou, p®) Sp))

Proof.
Condition (3.5) ensures that when y € 9*p(u), as defined

by property (2.2) holding for some r and e, then simply by choos-
ing r somewhat lafger if necessary, one can have the same property
globally (see [11]):

(3.12) p(u') > p(u) +{y,u'-u? —Cr/2)|u'—u|2 for all u'e€R" .

Since p(u) < F(u,x) for all x€X, and equality holds if and only
if x€X(u), we see that the two conditions y € 9*p(u) and x € X(u)

are equivalent to

(3.13) F(u',x') > F(u,x) + {y,u'-u?’ - r/2|u'—u|2

for all u' ERm, x'e X ’
or even better,

(3.14) Lu r(x',y) > F(u,x) for all x'e X,
, Z

Since on the other hand it is always true from the definition
of L that
u,r

4

(3.15) L, r(x,y') < F(u,x) for all y'eR"
, =

(take y' in place of y in (3.1) and consider u'=u), we see that
(3.14) 1is equivalent to the saddle point condition (x,y) €S(u).
This proves (3.8).

Already in (2.5) we cited formula (3.9) as valid with Y (u)
and Yo(u) expressed by (2.4), and the job now is to wverify that

these expressions are equivalent to (3.10) and (3.11). This is
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easy. For a sequence uk-+u with p(uk)-+p(u) <», we have for k
sufficiently large that p(uk) <o and hence X(uk)yfg. By the
properties of the multifunction X mentioned in §1 as consequences
of assumption (1.5), any sequence of points xke)((uk) will have

a subsequence converging to some x €X(u). (The same argument was
given in the proof of Theorem 1, where it was pointed out that
"sequences" should really be replaced by "nets" when X is a gen-
eral locally convex space.) Thus in considering a sequence of

keza*p(uk), we might just as well be considering a se-

k

elements vy

quence of pairs (xk,yk) with xk*d<6)(hn and both y'e S*p(uk) and

xkE)((uk) holding for all k. The latter conditions mean (xk,yk)
S S(uk), as demonstrated above. Formulas (3.10) and (3.11) there-
fore define the same sets as the formulas in (2.4), and the proof

of Theorem 3 is complete.

Remarks. 1In comparing the estimate in Theorem 3 with the one in
Theorem 1, we need only remember the inclusions Y(u) CM(u) and
Yo(u)<ZM0(u) established in the proof of Theorem 1 to see that
Theorem 3 is in every respect sharper. The challenge in applying
Theorem 3 is to make use somehow of the properties of the augmented
Lagrangian to analyze the limiting saddlepoint condition in (3.10)
and (3.11) and thereby get a better grip on the nature of the

multiplier vectors in Y (u) and Yo(u).

In the finite~dimensional nonlinear programming case (3.2)
with all functions fi of class C2 and no abstract constraint
(i.e., C==Rn), we have recently used this approach in [7] to show
that

dp(u) C clcol U Kz(u,x)~+ ) Kg(u,x)} ,
XEX (u) x€X (u)

(3.16)

*p(u) C clco{ UV Kg(u,X)} '
x€X (u)

where K2(u,x) is the set of all y==(y1,...,ym) satisfying the

first and second-order conditions:
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(a) Y; 2 0 and yi[fi(x)-+ui] =0 for i=1,...s ,
m
(b) V£, (x) +i£1yini(x) =0 ,
(3.17)
2 i 2
(c) wl[V fo(x)-+Z v,V fi(x)]w >0 for all w,
i=1
such that Vfi(x)-w =0 for all constraint
indices 1 having fi(x)-l—ui =0 ,

and K2(u,x) is the same thing but without the terms Vf_  (x) and

szo(g) in (b) and (c¢). By utilizing (3.1716) in varioug ways it
was possible in [7] to deduce that if x €X(u) and the special

constraint qualification Kg(u,x) = {0} is fulfilled, then there
exists some yEEKZ(u,x), i.e., the conditions (a), (b), (c) are ne-

cessary for optimality.

While we do not, as yet, have other concrete examples where
by means of augmented Lagrangians higher-order optimality con-
ditions can be determined and incorporated into estimates of
dp(u), we can nevertheless sketch the pattern that might be fol-
lowed in analogy with the second~order nonlinear programming re-

sults just described. In order to facilitate this, we shall as-

sume

(3.18) F(u,x) is convex in u for each x.

Let

(3.19) C = {xe€X|3 uerR™ with F(u,x) <=} .

Obviously

(3.20) x¢C =L _(x,y) = +o for all u,r,y,

but otherwise the definition (3.1) of L (x,y) concerns the min-

u,r
imum of a coercive, strictly convex function of u'e R that is

not identically 4+« . This minimum is accordingly finite and
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attained at a unique point, which will be denoted by
(3.21) v(u,r,x,y) = arg min in (3.1)

Then by theorems in convex analysis we have

(3.22) L (x,y) finite for all u,r,y,
XxXEeC = U,

with VyLu,r(X,Y) = v(u,r,x,y) ~u .

Let us now consider an element y €Y (u) and try to analyzZe it

further in terms of xk,yk and uk, as in (3.10). The condition
(xk,yk)GES(uk) in (3.10) means that for rk> 0 sufficiently large

one has

k k k 1 ] ] m
(3.23) Luk,rk(x YO) > Luk,rkfx 'Y for all x'€éX, y'€ER .

As we know, this entails kaEX(uk), so that

k

k%) = p®) <= .

k _k, _
(3.24) Luk’rk(x YY) = F(u

Moreover the second inequality in (3.23) can be written simply as

3 k k, _ .,k k ky _ k
(3.25) 0 = VyLuk,rk(X /Y ) = vi(u (T e XY ) -u

As for the first inequality in (3.23), we observe it implies for

arbitrary w€EX,wkﬁ-w,tk+0, that

Wk,yk)"Luk r (Xk,yk) > 0 for all k

k
(3.26 L (x +t
) uk,rk k PTy

For q=1,2,..., and arbitrary w& X let us define the follow-
ing expression which is suggested by (3.26) but independent of
the particular sequence of elements uk,xk,yk and ry that might

be available:
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(3.27) A (u,x,y;w) =
L, x'+tw',y")-L, (x',y")
sup [ lim sup [ inf LR 23 S L 11 .
WeNw) (u',x',y") > (u,x,y) w'EW £
6>0 F(u',x") »F(u,x) 0<t<§
v(u',r,x",y') =u’

r—> o

Then for x and y as in the definition (3.10) of Y(u) we may con-
clude from the foregoing that

(3.28) A (u,x,y;w) >0 for all weX

Note that Aq(u,x,y;w) is also positively homogeneous of degree g

with respect to w:
q . - 19,4 .
(3.29) AP (u,x,y:Aw) = A A7 (u,x,y;wW) for all A >0 .

We interpret (3.28) as an abstract qth-order optimality
condition associated with the optimal solution x and multiplier
vector y for problem (1.1). This designation is supported by the
fact that the nonlinear programming result cited above is based
on a demonstration that for xeX(u),

[/\1 (u,x,y;w) >0, YWEW] = yEK1 (u,x),

1
(A" (u,%,y:%) > 0 and A% (u,x,y;w) > 0, WEW = yC K (u,%),
where K1(u,x) consists of the vectors y satisfying (3.17) (a) (b),

and K2(u,x) consists as before of the ones satisfying (3.17) (a)
(b) (c).

With such motivation we can introduce for gq=1,2,..., the

multiplier set
(3.30)  ¥¥(u) = {u|3 x€x(u) with Ad(u,x,y;w) >0, vw, j=1,...q}.

The conclusion is then the following.
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THEOREM 4.
Assume (1.5), (2.1), (3.5) and (3.18), and consider

any u with p(u) <, One has
1 2
(3.32) M(u) DY (u) DY " (u) D...2Y(u) ,

1 2
(3.33) Mo(u)Z)Yo(u)ZDYo(u)ZD... oY, (u)y ,

0
and for q=1,2,...,

(3.34)  3p(u) Ccclco [¥d(u) +Yg(u)], 3°p (u) C cl co Yg(u) .

froot. Most of the demonstration has been built up in the pro-
logue to the theorem, so that only the estimate in Theorem 3
needs to be applied to get (3.34). One feature has not been
dealt with, however, and that is the initial inclusions in (3.32)
and (3.33). Without these, it would not be possible to claim

that (3.34) is any sharper an estimate than the one in Theorem 1.

The initial inclusion in (3.32) can be verified by fixing
any u,x,y, such that A1(u,x,y;w)_i0 for all we X and showing that
(y,0) €3F(u,x), or in other words that

(3.35)  (y,h) < F' (u,x;h,w) for all heR™, wex ,

where
Ff(u,x;h,w) =
(3.36)
' vt vy _ [
sup [ lim sup [ inf F(u'+ th',x'+ tw') F(u',x )]]
U €N(h) (u',x') > (u,x) h'eu t
WelN(w) F(u'yx') > F(u,x) w'EW

t+ O

Turning to the formula (3.27) for A1(u,x,y;w), we recall the mean-
ing (3.21) of the requirement v(u',r,x"y') = u' and note that it

implies

Lu',r (x',vy') = F(u',x")
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At the same time we have by definition (3.1) that

] 2 "
L, r(x'+ twhy') < Flu',x'+ew') - Cy'ou"—u" +@/2) |u"-u' |7, wu",

?
or by writing u" =u'+th' ,

(3.38) L ,r(x'+tw§y')< F(ut+th§x'+tw')—<y§h'>+¢m)|h'|2, ¥h' .
U =

From (3.37) and (3.38) we obtain the following estimate for even-
tual application to (3.27) for g=1 (here U and W denote neigh-

borhoods of h and w, and we assume U is bounded):

3.39 ' L A L
( ) lim sup [ ing Lu',r (x'+tw',y") Luv,r(x ¥y ")
(uhx',y") > (u,x,y) wW'EW t
F(u',x') > F(u,x) 0<t<6
v(u',r,xy') =u'

]

r > ®
2
' L. ] Y L. | RV 4
< lim sup [ inf [ F(u'+ th,x'+ tw') -~ F(u',x )—<y',h'>+ rt | h 11
T (uhx'y") > (u,x,y) h'eU t 2
Fu',x') > F(u,x) Ww'EW
r - ® 0<t<§
' . . .
< lim sup [ ing [uitehhx'tew]) "FubxD) _(orpny g
(U',X',y')"’ (u,x,y) h'€U t
F(u',x') > F(u,x) w'EW
t +0

where the last step is justified by the fact that no matter how
r >« in the "lim sup", corresponding values of t + 0 could be chosen
so that rt|h'|2-+0 uniformly in h'€ U (because U is bounded).

Since (3.39) holds for any bounded Ue&€N(h), and the infimum
over h'€ U increases if anything as U diminishes, we can take the
supremum in U (the same as the limit as U shrinks to {h}) and see
that the term (y',h'y at the end of (3.39) must wind up as {y,h) .

Thus to the chain of inequalities already generated we can add:
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F(u'+ th'x'+ tw') - F(u',x")

< sup [ lim sup [ inf 11 - (y,n? .
T UEN(h) (u%x')> (u,x) h'E€U t
F(u',x'") >F(u,x) w'eW
t+v 0

This is then an upper bound for the first expression in (3.39).
When it is invoked in the definition (3.27) of the condition
A1(u,x,y;w) > 0, we obtain by formula 3.36 the desired inequality
(3.35).

The proof of the first inclusion in (3.33) is parallel, and

with this the proof of Theorem 4 is complete.
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