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PREFACE 

One o f  t h e  p r i n c i p a l  themes o f  t h e  Task o n  E n v i r o n m e n t a l  
Q u a l i t y  C o n t r o l  a n d  Management i n  I IASA's  R e s o u r c e s  a n d  
Envi ronment  A r e a  i s  a  c a s e  s t u d y  o f  e u t r o p h i c a t i o n  management 
f o r  Lake B a l a t o n ,  Hungary.  The c a s e  s t u d y  i s  a  c o l l a b o r a t i v e  
p r o j e c t  i n v o l v i n g  a number o f  s c i e n t i s t s  f rom s e v e r a l  Hunga r i an  
i n s t i t u t i o n s  and  IIASA ( f o r  d e t a i l s  see WP-80-187). 

A s  p a r t  o f  t h e  c a s e  s t u d y  t h r e e  d i f f e r e n t  b i o c h e m i c a l  
models  o f  t h e  l a k e ' s  b e h a v i o r  a r e  u n d e r  deve lopmen t  ( r e s u l t s  
f o r  two o f  these models  have  a l r e a d y  b e e n  d e s c r i b e d  i n  e a r l i e r  
work ing  p a p e r s  WP-80-139 and  WP-80-149). I n  a l l  t h e s e  models  
t h e  maximum a l g a l  g rowth  ra te  p l a y s  a n  i m p o r t a n t  r o l e .  T h i s  
p a p e r  i l l u s t r a t e s  how t h i s  p a r a m e t e r  c a n  b e  e s t i m a t e d  f rom 
measured  v e r t i c a l  p r o f i l e s  o f  p r i m a r y  p r o d u c t i o n .  The 
p r o c e d u r e  s u g g e s t e d  p r o v i d e s  n o t  o n l y  a  b e t t e r  u n d e r s t a n d i n g  
a n d  e x p l a n a t i o n  o f  t h e  p a r t i c u l a r l y  h i g h  g rowth  r a t e ,  compared 
t o  v a l u e s  q u o t e d  i n  t h e  l i t e r a t u r e ,  b u t  a lso  d e c r e a s e s  t h e  
number o f  p a r a m e t e r s  t o  b e  e s t i m a t e d  i n  terms of t h e  complex 
b i o c h e m i c a l  models .  



This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 



ABSTRACT 

P h y t o p l a n k t o n  m a x i m u m  growth  r a t e  and t h e  s a t u r a t i o n  l i g h t  
i n t e n s i t y ,  Is ,  c a n  b e  e s t i m a t e d  from v e r t i c a l  p r o f i l e s  o f  p r i m a r y  
p r o d u c t i o n  by  n o n - l i n e a r  l e a s t - s q u a r e s  e s t i m a t i o n .  S o l u t i o n  through 
t h e  normal e q u a t i o n s  l e a d s  t o  fo rmula  which a r e  r e l a t i v e l y  s i m p l e  
and e a s y  t o  implement .  The c o m p u t a t i o n  o f  c o n f i d e n c e  c o n t o u r s  i s  
d e m o n s t r a t e d ,  and  t h e  r e s u l t s  a r e  c o n t r a s t e d  t o  t h e  c o n f i d e n c e  
l i m i t s  on t h e  p a r a m e t e r s  i n d i v i d u a l l y .  These  c a n  b e  q u i t e  m i s -  
l e a d i n g  d u e  t o  model n o n - l i n e a r i t y  and c ~ r r e l a t i o n  between p a r a -  
meter e s t i m a t i o n .  

The p r o c e d u r e  h a s  been  a p p l i e d  t o  p r i m a r y  p r o d u c t i o n  d a t a  
f rom Lake B a i a t o n ,  a s h a l l o w  l a k e  i n  Hungary. The growth  r a t e -  
t e m p e r a t u r e  r e l a t i o n  i s  a n a l y z e d  by s e p a r a t i n g  t h e  p a r a m e t e r  se t  
i n t o  two g r o u p s  c h a r a c t e r i s t i c  f o r  'warm' and  ' c o l d '  w a t e r  phyto-  
p l a n k t o n ,  r e s p e c t i v e l y .  A b e l l - s h a p e d  c u r v e  i s  found f o r  ' c o l d '  
w a t e r  communi t ies ,  w i t h  a n  optimum a t  a b o u t  7 - g°C,  whereas  
t h e  'warm' w a t e r  p h y t o p l a n k t o n  e x h i b i t s  a  s t r o n g  e x p o n e n t i a l  depen-  
dancy  i n  t h e  t e m p e r a t u r e  r a n g e  o f  i n t e r e s t  ( u p  t o  2 5 ' ~ ) .  Is 
a p p e a r s  a l s o  t o  b e  r e l a t e d  t o  e s s e n t i a l l y  c o n s t a n t .  However, a  
r o u g h l y  l i n e a r  r e l a t i o n  w i t h  c o n s i d e r a b l y  less s c a t t e r  i s  o b t a i n e d  
when Is i s  p l o t t e d  d i r e c t l y  v e r s u s  day-averaged  s o l a r  r a d i a t i o n .  
T h i s  a p p a r e n t  f a s t  a d a p t a t i o n  i s  a t t r i b u t e d  t o  t h e  e x t r e m e l y  s h o r t  
o v e r t i m e  i n  Lake B s l a t o n .  Maximum growth  r a t e s  o f  10-20 day'' 
have  been  found f o r  t e m p e r a t u r e s  be tween 20' and 2 5 ' ~ .  These  
r e s u l t s  and a  c r i t i c a l  a p p r a i s a l  o f  a v a i l a b l e  l i t e r a t u r e  s u g g e s t  
t h a t  t h e  common n o t i o n  o f  maximum growth  r a t e s  b e i n g  i n  t h e  o r d e r  
o f  1-3 day'l n e e d s  r e v i s i o n ,  a t  l e a s t  f o r  l a k e s  w i t h  r e l a t i v e l y  
h i g h  summer t e m p e r a t u r e s .  
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INTRODUCTION 

In situ measurement of photosynthetic activity or primary 

production is common practice in limnological research. Numerous 

examples can be found in the literature (e.g. Stadelman and 

Munawar, 1974; Jones, 1977; Findenegg, 1971; Megard and Smith, 

1974). Among the characteristics calculated from the results 

yearly areal primary production is perhaps most frequently 

desired, because this quantity is considered to be an impor- 

tant indicator of tro;?hic state (Rodhe, 1969). Much work has 

also been done to relate the instantaneous , the depth averaged 
or the depth and day averaged primary production to light 

(e.g. Talling, 1971 ; Ryther and Menzel, 1959), temperature 

(e.g. Stadelman et al, 1974; Verduin, 1956), or community 

composition (e.g. Findenegg, 1971; Jones and Ilmavirta, 1978). 

Generally the analysis focuses on such limnologically signi- 

ficant quantities as depth of optimal growth, photic zone 

depth, optimal light intensity and indicators of phytoplankton 

activity in the form of assimilation numbers and activity 

coefficients. 

The vast majority of mathematical simulation models for' lakes 

and reservoirs, on the other hand, deals with the rate of 

increase of biomass as a first order process, with a rate 

coefficient commonly expressed as a maximum growth rate 

attenuated by functions of temperature, light and nutrients. 

Clearly, parameters in this expression will have a distinct 

relation to the results obtained by limnologists, but, 

surprisingly enough, there appear to be very few publications 

in the open literature on the analysis of primary production 

results in terms of model parameters. Obviously, model 

parameters have been derived from primary production measure- 

ments but in a rather ad-hoc and intuitive fashion. Appli- 

cation of formal parameter estimation techniques in this 

field appears to be scarce. Fee (1973) used a non-linear 

least squares technique to fit the primary production depth 

profiles to one predicted by a relatively complicated light 

function. His principle aim was to use the mathematical model 

description to remove most of the approximations commonly 



used in limnology when deriving the daily aereal primary 

production from instantaneous depth profiles (Fee, 1969). 

No attention was given to the variances of the parameter 

estimates. Lederman et al. (1976) demonstratedthe feasi- 

bility of non-linear estimation techniques for the analysis 

of phytoplankton batch-culture data for use in water quality 

simulation models, but the application was restricted to 

synthetical data only. In our own institute we applied simple 

computer programs for least squares parameter estimation 

from dark and light bottle tests. 

The purpose of the present investigation is to apply an exis- 

ting non-linear least squares parameter estimation technique 

to the analysis of primary production data, with the explicit 

goal of using the results in the framework of dynamical 

modelling. The paper comprises two parts: 

i) Estimation of model parameters, including confidence bounds, 

from primary production measurements at different depths. 

By virtue of the relative simplicity of the expressions 

used in mathematical models the procedure turns out to be 

fairly simple and easy to implement. Consequently, the 

method is believed to be applicable in a great deal of 

commonly met situations. 

ii) Correlation of the parameters obtained to environmental 

factors such as temperature and incident solar radiation. 

In the present application extensive information on the 

biomass composition was available. This allowed for a 

more detailed analysis than would otherwise have been 

possible. As a consequence, this part is probably somewhat 

more case-specific, but the results can be of interest for 

mathematical model building in general. 

The data used originate from Lake Balaton in Hungary. The 

results are intended for use in the various phytoplankton 

dynamics and phosphorus cycle models developed for this lake 

(cf. Leonov and Vasiliev, 1980; Van Straten, 1980; Csaki and 

Kutas, 1980). The research reported herein was carried out as 

part of the Lake Balaton Eutrophication case study undertaken 

by the International Institute for Applied Systems Analysis, 



Laxenburg, Austria in close operation with the Hungarian 

Academy of Sciences and the National Water Authority of 

Hungary. 

LAKE BALATON 

Lake Balaton is a long-shaped shallow lake in western Hungary. 
2 

With its 594 km it is the largest lake in central Europe. The 

length is 77 km, the average depth is 3.14 m. In recent years 

cultural eutrophication has led to increased algal concentra- 

tions, especially in the south-western part (Keszthely Bay, 

see fig. 1) where the main tributary (the Zala River) carries 

approximately 30% of the total phosphorus load to the lake. 

The areal loading in this part of the lake is estimated to be 

about 3.1 g p/mL yr, whereas the whole lake estimate is close 
2 

to 0.5 g P/m yr. Due to its long shape, the uneven distribution 

of the loading and the considerablecalciumprecipitation aloncj 

the axis of the lake, there is a remarkable west-to-east gradient 

for most water quality constituents, including biomass. A 

detailed description of the eutrophication problem of Lake 

Balaton and the role of mathematical modelling in research and 

management is presented in Van Straten et al. (1979). 

PRIMARY PRODUCTION EXPERIMENTS 

Primary production measurements were conducted in Lake Balaton 

in an annual rotation scheme at four locations (fig. 1) since 

1972 (Herodek and Tamas, 1973,1974,1975,1978; Herodek et al., 

in press). Bottles were suspended at four depths and exposed 

for four hours around noon. The carbon uptake was determined 

by the 14c-technique involving membrane filtration, fuming 

with hydrochloric acid and measurement of radioactivity by 

liquid scintillation (Lerodek and Tamas, 1973). Simultaneously, 

algal counts were made for each sample, from which biomass 

fresh weight for each species was calculated by multiplication 

with the individual species cell volume, assuming a specific 
3 gravity of 1 g/cm . Water temperature, secchi disk depth, 

surface and underwater illumination werealsomeasured. In 

addition global radiation over the day as well as over the 



F i g u r e  1 .  Lake B a l a t o n  and Measurement S i t e s ,  
K = K e s z t h e l y ;  S r i  = S z i g l i g e t ;  
Sze = Szemes; T = Tihany 



t i m e  o f  e x p o s u r e  w e r e  a v a i l a b l e  f rom a  n e a r b y  m e t e o r o l o g i c a l  

s t a t i o n .  

F i g .  2 summar izes  t h e  r e s u l t s  f o r  t h r e e  o f  t h e  f o u r  measure-  

ment l o c a t i o n s  (Herodek ,  1 9 7 7 ) .  Note  t h e  d i f f e r e n c e  i n  s c a l e  

f o r  t h e  d i f f e r e n t  b a s i n s .  G e n e r a l l y ,  i n  T i h a n y ,  where  r e s u s -  

p e n s i o n  o f  s e d i m e n t  d e p o s i t s  by  wind a c t i o n  i s  g o v e r n i n g  t h e  

u n d e r w a t e r  l i g h t  c l imate,  a s t r o n g  v a r i a b i l i t y  i n  t h e  v e r t i -  

c a l  p a t t e r n s  o f  p r i m a r y  p r o d u c t i o n  i s  o b s e r v e d .  F r e q u e n t l y ,  

i n h i b i t i o n  o c c u r s  i n  t h e  t o p  l a y e r  as a  c o n s e q u e n c e  o f  t h e  

r e l a t i v e l y  h i g h  l i g h t  l e v e l s .  T r a n s p a r a n c y  i s  u s u a l l y  s u f f i -  

c i e n t  t o  a l l o w  f o r  a  m a r k a b l e  p r o d u c t i o n  n e a r  t h e  bo t tom o f  

t h e  l a k e .  The o b s e r v e d  maximum d a i l y  p r o d u c t i o n  w a s  0 .6  C / m  
2 

d a y  i n  t h i s  p a r t  o f  t h e  l a k e .  

I n  t h e  most  p o l l u t e d  end  o f  t h e  l a k e ,  t h e  K e s z t h e l y  Bay, l i g h t  

t r a n s p a r e n c y  i s  g e n e r a l l y  much less ,  p a r t l y  d u e  t o  t h e  s e l f -  

s h a d i n g  o f  t h e  a l g a e .  Hence,  p h o t o i n h i b i t i o n  a t  t h e  s u r f a c e  i s  

rare,  a n d  no  p r o d u c t i o n  i s  p o s s i b l e  a t  t h e  b o t t o m .  Here, v e r y  
2  h i g h  d a i l y  p r o d u c t i v i t i e s  o c c u r e d ,  u p  till 1 3 . 6  g  C / m  d a y .  

The S z i g l i g e t  b a s i n  t a k e s  a n  i n t e r m e d i a t e  p o s i t i o n ,  w i t h  a 

maximum d a i l y  p r o d u c t i v i t y  o f  2 .6  g  c / m 2  d a y  d u r i n g  t h e  o b s e r -  

v a t i o n  p e r i o d .  

A rough  estimate o f  t h e  a n n u a l  p r o d u c t i o n  r a n g e s  f rom 95 g  c / m L  
9 

a t  T i h a n y ,  v i a  275 a n d  300 g  c / m L  f o r  Szemes and S z i g l i g e t ,  t o  

830 g  c/m2 f o r  K e s z t h e l y .  From a p r o d u c t i v i t y  p o i n t  o f  v i ew  

Lake B a l a t o n  t h e r e f o r e  f a l l s  i n  t h e  c a t e g o r y  o f  e u t r o p h i c  t o  

h y p e r t r o p h i c  l a k e s  ( c f .  Rodhe, 1 9 6 9 ) .  The d i f f e r e n c e  among t h e  

b a s i n s  i s  r e f l e c t e d  i n  t h e  b i o m a s s  d a t a  as w e l l .  Maximal 
3 s t a n d i n g  c r o p s  r a n g e d  f rom 5  g  f r e s h  weight /m a t  T i h a n y  t h r o u g h  

6 ,  13  and  1 7  g  f r e s h  weight /m3 f o r  t h e  Szemes,  K e s z t h e l y  a n d  

S z i g l i g e t b a s i n s ,  r e s p e c t i v e l y .  T h i s  w i l l  b e  d i s c u s s e d  i n  g r e a t e r  

d e t a i l  l a t e r .  



F i g u r e  2 .  The V e r t i c a l  D i s t r i b u t i o n  o f  P r o d u c t i o n  o f  P h y t o p l a n k t o n .  
(Note  t h e  d i f f e r e n c e  i n  s c a l e  f o r  t h e  v a r i o u s  b a s i n s .  ) 



METHOD 

ASSUMPTIONS 

P r a c t i c a l l y  a l l  p h y t o p l a n k t o n  models  u s e  an  a l g a l  g rowth  t e r m  

o f  t h e  fo rm 

dA - - - 
d t  krnax ( T )  F  F A + ..... P  L 

where  A i s  t h e  a l g a l  c o n c e n t r a t i o n  ( i n  s u i t a b l e  u n i t s ) ,  kmax(T) 

t h e  maximum u n r e s t r i c t e d  g r o w t h  r a te  a t  t e m p e r a t u r e  T I  F~ 
a n u t r i e n t  l i m i t a t i o n  f a c t o r  and  F some l i g h t  a t t e n u a t i o n  L 
f a c t o r ,  which  may b e  d e r i v e d  f rom a d e p t h  a n d / o r  d a y  a v e r a ~ e d  

l i g h t - g r o w t h  r e l a t i o n s h i p ,  d e p e n d i n g  on  t h e  s p a t i a l  and t e m p o r a l  

d e t a i l  o f  t h e  model  ( c f .  K r e m e r  a n d  Nixon ,  1 9 7 8 ) .  The l a t t e r  

two f a c t o r s  may b e  f u n c t i o n s  o f  t e m p e r a t u r e  as w e l l .  The c o r r e s -  

pond ing  model  f o r  i n s t a n t a n e o u s  c a r b o n  u p t a k e  r a t e  i n  e a c h  b o t t l e  

a t  d e p t h  z ,  as  measu red  i n  t h e  14c method.  i s  g i v e n  by 

where  t h e  new symbo l s  are 

Q Z ( t )  t h e  i n s t a n t a n e o u s  d i s s o l v e d  c a r b o n  u p t a k e  r a te  a t  

t i m e  t a n d  d e p t h  z  

F ( I ~ ( ~ ) )  t h e  r a t i o  o f  t h e  a c t u a l  g r o w t h  r a te  a t  l i g h t  i n t e n s i t y  

I z 
a t  d e p t h  z  t o  t h e  g r o w t h  r a te  a t  o p t i m a l  l i g h t  i n -  

t e n s i t y ,  and  

A ( z , t )  t h e  a l g a l  b iomass  i n  c a r b o n  u n i t s  a t  d e p t h  z 

Note t h a t  i f  A i s  measu red  i n  o t h e r  u n i t s  ( e . g .  c h l o r o p h y l l - a )  

a  c o n v e r s i o n  f a c t o r  mus t  be i n c l u d e d  i n  e q u a t i o n  2 .  

E q u a t i o n  2 c a n  b e  i n t e g r a t e d  o v e r  t h e  t i m e  of e x p o s u r e  T t o  

y i e l d  a  model  e s t i m a t e  Q m ( z )  of t h e  h o u r l y  a v e r a g e d  p r i m a r y  

p r o d u c t i o n  d u r i n g  e x p o s u r e ,  which  c a n  t h a n  b e  compared w i t h  t h e  

a c t u a l l y  measu red  v a l u e  Q e ( z ) .  Thus ,  



where f o r  n o t a t i o n a l  s i m p l i c i t y  t h e  t i m e  dependancy  o f  t h e  

c o e f f i c i e n t s  h a s  b e e n  d e l e t e d .  An e s s e n t i a l  i m p l i c i t  assump- 

t i o n  i n t h e  14c method i s  t h a t  t h e r e  i s  no s i g n i f i c a n t  r e l e a s e  

o f  l a b e l e d  c a r b o n  i n  d i s s o l v e d  form d u r i n g  g rowth .  N a t u r a l l y ,  
14  t h e  same a s s u m p t i o n  a p p l i e s  t o  t h e  model e q u a t i o n  3 .  The C 

method m e a s u r e s  t h e  t o t a l  i n c r e a s e  o f  p a r t i c u l a t e  l a b e l e d  

c a r b o n .  Hence, i n t e r n a l  t r a n s i t i o n s  i n  t h s  p a r t i c u l a t e  c a r b o n  

p o o l ,  s u c h  a s  e x c r e t i o n  o f  p a r t i c u l a t e  o r g a n i c  matter o r  g r a z i n g  

by zoop lank ton  do  n o t  i n f l u e n c e  t h e  r e s u l t .  

 heo ore tic ally, t h e  e v a l u a t i o n  o f  e q u a t i o n  3 is  p o s s i b l e  o n l y  

i f  t h e  f u n c t i o n a l  r e l a t i o n s h i p s  o f  T ,  Fp ,  F ( I Z )  and  A ( z )  w i t h  

t i m e  d u r i n g  e x p o s u r e  are known. I n  m o s t c a s e s , h o w e v e r ,  measure-  

ments  o f  t e m p e r a t u r e ,  r a d i a t i o n ,  n u t r i e n t s  and  b iomass  d u r i n g  

e x p o s u r e  are l a c k i n g ,  a n d ,  c o n s e q u e n t l y ,  a d d i t o n a l  a s s u m p t i o n s  

h a v e  t o  b e  made. D o u b t l e s s l y ,  no l a r g e  e r r o r  w i l l  b e  i n t r o -  

duced  by assuming t h a t  t e m p e r a t u r e  i s  c o n s t a n t  t h r o u q h o u t  t h e  

e x p e r i m e n t s .  A l s o  i n c i d e n t  r a d i a t i o n  w i l l  b e  f a i r l y  t i m e -  

i n v a r i a n t ,  ( e x c e p t  p e r h a p s  on d a y s  w i t h  a s t r o n g  v a r i a b i l i t y  

i n  c l o u d  c o v e r ) ,  b e c a u s e  t h e  measurements  h a v e  b e e n  c a r r i e d  

o u t  a r o u n d  t h e  t o p  o f  t h e  d a i l y  s i n u s o i d  i n s o l a t i o n  c u r v e .  The 

s i t u a t i o n  w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  b iomass  i s  more d e l i -  

cate. A s  shown i n  f i g u r e  2 p r o d u c t i o n  rates  c a n  b e  as h i g h  as 

1 mg C / 1 ,  h  i n  e x t r e m e  cases, which  i s  i n  t h e  same o r d e r  o f  

magn i tude  a s  t h e  b iomass  i t s e l f .  Thus ,  a t  f i r s t  s i g h t ,  one  

would e x p e c t  a  c o n s i d e r a b l e  i n c r e a s e  o f  b iomass  d u r i n g  t h e  4 

e x p o s u r e  h o u r s .  On t h e  o t h e r  hand ,  m o r t a l i t y  p r o c e s s e s  w i l l  

c o n t i n u e  a s  w e l l ,  and  s i n c e  i n - l a k e  b iomass  c o n c e n t r a t i o n s  

d o  n o t  s h o w s t r o n g i n c r e a s e s  w i t h i n  o n e  d a y  m o r t a l i t y  must  

b e  q u i t e  s i g n i f i c a n t ,  t h e r e b y  m i t i g a t i n g  t h e  rise i n  b i o m a s s .  

Thus ,  t h e  a s s u m p t i o n  o f  b iomass  v a r y i n g  o n l y  s l i g h t l y  i n  t h e  

c o u r s e  o f  a  measurement is  n o t  u n r e a s o n a b l e .  

P e r h a p s  t h e  l a r g e s t  u n c e r t a i n t y  e x i s t s  w i t h  r e s p e c t  t o  t h e  

n u t r i e n t  s i t u a t i o n .  I n  t h e  l a s t  e x t r e m i t y ,  a s s i m i l a t i o n  r a t e s  

o f  a b o u t  1000 pg C / 1  h  would have  t o  b e  a s s o c i a t e d  w i t h  a 

phosphorus  u p t a k e  o f  r o u g h l y  10  pq P / l , h .  A t  t h e  p r e v a i l i n g  

o r t h o p h o s p h a t e  l e v e l  s i n  Lake  B a l a t o n  ( u s u a l l y  below 20  v g / l )  

t h i s  would imply  t h a t  t h e  c o n c e n t r a t i o n  i n  t h e  b o t t l e s  would 



drop considerably during the 4 hours of exposure, unless 

ortho-phosphate is internally supplied or rapidly recycled. 

Admittedly such extreme assimilation rates rarely occur, but 

unfortunately no simultaneous measurements of the nutrient 

levels at the experimental days have been done, and thus the 

possibility of nutrient limitation can not be excluded. The 

best thing we can do is to incorporate the unknown factor F P 
into kmaxt and consider this new value as a lower bound to 

the true unlimited maximum growth rate. 

Now equation 3 can be restated as 

1 
where, for convenience - /F  dt has been incorporated in the 

P 
parameter K. The next task is to estimate K and P(IZ) from the 

experimental data. It should be noted that for each individual 

measurement day F(IZ) can be determined from the vertical depth 

profile. If we would parameterize F(IZ) with one single para- 

meter, say If, (for example by the well known Smith (I =I ) f k  
orSteele (I =I ) formula), each measurement would provide one f s 
value for I in the array of values for all experiments together. f 
As a final step one can then attempt to relate the variability 

in I with environmental factors such as temperature or incident 
f 

radiation. A similar argument applies to the temperature depen- 

dancy of K. 

ESTIMATION PROCEDURE 

Introducing the simplified notation 

for the model and experimental value of the hourly primary 

production at depth zit i=l, ... n, a least squares estimate 
of K and If is obtained by minimizing the objective function 



The l i g h t  f u n c t i o n  FI  i s  n o n - l i n e a r  i n  I a n d  c o n s e q u e n t l y  f  
l i n e a r  l eas t  s q u a r e s  t h e o r y  c a n  n o t  b e  a p p l i e d  h e r e .  C l e a r l y ,  

e q u a t i o n  ( 5 )  c o u l d  b e  r e a d i l y  s o l v e d  by o n e  o f  t h e  e x i s t i n g  

n o n - l i n e a r  l e a s t  squa re smin imun l  s e a r c h  m e t h o d s .  However,  s i n c e  

t h e  p r o b l e m  h a s  o n l y  two p a r a m e t e r s  a n d  s i n c e  e q u a t i o n  4 i s  

l i n e a r  i n  o n e  o f  t h e  two,  ( K ) ,  a more d i r e c t  s o l u t i o n  i s  

o b t a i n e d  t h r o u g h  e x a m i n a t i o n  o f  t h e  ' n o r m a l  e q u a t i o n s ' ,  i . e .  

by s e t t i n g  a J / a K  a n d  a J / a I f  e q u a l  t o  z e r o  (see D r a p e r  a n d  

S m i t h ,  1 9 6 6 ) .  T h u s ,  

S u b s t i t u t i o n  o f  e q u a t i o n  4 i n t o  e q u a t i o n  6 a  y i e l d s  

w h e r e ,  a s  b e f o r e ,  Fi and  Ai a r e  s i m p l i f i e d  n o t a t i o n s  f o r  t h e  

l i g h t  a t t e n u a t i o n  f a c t o r  a n d  a l g a l  b i o m a s s  a t  d e p t h  z i .  Equa t -  

i o n  7 means t h a t  K c a n  b e  e x p r e s s e d  as  a n  e x p l i c i t  f u n c t i o n  o f  

I f .  Note  t h a t  t h i s  r e s u l t  i s  v a l i d  f o r  a n y  f ~ n c t i o n a l  r e l a t i o n -  

s h i p  o f  g r o w t h - r a t e  w i t h  l i g h t  t h a t  c a n  b e  c h a r a c t e r i z e d  by o n e  

s i n g l e  p a r a m e t e r .  E q u a t i o n  7 a l s o  i n d i c a t e s  t h a t  i f  t h e  func -  

t i o n a l r e l a t i o n s h i p  a n d  i t s  p a r a m e t e r  If are s u p p o s e d  t o  b e  

known f o r  some r e a s o n ,  t h e  l e a s t  s q u a r e s  e s t i m a t e  o f  t h e  g r o w t h  

r a t e  K c a n  b e  computed by  s i m p l e  c a l c u l u s .  

S u b s t i t u t i o n  o f  e q u a t i o n  4 i n  e q u a t i o n  6 b ,  a n d  d i v i d i n g  by 

K l e a d s  t o  



which ,  t o g e t h e r  w i t h  e q u a t i o n  7 y i e l d s  a n  i m p l i c i t  e x p r e s s i o n  

f o r  I f .  

I n  t h e  s e q u e l  w e  w i l l  now f u r t h e r  e v a l u a t e  e q u a t i o n  ( 8 )  f o r  

the c a s e  o f  S t e e l e ' s  f o r m u l a  

where  Ii i s  t h e  l i g h t  i n t e n s i t y  a t  d e p t h  z i a n d I s  i s  t h e  

e q u a t i o n  p a r a m e t e r  I ( t h e  l i g h t  i n t e n s i t y  f o r  maximum g r o w t h ) .  f  
D i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  Is ,  s u b s t i t u t i o n  i n  e q u a t i o n  

8 and  d i v i d i n g  o u t  n o n - z e r o ,  c o n s t a n t  f a c t o r s ,  f i n a l l y  r e s u l t s  

The s o l u t i o n  o f  t h i s  e q u a t i o n  c a n  b e  r e a d i l y  o b t a i n e d  by s u i t -  

a b l e  e x i s t i n g  z e r o - f i n d i n g  r o u t i n e s .  Because  o f  t h e  l i g h t  i n h i -  

b i t i o n  t h e r e  m i g h t  b e  two s o l u t i o n s  f o r  e q u a t i o n  1 0 .  I n  p r a c t i c e  

it t u r n s  o u t  t h a t  t h e r e  i s  h a r d l y  any  p rob lem b e c a u s e  e i t h e r  

t h e  two I s - v a l u e s  are v e r y  c l o s e ,  o r  t h e  b e t t e r  s o l u t i o n  c a n  

e a s i l y  b e  s e l e c t e d  by  examin ing  t h e  sum o f  s q u a r e d  d i f f e r e n c e s .  

CONFIDENCE REGIONS 

The a p p r o x i m a t e  1 0 0 ( 1 - q ) %  c o n f i d e n c e  c o n t o u r s  a r o u n d  t h e  es t i -  

mated  p o i n t  K ,  Is c a n  b e  c a l c u l a t e d  by f i n d i n g  p o i n t s  K ,  Is 

which  s a t i s f y  

where  f n-p, l-q) d e n o t e s  t h e  u p p e r  100q% p o i n t s  o f  t h e  r- 
d i s t r i b u t i o n  f o r  P p a r a m e t r s  and  n  o b s e r v a t i o n s .  The e v a l u a t i o n  

o f  t h e  c o n t o u r s  i n  t h i s  case is  particularlystraightforward. 

I f  w e  c a l l  t h e  r i g h t - h a n d  s i d e  o f  e q u a t i o n  11 Q ( a  known quan-  

t i t y  o n c e  t h e  minimum h a s  been  f o u n d )  w e  c a n  w r i t e  



Substitution of equation (4) leads to 

where 

a function of I alone 
S 

a function of I alone 
S 

a constant (1 4c 

Hence, if we select a value for I the two K values on the 
S 

contourline follow simply from 

As pointed out by Draper and Smith (1966) the contour lines 

calculated this way represent exact confidence contours, but 

the confidence level is only approximate because of the non- 

linearities of the model. In the case of the measurements in 

Lake Balaton we have n=4 and F(2,2,0.95) = 19.00, and so the 

confidence region with an approximate level of confidence of 

95% is given by 

VARIANCE-COVARIANCE MATRIX 

An alternative way of examining the quality of the parameter 

estimates is to calculate the variance-covariance matrix for 

the parameters. Again, this can only be calculated approximately 

because of the model non-linearities: 



w i t h  

'a t h e  a p p r o x i m a t e  v a r i a n c e - c o v a r i a n c e  m a t r i x  a t  t h e  minimum 

G t h e  J a c o b i a n  m a t r i x  of  t h e  r e s i d u a l s :  

- 
O2 - Is and ,  

s2 a n  e s t i m a t e  o f  t h e  r e s i d u a l  e r r o r  v a r i a n c e  
A 

s 2  = J < K , I , ) / ( ~ - ~ )  
The v a r i a n c e s  c a n  b e  used  t o  p r o v i d e  a  co .n f idence  i n t e r v a l  on  

t h e  p a r a m e t e r s  i n d i v i d u a l l y  and are ,  t h e r e f o r e ,  somewhat easier 

t o  u s e  t h a n  t h e  f u l l  c o n f i d e n c e  r e g i o n s .  However, i t  s h o u l d  b e  

emphasized t h a t  t h e  r e s u l t s  c a n  b e  q u i t e  m i s l e a d i n g  i f  t h e  

p a r a m e t e r s  are c o r r e l a t e d .  Thus,  t h e  c o v a r i a n c e s  s h o u l d  a lways  

b e  checked  i n  t h i s  case. 

I n  o r d e r  t o  d e m o n s t r a t e  t h e  c o n c e p t s  o u t l i n e d  i n  t h e  p r e v i o u s  

s e c t i o n  a n  example i s  p r e s e n t e d  f o r  one  o f  t h e  measurement 

p o i n t s ,  Feb rua ry  21, 1974 i n  K e s z t h e l y  Bay. T a b l e  I p r e s e n t s  

t h e  o b s e r v e d  d a t a  and  t h e  p a r a m e t e r  e s t i m a t i o n .  The c o n f i d e n c e  

r e g i o n s  a r e  shown i n  F i g .  3a.  



TABLE I :  C a l c u l a t i o n  Example  

L o c a t i o n :  K e s z t h e l y ;  D a t e :  21-2-1974;  D a y l e n g t h :  1 0 . 1  h ;  

E x p o s u r e :  1 0 . 0 0 - 1 4 . 0 0 ;  G l o b a l  r a d i a t i o n  d u r i n g  e x p o s u r e :  
2  

I 7 8  c a l / c m  : G l o b a l  r a d i a t i o n  o v e r  w h o l e  d a y :  1 6 7  cal/cm2; 

1 Water  t e m p e r a t u r e :  7 ' ~ ;  S e c c h i  t r a n s p a r e n c y :  0 . 4 2  m; 

B i o m a s s :  5 . 2 3  mg f r e s h  w e i g h t / l  ( -  5 2 3  p g  C / 1 )  

d e p t h  % o f  s u r f a c e  @e @m 
1 m 

Fi 
i l l u m i n a t i o n  ( p q  C / 1  h )  u q  C / 1  h (eq.  9 )  

1 1.1easured c a l c u l a t e d  

0 . 2 5  3 4 . 7  9 0 . 1  9 0 . 1  0 .999  

l S 0  
4 . 4  2 8 . 6  2 8 . 2  0 . 3 1 3  

2 . 0  
0 . 6  2 . 8  4 . 3  0 . 0 4 8  

I 2 .75  0 . 3  0 . 9  2 . 2  0 .024  

Z s t i m a t e d  p a r a m e t e r s  

K :  0 . 1 7 3  h - l ;  s t a n d a r d  error: 0 . 0 0 3  h - l ;  c o e f f i c i e n t  o f  

v a r i a t i o n :  2 % ;  Is  
: 6 . 5 3  cal/cm2 h :  s t a n d a r d  error:  0 . 3 8  

cal/cm2 h  ; c o e f f i c i e n t  o f  v a r i a t i o n :  6 % ;  c o r r e l a t i o n  

c o e f f i c i e n t :  0 . 1 8  



Keszthely 
K 21 - 2 -1974 

(h-'1 
0.22 

F i g u r e  3a. Conf idence  Regions i n  Parameter  Space (growth r a t e  K 
and L i g h t  s a t u r a t i o n  p a r a m e t e r  I s ) .  The r e c t a n g l e  
r e s p r e s e n t s  i n d i v i d u a l  c o n f i d e n c e  l i m i t s  f o r  each  of  
t h e  p a r a m e t e r s  s e p a r a t e l y .  



The i n t e r p r e t a t i o n  i s  t h a t  p a r a m e t e r  c o m b i n a t i o n s  w i t h i n ,  

f o r  example ,  t h e  95% l i n e ,  a r e  c o n s i d e r e d ,  on t h e  b a s i s  of  

t h e  d a t a ,  a s  n o t  u n r e a s o n a b l e  e s t i m a t e s  f o r  t h e  t r u e  p a r a -  

meter v a l u e s  a t  a n  a p p r o x i m a t e  95% l e v e l  o f  c o n f i d e n c e .  The 

r e c t a n g l e  i n  t h e  f i g u r e  i n d i c a t e s  t h e  c o n f i d e n c e  l i m i t s  f o r  

e a c h  o f  t h e  p a r a m e t e r s  s e p a r a t e l y  c a l c u l a t e d  f rom t h e  

v a r i a n c e - c o v a r i a n c e  m a t r i x  ( 2  d e g r e e s  of  f reedom:+ - 4.303 * 
s t a n d a r d  e r r o r  f rom t a b l e  I ) .  The f i g u r e  c l e a r l y  i l l u s t r a t e s  

t h e  b i a s e d  v iew o b t a i n e d  when u s i n g  t h e  i n d i v i d u a l  p a r a m e t e r  

c o n f i d e n c e  l i m i t s .  F i g u r e  3b g i v e s  a n  i m p r e s s i o n  of  t h e  

q u a l i t y  of  t h e  f i t .  A l s o  shown i s  t h e  p r i m a r y  p r o d u c t i o n  

c u r v e  b e l o n g i n g  t o  t h e  p o i n t  marked x  i n  f i g u r e  3a  ( d a s h e d  

l i n e ) .  The shaded  area a round  e a c h  o f  t h e  o b s e r v a t i o n  p o i n t s  

i n d i c a t e s  t h e  r a n g e  o f  p r e d i c t i o n  when u s i n g  a l l  r e a s o n a b l e  

p a r a m e t e r  c o m b i n a t i o n s ,  t h a t  i s  a l l  p o i n t s  w i t h i n  t h e  c o n f i d e n c e  

l i m i t  r e g i o n .  

RESULTS 

T a b l e  I1 summarizes  t h e  r e s u l t s  o f  t h e  e s t i m a t i o n  f o r  a l l  

e x p e r i m e n t a l  d a y s .  C o n f i d e n c e  l i m i t s  and bounds are p r e s e n -  

ted a l s o .  I t  s h o u l d  b e  stressed t h a t  t h e s e  r e f e r  o n l y  t o  

t h e  u n c e r t a i n t y  a s s o c i a t e d  w i t h  t h e  estimated o b s e r v a t i o n  

e r r o r .  O t h e r  e r r o r s  may a l s o  e x i s t .  I n  p a r t i c u l a r ,  t h e  

a s s u m p t i o n  t h a t  t h e  c a r b o n  c o n t e n t  of  t h e  a l g a e  i s  10% 

of  t h e  f r e s h  w e i g h t  d i r e c t l y  a f f e c t s  t h e  l e v e l  of  t h e  

growth  ra te  estimate ( b u t  n o t  I s ) .  A l a r g e r  v a l u e  f o r  t h e  

r a t i o p r o p o r t i o n a i l y  d e c r e a s e s  t h e  estimate. 

G e n e r a l l y ,  t h e  S t e e l e  e q u a t i o n  f i t s  t h e  data q u i t e  w e l l ,  

a l t h o u g h  sometimes t h e r e  i s  a t e n d e n c y  of  s l i g h t l y  o v e r e s -  

t i m a t i n g  t h e  p r o d u c t i o n  i n  t h e  d e e p e r  l a y e r s .  Only i n  few 

cases t h e r e  w a s  a s e r i o u s  l a c k  of f i t .  The c a l c u l a t i o n s  

w e r e  based  on t h e  a s s u m p t i o n  of  a v e r t i c a l l y  homogeneous 

biomass d i s t r i b u t i o n ,  e x c e p t  f o r  t h e  T ihany  where more 

deta i led data w e r e  a v a i l a b l e .  Lack of  f i t  c o u l d  a r i se  i n  

case o f  s t r o n g  v e r t i c a l  i n h o m o g e n e i t i e s  =n  b iomass .  



- production ( p g ~ / l  h )  

-7: 
K = 0.173 Is = 6.5 

---- K = 0.19 Is = 10.0 
I I I I I I I I I I I I  range of curve belonging to 

the edges of rectangular 
confidence interval 

F i g u r e  3b. P r imary  P r o d u c t i o n  Curves  f o r  t h e  Op t ima l  P o i n t  
( i n d i c a t e d  by + i n  f i g .  3a ,  s o l i d  l i n e )  and  t h e  
P o i n t  marked x i n  f i g .  3a (dashed  l i n e )  . Shaded 
A r e a s  i n d i c a t e  the p r o d u c t i o n  r a n g e s  o f  a l l  p a r a m e t e r  
p o i n t s  w i t h i n  t h e  r e c t a n g u l a r  c o n f i d e n c e  i n t e r v a l  
i n  f i g .  3a. 
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T a b l e  I1 a l s o  p r e s e n t s  a n  e s t i m a t e  f o r  t h e  e x t i n c t i o n  

c o e f f i c i e n t .  I t  s h o u l d  be  n o t e d  t h a t  t h i s  q u a n t i t y  w a s  

n o t  needed  f o r  t h e  p a r a m e t e r  e s t i m a t i o n ,  b e c a u s e  t h e  r a d i a -  

t i o n  a t  e v e r y  d e p t h  w a s  d i r e c t l y  computed from t h e  measured  

l i g h t  a t t e n u a t i o n .  However, e x t i n c t i o n  v a l u e s  would b e  

needed when c a l c u l a t i n g  t h e  d e p t h  a v e r a g e d  and  d a y  a v e r a g e d  

p r i m a r y  p r o d u c t i o n  w i t h  t h e  h e l p  of  t h e  model .  A g a i n ,  o n  

some d a y s ,  c o n s i d e r a b l e  i n h o m o g e n e i t i e s  o c c u r ,  a n d ,  conse -  

q u e n t l y ,  a n  estimate f o r  t h e d a i l y a r e a l  p r i m a r y  p r o d u c t i o n  

c o u l d  b e  i n  e r r o r .  

The o p t i m a l  l i g h t  i n t e n s i t i e s  i n  t a b l e  I1 a r e  i n  u n i t s  o f  

g l o b a l  r a d i a t i o n .  When u s i n g  g l o b a l  r a d i a t i o n  as i n d i c a t o r  

of  l i g h t  i n t e n s i t y ,  as  was t h e  case i n  o u r  d a t a  and  is  t h e  

case i n  most  m a t h e m a t i c a l  m o d e l s ,  t h i s  i s  t h e  c o r r e c t  fo rm 

t o  u s e ,  b e c a u s e  a c c o r d i n g  t o  e q u a t i o n  9 o n l y  t h e  r a t i o  i s  

i m p o r t a n t .  I f  d e s i r e d  Is c a n  b e  r e c a l c u l a t e d  i n  t e r m s  o f  

P h o t o s y n t h e t i c a l l y  A v a i l a b l e  R a d i a t i o n  (PHAR) by m u l t i p l i -  

c a t i o n  by a b o u t  0 . 5  ( c f .  T a l l i n g ,  1 9 7 1 ) .  

ANALYSIS 

Now t h a t  t h e  p a r a m e t e r s  have  been  o b t a i n e d  t h e  n e x t  s t e p  i s  

t o  see w h e t h e r  a f u r t h e r  d a t a  r e d u c t i o n  i s  p o s s i b l e ,  by 

l o o k i n g  f o r  f a c t o r s  which c o u l d  e x p l a i n  p a r t  o f  t h e  v a r i a t i o n  

i n  t h e  r e s u l t s .  F o r  example ,  a l g a l  g rowth  ra te  i s  a  f u n c t i o n  

of  t e m p e r a t u r e ,  and  a  p l o t  o f  t h e  g rowth  r a t e s  o f  a l l  e x p e r i -  

ments  v e r s u s  t h e  r e s p e c t i v e  t e m p e r a t u r e s  would p r o b a b l y  e n a b l e  

t h e  d e r i v a t i o n  o f  a s u i t a b l e  e m p i r i c a l  r e l a t i o n s h i p  f o r  

m o d e l l i n g  p u r p o s e s .  I n  t h e  p r e s e n t  c a s e  a s l i g h t l y  more 

s o p h i s t i c a t e d  a n a l y s i s  w a s  w o r t h w h i l e  b e c a u s e  o f  t h e  a v a i l -  

a b i l i t y  of  d e t a i l e d  a l g a e  c o u n t s .  

BIOMASS COMPOSITION 

I n s p e c t i o n  o f  t h e  b iomass  d a t a  r e v e a l e d  a  c l e a r  d i s t i n c t i o n  

i n  b iomass  c o m p o s i t i o n  t h r o u g h o u t  t h e  s e a s o n s .  T h e r e f o r e ,  a n  

a t t e m p t  was made t o  s e p a r a t e  t h e  d a t a  s e t  on t h e  b a s i s  o f  



temperature preference. Algal species that preferentially 

seemed to appear at the lower end of the temperature scale 

were labeled 'cold', at the higher end 'warm'. Species for 

which no decision could be made, as well as those biomass 

fractions not counted by name were called 'mixed'. The 'cold' water 

group consisted of the Chrysophyta (diatoms), with the 

exception of the Melosira species, and some benthic diatoms 

occasionally occuring during stormy weather. To the 'warm' 

water algae counted the Cyanophyta, the Euglenophyta and 

the Pyrrophyta with the exception of the Cryptomonas species. 

The latter were placed in the 'mixed' group, together with 

the Melosira species and the Chlorophyta. It should be noted 

that each group still covers a broad spectrum of temperature 

preferences, and the terms 'cold' and 'warm' have only a 

relative meaning. 

The time courses of the so split biomass, as well as the total 

are shown in Figure 4. The temperature cycle is associated 

with a clear succession of 'cold and 'warm' water algae during 

the year, even when total biomass does not show a spring and 

a summer peak. Note that the plots refer to different years. 

Of course, part of the variation is not explained by just a 

separation in 'cold' or 'warm' water algae. Peaks may be due 

to different species in different years and different basins. 

For example, the peak in November-December 1974 in Szigliget 

Bay is mainly due to Nitzschia acicularis. The outburst is 

believed to be caused by the strong nutrient wash-out from 

the surrounding watershed during the unusually heavy rainfall 

in the autumn of that year. Similarly, the spring peak in the 

Szemes Basin in 1977 was due to Synedra acus, whereas Cyclo- 

tella bodanica was the dominant spring algae in Keszthely 1974 

and Tihany 1972. The wind conditions also may influence the 

measurement results. For example, on April 17th 1974 the peak 

in biomass observed in the Keszthely Bay is caused by a strong 

appearance of benthic algae, especially Surirella robusta, a 

species which is practically absent on most of the other 

measurement days. 



- 

Keszthely 

Szemes 

F i g u r e  4 .  Time P a t t e r n s  o f  ' C o l d ' ,  'Warm' and T o t a l  Biomass i n  
e a c h  o f  t h e  B a s i n s  i n  d i f f e r e n t  y e a r s ,  t o g e t h e r  w i t h  
t h e  a n n u a l  t e m p e r a t u r e  c y c l e .  



15, 
1 "Warm" types 

K 3 

(h4) 4 

K 1 
(h") -1 "Cold" types 

! 

F i g u r e  5a .  Observed Maximum Growth R a t e s  v e r s u s  Tempera tu re  f o r  
E x p e r i m e n t a l  Days dominated  by 'Warm' Water  Phyto-  
p l a n k t o n .  K e s z t h e l y  P o i n t s  a r e  d i s t i n g u i s h e a  Sy 
C l o s e d  Ci rc les .  

F i g u r e  5b. A s  f i g .  5a b u t  f o r  ' C o l d '  Water Communities.  



I n  t h e  t e r m  'warm' w a t e r  g roup  t h e  p i c t u r e  i s  somewhat more 

c l e a r  because  t h i s  g r o u p  i s  dominated by Cera t ium h i r u n d i n e l l a  

( b e l o n g i n g  t o  t h e  P y r r o p h y t a )  i n  e a c h  of  t h e  b a s i n s .  However, 

e s p e c i a l l y  i n  t h e  K e s z t h e l y  and S z i g l i g e t  Bays t h e  C e r a t i r u m  

peak ( u s u a l l y  r e a c h e d  by t h e  end o f  August )  is  p receded  by 

blooms o f  b lue -g reen  a l g a e :  i n  K e s z t h e l y  Aphanizomenon f l o s  

aquae  reached  a b iomass  of  n e a r l y  3 m g / l f r e s h  w e i g h t  on J u l y  

1 9 t h ,  1973,  whereas  t h e  s t r o n g  biomass peak on J u l y  9 t h ,  1974 

i n  t h e  S z i g l i g e t  Bay w a s  due  t o  Lyngbya l i m n e t i c a  ( 5 . 8  mg/ l )  

and  t h e  Euglanophyta  s p e c i e s  Phacus Longicauda ( 4 . 9  m g / l ) .  

Thus, t h e  i n t e r p r e t a t i o n  o f  p r imary  p r o d u c t i o n  d a t a  on  t h e  

b a s i s  o f  ' co ld1- 'warm '  s e p a r a t i o n  h a s  t o  b e  t r e a t e d  w i t h  c a r e  

i n  view of  t h e  r emain ing  d i v e r s i t y  w i t h i n  t h e  g roups .  

The n e x t  s t e p  w a s  t o  compute,  f o r  e a c h  o f  t h e  e x p e r i m e n t a l  d a y s ,  

t h e  p r o p o r t i o n  of ' c o l d ,  ' w a r m '  and  'mixed'  a l g a e  o u t  of  t h e  

t o t a l .  Those  d a y s  which w e r e  c h a r a c t e r i z e d  by more t h a n  50% 

' c o l d '  w a t e r  a l g a e  and less t h a n  2 0 %  'warm' water a l g a e  w e r e  

l a b e l e d  C-days. S i m i l a r l y ,  W-days w e r e  d e f i n e d .  A l l  o t h e r  d a y s  

n o t  b e l o n g i n g  t o  e a c h  of t h e s e  c a t e g o r i e s  ( ' d o n ' t  know-days')  

were n o t  c l e a r l y  dominated  by e i t h e r  'warm' o r  ' c o l d '  w a t e r  

a l g a e ,  and t h e r e f o r e  d i s c a r d e d  from s u b s e q u e n t  a n a l y s i s .  

RELATION GROWTH RATE - TEMPERATURE 

The ( n u t r i e n t - l i m i t e d )  growth r a t e s  w e r e  p l o t t e d  a g a i n s t  temper- 

a t u r e  f o r  t h e  W- and  C-days s e p a r a t e l y ,  as  shown i n  F i g u r e  5a 

and 5b, r e s p e c t i v e l y .  A s  e x p e c t e d ,  t h e r e  i s  a c o n s i d e r a b l e  

sca t ter ,  which most l i k e l y  h a s  t o  b e  a t t r i b u t e d  m a i n l y  t o  

v a r y i n g  n u t r i e n t - l i m i t i n g  c o n d i t i o n s ,  as d e s c r i b e d  b e f o r e .  I n  

s u p p o r t  t o  t h i s  t h e  K e s z t h e l y  d a t a  p o i n t s  (marked s e p a r a t e l y  

i n  f i g s .  5 a , b )  are u s u a l l y  t h e  h i g h e s t ,  r e f l e c t i n g  t h e  r e l a t i v e  

abundancy of  n u t r i e n t s  i n  t h i s  most  p o l l u t e d  bay.  A s  a conse-  

quence  of  t h e  unknown n u t r i e n t  e f f e c t s  on t h e  s a t u r a t i o n  

growth rates ,  a p r o p e r  t e m p e r a t u r e  f u n c t i o n  f o r  u s e  i n  models  

i n  which n u t r i e n t  l i m i t a t i o n  is accoun ted  f o r  e x p l i c i t l y  i s  



c o n s t i t u t e d  by a n  upper  enve lope  c u r v e  of t h e  d a t a  p o i n t s ,  a s  

e x p l a i n e d  p r e v i o u s l y . T h e  W-data s t r o n g l y  s u g g e s t  soine k ind  of 

e x p o n e n t i a l  t e m p e r a t u r e  dependancy. By way of s u g g e s t i o n  a 

s p e c u l a t i v e  enve lope  c u r v e  h a s  been drawn i n  f i g u r e  5a of t h e  

form 

with a  = 0.5 h-', and 8 = 1.17.  A v a l u e  of 1 . 1 7  c o r r e s p o n d s  t o  a  

Q1o 
of 4 .8 .  T h i s  i s  abou t  t w i c e  a s  much a s  t h e  r a n g e  of v a l u e s  

quoted  by J o n e s  (1977)  . Of c o u r s e ,  t h e  v a l u e  of 8 i s  r a t h e r  

a r b i t r a r y  and s u b j e c t  t o  l a r g e  e r r o r .  D e s p i t e  t h i s ,  f i g u r e  5 

d e f i n i t e l y  s u g g e s t s  a  s t r o n g e r  t h a n  u s u a l  t e m p e r a t u r e  e f f e c t ,  

f o r  which two r e a s o n s  may be  g i v e n .  F i r s t ,  r e p o r t e d  Q10 v a l u e s  

have been d e r i v e d  f o r  t h e  t o t a l  phy top lank ton  p o p u l a t i o n  o v e r  

a l l  s e a s o n s ,  and n o t  f o r  t h e  warm w a t e r  p l a n k t o n  o n l y ,  and ,  

second,  most  Q10 e s t i m a t e s  have been made f o r  t e m p e r a t e  l a k e s  

w i t h  t e m p e r a t u r e s  n o t  exceeding 2 0 ' ~ .  I t  shou ld  be  no ted  t h a t  

t h e c u r v e  does  n o t  i n c l u d e  t h e  ext reme p o i n t  a t  2S0c.  I n s p e c t i o n  

of t h e  o r i g i n a l  d a t a  r e v e a l s  t h a t  t h i s  d a t a p o i n t  i s  e x c e p t i o n a l  

i n  t h a t  i t  i s  a s s o c i a t e d  w i t h  t h e  s t r o n g  Aphanizomen f l o s  aquae  

bloom mentioned b e f o r e .  Consequen t ly ,  i t s  i n c l u s i o n ,  f o r  

example by choos ing  a h i g h e r  v a l u e  f o r  8 ,  would c a u s e  an  unrea -  

l i s t i c  b i a s  a t  lower t e m p e r a t u r e s .  One may a l s o  t a k e  t h i s  

o b s e r v a t i o n  a s  a  warning t h a t  b lue -g reen  a l g a e  must  pe rhaps  be  

t r e a t e d  a s  a  s e p a r a t e  group,  w i t h  a  q u i t e  d i f f e r e n t  growth r a t e -  

t e m p e r a t u r e  r e l a t i o n s h i p .  

For  t h e  ' c o l d 1 - w a t e r  a l g a e  t h e  t e m p e r a t u r e  r e l a t i o n s h i p  i s  less 

d i s t i n c t ,  a s  e x p e c t e d .  The d a t a  s u g g e s t  a  s l i g h t  p r e f e r e n c e  f o r  

t e m p e r a t u r e s  around 8OC. A u s e f u l  e m p i r i c a l  f u n c t i o n  would be  

kmax = a s e c h  Cb(T-811 

with a  = 0.5 h-I and b = 0 . 3 ,  b u t  i t  s h o u l d  b e  s t r e s s e d  t h a t  t h e  

d a t a  a l l o w  many o t h e r  c h o i c e s ,  s o  t h a t  t h e  r e l a t i o n s h i p  g i v e n  

i s  o n l y  s p e c u l a t i v e  and has  l i m i t e d  a p p l i c a b i l i t y  i n  g e n e r a l .  

I f  d e s i r e d  one may, of c o u r s e ,  a l s o  t r y  t o  f i t  any of t h e  o t h e r  

f o r m u l a t i o n s  used  i n  mode l l ing  t h u s  f a r  ( f o r  a  r e v i e w ,  see 

Swartzman and B e n t l e y ,  1 9 7 9 ) .  



OPTIMAL LIGHT INTENSITY 

The same p r o c e d u r e  w a s  f o l l o w e d  t o  s t u d y  t h e  v a r i a b i l i t y  i n  

Is v a l u e s .  By a n a l o g y ,  Is w a s  f i r s t  p l o t t e d  v e r s u s  t e m p e r a t u r e  

f o r  b o t h  C-and W-groups. I t  t u r n e d  o u t  t h a t  t h e r e  w a s  a  t e n -  

dency  o f  i n c r e a s i n g  I s - v a l u e s  w i t h  r i s i n g  t e m p e r a t u r e ,  b u t  t h e  

sca t te r  o f  t h e  d a t a  p o i n t s  was c o n s i d e r a b l e .  Hence,  w e  d e c i d e d  

t o  l o o k  f o r  o t h e r  e x p l a n a t o r y  f a c t o r s .  From t h e  l i t e r a t u r e  i t  

i s  w e l l  known t h a t  t h e  l i g h t  h i s t o r y  i s  s t r o n g l y  a f f e c t i n g  t h e  

l i g h t  s a t u r a t i o n  c o e f f i c i e n t  ( e . g .  V e r d u i n ,  1956;  R y t h e r  a n d  

Menze l ,  1 9 5 9 ) .  K r e m e r  a n d  Nixon ( 1 9 7 8 )  s u g g e s t  t o  i n c l u d e  

t h i s  a p p a r e n t  a d a p t i v e  b e h a v i o u r  i n  m o d e l s  by making Is a 

f u n c t i o n  o f  t h e  i n c i d e n t  r a d i a t i o n  on  t h e  t h r e e  p r e v i o u s  d a y s .  

A c c o r d i n g l y ,  s u c h  a r e l a t i o n s h i p  w a s  examined f o r  t h e  p r e s e n t  

d a t a .  A g a i n ,  a c e r t a i n  i n c r e a s i n g  t e n d e n c y  o f  Is w i t h  t h e  

w e i g h t e d  a v e r a g e  l i g h t  i n t e n s i t y  on t h e  p r e v i o u s  t h r e e  d a y s  

( 0 . 7 ,  0 . 2 ,  0 . 1 )  c o u l d  n o t  b e  d e n i e d ,  b u t  t h e  sca t ter  w a s  s t i l l  

v e r y  l a r g e .  However, as  shown i n  f i g u r e  6  a p l o t  o f  Is v e r s u s  

t h e  a v e r a g e  r a d i a t i o n  on  t h e  day  o f  t h e  e x p e r i m e n t  i t s e l f  

( e x p r e s s e d  as t o t a l  i r r a d i a n c e  R t o t  d i v i d e d  by t h e  d a y l e n g t h  A )  

was more s u c c e s s f u l  ( i t  would h a v e  been  more a p p r o p r i a t e  t o  u s e  

t h e  morn ing  i r r a d i a n c e  o n l y ,  b u t  t h e s e  d a t a  were n o t  a v a i l a b l e  

t o  u s ,  a n d  would anyhow b e  s t r o n g l y c o r r e l a t e d  t o  t h e  d a i l y  t o t a l ) .  

F o r  t h e  c o l d  w a t e r  p h y t o p l a n k t o n  Is o n l y  shows a w e a k i n c r e a s e  

w i t h  a v e r a g e  r a d i a t i o n .  Thus ,  f o r  a l l  p r a c t i c a l  p u r p o s e s  Is 
2  c a n  b e  se t  c o n s t a n t  and  e q u a l  t o  a b o u t  7 . 5  c a l / c m 2  h  (87  W/m ) 

f o r  t h i s  g r o u p .  F o r  t h e  warm water p h y t o p l a n k t o n ,  however ,  

Is i n c r e a s e d  w i t h  o v e r a l l  i n c i d e n t  l i g h t ,  and  a l i n e a r  r e l a t i o n -  

s h i p  o f  t h e  form 

i s  a r e a s o n a b l e  a p p r o x i m a t i o n .  I t  s h o u l d  b e  n o t e d  t h a t  a t t e m p t s  

t o  f i t  t h e  d a t a  t o  more -pa rame te r  f u n c t i o n s  i s  p r o b a b l y  n o t  

w o r t h w h i l e  h e r e  ( i n  c o n t r a s t  t o  t h e  g r o w t h  r a t e - t e m p e r a t u r e  

r e l a t i o n s ) ,  b e c a u s e  m a t h e m a t i c a l  mode l s  are n o t  e x t r e m e l y  

s e n s i t i v e  t o  t h i s  p a r a m e t e r .  



"Cold" types 

T 
I 

F i g u r e s  6a a n d  6b. O b s e r v e d  S a t u r a t i o n  L i g h t  ~ n t e n s i t i e s  a s  a  
F u n c t i o n  o f  T o t a l  Ave rage  I r r a d i a t i o n  on  t h e  
E x p e r i m e n t a l  Day ( K e s z t h e l y  P o i n t s  d i s t i n g u i s h e d  
by C l o s e d  C i r c l e s ) .  



DISCUSSION AND CONCLUSION 

In the previous sections we have shown that a formal non- 

linear least-squares parameterestimation~procedure can be 

successfullyappliedto obtain model parameters from primary 

production experiments. However, the rigour of the results is 

somewhat limited by the lack of nutrient information. Simul- 

taneousmeasurement of nutrient availability, or even artificial 

enrichment of the samples to prevent nutrient deficiences 

during the experiments would contribute to a better under- 

standing and could be exploited to explain part of the ob- 

served variability of results. On the other hand, preliminary 

nutrient enrichment tests conducted recently in Tihany did 

not lead to dramatic changes in primary production. This seems 

to suggest that the role of external nutrients as an explana- 

tory factor is perhaps less pronounced, and that internal 

nutrient pooling and rapid recycling are significant processes 

indeed. 

The parameters obtained by the least squares procedure usually 

have a coefficient of variation of 5-19%,  which means a 95% 

confidence interval of 20-40% with the given number of obser- 

vation depths. Increasing the number of measurement depths 

(with emphasis on the surface layers) is expected to reduce 

these uncertainties especially with respect to the li~ht saturation 

parameter Is. In addition to the stochastic error the growth 

rate may also contain a systematic bias, because the assumption 

that the carbon to fresh weight ratio of 1:10 is implied. 

The uncertainty due to lack of nutrient information together 

with the stochastic variability do hamper the evaluation of a 

growth rate-temperature relationship. One should not forget 

that an attempt to describe with one single function a tempe- 

rature dependancy of a community with such a variable compo- 

sition is fairly ambitious, even in this case where the expe- 

riments could be split into two separate groups. Nevertheless, 



i n f o r m a t i o n  is o b t a i n e d  which i s  of  g r e a t  p r a c t i c a l  v a l u e  

f o r  m o d e l l i n g  p u r p o s e s .  For  B a l a t o n  a b e l l - s h a p e d  t e m p e r a t u r e  

c u r v e  seems t o  be  a p p r o p r i a t e  f o r  ' c o l d '  water p h y t o p l a n k t o n ,  

w i t h  an o p t i m a l  t e m p e r a t u r e  a t  7-9 d e g r e e  C .  For  t h e  warm 

w a t e r  communi t ies ,  a s t r o n g  e x p o n e n t i a l  t e m p e r a t u r e  depen- 

dancy was found ,  w i t h  a 2-4 f o l d  i n c r e a s e  f o r  e v e r y  10 d e g r e e s  

C .  P r o d u c t i v i t y  w a s  l o w e s t  i n  t h e  i n t e r m e d i a t e  t e m p e r a t u r e  

r e g i o n  from 12-15 d e g r e e s  C .  T h i s  is  r e f l e c t e d  i n  t h e  r e l a -  

t i v e l y  low biomasses  i n  t h e  a s s o c i a t e d  t i m e  p e r i o d s ,  a s  

conf i rmed by f i g u r e  4 .  

The r e a d e r  may have  n o t e d  t h a t  t h e  maximum growth ra te  v a l u e s  

r e s u l t i n g  from t h e  p r imary  p r o d u c t i o n  measurements are e x t r e m e l y  

l a r g e :  t h e y  can  b e  i n  t h e  o r d e r  o f  10-20 day-' f o r  t e m p e r a t u r e s  

from 20°c and up. S e v e r a l  modelers  c o n f r o n t e d  w i t h  

t h e s e  d a t a  c r i t i c i z e d  them a s  f a r  t o o  h i g h .  W e  have ,  however,  

good r e a s o n s  t o  b e l i e v e  t h a t  t h e  r e s u l t s  are c o r r e c t .  F i r s t ,  

e r r o r s  i n  t h e  e x p e r i m e n t a l  p r o c e d u r e  can  b e  p r a c t i c a l l y  

exc luded  s i n c e  r e s u l t s  from i n c i d e n t a l  p a r a l l e l  e x p e r i m e n t s  

u s i n g  t h e  oxygen method were a lways  i n  good agreement  w i t h  

1 4 c - r e s u l t s .  Second,  when c a r e f u l l y  s c r e e n i n g  t h e  a v a i l a b l e  

l i t e r a t u r e  w e  found t h a t  maximum growth r a t e s  i n  t h e  o r d e r  

of  10 day-' a r e  n o t - a t - a l l  i m p o s s i b l e .  F indenegg (1971)  

r e p o r t s  growth  rates  of  1 1 . 4  and 18.3 day-' f o r  Cryptomonas 

e r o s a  i n  some A u s t r i a n  and Swiss  l a k e s ,  a t  t e m p e r a t u r e s  

r a n g i n g  from 1 2 - 2 0 ' ~ .  For  c e r a t i u m  h i r u n d i n e l l a  4 . 4  day-' 

was found under  f i e l d  c o n d i t i o n s  a t  2 3 ' ~ .  Both a l g a e  c o n s t i t u t e  

a n  i m p o r t a n t  f r a c t i o n  of  t h e  biomass i n  Lake E a l a t o n  t o o .  

Stadelman and Munawar (1974) r e p o r t  a maximum growth  ra te  of  

2.7 day-' f o r  Lake O n t a r i o ,  ave raged  o v e r  a day .  T h i s  

c o r r e s p o n d s  t o  a v a l u e  i n  t h e  o r d e r  of magni tude  of  10 day-' 

when r e c a l c u l a t i n g  t h e  day  a v e r a g e  t o  t h e  growth  r a te  a t  

o p t i m a l  l i g h t  a round noon. Reworking t h e  a c t i v i t y  c o e f f i c i e n t s  

r e p o r t e d  by Munawar e t  a l .  (1974) f o r  Lake O n t a r i o  t o  maximum 

growth r a t e s  u s i n g  a carbon/b iomass  r a t i o n  of  0 .1  l e a d s  t o  

v a l u e s  of  0.26 h - l  i . e .  6 day-' a t  1 6 ' ~ .  These  examples 



clearly demonstrate that growth rates in the order of 10 day-' 

or more are - not unusual even at moderate temperatures. Moreover, 

like in this analysis, each of the values quoted might have 

been depressed by nutrient limitation. Thus, we feel that the 

common statement that maximum growth rate coefficients are in 

the order of 1-3 day-' needs revision, especially in lakes 

with relatively high temperatures such as Balaton. 

The large growth rates imply a very rapid turn-over of algal 

biomass and this may perhaps be a partial explanation for the 

apparent rapid adaptation of the saturation light intensity 

to incident light, and the seemingly absence of longer term 

memory. The algae in the afternoon are simply not the same as 

those of the morning. However, other explanations are possible. 

For instance, low irradiation will generally be associated with 

cloud cover, and the spectral composition of the total radia- 

tion is likely to change in the direction of a larger propor- 

tion of photosynthetically available light. Consequently, a 

lower Is value will be observed (Verduin, 1 9 5 6 ) .  Generally, 

light saturation and photoinhibition belong to the least under- 

stood mechanisms of algal physiology. Harris and Piccinin ( 1 9 7 7 )  

suggest that photoinhibiton is, at least partially, an artifact 

of the measurement technique. If this were true the use of 

saturation light intensities would, of course, become somewhat 

questionable. On the basis of detailed measurements Harris and 

Piccinin stress the role of photorespiration in the light 

inhibition phenomenon. Perhaps photorespiration is also a key 

process in the tremendous algal mortality rates that must 

exist in Lake Balaton in order to balance the high productivi- 

ties. In our opinion the solutions to these problems will be 

of great interest to the further progress in mathematical 

modeling of phytoplankton dynamics, and, consequently, model- 

based eutrophication control. 
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