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PREFACE 

One of t h e  p r i n c i p a l  themes of t h e  Task on Environmental 
Q u a l i t y  Cont ro l  and Management i n  IIASA's Resources and Environ- 
ment Area i s  a c a s e  s tudy  of e u t r o p h i c a t i o n  management f o r  Lake 
Balaton,  Hungary. The c a s e  s tudy  is a c o l l a b o r a t i v e  p r o j e c t  
involv ing  a number of s c i e n t i s t s  from s e v e r a l  Hungarian i n s t i -  
t u t i o n s  and IIASA ( f o r  d e t a i l s  s e e  WP-80-187). 

A s  p a r t  of  t h e  c a s e  s tudy  t h r e e  d i f f s r e n t  b iochemical  
models o f  t h e  l a k e ' s  behavior  a r e  under development ( r e s u l t s  
f o r  two of  t h e s e  models have a l r e a d y  been desc r ibed  i n  e a r l i e r  
working papers  WP-80-139 and WP-80-149). A l l  of t h e s e  approaches 
d e s c r i b e  t h e  r o l e  of s p a t i a l  mass exchange r e s u l t i n g  from wind- 
induced water  motion i n  a ve ry  s i m p l i f i e d  manner. This  paper 
p r e s e n t s  t h e  development of  a t r a n s i e n t ,  three-dimensional  hydro- 
dynamic model and i t s  a p p l i c a t i o n  t o  Lake Balaton.  Another 
paper ( t o  appear )  i l l u s t r a t e s  t h e  a p p l i c a t i o n  of  a much s impler  
one-dimensional model which has  been developed j o i n t l y  and i n  
p a r a l l e l  wi th  t h e  p r e s e n t  approach.  I t  i s  be l i eved  t h a t  a s  a 
r e s u l t  of t h e s e  e f f o r t s  a b e t t e r  ba lance  w i l l  be  achieved between 
t h e  r e l a t i v e  complex i t i e s  of t h e  biochemical  and hydrophysical  
modeling s t u d i e s  a s  components i n  t h e  development of an o v e r a l l  
l a k e  e c o l o g i c a l  model. Th i s  ba lance  should r e f l e c t  a l s o  t h e  r e l a -  
t i v e  importance of t h e  d i f f e r e n t  subprocesses  being modeled. 
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1 ABSTRACT 

ÿÿ his p a p e r  r e p o r t s  t h e  r e s u l t s  a c h i e v e d  t o  d a t e  i n  a  
p rogram o f  r e s e a r c h  t o  d e v e l o p  and  a p p l y  m a t h e m a t i c a l  
c o m p u t e r  m o d e l s  o f  w a t e r  q u a l i t y  i n  s h a l l o w  l a k e s .  The 
p o r t i o n  o f  t h e  r e s e a r c h  which  i s  t h e  s p e c i f i c  t o p i c  o f  t h i s  
p a p e r  i s  t h e  d e v e l o p m e n t ,  t e s t i n g  and t r i a l  a p p l i c a t i o n  o f  a  
t r a n s i e n t  t h r e e - d i m e n s i o n a l  model  o  f  wind-dr  i v e n  
c i r c u l a t i o n .  The r e s u l t s  a r e  p r e s e n t e d  i n  t h e  c o n t e x t  o f  a n  
a p p l i c a t i o n  t o  Lake B a l a t o n  i n  Hungary ,  a  l a r g e  y e t  v e r y  
s h a l l o w  l a k e .  

The p a p e r  p r e s e n t s  a  r e v i e w  o f  t h e  m a t h e m a t i c a l  
f o r m u l a t i o n  o f  t h e  c i r c u l a t i o n  p r o b l e m  and  t h e  m a j o r  m e t h o d s  
u s e d  i n  c o m p u t e r  m o d e l s  o f  w i n d - d r i v e n  c i r c u l a t i o n .  
D e t a i l e d  e x a m i n a t  i o n s  o f  t h e  model  a s s u m p t i o n s  and 
p a r a m e t e r s  a r e  a l s o  i n c l u d e d .  A d e s c r i p t i o n  o f  t h e  
a p p l i c a t i o n  l a k e  f o l l o w s  and a  t h r e e - d i m e n s i o n a l  model  
a p p r o p r i a t e  t o  s h a l l o w  l a k e s  i s  p r o p o s e d  and d e r i v e d .  T h i s  
model  i s  examined  f o r  c o n s i s t e n c y  w i t h  Lake B a l a t o n ' s  
c h a r a c t e r i s t i c s ,  and  t h e  i m p o r t a n t  need  f o r  c o n g r u e n c e  w i t h  
a n  e v e n t u a l  c o u p l e d  b i o g e o c h e m i c a l  model  o f  t h e  w a t e r  
q u a l i t y  i s  d e s c r i b e d  and i n v e s t i g a t e d .  The r e q u i r e m e n t  t h a t  
t h e  l e n g t h  and time s c a l e s  o f  t h e  h y d r o d y n a m i c  model  and t h e  
b i o g e o c h e m i c a l  model  b e  c o n s i s t e n t  w i t h  e a c h  o t h e r  and w i t h  
t h e  p r o c e s s e s  o f  i n t e r e s t  i n  t h e  l a k e  is  s t r e s s e d .  

The p r o p o s e d  c i r c u l a t i o n  model  e m p l o y s  a  G a l e r k i n  
t e c h n i q u e  t o  c o m p u t e  t h e  v e r t i c a l  v e l o c i t y  p r o f i l e  u s i n g  a  
d e p t h - d e p e n d e n t  v e r t i c a l  e d d y  v i s c o s i t y .  The p a r a m e t e r s  f o r  
t h i s  model  a r e  d e t e r m i n e d  by  c a l i b r a t i o n  u s i n g  s i m p l e  
h y p o t h e t i c a l  s e i c h e  s i m u l a t i o n s  a s  a  s t a n d a r d .  I t  is  found  
t h a t  t h e  f u n c t i o n  s p e c i f i e d  f o r  t h e  v e r t i c a l  e d d y  v i s c o s i t y  
i s  a  c r u c i a l  d e t e r m i n a n t  o f  t h e  model  r e s p o n s e .  The 
r e s u l t i n g  model  and c a l i b r a t i o n  a r e  t h e n  s u c c e s s f u l l y  
v e r i f i e d  w i t h  h i s t o r i c a l  e v e n t s  o n  Lake B a l a t o n .  A d e t a i l e d  
e x a m i n a t i o n  o f  t h e  r e s u l t s  o f  o n e  o f  t h e s e  e v e n t  s i m u l a t i o n s  
e x p l o r e s  a s p e c t s  o f  t h e  model  p r e d i c t  i o n s  p e r t i n e n t  t o  t h e  
m a s s  t r a n s p o r t  o f  w a t e r  q u a l i t y  c o n s t i t u e n t s .  C o n c l u s i o n s  
o f  t h e  p a p e r  i n c l u d e  i d e n t i f i c a t i o n  o f  t h e  n e e d  t o  i m p r o v e  
t h e  r e p r e s e n t a t i o n  o f  m a s s  t r a n s p o r t  i n  e x i s t i n g  m o d e l s  o f  
B a l a t o n ' s  w a t e r  q u a l i t y  and  a n  a g e n d a  f o r  f u t u r e  d e v e l o p m e n t  
o f  a c o u p l e d  hyd rodynamic -b iogeochemica l  w a t e r  q u a 1  i t y  
mode l .  





2 INTRODUCTION 

2 . 1  Background  o f  t h e  S t u d y  

The d e t e r i o r a t i o n  o f  l a k e  w a t e r  q u a l i t y  i s  b e i n g  f a c e d  
t h r o u g h o u t  t h e  w o r l d .  I n c r e a s i n g  p o p u l a t i o n  and 
d e v e l o p m e n t ,  a n d  chang  i n g  a g r i c u l t u r a l  p r a c t i c e s  h a v e  
c r e a t e d  p r e s s u r e s  f rom which  few w a t e r  b o d i e s  e s c a p e .  And, 
a l t h o u g h  s o c i e t y  c a n  t a k e  s t e p s  t o  p r e v e n t  o r  c o r r e c t  w a t e r  
q u a l i t y  d e g r a d a t i o n ,  s u c h  a c t i o n s  a r e  i n v a r i a b l y  c o s t l y  and  
p r i o r  knowledge o f  t h e i r  e f f e c t i v e n e s s  is  o f t e n  i m p o s s i b l e .  
The p e o p l e  and  a g e n c i e s  c h a r g e d  w i t h  p l a n n i n g  w a t e r  q u a l  i t y  
c o n t r o l  t h u s  f a c e  a  v e r y  d i f f i c u l t  s e t  o f  p r o b l e m s  i n d e e d .  
Not o n l y  m u s t  t h e y  d e v e l o p  m e t h o d s  and  s t r a t e g i e s  t o  c o n t r o l  
w a t e r  p o l l u t i o n ,  b u t  t h e y  m u s t  a l s o  f o r e c a s t  t h e  c o s t  and 
e f f e c t i v e n e s s  o f  t h e s e  s t r a t e g i e s  t o  g u a r a n t e e  t h a t  t h e  
c o n t r o l s  u s e d  i n s u r e  t h e  b e s t  w a t e r  q u a l i t y  a t  t h e  l e a s t  
e x p e n s e .  

M a t h e m a t i c a l  c o m p u t e r  m o d e l s  o f  w a t e r  q u a l i t y  h a v e  a r i s e n  
i n  r e s p o n s e  t o  t h e  n e e d s  o f  w a t e r  p o l l u t i o n  c o n t r o l  
p l a n n i n g .  C l e a r l y ,  s o c i e t y  c a n n o t  a f f o r d  t o  t e s t  e x p e n s i v e  
c o n t r o l  s t r a t e g i e s  by t r i a l  and e r r o r ;  a  l e s s  c o s t l y  means  
t o  d e v e l o p  and e v a l u a t e  c o n t r o l  a l t e r n a t i v e s  is r e q u i r e d .  
Water  q u a l i t y  m o d e l s  c o n t r i b u t e  i n  two ways.  F i r s t ,  by 
d e s c r i b i n g  t h e  p h y s i c a l ,  b i o l o g i c a l  and c h e m i c a l  p r o c e s s e s  
a f  f e c t i n g  w a t e r  q u a l i t y ,  m o d e l s  i n c r e a s e  u n d e r s t a n d i n g  and 
s u g g e s t  c o n t r o l  m e t h o d s .  And s e c o n d l y ,  p r e d i c t i v e  m o d e l s  
c a n  f o r e c a s t  f u t u r e  w a t e r  q u a l i t y  and p e r m i t  t r i a l s  o f  
p o s s i b l e  s t r a t e g i e s  a t  v e r y  r e a s o n a b l e  e x p e n s e .  A c c u r a t e  
and e f f i c i e n t  w a t e r  q u a l i t y  m o d e l s  c a n  t h u s  p l a y  a  v a l u a b l e  
r o l e  i n  t h e  management o f  e n v i r o n m e n t a l  w a t e r  q u a l i t y .  

T h i s  p a p e r  i s  a  r e p o r t  f rom a  p r o g r a m  o f  r e s e a r c h  t o  
d e v e l o p  and a p p l y  m a t h e m a t i c a l  c o m p u t e r  m o d e l s  o f  w a t e r  
q u a l i t y  i n  a  p a r t i c u l a r ,  i m p o r t a n t  e n v i r o n m e n t :  t h e  s h a l l o w  
f r e s h  w a t e r  l a k e .  A l t h o u g h  s h a l l o w  l a k e s  a s  l a r g e  a s  t h e  
a p p l i c a t i o n  l a k e  i n  t h i s  r e p o r t ,  Lake B a l a t o n  i n  Hungary ,  
a r e  r a r e ,  s m a l l  s h a l l o w  l a k e s  and  p o n d s  a r e  p e r h a p s  t h e  m o s t  
common o f  w a t e r  b o d i e s .  R e l a t i v e l y  l i t t l e  a t t e n t i o n  h a s  
been  p a i d  i n  t h e  p a s t  t o  t h e  s p e c i a l  p r o b l e m s  o f  m o d e l i n g  
s u c h  e n v i r o n m e n t s  and e v e n  l e s s  a t t e n t i o n  h a s  b e e n  d i r e c t e d  
t o  t h e  p a r t i c u l a r  i n t e r e s t  o f  o u r  r e s e a r c h :  t h e  i n f l u e n c e  o f  
h y d r o d y n a m i c s  upon s h a l l o w  l a k e  w a t e r  q u a l i t y ,  and  t h e  
p r o p e r  l i n k a g e  o f  h y d r o d y n a m i c  t r a n s p o r t  m o d e l s  w i t h  
b i o g e o c h e m i c a l  w a t e r  q u a l  i t y  m o d e l s .  



Our a t t e n t i o n  t o  t h e  l i n k a g e  o f  h y d r o d y n a m i c  m o d e l s  and  
b i o q e o c h e m i c a l  w a t e r  q u a l i t y  m o d e l s  a d d r e s s e s  a  w e a k n e s s  i n  
c u r r e n t  w a t e r  q u a l  i t y  m o d e l i n g  p r a c t i c e .  T h i s  w e a k n e s s  
a r i s e s  when t h e  m o d e l e r  f a i l s  t o  c o n s i d e r  t h e  d o m i n a n t  
l e n g t h  and time s c a l e s  o f  t h e  l a k e  p r o c e s s e s  o f  i n t e r e s t .  
The c o m p l e t e  w a t e r  q u a l i t y  model  m u s t  m a t c h  t h e s e  d o m i n a n t  
s c a l e s  i n  i t s  r e p r e s e n t a t i o n  o f  b o t h  h y d r o d y n a m i c s  and 
b i o l o g i c a l  d y n a m i c s .  T h i s  is  s e l d o m  d o n e  i n  p r a c t i c e .  A s  a  
r e s u l t ,  o n e  f i n d s  h i q h l y ' s o p h i s t i c a t e d  m o d e l s  o f  l a k e  w a t e r  
q u a l  i t y  c h e m i s t r y  and  b i o l o g y  compromised  by i n a d e q u a t e ,  o r  
e v e n  i n a c c u r a t e ,  m o d e l s  o f  w a t e r  m o t i o n  and m a s s  t r a n s p o r t .  
S i m i l a r l y ,  t h e r e  a r e  m o d e l s  which  a t t e m p t  t o  d e t e r m i n e  
h y d r o d y n a m i c s  and m a s s  t r a n s p o r t  w i t h  h i g h  a c c u r a c y ,  b u t  
t h e n  s i m p l y  lump a l l  b i o c h e m i c a l  t r a n s f o r m a t i o n s  i n t o  a  
s i n g l e  f i r s t - o r d e r  l o s s  t e r m .  I n  t h i s  r e p o r t ,  a n d  i n  o u r  
c o n t i n u i n g  r e s e a r c h ,  w e  s e e k  t o  d e m o n s t r a t e  t h e  n e c e s s i t y  t o  
c o n s i d e r  b o t h  h y d r o d y n a m i c s  and b i o c h e m i s t r y  i n  a  c o m p a t i b l e  
and even-handed f a s h i o n .  Our h y p o t h e s i s  is  t h a t  t h e  p r o p e r  
l i n k a g e  o f  h y d r o d y n a m i c  and b i o g e o c h e m i c a l  m o d e l s  w i l l  
c r e a t e  a  more  a c c u r a t e  and c o m p l e t e  p i c t u r e  o f  l a k e  w a t e r  
q u a l i t y  d y n a m i c s .  



2 . 2  I n t r o d u c t i o n  t o  t h e  R e p o r t  

T h i s  p a p e r  r e p o r t s  t h e  r e s u l t s  a c h i e v e d  i n  t h e  f i r s t  p a r t  
o f  a  program o f  r e s e a r c h  t o  d e v e l o p  and a p p l y  m a t h e m a t i c a l  
computer  models  o f  e u t r o p h i c a t i o n  i n  s h a l l o w  l a k e s .  T h i s  
f i r s t  p o r t i o n  o f  t h e  r e s e a r c h  c o n c e r n s  t h e  model ing  o f  l a k e  
c i r c u l a t i o n  a n d ,  p a r t i c u l a r l y ,  t h e  a p p l i c a t i o n  o f  a  t h r e e -  
d i m e n s i o n a l  model o f  wind-dr i v e n  c i r c u l a t i o n  t o  Lake B a l a t o n  
i n  Hungary. 

The p u r p o s e s  o f  t h e  r e p o r t  a r e :  

t o  s u r v e y  t h e  p u b l i s h e d  l i t e r a t u r e  o n  l a k e  
c i r c u l a t i o n  model ing  , t h e  a s s u m p t i o n s  o f  
t h o s e  m o d e l s ,  and t h e  v a r i o u s  p a r a m e t e r s  
i m p o r t a n t  t o  t h e  models  

t o  r e p o r t  o n  t h e  s u i t a b i l i t y  o f  a  t h r e e -  
d i m e n s i o n a l  c i r c u l a t i o n  model w i t h  d e p t h -  
v a r i a b l e  v e r t i c a l  eddy v i s c o s i t y  d e v e l o p e d  
f o r  s h a l l o w  l a k e s  

t o  show t h e  r e s u l t s  o f  p r e l i m i n a r y  
a p p l i c a t i o n s  o f  t h e  model t o  Lake B a l a t o n  

The o r g a n i z a t i o n  o f  t h e  r e p o r t  i s  t o  f i r s t  p r e s e n t  t h e  
l i t e r a t u r e  r e v i e w  a s  background t o  t h e  model deve lopmen t  and 
a p p l i c a t i o n .  The r e v i e w  a t t e m p t s  t o  p r o v i d e  a  b r i e f  
i n t r o d u c t i o n  t o  g e n e r a l  a s p e c t s  o f  c i r c u l a t i o n  model ing and 
t h e n  t o  c o n c e n t r a t e  on  two p a r t i c u l a r  i s s u e s  which a r e  
s i g n i f i c a n t  t o  t h e  a p p l i c a t i o n  t o  s h a l l o w  l a k e s .  The f i r s t  
o f  t h e s e  i s s u e s  c o n c e r n s  t h e  p o s s i b l e  a s s u m p t i o n s  made i n  
c i r c u l a t i o n  mode l s ,  and t h e  c o n d i t i o n s  under  which t h e s e  
a s s u m p t i o n s  a r e  a p p r o p r i a t e .  The s e c o n d ,  and p e r h a p s  most  
c r i t i c a l  i s s u e  f o r  p r a c t i c a l  a p p l i c a t i o n ,  i s  t h e  n a t u r e  and 
magni tude  o f  v a r i o u s  model p a r a m e t e r s .  

With t h e  background o f  t h e  l i t e r a t u r e  r e v i e w ,  t h e  r e p o r t  
t u r n s  t o  t h e  s p e c i f i c  c a s e  o f  Lake B a l a t o n  and t h e  
c i r c u l a t i o n  model employed i n  t h e s e  s t u d i e s .  Fo l lowing  a  
g e n e r a l  d e s c r i p t i o n  o f  t h e  l a k e  and a  more d e t a i l e d  l o o k  a t  
what i s  known a b o u t  i t s  c i r c u l a t i o n ,  t h e  a p p l i c a b i l i t y  o f  
t h e  G a l e r k i n  model is  examined i n  l i g h t  o f  t h e  c r i t e r i a  
deve loped  i n  t h e  l i t e r a t u r e  r ev i ew.  The model is  t h e n  used 
t o  s i m u l a t e  c i r c u l a t i o n  i n  Lake B a l a t o n  u s i n g  a  r a n g e  o f  
p a r a m e t e r  v a l u e s  and h y p o t h e t i c a l  wind c o n d i t i o n s .  These  
s e n s i t i v i t y  s t u d i e s  a r e  i n t e n d e d  t o  supp lemen t  t h e  l i m i t e d  
i n f o r m a t i o n  t o  b e  found i n  t h e  l i t e r a t u r e  r e g a r d i n g  
p a r a m e t e r s .  



T h e  r e p o r t  c l o s e s  w i t h  a  s e t  o f  c o n c 1 u s i o n s  and 
recommendat ions f o r  f u r t h e r  work. P a r t i c u l a r  a t t e n t i o n  is 
p a i d  i n  t h e s e  c l o s i n g  remarks  t o  t h e  deve lopmen t  o f  a  
coup led  hydrodynamic and b iogeochemica l  wa te r  q u a l i t y  model 
f o r  p r a c t i c a l  a p p l i c a t i o n  t o  Lake B a l a t o n .  

The work l e a d i n g  t o  t h i s  r e p o r t  was c a r r i e d  o u t  a t  t h e  
Ralph M .  P a r s o n s  L a b o r a t o r y  f o r  Water R e s o u r c e s  and 
Hydrodynamics a t  t h e  M a s s a c h u s e t t s  I n s t i t u t e  of  Technology,  
Cambridge,  M a s s a c h u s e t t s ,  U.S.A., and a t  t h e  I n t e r n a t i o n a l  
I n s t i t u t e  o f  Appl ied  Sys tems A n a l y s i s ,  Laxenburg ,  A u s t r i a .  
The work r e p o r t e d  h e r e i n  r e p r e s e n t s  a  p o r t i o n  o f  t h e  
d o c t o r a l  t h e s i s  r e s e a r c h  o f  t h e  f i r s t  a u t h o r  comple ted  under  
t h e  s u p e r v i s i o n  o f  t h e  second a u t h o r .  R e s e a r c h  f u n d s  f o r  
t h e  work comple ted  a t  M.I.T. were s u p p l i e d  by t h e  Uni ted  
S t a t e s  N a t i o n a l  S c i e n c e  Founda t ion  under  t h e i r  Water 
R e s o u r c e s  and Envi ronmenta l  Eng inee r ing  Program. The 
r e s e a r c h  a t  IIASA was u n d e r t a k e n  d u r i n g  a  two month 
appointment  o f  t h e  f i rst  a u t h o r  under  t h e  s u p e r v i s i o n  of  t h e  
t h i r d  a u t h o r  o f  IIASA1s Resources  and Environment Area. I n  
a d d i t i o n ,  P r o f .  K e i t h  D. S t o l z e n b a c h  of  t h e  Parsons  Labora to ry  
s u p p l i e d  c o n s i d e r a b l e  a i d  and a d v i c e  d u r i n g  t h e  c o u r s e  o f  t h e  
work. H i s  h e l p  i s  g r a t e f u l l y  acknowledged. 

The r e p o r t  t e x t  was p r e p a r e d  on t h e  M.I.T. I n f o r m a t i o n  
P r o c e s s i n g  C e n t e r  IBM 370/168 u s i n g  t h e  U n i v e r s i t y  o f  
Water loo  S c r i p t  t e x t  e d i t i n g  sys t em.  We thank  Mrs. Beth  
Quivey f o r  c o m p l e t i n g  t h e  t e x t  w i t h  h e r  e x p e r t l y  typed  
e q u a t i o n s .  The c i r c u l a t i o n  model c o m p u t a t i o n s  were a l s o  
performed a t  t h e  M.I.T.  I n f o r m a t i o n  P r o c e s s i n g  C e n t e r .  



2 . 3  Summary o f  t h e  R e p o r t  

A s u c c e s s f u l  p r e d i c t i v e  model o f  t h e  e u t r o p h i c a t i o n  
p r o c e s s  i n  a  l a k e  o r  r e s e r v o i r  r e q u i r e s  a t t e n t i o n  t o  n o t  
o n l y  wa te r  q u a l i t y  b i o l o g y  and c h e m i s t r y ,  b u t  t o  
hydrodynamics  a s  w e l l .  T h i s  r e p o r t  i n v e s t i g a t e s  t h e  
hydrodynamic component f o r  e v e n t u a l  i n c o r p o r a t i o n  i n t o  a  
e u t r o p h i c a t i o n  model o f  Lake B a l a t o n ,  Hungary.  The r e p o r t  
c o n s i s t s  o f  two main p a r t s :  a  r e v i e w  o f  t h e  t h e o r y  and 
p r a c t i c e  o f  wind-dr iven  c i r c u l a t i o n  model ing  , and a  
d e s c r i p t i o n  o f  a  t r a n s i e n t  t h r e e - d i m e n s i o n a l  model and i t s  
a p p l i c a t i o n  t o  Lake B a l a t o n .  

The r e v i e w  o f  wind-dr iven  c i r c u l a t i o n  model ing  p r o c e e d s  
a l o n g  t h r e e  s u b j e c t  l i n e s :  a n  o v e r v i e w  o f  t h e  common 
model ing  a p p r o a c h e s ,  a n  e x a m i n a t i o n  o f  t h e  l i m i t a t i o n s  
imposed by t y p i c a l  model a s s u m p t i o n s ,  and a  l o o k  a t  t h e  
i m p o r t a n t  p a r a m e t e r s  t o  be  employed a s  model i n p u t .  

The numerous a p p r o a c h e s  t o  c i r c u l a t i o n  model ing  a l l  s e e k  
t o  s o l v e  t h e  e q u a t i o n s  o f  momentum and c o n t i n u i t y  i n  some 
s i m p l i f i e d  form. The v a r i a t i o n s  on t h e s e  s i m p l i f i c a t i o n s  
and s o l u t i o n  methods  f a l l  i n t o  t h r e e  c a t e g o r i e s  o f  models :  
s i n g l e - l a y e r  m o d e l s ,  which assume a  v e r t i c a l l y  homogeneous 
l a k e ;  m u l t i - l a y e r  m o d e l s ,  which presume t h e  l a k e  t o  b e  
d i v i s i b l e  i n  two o r  more e s s e n t i a l l y  homogeneous l a y e r s ;  
a n d ,  t h e  Ekman mode l s ,  which n e g l e c t  c e r t a i n  f o r c e s  and 
a c c e l e r a t i o n s  i n  o r d e r  t o  p a r t i a l l y  s o l v e  t h e  problem by 
a n a l y t i c a l  methods .  

S i m p l i f y i n g  a s s u m p t i o n s  and a p p r o x i m a t i o n s  a r e  a  
n e c e s s a r y  p a r t  o f  a n y  c i r c u l a t i o n  mode l ,  and a r e  q u i t e  
a c c e p t a b l e  where c o n d i t i o n s  p e r m i t .  A number o f  a s s u m p t i o n s  
i n  wide use  a r e  examined i n  t h i s  r e p o r t ,  and c o n d i t i o n s  
under  which t h e  a s s u m p t i o n s  a r e  a p p r o p r i a t e  a r e  g i v e n .  For  
example ,  i f  t h e  w a t e r  body i s  s h a l l o w ,  o n e  may n e g l e c t  
dynamic p r e s s u r e  f o r c e s ,  v e r t i c a l  v e l o c i t i e s  and d e n s i t y  
i n h o m o g e n e i t i e s .  I n  a  s i m i l a r  way, o t h e r  a s s u m p t i o n s  may b e  
b e  made i f  p e r m i t t e d  by t h e  c h a r a c t e r i s t i c s  o f  t h e  wa te r  
body ,  t h e  p r a c t i c e  b e i n g  t o  employ d i m e n s i o n l e s s  f o r c e  
r a t i o s  t o  r e p r e s e n t  t h o s e  c h a r a c t e r i s t i c s  m a t h e m a t i c a l l y .  
The common a s s u m p t i o n s  i n c l u d e  n e g l e c t  o f  c o n v e c t i v e  
a c c e l e r a t i o n s ,  p e r m i t t e d  i f  t h e  Rossby number ( i n e r t i a l  t o  
C o r i o l i s  f o r c e  r a t i o )  is  s m a l l ;  n e g l e c t  o f  h o r i z o n t a l  s h e a r  
f o r c e s ,  a l l o w e d  where t h e  h o r i z o n t a l  Ekman number ( s h e a r  t o  
C o r i o l i s  f o r c e  r a t i o )  is  s m a l l ;  and i m p o s i t i o n  o f  a  r i g i d  
l i d  t o  e l i m i n a t e  f r e e  s u r f a c e  g r a v i t y  waves,  a n  a s s u m p t i o n  
a p p r o p r i a t e  when t h e  C o r i o l i s  t o  g r a v i t y  f o r c e  r a t i o  is  
s m a l l .  A l l  o f  t h e  a p p r o x i m a t i o n  c r i t e r i a ,  however ,  i n c l u d e  
t h e  v e r y  i m p o r t a n t  c a v e a t  t h a t  t h e y  may b e  i n a p p l i c a b l e  i n  
n e a r s h o r e  o r  o t h e r  l o c a l  reg  i o n s  where b a t h y m e t r y  c h a n g e s  



a b r u p t l y .  

C i r c u l a t i o n  m o d e l s  a l s o  d e p e n d  upon t h e  s e l e c t i o n  o f  
v a l u e s  and f o r m u l a e  f o r  v a r i o u s  i n p u t  p a r a m e t e r s .  
P a r t i c u l a r l y  i m p o r t a n t  p a r a m e t e r s  a r e  t h e  v e r t i c a l  e d d y  
v i s c o s i t y  and  t h e  s t r e s s e s  a t  t h e  w a t e r  s u r f a c e  and b o t t o m .  
The e d d y  v i s c o s i t y ,  t h o u g h  i t  s i g n i f i c a n t l y  i m p a c t s  t h e  
v e l o c i t y  p r o f i l e s  p r e d i c t e d  by a  m o d e l ,  i s  a  s u b j e c t  o f  
c o n s i d e r a b l e  d i s a g r e e m e n t  i n  t h e  1 i t e r a t u r e .  Many 
r e p r e s e n t a t i o n s  o f  t h i s  p a r a m e t e r  a s  a  f u n c t i o n  o f  d e p t h  
h a v e  b e e n  p r o p o s e d ,  b u t  t h e r e  is v i r t u a l l y  no i n f o r m a t i o n  
w i t h  which  t o  i d e n t i f y  t h e  s u p e r i o r  a l t e r n a t i v e .  L u c k i l y ,  
t h e r e  is g r e a t e r  c o h e r e n c e  i n  t h e  l i t e r a t u r e  a d d r e s s i n g  t h e  
s t r e s s  p r o d u c e d  b y  wind o n  t h e  w a t e r  s u r f a c e ,  The f o r m u l a e  
o f  Wu ( 1 9 6 9 )  a r e  f o u n d  t o  b e  w i d e l y  a c c e p t e d ,  a l t h o u g h  
p r e l i m i n a r y  r e s u l t s  by some r e s e a r c h e r s  i n d i c a t e  t h a t  t h e s e  
f o r m u l a e  may n o t  b e  a c c u r a t e  i n  v e r y  s h a l l o w  w a t e r .  Bot tom 
s t r e s s e s  a r e  r e p r e s e n t e d  i n  a  g r e a t e r  v a r i e t y  o f  m e t h o d s  
t h a n  s u r f a c e  s t r e s s ,  t h o u g h  t h i s  i s  d u e  more  t o  
c o m p u t a t i o n a l  c o n s t r a i n t s  t h a n  t o  a  l a c k  o f  u n d e r s t a n d i n g  o r  
a g r e e m e n t .  T h r e e  b a s i c  b o t t o m  s t r e s s  f o r m u l a e  may b e  
i d e n t i f i e d :  t h e  l i n e a r  l a w ,  which  i s  c o m p u t a t i o n a l l y  s i m p l e  
b u t  l a c k s  a c c u r a c y ;  t h e  n o n - l i n e a r  o r  q u a d r a t i c  l a w ,  which  
is  c o n s i d e r e d  a c c u r a t e ,  b u t  r e q u i r e s  e x t e n s i v e  i t e r a t i v e  
c o m p u t a t i o n ;  and  t h e  q u a s i - l i n e a r  l a w ,  w h i c h  1 i e s  
i n t e r m e d i a t e  t o  t h e s e  two.  Though i t  is l e s s  t r u e  f o r  t h e  
b o t t o m  s t r e s s  a s  a  p a r a m e t e r  t h a n  f o r  t h e  s u r f a c e  s t r e s s  o r  
v e r t i c a l  v i s c o s i t y ,  w e  c a n  n e v e r t h e l e s s  make t h e  f o l l o w i n g  
summary o b s e r v a t i o n :  A l t h o u g h  t h e  fo rm and v a l u e  o f  t h e s e  
p a r a m e t e r s  s i g n i f i c a n t l y  a f f e c t s  model  r e s u l t s ,  s e l e c t i o n  o f  
p a r a m e t e r s  i s  made d i f f i c u l t  b y  t h e  l a c k -  o f  u n i f i e d  t h e o r y  
o r  a d e q u a t e  e x p e r i m e n t a l  d a t a .  T h u s ,  t h e  mode l  r e s u l t s  
i n e v i t a b l y  r e f l e c t  t h e  c o n s i d e r a b l e  u n c e r t a i n t y  o f  t h e s e  
p a r a m e t e r s .  

F o l l o w i n g  t h e  r e v i e w  o f  t h e  l i t e r a t u r e  o f  c i r c u l a t i o n  
m o d e l i n g ,  t h e  r e p o r t  t u r n s  t o  a  d e s c r i p t i o n  o f  t h e  
c i r c u l a t i o n  model  d e v e l o p e d  i n  t h e s e  s t u d i e s  and a p p l i e d  t o  
Lake B a l a t o n .  B a l a t o n  is a  l a r g e ,  b u t  u n u s u a l l y  s h a l l o w  
l a k e  ( 3 . 2  meters d e e p , '  o n  a v e r a g e ,  and 7 5  k i l o m e t e r s  l o n g )  . 
H y d r o l o g i c  f l o w s  i n t o  and o u t  o f  t h e  l a k e  a r e  m i n o r  compared  
t o  t h e  d o m i n a t i n g  w i n d - d r i v e n  f l o w s  and s e i c h i n g  , Wind- 
d r i v e n  f l o w s  a r e  i n f l u e n t i a l  d u e  t o  t h e  l a k e ' s  s h a l l o w n e s s ,  
however  t h e i r  c o m p l e x i t y  d e f i e s  a  s i m p l e  g e n e r a l i z a t i o n  o f  
t h e i r  d y n a m i c s .  N o n - u n i f o r m i t i e s  i n  wind s p e e d  and 
d i r e c t i o n ,  a s  w e l l  a s  t h e  c o n f i n e s  o f  t h e  l a k e  s h o r e l i n e ,  
i n f l u e n c e  t h e  h o r i z o n t a l  f l o w  p a t t e r n s .  The v e r t i c a l  f l o w  
p r o f i l e  i s  shown b y  f i e l d  m e a s u r e m e n t s  t o  b e  n o n - u n i f o r m ,  
and a d d i t i o n a l l y  h i g h l y  t r a n s i e n t .  S u p e r i m p o s e d  upon t h i s  
m o t i o n  is  a  v e r y  p r o m i n e n t  s e i c h e ,  w i t h  b o t h  l o n g i t u d i n a l  
and t r a n s v e r s e  modes ,  a s  w e l l  a s  v a r i o u s  s e c o n d a r y  modes.  
C o m p r e h e n s i v e  f i e l d  s t u d i e s  b y  H u n g a r i a n  s c i e n t i s t s  o v e r  
more t h a n  a  d e c a d e  h a v e  d e f i n e d  t h e  c h a r a c t e r i s t i c s  o f  t h e s e  



s e i c h e  m o t i o n s  i n  some d e t a i l .  The s h a l l o w n e s s  o f  t h e  l a k e  
s i g n i f i c a n t l y  i n f l u e n c e s  t h e  l o n g i t u d i n a l  s e i c h e  by 
l e n g h t e n i n g  i t s  p e r i o d  and c a u s i n g  i t  t o  damp o u t  a f t e r  a  
few c y c l e s .  

The t h r e e - d i m e n s i o n a l  t r a n s i e n t  c i r c u l a t i o n  model f o r  t h e  
B a l a t o n  a p p l i c a t i o n  is  based  upon a  model d e v e l o p e d  by 
Cooper and P e a r c e  (1977)  and m o d i f i e d  by Nelson  ( 1 9 7 9 ) .  The 
model may b e  c l a s s i f i e d  a s  a n  Ekman-type by v i r t u e  o f  i t s  
u s e  o f  t h e  s i m p l i f i e d  e q u a t i o n s  o f  mo t ion .  I t  i s  made more 
power fu l  t h a n  t h e  u s u a l  Ekman model ,  however ,  by  t h e  use  o f  
a  G a l e r k i n  s o l u t i o n  method t o  d e t e r m i n e  t h e  v e r t i c a l  
v e l o c i t y  p r o f i l e  a s  t h e  we igh ted  sum o f  a  s e r i e s  o f  a n a l y t i c  
s o l u t i o n s .  T h i s  t e c h n i q u e  p e r m i t s  a d d i t i o n a l  c o m p l e x i t y  i n  
t h e  model boundary  c o n d i t i o n s  and p a r a m e t e r s .  I n  
p a r t i c u l a r ,  t h e  v e r t i c a l  eddy v i s c o s i t y  may b e  d e f i n e d  a s  a  
f u n c t i o n  o f  d e p t h .  The model h a s  been programmed t o  s o l v e  
t h e  e q u a t i o n s  o f  mo t ion  on  a  f i n i t e - d i f f e r e n c e  g r i d ,  
d e t e r m i n i n g  t h e  t h r e e - d i m e n s i o n a l  s t r u c t u r e  o f  t h e  
h o r i z o n t a l  c u r r e n t s .  

To b e  c o n s i d e r e d  i n  s e l e c t i n g  t h i s  model f o r  a p p l i c a t i o n  
t o  Lake B a l a t o n  a r e  i t s  c o n s i s t e n c y  w i t h  t h e  b i o l o g i c a l  and 
chemica l  a s p e c t s  o f  t h e  l a k e ' s  w a t e r  q u a l i t y ,  and t h e  
s u i t a b i l i t y  o f  t h e  m a t h e m a t i c a l  f o r m u l a t i o n  f o r  t h i s  l a k e .  
The f i r s t  c o n s i d e r a t i o n  a d d r e s s e s  t h e  r e q u i r e m e n t s  t h a t  t h e  
model be a b l e  t o  c a p t u r e  t h o s e  a s p e c t s  o f  t h e  l a k e  
hydrodynamics  which s i g n i f i c a n t l y  a f f e c t  wa te r  q u a l i t y .  An 
a n a l y s i s  o f  t h e  l e n g t h  and time s c a l e s  o f  t h e  ma jo r  p h y s i c a l  
and b i o c h e m i c a l  p r o c e s s e s  i n  t h e  l a k e ,  a s  w e l l  a s  e s t i m a t e s  
o f  t h e  s e i c h e - r e l a t e d  t r a n s p o r t ,  i l l u s t r a t e  t h e  
a p p r o p r i a t e n e s s  o f  t h e  model .  A p o i n t - b y - p o i n t  e x a m i n a t i o n  
o f  t h e  ma jo r  model a s s u m p t i o n s  f u r t h e r  d e m o n s t r a t e s  t h e  
model v a l i d i t y  f o r  Lake B a l a t o n ,  b u t  w i t h  t h e  c a u t i o n  t h a t  
p r e d i c t i o n s  may b e  poor  a t  i s o l a t e d  l o c a l i t i e s  where 
geomet ry  and b a t h y m e t r y  change  a b r u p t l y ,  f o r  example ,  a round 
T ihany  P e n i n s u l a  and S t r a i t .  

A p p l i c a t i o n  o f  t h e  G a l e r k i n  model t o  Lake B a l a t o n  
proceeded  i n  t h r e e  s t a g e s :  c a l i b r a t i o n ,  s e n s i t i v i t y  t e s t i n g  
and v e r i f i c a t i o n .  F i r s t ,  t h e  model p a r a m e t e r s  were 
c a l i b r a t e d  i n  o r d e r  t o  p roduce  a  model r e s p o n s e  g e n e r a l l y  
s i m i l a r  t o  t h a t  o b s e r v e d  i n  t h e  l a k e  i t s e l f .  The 
c a l i b r a t i o n  was judged on  a  number o f  s p e c i f i c  c r i t e r i a ,  
i n c l u d i n g  t h e  magn i tude  o f  s e t - u p ,  t h e  s e i c h e  p e r i o d  and 
d i s s i p a t i o n ,  t h e  form o f  t h e  v e r t i c a l  v e l o c i t y  p r o f i l e ,  and 
t h e  magni tude  o f  t h e  s u r f a c e  c u r r e n t  i n  s i m u l a t i o n s  o f  a  
s i m p l e  h y p o t h e t i c a l  s e i c h e  e v e n t .  These  s i m u ' l a t i o n s  
a f f o r d e d  t h e  o p p o r t u n i t y  t o  t e s t  t h e  s e n s i t i v i t y  o f  t h e  
model t o  i ts  c a l i b r a t i o n  p a r a m e t e r s ,  a n  i n v e s t i g a t i o n  
c o n t i n u e d  w i t h  o t h e r  i n p u t  d a t a  a s  w e l l .  The model showed 
r e l a t i v e  i n s e n s i t i v i t y  t o  t h e  bo t tom f r i c t i o n  f a c t o r  and t h e  
f i n i t e  d i f f e r e n c e  g r i d  s p a c i n g ,  b u t  c o n s i d e r a b l e  s e n s i t i v i t y  



t o  t h e  v e r t i c a l  eddy  v i s c o s i t y  and t o  s p a t i a l  v a r i a t i o n s  i n  
t h e  wind f i e l d .  

F o l l o w i n g  c a l i b r a t i o n  and t e s t i n g ,  t h e  model was v e r i f i e d  
by c o m p a r i s o n  w i t h  c o l l e c t e d  f i e l d  d a t a .  Using wind s p e e d  
and d i r e c t i o n  r e c o r d e d  on  t h e  l a k e ,  t h e  model s i m u l a t e d  
t h r e e  d i f f e r e n t  h i s t o r i c a l  e v e n t s .  L o n g i t u d i n a l  s e i c h e s  
c h a r a c t e r i z e d  two o f  t h e s e  e v e n t s ,  and were w e l l  d u p l i c a t e d  
by model r e s u l t s .  A t h i r d  e v e n t ,  wh ich  c a u s e d  a  l a r g e  
t r a n s v e r s e  s e i c h e ,  was less  w e l l  r e p r e s e n t e d .  T h i s  was 
p r o b a b l y  d u e  t o  t h e  m a g n i f i c a t i o n  o f  s m a l l  e r r o r s  i n  wind 
d i r e c t i o n  when t h e  wind is  d i r e c t e d  t r a n s v e r s e  t o  t h e  l a k e .  
D e s p i t e  t h e s e  p r o b l e m s ,  w e  we re  e n c o u r a g e d  by t h e  m o d e l ' s  
o v e r a l l  a b i l i t y  t o  r e p r o d u c e  h i s t o r i c a l  e v e n t s  and f e l t  t h e  
v e r i f i c a t i o n  t o  b e  a  s u c c e s s .  

I n  t h e  c l o s i n g  s e c t i o n s  o f  t h e  r e p o r t ,  w e  u s e  t h e  
c i r c u l a t i o n  model t o  examine  t h e  c h a r a c t e r  o f  t r a n s p o r t  
f l u x e s  i n  time and s p a c e ,  and p r o p o s e  t h e  r o l e  o f  t h e  t h r e e -  
d i m e n s i o n a l  t r a n s i e n t  c i r c u l a t i o n  model i n  f u t u r e  s t u d y  o f  
Lake B a l a t o n ' s  w a t e r  q u a l i t y .  The c o m p l e x i t y  and e x p e n s e  o f  
t h e  t h r e e - d i m e n s i o n a l  model p r e c l u d e  i t s  u s e  i n  a  d i r e c t  
c o u p l i n g  w i t h  b i o g e o c h e m i c a l  w a t e r  q u a l i t y  mode l s .  R a t h e r ,  
t h e  model is  more  a p p r o p r i a t e  a s  a  means t o  d e v e l o p  and 
c a l i b r a t e  more s i m p l e  and p r a c t i c a l  m o d e l s  o f  t h e  l a k e ' s  
hyd rodynamics .  A d e m o n s t r a t i o n  o f  t h e  model used  i n  s u c h  a  
r o l e  is a n  a n a l y s i s  o f  t h e  mass  t r a n s p o r t s  computed i n  o u r  
s i m u l a t i o n  o f  t h e  J u l y  8 and 9 ,  1 9 6 3  wind e v e n t .  The model 
r e s u l t s  show t h e  l o n g i t u d i n a l  f l u x e s ,  d u e  m a i n l y  t o  s e i c h e  
m o t i o n ,  t o  b e  v e r y  s t r o n g  and h i g h l y  t r a n s i e n t .  T h e s e  f l o w s  
a r e  g e n e r a l l y  u n i - d i r e c t i o n a l  o v e r  t h e  l a k e  c r o s s  s e c t i o n ,  
t h o u g h  t h e y  a r e  o c c a s i o n a l l y  i n t e r r u p t e d  by  f l o w  r e v e r s a l s  
w i t h i n  t h e  l a k e  d e p t h .  Temporal  v a r i a t i o n s  a r e  c o n s i d e r a b l y  
more i m p o r t a n t  t h a n  v e r t i c a l  and l a t e r a l  s p a t i a l  non- 
u n i f o r m i t i e s ,  however .  An e x a m i n a t i o n  o f  t r a n s v e r s e  f l u x e s  
a c r o s s  a  l o n g i t u d i n a l  p l a n e  w i t h i n  t h e  l a k e  r e v e a l s  
c o n s i d e r a b l e  f l o w s  which  would t e n d  t o  e l i m i n a t e  l a t e r a l  
c o n c e n t r a t i o n  g r a d i e n t s .  I n  summary, t h e  a n a l y s i s  shows 
t h a t  t e m p o r a l  v a r i a t i o n s  o f  t h e  l o n g i t u d i n a l  f l u x e s  a r e  t h e  
d o m i n a n t  d y n a m i c s  t o  b e  e v a l u a t e d  f o r  w a t e r  q u a l i t y  
m o d e l i n g .  The h y d r o l o g i c  f l o w s ,  wh ich  h a v e  been  used  i n  t h e  
w a t e r  q u a l i t y  m o d e l s  t o  d a t e ,  a r e  d w a r f e d  by  t h e  m a g n i t u d e  
o f  t h e  s e i c h e - r e l a t e d  c u r r e n t s .  

I n  t h e  c o n t i n u i n g  p h a s e s  o f  t h i s  r e s e a r c h ,  t h e  t h r e e -  
d i m e n s i o n a l  model w i l l  b e  s imp1  i f  i e d  t o  a  two-d imens iona l  
l o n g i t u d i n a l - v e r t i c a l  mode l .  T h i s  m o d i f i c a t i o n ,  which  
e f f e c t i v e l y  i n t e g r a t e s  t h e  v e l o c i t y  o v e r  t h e  l a k e ' s  l a t e r a l  
d i m e n s i o n ,  w i l l  y i e l d  a  model s u f f i c i e n t l y  s i m p l e  t o  b e  
c o u p l e d  w i t h  a  b i o g e o c h e m i c a l  model o f  t h e  l a k e  w a t e r  
q u a l i t y .  A number o f  p r o p o s a l s  f o r  t h e  form o f  t h i s  
c o u p l i n g  a r e  p r o p o s e d  and t h e s e  w i l l  b e  e v a l u a t e d  i n  t h e  
r e s e a r c h  t o  b e  c o n t i n u e d .  



3  OVERVIEW OF LAKE C I R C U L A T I O N  MODELING 

3 . 1  M a t h e m a t i c a l  F o r m u l a t i o n  o f  Lake C i r c u l a t i o n  

The e q u a t i o n s  o f  f l u i d  m o t i o n  i n  a  l a k e  a r e  t h e  
d e p a r t u r e  p o i n t  f rom which  a l l  m a t h e m a t i c a l  c i r c u l a t i o n  
m o d e l s  m u s t  b e g i n .  T h e s e  e q u a t i o n s  i n c l u d e  t h e  e q u a t i o n s  o f  
c o n s e r v a t i o n  o f  m a s s  ( o r  t h e  c o n t i n u i t y  e q u a t i o n ) ,  and  t h e  
e q u a t i o n  o f  c o n s e r v a t i o n  o f  momentum i n  e a c h  o f  t h e  t h r e e  
c o o r d i n a t e  d i r e c t i o n s .  For  a n  i n c o m p r e s s i b l e  f l u i d ,  t h e  
c o n t i n u i t y  e q u a t i o n  is: 

w h e r e ,  x  a n d  y a r e  t h e  h o r i z o n t a l  d i r e c t i o n  
c o m p o n e n t s ,  a s  shown i n  F i g u r e  
3 . 1 ;  

z i s  t h e  v e r t i c a l  d i r e c t i o n  
c o m p o n e n t ,  measured  downwards 
f rom t h e  mean w a t e r  s u r f a c e  
e l e v a t i o n ;  a n d ,  

u ,  v ,  and w a r e  t h e  f l u i d  v e l o c i t y  c o m p o n e n t s  
i n  t h e  x ,  y  and  z  d i r e c t i o n s  
r e s p e c t i v e l y .  

The momentum e q u a t i o n s  e x p r e s s  t h e  a c c e l e r a t i o n  o f  t h e  
f l u i d  r e s u l t i n g  f rom v a r i o u s  f o r c e s .  The e q u a t i o n s  i n  t h e  
h o r i z o n t a l  p l a n e  a r e  g i v e n  a s  E q u a t i o n s  3.2 a n d  3 .3 .  Fo r 
c l a r i t y ,  t h e  c o r r e s p o n d e n c e  b e t w e e n  t h e  terms i n  t h e  
e q u a t i o n s  and t h e  p h y s i c a l  a c c e l e r a t i o n s  and f o r c e s  which  
t h e y  r e p r e s e n t  i s  shown : 



where ,  t is t h e  t i m e  v a r i a b l e ;  
f  i s  t h e  C o r i o l i s  p a r a m e t e r ;  
P  is  t h e  f l u i d  p r e s s u r e ;  
P is t h e  f l u i d  d e n s i t y ;  

qI is t h e  h o r i z o n t a l  eddy  v i s c o s i t y ;  a n d ,  

*v is  t h e  v e r t i c a l  e d d y  v i s c o s i t y .  

The t e r m s  o f  t h e s e  e q u a t i o n s  h a v e  t h e  f o l l o w i n g  mean ings :  

a  - t h e  i n s t a n t a n e o u s  o r  l o c a l  a c c e l e r a t i o n  
o f  t h e  f l u i d  a t  a  p o i n t  

b  - t h e  c o n v e c t i v e  a c c e l e r a t i o n ,  c a u s e d  when 
f l u i d  is  t r a n s p o r t e d  f rom o n e  p o i n t  t o  
a n o t h e r  o f  d i f f e r e n t  f l u i d  v e l o c i t y  

c - t h e  C o r i o l i s  f o r c e  d u e  t o  t h e  e a r t h ' s  
r o t a t i o n  

d  - t h e  h o r i z o n t a l  p r e s s u r e  f o r c e  

e - t h e  h o r i z o n t a l  t r a n s p o r t  o f  momentum d u e  
t o  s h e a r  s t r e s s e s  

f  - t h e  v e r t i c a l  t r a n s p o r t  o f  momentum d u e  t o  
s h e a r  s t r e s s e s  

The momentum e q u a t i o n  i n  t h e  v e r t i c a l  d i r e c t i o n  is 
e n t i r e l y  s i m i l a r  t o  t h o s e  a b o v e ,  b u t  i n c l u d e s  a n  a d d i t i o n a l  
t e r m  on  t h e  r i g h t  hand s i d e  t o  r e p r e s e n t  t h e  f o r c e  d u e  t o  
t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  r e p r e s e n t e d  by g .  The 
e q u a t i o n  is c o n s i d e r a b l y  s i m p l i f i e d  by  t h e  r e a l i z a t i o n  t h a t  
t h e  p r e s s u r e  and g r a v i t a t i o n a l  f o r c e s  d o m i n a t e  a l l  o t h e r s .  



F i g u r e  3 . 1  

D e f i n i t i o n  s k e t c h  f o r  m a t h e m a t i c a l  f o r m u l a t i o n  

N e g l e c t  o f  t h e s e  l e s s e r  terms i s  known a s  t h e  h y d r o s t a t i c  
a p p r o x i m a t i o n ,  a n d  l e a d s  t o  t h e  e q u a t i o n :  

The b o u n d a r y  c o n d i t i o n s  f o r  t h e s e  e q u a t i o n s  a r e  s p e c i f i e d  
a t  t h e  f r e e  s u r f a c e ,  t h e  l a k e  b o t t o m ,  a n d  t h e  l a k e  
s h o r e l i n e .  A t  t h e  f r e e  s u r f a c e ,  t h e  k i n e m a t i c  b o u n d a r y  
c o n d i t i o n  s p e c i f i e s  t h a t  c o n t i n u i t y  b e  m a i n t a i n e d :  

w h e r e ,  q i s  t h e  f r e e  s u r f a c e  d i s p l a c e m e n t .  

3-3 



An a d d i t i o n a l  c o n d i t i o n  a t  t h e  f r e e  s u r f a c e  r e p r e s e n t s  t h e  
s h e a r  s t r e s s  d u e  t o  t h e  wind:  

w h e r e ,  T~ i s  t h e  x-component  o f  t h e  s h e a r  s t r e s s  
S o n  t h e  s u r f a c e ;  and  

rY i s  t h e  y-component .  
s 

A t  t h e  l a k e  b o t t o m ,  a  n o - s l i p  b o u n d a r y  c o n d i t i o n  
s p e c i f i e s  t h a t  t h e  f l u i d  i n  d i r e c t  c o n t a c t  w i t h  t h e  r o u g h  
b o t t o m  c a n n o t  move : 

w h e r e ,  h  is t h e  l a k e  d e p t h .  

A l t e r n a t i v e l y ,  a  s h e a r  s t r e s s  c o n d i t i o n  s i m i l a r  t o  t h a t  a t  
t h e  s u r f a c e  may i n s t e a d  b e  s p e c i f i e d :  

w h e r e ,  rX i s  t h e  x-component  o f  t h e  b o t t o m  s h e a r  
s t r e s s ;  and 

rY i s  t h e  y-component .  
b 

A t  t h e  l a k e  p e r i m e t e r ,  a  n o - f l o w  n o - s l i p  b o u n d a r y  
c o n d i t i o n  a p p l i e s :  

u = v = O  a t  t h e  x and y  b o u n d a r i e s  

The e q u a t i o n s  and b o u n d a r y  c o n d i t i o n s  p r e s e n t e d  a b o v e  a r e  
complex  and t h e i r  s o l u t i o n  is  d i f f i c u l t ;  t h e  n o n - l i n e a r  
c o n v e c t i v e  terms and  b o u n d a r y  c o n d i t i o n s  b e i n g  p a r t i c u l a r l y  
t r o u b l e s o m e .  A s  a  c o n s e q u e n c e ,  m o s t  s o l u t i o n  m e t h o d s  d e p e n d  



upon s i m p l i f  i c a t i o n  o f  t h e  e q u a t i o n s  by  a v e r a g i n g  t o  r e d u c e  
t h e  p rob lem d i m e n s i o n s ,  o r  b y  n e g l e c t i n g  t h e  l e s s  i m p o r t a n t  
terms i n  t h e  e q u a t i o n s .  We c a n  g a i n  i n s i g h t  i n t o  t h e  
r e l a t i v e  i m p o r t a n c e  o f  t h e  v a r i o u s  terms by  t r a n s f o r m i n g  t h e  
2 q u a t i o n s  t o  a  n o n - d i m e n s i o n a l  fo rm.  T h i s  i s  d o n e  i n  F i g u r e  
3 .2 ,  where  t y p i c a l  s c a l e s  o f  l e n g t h ,  d e p t h ,  t ime and 
v e l o c i t y  h a v e  been  used  t o  n o r m a l i z e  t h e  d i m e n s i o n a l  
v a r i a b l e s .  The s c a l e s  employed a r e  l e n g t h ,  L ;  d e p t h ,  h ;  
t ime,  l / f ;  and  v e l o c i t y ,  U .  A s  s e e n  i n  F i g u r e  3 .2 ,  t h i s  
p r o c e s s  g i v e s  r i s e  t o  t h e  Rossby number ,  Ekman numbers  and 
F roude  number a s  d i m e n s i o n l e s s  p a r a m e t e r s  which i n d i c a t e  t h e  
r e l a t i v e  m a g n i t u d e  o f  t h e  terms i n  t h e  e q u a t i o n s .  We w i l l  
r e f e r  t o  t h e s e  p a r a m e t e r s  i n  t h e  f o l l o w i n g  d i s c u s s i o n s  o f  
m o d e l i n g  s t r a t e g i e s ,  a s s u m p t i o n s  and  p a r a m e t e r s .  
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3.2 Modeling S t r a t e g i e s  

A l a r g e  number o f  l a k e  c i r c u l a t i o n  models  o f  many 
d i f f e r e n t  t y p e s  have  been deve loped  and a p p l i e d  t o  v a r i o u s  
l a k e s .  I n  t h i s  s e c t i o n ,  we w i l l  draw upon o u r  own s e a r c h  o f  
t h e  l i t e r a t u r e  a s  w e l l  a s  p u b l i s h e d  r e v i e w s  by Cheng, Powell  
and D i l l o n  ( 1 9 7 6 ) ,  L i n d i j e r  (1976,1979)  and Simons (1979)  t o  
o u t l i n e  t h r e e  ma jo r  c l a s s e s  o f  models .  The c l a s s e s ,  a s  
d e f i n e d  by Cheng, Powel l  and D i l l o n ,  a r e  s i n g l e  l a y e r  
models ,  m u l t i - l a y e r  models  and Ekman-type models .  

3.2.1 S i n g l e  Layer  Models 

S i n g l e  l a y e r  models  p roceed  from t h e  a s s u m p t i o n  t h a t  t h e  
l a k e  is  v e r t i c a l l y  homogeneous ( u n s t r a t i f i e d )  t o  e l i m i n a t e  
t h e  c o n s i d e r a t i o n  o f  v e r t i c a l  v a r i a t i o n s  i n  c u r r e n t s  and 
o t h e r  p a r a m e t e r s .  The v e r t i c a l  v a r i a t i o n  is removed by 
i n t e g r a t i n g  t h e  c o n t i n u i t y  and momentum e q u a t i o n s  from t h e  
f r e e  s u r f a c e  t o  t h e  l a k e  bo t tom,  r e d u c i n g  t h e  t h r e e -  
d i m e n s i o n a l  problem t o  o n e  o f  o n l y  two d i m e n s i o n s .  The 
i n t e g r a t i o n  p r o c e s s  t r a n s f o r m s  t h e  problem v a r i a b l e s  from 
v e l o c i t i e s  t o  h o r i z o n t a l  mass t r a n s p o r t s ,  d e f i n e d  a s :  

The i n t e g r a t i o n  a l s o  i n c o r p o r a t e s  t h e  s u r f a c e  and bot tom 
boundary  c o n d i t i o n s  i n t o  t h e  r e s u l t i n g  e q u a t i o n s .  

S i n g l e  l a y e r  models ,  a l t h o u g h  s i m u l a t i n g  f r e e  s u r f a c e  
mot ion  w e l l ,  a r e  o f t e n  found t o  be poor  c u r r e n t  p r e d i c t o r s .  
Thus,  t h e i r  use  i s  l a r g e l y  c o n f i n e d  t o  s t o r m  s u r g e  s t u d i e s .  
A number of  s i n g l e  l a y e r  model a p p l i c a t i o n s  a r e  l i s t e d  i n  
T a b l e  3.1. 

3.2.2 M u l t i - l a y e r  Models 

M u l t i - l a y e r  models  e x t e n d  t h e  s i n g l e  l a y e r  methodology t o  
s t r a t i f i e d  w a t e r  b o d i e s .  B a s i c a l l y ,  t h e  p r o c e s s  a p p l i e d  t o  
t h e  e n t i r e  w a t e r  column i n  t h e  s i n g l e  l a y e r  models  is  
a p p l i e d  p i e c e w i s e  t o  a  number of  l a y e r s  t h r o u g h  t h e  l a k e .  A 
d i f f e r e n t  d e n s i t y  may e x i s t  i n  each  l a y e r ,  and t h e  v e r t i c a l  
eddy v i s c o s i t y  may v a r y  from l a y e r  t o  l a y e r  a s  w e l l .  The 
e q u a t i o n s  o f  c o n t i n u i t y  and momentum a r e  v e r t i c a l l y  
i n t e g r a t e d  o v e r  t h e  d e p t h  o f  each  l a y e r ,  i n c o r p o r a t i n g  t h e  
f r e e  s u r f a c e  boundary  c o n d i t i o n  i n t o  t h e  t o p  l a y e r  e q u a t i o n ,  
and t h e  bot tom c o n d i t i o n  i n t o  t h e  e q u a t i o n  f o r  t h e  l o w e s t  
l a y e r .  I n t e r - l a y e r  c o n d i t i o n s  must  a l s o  be  s p e c i f i e d ,  and 
become p a r t  o f  t h e  l a y e r  e q u a t i o n s  a s  w e l l .  The f i n a l  



r e s u l t  o f  t h i s  p r o c e d u r e  i s  a  s e r i e s  o f  e q u a t i o n s  which 
r e p r e s e n t  t h e  mot ion  w i t h i n  each  l a y e r  i n d i v i d u a l l y .  The 
l a y e r s  a r e ,  o f  c o u r s e ,  coup led  v i a  t h e  i n t e r - l a y e r  
cond i t  i o n s .  

Two a p p r o a c h e s  t o  t h e  c o n s t r u c t i o n  o f  t h e  l a y e r s  e x i s t .  
In  t h e  Type I a p p r o a c h ,  t h e  p o s i t i o n  o f  t h e  l a y e r s  i s  f i x e d  
i n  s p a c e  and v e r t i c a l  t r a n s p o r t s  o c c u r  between l a y e r s  t o  
m a i n t a i n  c o n t i n u i t y .  These  t r a n s p o r t s  a l s o  t r a n s f e r  
momentum between t h e  l a y e r s .  In  t h e  Type I1 mode l s ,  t h e  
l a y e r s  a r e  c o n s i d e r e d  t o  b e  d i s t i n c t ,  a s  i f  s e p a r a t e d  by 
t h i n  membranes. No mass t r a n s p o r t  o c c u r s  between t h e  
l a y e r s ;  r a t h e r ,  t h e  l a y e r s  d i s p l a c e  v e r t i c a l l y  t o  m a i n t a i n  
c o n t i n u i t y .  The l a y e r s  communicate v i a  momentum t r a n s p o r t  
due  t o  i n t e r f a c i a l  s t r e s s .  

M u l t i - l a y e r  models  c o r r e c t  t h e  d e f i c i e n c i e s  o f  t h e  s i n g l e  
l a y e r  mode l s ,  and t h e  Type I models  e s p e c i a l l y  p r e d i c t  b o t h  
f r e e  s u r f a c e  e l e v a t i o n  and c u r r e n t s  w e l l .  The Type I1 
approach  is  l e s s  common t h a n  t h e  Type I ,  and i s  most  
a p p r o p r i a t e  t o  d i s t i n c t l y  s t r a t i f i e d  l a k e s  w i t h  a  c l e a r l y  
deve loped  t h e r m o c l i n e .  A s e l e c t i o n  o f  m u l t i - l a y e r  models  
from t h e  p u b l i s h e d  l i t e r a t u r e  is  summarized i n  T a b l e  3 . 2 .  

3 . 2 . 3  Ekman-type Models 

The Ekman-type models  s i m p l i f y  t h e  e q u a t i o n s  o f  mot ion  
c o n s i d e r a b l y  more t h a n  t h e  methods above .  Based upon t h e  
a s sumpt ion  t h a t  t h e  Rossby number is s m a l l ,  t h e  h o r i z o n t a l  
momentum e q u a t i o n s  a r e  1 i n e a r  i zed by d r o p p i n g  t h e  c o n v e c t i v e  
a c c e l e r a t i o n  t e r m s .  T h i s  i m p o r t a n t  s i m p l i f i c a t i o n  p e r m i t s  
t h e  form o f  t h e  v e r t i c a l  d i s t r i b u t i o n  o f  t h e  h o r i z o n t a l  
v e l o c i t i e s  t o  b e  de t e rmined  a n a l y t i c a l l y .  Once t h e  form o f  
t h e  v e r t i c a l  s t r u c t u r e  is known, c o m p l e t i o n  o f  t h e  s o l u t i o n  
r e q u i r e s  o n l y  t h a t  t h e  v a r i a t i o n  i n  h o r i z o n t a l  s p a c e  b e  
d e f i n e d .  T h i s  i n f o r m a t i o n  is s u p p l i e d  by t h e  s o l u t i o n  o f  
t h e  v e r t i c a l l y  i n t e g r a t e d  c o n s e r v a t i o n  e q u a t i o n s .  The 
Ekman-type model s o l u t i o n  s p e c i f i e s  t h e  t h r e e - d i m e n s i o n a l  
v a r i a t i o n  o f  t h e  h o r i z o n t a l  c u r r e n t s  o n l y .  The s m a l l e r  
v e r t i c a l  v e l o c i t y  component is  n o t  d e t e r m i n e d .  

The Ekman-type s o l u t i o n ,  owing t o  t h e  s i m p l i f i c a t i o n  o f  
t h e  e q u a t i o n s ,  i s  t h e  e a s i e s t  method f o r  c o m p u t a t i o n .  
However, t h e  a s s u m p t i o n s  made i n  s i m p l i f y i n g  t h e  e q u a t i o n s  
r e d u c e  t h e  m o d e l ' s  a p p l i c a b i l i t y  and r e q u i r e  t h a t  t h e  
m o d e l ' s  s u i t a b i l i t y  b e  e v a l u a t e d  f o r  each  a p p l i c a t i o n .  The 
model r ema ins  u s e f u l  f o r  a  wide r a n g e  o f  l a k e s  n e v e r t h e l e s s ,  
a s  a t t e s t e d  by t h e  examples  shown i n  T a b l e  3 . 3 .  
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4 MAJOR MODEL ASSUMPTIONS 

The discussion in Section 3 indicates many possible 
simplifications and assumptions which the modeler may 
employ. In this section, the various assumptions will be 
examined and criteria to evaluate their applicability will 
be given. Many of these criteria are drawn from Lindijer 
(1979) . 

4.1 Vertical Variability 

When the depth of the lake is much smaller than its 
length, one can invoke a family of simplifications which 
Lindijer calls the shallow water approximation. The 
approximation consists, in fact, of three approximations. 
The first is the commonly used hydrostatic approximation, 
Equation 3.4. This is valid in all but the deepest lakes, 
and is found in virtually every circulation model. 

The second shallow water approximation is the assumption 
that vertical velocities are so much smaller than those in 
the horizontal that they may be neglected in the equations 
for horizontal momentum (Equations 3.2 and 3.3). This 
approximation yields a model which is three-dimensional in 
the sense that the variation of horizontal velocity is 
determined in all three coordinate directions, but not in 
the sense that the three velocity components are determined. 

The third shallow water approximation is that the water 
body is vertically homogeneous, that is, that it does not 
exhibit any density stratification. Field studies have 
shown this to be a reasonable assumption for shallow lakes, 
where the influence of strong winds penetrates throughout 
the water column and produces complete vertical mixing 
(Entz, 1976; and Seki, et al, 1980) . Although brief periods 
of weak stratification can occur during the summer, even 
moderate winds will remix very shallow lakes. Usually, 
stratification persists no longer than a day or two. 



4 . 2  Convec t ive  A c c e l e r a t i o n s  

N e g l e c t  o f  t h e  n o n - l i n e a r  c o n v e c t i v e  t e r m s  l e a d s  t o  a  
c o n s i d e r a b l e  s i m p l i f i c a t i o n  o f  t h e  momentum e q u a t i o n s ,  and 
i s  t h e  key a s sumpt ion  o f  t h e  Ekman-type models .  The 
magni tude  o f  t h e  Rossby number,  t h e  r a t i o  o f  t h e  i n e r t i a l  
f o r c e s  t o  t h e  C o r i o l i s  f o r c e ,  d e t e r m i n e s  whether  o r  n o t  t h i s  
i s  a  v a l i d  a s s u m p t i o n .  I f  t h e  Rossby number is much l e s s  
t h a n  o n e ,  t h e  c o n v e c t i v e  t e r m s  w i l l  have n e g l i g i b l e  impact  
upon t h e  lake-wide  c i r c u l a t i o n ,  and may b e  o m i t t e d .  

The p h r a s e  " l ake -wide  c i r c u l a t i o n "  was used i n  t h e  l a s t  
p a r a g r a p h  t o  p u r p o s e l y  e x c l u d e  l o c a l  e f f e c t s .  R e c e n t l y ,  
t h e r e  h a s  been a  good d e a l  o f  a t t e n t i o n  i n  t h e  l i t e r a t u r e  t o  
t h e  impor t ance  o f  l o c a l  i n e r t i a l  e f f e c t s  and t h e  a b i l i t y  o f  
numer i ca l  models  t o  c a p t u r e  s u c h  e f f e c t s  ( A b b o t t ,  1976; 
Abbo t t  and Rasmussen, 1977;  and Lean and Weare, 1 9 7 9 ) .  
U n f o r t u n a t e l y ,  t h e s e  i n v e s t i g a t i o n s  have  a d d r e s s e d  c h a n n e l ,  
e s t u a r i n e  and c o a s t a l  f l o w s  where v e l o c i t i e s ,  and t h u s  
c o n v e c t i v e  i n e r t i a ,  a r e  much g r e a t e r  t h a n  i n  wind-induced 
l a k e  c i r c u l a t i o n .  N e v e r t h e l e s s ,  we c a n  c o n c l u d e  from t h e s e  
s t u d i e s  t h a t  where t h e r e  a r e  l a r g e  a b r u p t  c h a n g e s  i n  t h e  
ba thymet ry  o r  s h o r e l i n e  geomet ry  n u m e r i c a l  models  which o m i t  
t h e  c o n v e c t i v e  t e r m s  w i l l  f a i l  t o  c a p t u r e  induced s e c o n d a r y  
c i r c u l a t i o n s  c o r r e c t l y .  The s e v e r i t y  o f  t h e s e  l o c a l  e r r o r s  
depends  upon t h e  c o a r s e n e s s  o f  t h e  f i n i t e  d i f f e r e n c e  g r i d ,  
t h e  c h a r a c t e r  of  t h e  g e o m e t r y ,  and t h e  s t r e n g t h  of  t h e  
c u r r e n t s .  We e x p e c t  t h a t  t h e  e r r o r s  w i l l  be  minor f o r  low 
v e l o c i t y  wind-induced f l o w .  



4 . 3  F r e e  S u r f a c e  E f f e c t s  

An a s s u m p t i o n  w i t h  ma jo r  impact  upon l a k e  c i r c u l a t i o n  
models  i s  t h e  r i g i d  l i d  a p p r o x i m a t i o n .  A s  t h e  name i m p l i e s ,  
t h e  a s s u m p t i o n  is t h a t  t h e  l a k e  behaves  a s  i f  i t  were 
c o v e r e d  w i t h  a  s l i p p e r y  r i g i d  l i d .  T h i s  l i d  p r e v e n t s  
v e r t i c a l  m o t i o n s  a t  t h e  f r e e  s u r f a c e ,  b u t  s t i l l  a l l o w s  
h o r i z o n t a l  m o t i o n s  and p r e s s u r e  v a r i a t i o n s .  By p r e v e n t i n g  
t h e  k i n e m a t i c  e f f e c t s  o f  s u r f a c e  m o t i o n ,  t h e  r i g i d  l i d  
f i l t e r s  o u t  h i g h  f r e q u e n c y  i n e r t i a l  and g r a v i t y  waves 
w i t h o u t  a f f e c t i n g  s t e a d y  s t a t e  s o l u t i o n s  and w i t h  o n l y  s m a l l  
d i s t o r t i o n  o f  low f r e q u e n c y  movements. The c o n s e q u e n c e  o f  
e l i m i n a t i n g  t h e  h i g h  speed  g r a v i t y  waves is t o  p e r m i t  a n  
o r d e r  o f  magn i tude  i n c r e a s e  i n  t h e  time s t e p  o f  n u m e r i c a l  
s o l u t i o n  me thods ,  and g r e a t e r  n u m e r i c a l  a c c u r a c y  and 
s t a b i l t y  (Bryan ,  1969)  . 

O p e r a t i o n a l l y ,  t h e  r i g i d  1 i d  a p p r o x i m a t i o n  i s  t o  assume 
w = 0 i n  t h e  k i n e m a t i c  boundary  c o n d i t i o n ,  E q u a t i o n  3.5.  
C a l c u l a t i o n  o f  f r e e  s u r f a c e  d i s p l a c e m e n t s  i s  s t i l l  p o s s i b l e  
w i t h  t h i s  a p p r o x i m a t i o n  by f i r s t  s o l v i n g  t h e  h o r i z o n t a l  
momentum e q u a t i o n s  f o r  p r e s s u r e ,  and t h e n  u s i n g  t h e  
h y d r o s t a t i c  e q u a t i o n  t o  d e t e r m i n e  t h e  f r e e  s u r f a c e  
d i s p l a c e m e n t  from t h e  p r e s s u r e  (Cheng,  Powel l  and D i l l o n ,  
1976) . 

The r i g  i d  1 id  a p p r o x i m a t i o n  h a s  v e r y  g r e a t  c o m p u t a t i o n a l  
a d v a n t a g e s  o v e r  t h e  a 1  t e r n a t i v e  f r e e  s u r f a c e  r e p r e s e n t a t i o n ,  
b u t  n o t  w i t h o u t  a  c o s t  i n  c e r t a i n  c i r c u m s t a n c e s .  Beford and 
Rai (1978)  g i v e  t h e  c r i t e r i o n  t h a t  t h e  s q u a r e  o f  t h e  r a t i o  
o f  t h e  s e i c h e  p e r i o d  t o  t h e  i n e r t i a l  p e r i o d  must  b e  much 
l e s s  t h a n  one t o  u s e  t h e  r i g i d  l i d  a p p r o x i m a t i o n .  T h i s  is  
e x p r e s s e d  m a t h e m a t i c a l l y  f o r  a  l a k e  o f  l e n g t h  L a s :  

O t h e r s  g i v e  a  s i m i l a r  c r i t e r i o n  w i t h o u t  t h e  f a c t o r  o f  (2n12 . 
Two p a p e r s  f rom t h e  r e s e a r c h  g r o u p  headed by Lick a t  Case 

Western Rese rve  e x p l o r e  t h e  r i g i d  l i d  a p p r o x i m a t i o n  i n  some 
d e t a i l  (Haq and L i c k ,  1975;  and Sheng,  L i c k ,  Gedney and 
Mol l s ,  1978)  . T h e i r  c o m p a r i s o n s  o f  r i g i d  l i d  and f r e e  
s u r f a c e  models  were made u s i n g  a c t u a l  e v e n t s  o n  Lake E r i e ,  
where t h e  r a t i o  c r i t e r i o n  above  is  n o t  met .  T h e i r  f i n d i n g s  
i n d i c a t e  t h a t  t h e  r i g i d  l i d  model c o n v e r g e s  t o  a  s t e a d y  
s t a t e  many t i m e s  f a s t e r  t h a t  t h e  f r e e  s u r f a c e  model ,  b u t  
t h a t  t r a n s i e n t  c u r r e n t s  and s e i c h e s  a r e  i n c o r r e c t  i n  t h e  
r i g i d  l i d  model r e s u l t s .  The f r e e  s u r f a c e  model d o e s  
p r e s e r v e  t h e s e  e f f e c t s ,  and t h u s  p r e d i c t s  g r e a t e r  bo t tom 
s h e a r  s t r e s s e s  and s e d i m e n t  r e s u s p e n s i o n  i n  t h e i r  l i n k e d  
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c i r c u l a t i o n  and s e d i m e n t  t r a n s p o r t  model.  

One a s p e c t  o f  t h e  a p p r o x i m a t i o n  a t  t h e  f r e e  s u r f a c e  is  
p o o r l y  p r e s e n t e d  i n  some p a p e r s  and e a s i l y  c o n f u s e d  w i t h  t h e  
r i g i d  l i d  a p p r o x i m a t i o n .  T h i s  a p p r o x i m a t i o n ,  which w e  w i l l  
c a l l  t h e  s m a l l  a m p l i t u d e  a p p r o x i m a t i o n ,  i s  t h a t  t h e  f r e e  
s u r f a c e  boundary  c o n d i t i o n s  a r e  a p p l i e d  a t  z = 0, r a t h e r  
t h a n  a t  t h e  a c t u a l  f r e e  s u r f a c e ,  z = q . (Cheng, Powel l  and 
D i l l o n  (1974)  a r e  p a r t i c u l a r l y  u n c l e a r  i n  d i s t i n g u i s h i n g  
t h i s  a p p r o x i m a t i o n  from t h e  r i g i d  l i d  a p p r o x i m a t i o n . )  The 
s m a l l  a m p l i t u d e  a p p r o x i m a t i o n  is commonly used i n  b o t h  f r e e  
s u r f a c e  and r i g i d  l i d  models .  The v a l i d i t y  o f  t h e  
a p p r o x i m a t i o n  may b e  e v a l u a t e d  w i t h  t h e  s u r f a c e  boundary  
p a r a m e t e r  a s  a  g u i d e .  T h i s  p a r a m e t e r ,  which is t h e  r a t i o  of 
t h e  s q u a r e  o f  t h e  Froude number t o  t h e  Rossby number,  a r i s e s  
when t h e  k i n e m a t i c  and wind s t ress  boundary  c o n d i t i o n s  a r e  
made d i m e n s i o n l e s s .  ( S e e  F i g u r e  3 . 2 . )  I f  t h e  p a r a m e t e r  is 
s m a l l ,  i t  may b e  assumed r e a s o n a b l e  t o  employ t h e  s m a l l  
a m p l i t u d e  a p p r o x i m a t i o n  and a p p l y  t h e  boundary  c o n d i t i o n s  a t  
z = 0 r a t h e r  t h a n  a t  z = q . 



4 . 4  H o r i z o n t a l  S h e a r  E f f e c t s  

I n  mos t  a n a l y t i c a l  s o l u t i o n s  and i n  many o f  t h e  Ekman- 
t y p e  m o d e l s ,  t h e  e q u a t i o n s  a r e  s i m p l i f i e d  by  n e g l e c t  o f  t h e  
h o r i z o n t a l  s h e a r  f o r c e s  ( term e i n  E q u a t i o n s  3.2 and  3 . 3 ) .  
T h i s  a p p r o x i m a t i o n  may b e  j u s t i f i e d  by  t h e  s i z e  o f  t h e  
h o r i z o n t a l  Ekman number ,  t h e  r a t i o  o f  t h e  f r i c t i o n a l  f o r c e  
t o  t h e  C o r i o l i s  f o r c e .  Where t h e  h o r i z o n t a l  Ekman number is  
s m a l l  compared t o  o n e ,  t h e  terms may b e  s a f e l y  i g n o r e d .  

A s u b t l e  a s p e c t  o f  t h i s  a p p r o x i m a t i o n  m u s t  b e  c o n s i d e r e d  
a l o n g  t h e  s h o r e 1  i n e ,  whe re  f r i c t i o n a l  i n f l u e n c e s  may b e  
i m p o r t a n t  l o c a l l y .  L i n d i j e r  ( 1979 )  g i v e s  a n  e v a l u a t i o n  
c r i t e r i o n  f o r  t h e s e  e f f e c t s  b a s e d  upon t h e  bo t t om s l o p e ,  s.  
The c r i t e r i o n  s t a t e s  t h a t  t h e  h o r i z o n t a l  s h e a r  terms may b e  
n e g l e c t e d  f o r  g r a d u a l  s l o p e s :  

whe re ,  c i s  t h e  c r i t i c a l  bo t t om s l o p e ;  
H and  L a r e  t h e  d e p t h  and l e n g t h  o f  t h e  

l a k e ;  and 
Ey  and  EH a r e  t h e  v e r t i c a l  and h o r i z o n t a l  

Ekman numbers .  

T h i s  c o n d i t i o n  c a n  b e  i n t e r p r e t e d  a s  a  r e q u i r e m e n t  t h a t  
v e r t i c a l  s h e a r  s t r e s s e s  ( r e p r e s e n t e d  by  HG ) r ema in  much 
l a r g e r  t h a n  t h o s e  i n  t h e  h o r i z o n t a l  (L- ) d e s p i t e  t h e  
bo t t om s l o p e .  



This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 



5  MODEL PARAMETERS 

I n  t h i s  s e c t i o n  w e  e x a m i n e  .a number o f  key  p a r a m e t e r s  
which  s i g n i f i c a n t l y  a f f e c t  t h e  p r e d i c t i o n s  o f  c i r c u l a t i o n  
m o d e l s .  U n f o r t u n a t e l y ,  t h e  l i t e r a t u r e  p r e s e n t s  m u l t i p l e  
' a l t e r n a t i v e s  f o r  t h e s e  p a r a m e t e r s ,  b u t  n o  c l e a r  c o n s e n s u s  a s  
t o  which '  a r e  s u p e r i o r .  

5 .1  V e r t i c a l  Eddy V i s c o s i t y  

The momentum e q u a t i o n s  p r e s e n t e d  e a r l i e r  employ  t h e  
a s s u m p t i o n  t h a t  t h e  t u r b u l e n t  f l u x  o f  momentum d u e  t o  t h e  
R e y n o l d s  s t r e s s e s  c a n  b e  r e p r e s e n t e d  a s  t h e  p r o d u c t  o f  a n  
e d d y  v i s c o s i t y  and t h e  f i r s t  s p a t i a l  d e r i v a t i v e  o f  t h e  
v e l o c i t y .  The v a l i d i t y  o f  t h i s  a s s u m p t i o n  i s  o f t e n  
q u e s t i o n e d .  ( S e e ,  f o r  e x a m p l e ,  B a b a j  i m o p o u l o s  and  B e d f o r d ,  
1 9 8 0 . )  However,  a  w o r k i n g  p r a c t i c a l  a l t e r n a t i v e  d o e s  n o t  
now e x i s t ,  a n d  i t  is  a  r a r e  c i r c u l a t i o n  model  t h a t  d o e s  n o t  
make u s e  o f  t h e  e d d y  v i s c o s i t y  a s s u m p t i o n .  

5 .1 .1  P u b l i s h e d  F o r m u l a e  

P e r h a p s  b e c a u s e  t h e  c o n c e p t  is w i t h o u t  r i g o r o u s  
t h e o r e t i c a l  g r o u n d s ,  a  b e w i l d e r i n g  v a r i e t y  o f  f o r m u l a t i o n s  
f o r  t h e  e d d y  v i s c o s i t y  may b e  f o u n d  i n  t h e  l i t e r a t u r e .  A 
s e l e c t i o n  o f  t h e  a v a i l a b l e  f o r m u l a e  f o r  t h e  v e r t i c a l  e d d y  
v i s c o s i t y  a r e  shown i n  F i g u r e  5 .1 .  The o b v i o u s  d i v e r s i t y  i n  
t h e  p r o p o s e d  f o r m s  r e f l e c t  s i g n i f i c a n t  d i f f e r e n c e s  i n  t h e  
o r i g i n a t o r s t  v i e w s  o f  t h e  t u r b u l e n t  t r a n s p o r t  p r o c e s s .  

Some c o n v e r g e n c e  o f  t h e  l i t e r a t u r e  may n e v e r t h e l e s s  b e  
f o u n d  f o r  p a r t i c u l a r  a s p e c t s  o f  t h e  v e r t i c a l  e d d y  v i s c o s i t y  
f o r m u l a t i o n .  T h e r e  is a g r e e m e n t  t h a t  t h e  e d d y  v i s c o s i t y  
d e p e n d s  upon t h e  i n t e n s i t y  o f  t h e  t u r b u l e n c e  and t h e  d e n s i t y  
i n s t a b i l i t y  o f  t h e  w a t e r  c o l u m n ,  and  t h a t  i t  v a r i e s  
t h r o u g h o u t  t h e  l a k e .  L i c k  ( 1 9 7 6 )  l i s t s  t h e  f o l l o w i n g  
t u r b u l e n c e  g e n e r a t i n g  p r o c e s s e s  : s u r f a c e  wind s t r e s s ,  
v e r t i c a l  s h e a r  c u r r e n t s  d u e  t o  h o r i z o n t a l  p r e s s u r e  
d i f f e r e n c e s ,  i n t e r n a l  w a v e s ,  b o t t o m  f r i c t i o n  and b a t h y m e t r y ,  
and  d e n s i t y  s t a b i l i t y .  F o r  s h a l l o w ,  homogeneous  l a k e s  t h e  
s u r f a c e  and b o t t o m  s o u r c e s  o f  t u r b u l e n c e  a r e  t h e  m o s t  
i n f l u e n t i a l .  

The v a l u e  o f  t h e  e d d y  v i s c o s i t y  a t  t h e  l a k e  b o t t o m  
a p p e a r s  t o  b e  a n o t h e r  p o i n t  o f  common g r o u n d  w i t h i n  t h e  
l i t e r a t u r e .  A s  e x p l a i n e d  b y  Thomas ( 1 9 7 5 ) ,  t h e  r i g i d  b o t t o m  
i n h i b i t s  v e r t i c a l  e d d y i n g  m o t i o n s  a n d  t h u s  t h e  v i s c o s i t y  
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R e p r e s e n t a t i o n s  o f  t h e  v e r t i c a l  eddy v i s c o s i t y  
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F i g u r e  5 .1  ( c o n t i n u e d )  

R e p r e s e n t a t i o n s  o f  t h e  v e r t i c a l  e d d y  v i s c o s i t y  



c l o s e s  t o  z e r o .  With a  few e x c e p t i o n s ,  t h e  f o r m u l a e  o f  
F i g u r e  5 .1  f o l l o w  t h i s  b e h a v i o r .  

The re  is  f a r  l e s s  ag reemen t  on t h e  p r o p e r  f o r m u l a t i o n  a t  
t h e  w a t e r  s u r f a c e .  Many r e s e a r c h e r s  v iew t h e  wind s t r e s s  a s  
t h e  d r i v i n g  s o u r c e  o f  t u r b u l e n c e  and t h e r e f o r e  f e e l  t h a t  t h e  
v e r t i c a l  v i s c o s i t y  s h o u l d  be  maximal a t  o r  n e a r  t h e  s u r f a c e  
( L i c k ,  1976; L i n d i  j e r ,  1976; Thomas, 1975; and Beng t s son ,  
1 9 7 3 ) .  0p.posing t h i s  v iew i s  Madsen ( 1 9 7 7 ) ,  who a r g u e s  t h a t  
t h e  eddy v i s c o s i t y  w i l l  behave  s i m i l a r l y  n e a r  any  s h e a r e d  
boundary  i n  t h e  f a s h i o n  d e s c r i b e d  by Thomas. A c c o r d i n g l y ,  
h e  p r o p o s e s  a  l i n e a r  i n c r e a s e  from z e r o  v i s c o s i t y  a t  b o t h  
t h e  s u r f a c e  and t h e  bot tom.  

Most r e s e a r c h e r s  d o  a g r e e  t h a t  t h e  eddy v i s c o s i t y  w i l l  
i n c r e a s e  a s  t h e  boundary  s h e a r  i n c r e a s e s ,  a l t h o u g h  t h i s  
dependency  is  n o t  w e l l  d e f i n e d .  The u n c e r t a i n t y  a b o u t  t h i s  
dependency ,  a s  w e l l  a s  an  i n c r e a s e  i n  c o m p u t a t i o n a l  
d i f f i c u l t y ,  l e a d s  most  m o d e l e r s  t o  assume t h e  eddy v i s c o s i t y  
n o t  t o  v a r y  w i t h  boundary  s h e a r  o r  wind s p e e d .  Where a  
v a r i a t i o n  is modeled,  t h e  p r o c e d u r e  is t o  g e n e r a l l y  assume a  
l i n e a r  p r o p o r t i o n a l i t y  t o  e i t h e r  t h e  wind speed  o r  t h e  wind 
f r i c t i o n  v e l o c i t y  a s  s e e n  i n  F i g u r e s  5 . l d ,  e ,  f ,  h ,  k and 1. 

The g r e a t  d i v e r s i t y  o f  o p i n i o n  a b o u t  t h e  v e r t i c a l  eddy 
v i s c o s i t y  is  t r o u b l e s o m e  f o r  t h e  modeler  who s e e k s  a  more 
s o p h i s t i c a t e d  r e s p r e s e n t a t i o n  t h a n  t o  s i m p l y  assume c o n s t a n t  
v i s c o s i t y .  Hamblin and Salmon (1975)  p o i n t  o u t  t h e  
impor t ance  of  t h i s  p a r a m e t e r  i n  t h e  c i r c u l a t i o n  model :  

A number o f  e x p e r i m e n t s  i n  which model 
p r e d i c t i o n s  a r e  compared w i t h  o b s e r v e d  
c u r r e n t s  have  i n d i c a t e d  t h a t  t h e  v e r t i c a l  
d i f f u s i o n  o f  momentum i s  p r o b a b l y  t h e  most  
i m p o r t a n t  i n t e r n a l  p a r a m e t e r  of t h e  model . . . .  
D r a s t i c  v a r i a b i l i t y  i n  t h e  v e r t i c a l  p r o f i l e  
o f  c u r r e n t  c a n  r e s u l t  from t h e  s p e c i f i c a t i o n  
o f  t h e  magn i tude  and v a r i a t i o n  o f  t h e  
v e r t i c a l  eddy v i s c o s i t y .  

5.1.2 Comparison w i t h  O b s e r v a t i o n s  

A b a s i s  f o r  e v a l u a t i o n  o f  t h e  eddy v i s c o s i t y  f o r m u l a t i o n s  
i s  found i n  t h e  r e s u l t s  o f  l a b o r a t o r y  and f i e l d  
i n v e s t i g a t i o n s .  L a b o r a t o r y  f lume s t u d i e s ,  such  a s  t h o s e  
reviewed by Shemdin ( 1 9 7 3 ) ,  i n v a r i a b l y  r e v e a l  l o g a r i t h m i c  
v e l o c i t y  p r o f i l e s  a t  b o t h  t h e  w a t e r  s u r f a c e  and t h e  f lume 
bot tom.  The n e a r - s u r f a c e  l o g a r i t h m i c  p r o f i l e  h a s  been 
con£  irmed i n  t h e  f i e l d  by o b s e r v a t i o n s  o f  wind-dr i  f t  
c u r r e n t s  i n  l a k e s  (Bye,  1975;  and Bhowmik and S t a l l ,  1 9 7 8 ) .  
F i e l d  and l a b o r a t o r y  d a t a  (summarized i n  S t o l z e n b a c h  e t  a l ,  
1977) a l s o  i n d i c a t e  t h a t  t h e  wind f a c t o r  ( t h e  r a t i o  o f  t h e  
s u r f a c e  d r i f t  c u r r e n t  t o  t h e  wind s p e e d )  v a r i e s  o v e r  t h e  



n a r r o w  r a n g e  o f  a p p r o x i m a t e l y  1 t o  6 p e r c e n t ,  and  t h a t  t h e  
d r i f t  c u r r e n t  i s  d e f l e c t e d  by  no more t h a n  1 5  d e g r e e s  from 
t h e  wind d i r e c t i o n .  

T h e s e  o b s e r v a t i o n s  s h o u l d  be  r e p l i c a t e d  i n  t h e  r e s u l t s  o f  
m a t h e m a t i c a l  c i r c u l a t i o n  m o d e l s .  The s i m p l e s t  o f  t h o s e  
m o d e l s ,  t h e  c l a s s i c  a n a l y t i c a l  s o l u t i o n  by  Ekman f o r  a n  
i n f i n i t e l y  d e e p  o c e a n  and c o n s t a n t  v e r t i c a l  eddy  v i s c o s i t y ,  
p r e d i c t s  a wind f a c t o r  o f  3% b u t  a  s u r f a c e  d e f l e c t i o n  a n g l e  
o f  45 d e g r e e s .  The d e v e l o p m e n t  o f  more,  complex  eddy  
v i s c o s i t y  f o r m u l a t i o n s  h a s  l a r g e l y  b e e n  a  r e a c t i o n  t o  h i s  
p o o r  p r e d i c t i o n  o f  t h e  d e f l e c t i o n .  R e s u l t s  u s i n g  two o f  t h e  
more complex  f o r m u l a e  a r e  compared w i t h  t h o s e  o f  t h e  
c o n s t a n t  v i s c o s i t y  and w i t h  l a b o r a t o r y  f i n d i n g s  by 
s t o l z e n b a c h  e t  a 1 . ( 1 9 7 7 ) .  They c o n s i d e r  two c a s e s :  wind- 
d r i v e n  f l o w  i n  an  i n f i n t e  c h a n n e l ,  and  i n  a  c l o s e d  f i n i t e  
c h a n n e l .  They c o n c l u d e  t h a t  t h e  c o n s t a n t  e d d y  v i s c o s i t y  
( F i g u r e  5 . l a )  and  t h e  l i n e a r  eddy  v i s c o s i t y  ( 5 . l f )  p r o d u c e  
u n r e a l i s t i c  r e s u l t s ,  w h i l e  t h e  p a r a b o l i c  form ( 5 . l k  o r  1) 
y i e l d s  a  v e l o c i t y  p r o f i l e  s i m i l a r  t o  t h e  l a b o r a t o r y  
f i n d i n g s .  Madsen ' s  f o r m u l a  ( F i g u r e  5 . l h )  a l s o  d u p l i c a t e s  
t h e  l o g  v e l o c i t y  p r o f i l e s  and p r e d i c t s  a  d e f l e c t i o n  o f  
r o u g h l y  1 0  d e g r e e s .  I n t e r e s t i n g l y ,  t h e  v e r y  d i s s i m i l a r  
e q u a t i o n  p r o p o s e d  by  F j e l d s t a a d  ( d i s c u s s e d  i n  Neumann and 
P i e r s o n ,  1966)  was d e v e l o p e d  e m p i r i c a l l y  by  m a t c h i n g  
o b s e r v a t i o n s  a t  a  2 2  meter d e e p  l o c a t i o n  i n  t h e  o c e a n ,  and 
t h u s  a g r e e s  w i t h  a t  l e a s t  o n e  se t  o f  f i e l d  d a t a .  



5.2 Wind S t r e s s  on  t h e  Water S u r f a c e  

The s p e c i f i c a t i o n  o f  t h e  s u r f a c e  boundary  c o n d i t i o n  
( E q u a t i o n  3 . 5 )  r e q u i r e s  t h e  d e t e r m i n a t i o n  o f  t h e  s t r e ss  on 
t h e  f r e e  s u r f a c e  due  t o  t h e  wind. T h i s  is  g e n e r a l l y  g i v e n  
i n  t h e  form: 

r- = c p w  
2 

s z a z  

where,  rs is  t h e  s u r f a c e  s t r e s s  e x e r t e d  i n  t h e  
same d i r e c t i o n  a s  t h e  wind; 

C, is  t h e  d r a g  c o e f f i c i e n t  f o r  a  wind 
measured a t  h e i g h t  z ;  

pa i s  t h e  d e n s i t y  o f  t h e  a i r ;  and 
Wz is  t h e  wind speed  measured a t  a  h e i g h t  z  

above  t h e  wa te r  s u r f a c e  ( u s u a l l y  1 0  
m e t e r s ) .  

Many i n v e s t i g a t o r s  have  proposed  f o r m u l a e  f o r  t h e  10  meter 
d r a g  c o e f f i c i e n t ,  and t h e s e  a r e  summarized i n  T a b l e  5.1. 
Wul s (1969)  f o r m u l a e ,  which a r e  a p p r o x i m a t i o n s  o f  more 
complex t h e o r e t i c a l  f o r m u l a e ,  a r e  p r o b a b l y  t h e  most  
f r e q u e n t l y  used .  

A r e c e n t ,  and a s  y e t  n o t  f u l l y  deve loped  f i n d i n g  c o n c e r n s  
anomalous ly  low d r a g  c o e f f i c i e n t s  o v e r  s h a l l o w  w a t e r  ( H i c k s ,  
Drinkrow and Grauze ,  1974;  and Hsu, 1 9 7 5 ) .  H icks  
h y p o t h e s i z e s  t h a t  t h i s  may be  d u e  t o  t h e  a b s e n c e  o f  h i g h  
f r e q u e n c y  s u r f a c e  waves i n  s h a l l o w  w a t e r ,  p roduc ing  an  
a e r o d y n a m i c a l l y  smooth s u f a c e .  He q u a l i f i e s  t h i s  
h y p o t h e s i s ,  however ,  by n o t i n g  t h e  p o s s i b l e  i n f l u e n c e  o f  a  
b i o l o g i c a l  f i l m  on t h e  w a t e r  s u r f a c e ,  a  f a c t o r  which is  
p r o b a b l y  a l s o  p r e s e n t  i n  H s u ' s  s t u d y .  D e s p i t e  t h i s  p o s s i b l e  
i n t e r f e r e n c e ,  Hicks  p r o p o s e s  a  r e l a t i o n  f o r  s h a l l o w  w a t e r  
based  on an a e r o d y n a m i c a l l y  smooth s u r f a c e :  

where,  K is  von Karman's c o n s t a n t ,  0.41; 
B is  a  c o n s t a n t ,  e q u a l  t o  9 ;  
u+ is  t h e  wind f r i c t i o n  v e l o c i t y ;  and ,  
v is  t h e  k i n e m a t i c  v i s c o s i t y  o f  w a t e r .  

The e q u a t i o n  is  p l o t t e d  i n  F i g u r e  5 .2  a l o n g  w i t h  Wuls 
fo rmula .  H i c k s '  fo rmula  is  i m p l i c i t  s i n c e  u, is  a  f u n c t i o n  
o f  C,, and t h u s  i t  must  b e  s o l v e d  i t e r a t i v e l y .  Hicks  had 



i n s u f f i c i e n t  d a t a  t o  s p e c i f y  a n  e x a c t  r a n g e  o f  
a p p l i c a b i l i t y ,  b u t  r o u g h l y  e s t i m a t e d  t h e  f o r m u l a  t o  b e  
a p p r o p r i a t e  f o r  w a t e r  s h a l l o w e r  t h a n  3  t o  7  m e t e r s .  

T a b l e  5 . 1  

Wind s t r e s s  d r a g  c o e f f i c i e n t s  

R e f e r e n c e  h, Drag C o e f f i c i e n t  

Wi l son  ( 1 9 6 0 )  1 .66 x 10'3 
2.37 x 

Ot t e sen -Hansen  0 .8  1 0 ' ~  
( 1 9 7 5 )  1.0 x 1 0 ' ~  

Banks ( 1 9 7 5 )  

R u g g l e s  ( 1 9 7 0 )  1 . 6  

Wind Speed Range 

l i g h t  w i n d s  
s t r o n g  w inds  

" s m a l l n  w inds  
"mediumn winds  

" l a r g e n  w inds  



wind speed at 10 meters (rn/s) 

F i g u r e  5 . 2  

I I 1 I 

Shd low water relation 

1 I 1 I 1 I 

S u r f a c e  d r a g  c o e f f i c i e n t s  a s  a  f u n c t i o n  o f  wind s p e e d  
( f r o m  H i c k s ,  D r i n k r o w  and G r a u z e ,  1 9 7 4 )  



5.3 Bot tom F r i c t i o n  

T h e r e  a r e  two p o s s i b l e  b o u n d a r y  c o n d i t i o n s  w h i c h  may b e  
s p e c i f i e d  a t  t h e  l a k e  b o t t o m :  t h e  n o - s l i p  c o n d i t i o n ,  

o r ,  a  s h e a r  c o n d i t i o n ,  

L i e n  and Hoopes ( 1 9 7 8 )  s t a t e  t h a t  t h e  s o l u t i o n  f o r  m a s s  
t r a n s p o r t  i n  d e e p  l a k e s  i s  n o t  i n f l u e n c e d  b y  t h e  b o t t o m  
c o n d i t i o n .  They d e f i n e  a  d e e p  l a k e  a s  o n e  h a v i n g  a  d e p t h ,  
H ,  s u c h  t h a t :  

w h e r e  t h e  p a r a m e t e r ,  

i s  known a s  t h e  Ekman d e p t h ,  o r  t h e  d e p t h  o f  f r i c t i o n a l  
i n f l u e n c e .  

The c h o i c e  o f  b o t t o m  b o u n d a r y  c o n d i t i o n s  c a r r i e s  g r e a t e r  
i n f l u e n c e  i n  s h a l l o w  w a t e r .  F o r  e x a m p l e ,  Murray  ( 1 9 7 5 )  
found  t h a t  a  n o - s l i p  b o u n d a r y  l e d  t o  u n r e a l i s t i c a l l y  l o w  
c u r r e n t  p r e d i c t i o n s  when compared t o  f i e l d  o b s e r v a t i o n s .  
H i s  f i n d i n g s  may r e s u l t  p a r t i a l l y  f r o m  h i s  u s e  o f  a  c o n s t a n t  
v e r t i c a l  e d d y  v i s c o s i t y  a s  w e l l ,  h o w e v e r .  I n  a n y  e v e n t ,  t h e  
s h e a r  b o u n d a r y  c o n d i t i o n  i s  f a v o r e d  b y  m o s t  m o d e l e r s .  



Cheng, Powel l  and D i l l o n  (1976)  d e s c r i b e  t h e  p o s s i b l e  
forms  f o r  t h e  s h e a r  boundary  c o n d i t i o n  i n  t e r m s  o f  t h e  
g e n e r a l  r e l a t i o n ,  

where,  U and V a r e  t h e  mass t r a n s p o r t s  i n  t h e  x 
and y  h o r i z o n t a l  d i r e c t i o n s ;  a n d ,  

B may t a k e  on a  number o f  forms .  

They d e f i n e  t h r e e  p o s s i b l e  forms  f o r  B ,  which w i l l  be 
d e s c r i b e d  i n  t u r n .  

L i n e a r  f r i c t i o n  l a w s  d e f i n e  B = k/h where k  i s  a  
c o n s t a n t .  We may broaden  t h e i r  d e f i n i t i o n  somewhat t o  
i n c l u d e  a l l  l i n e a r  r e l a t i o n s  o f  t h e  form: 

where Cb i s  a  c o n s t a n t ;  and ,  
ub and y, a r e  t h e  v e l o c i t i e s  a t  o r  n e a r  t h e  

bo t tom.  

L i n e a r  r e l a t i o n s  o f  t h e  form o f  Equa t ion  5.6 a r e  used by 
Nelson (1979)  and L ien  and Hoopes ( 1 9 7 8 ) .  These  l i n e a r  
forms  a r e  somet imes  c a l l e d  s l i p  c o n d i t i o n s ,  s i n c e  t h e y  
p e r m i t  a  s l i p  v e l o c i t y  a t  t h e  bot tom.  I n  t h e  l i m i t  t h a t  k 
o r  c a p p r o a c h e s  i n f i n i t y ,  t h e  l i n e a r  forms  c o n v e r g e  t o  a  
no-s? ip  c o n d i t i o n .  The l i n e a r  l aws  l e a d  t o  a  weak 
dependence  o f  f r i c t i o n  on t h e  d e p t h  o r  c u r r e n t  s t r e n g t h .  

I n  q u a s i - l i n e a r  f r i c t i o n  l a w s ,  B t a k e s  t h e  form,  

These forms  remain  l i n e a r  w i t h  r e s p e c t  t o  t h e  mass 
t r a n s p o r t ,  keep ing  t h e  c o m p u t a t i o n  s i m p l e ,  b u t  i n c l u d e  
h i g h e r  o r d e r  d e p t h  dependence .  They show s t r o n g  i n f l u e n c e  
d u e  t o  d e p t h ,  b u t  n o t  c u r r e n t s .  



The mos t  r i g o r o u s  f r i c t i o n  l a w s  a r e  b a s e d  on  t h e  Chezy o r  
Manning r e l a t i o n s  o f  open  c h a n n e l  h y d r a u l i c s .  Fo r  t h e s e  
n o n - l i n e a r ,  o r  q u a d r a t i c ,  f r i c t i o n  l a w s ,  B t a k e s  t h e  fo rm:  

which  i n c l u d e s  s t r o n g  d e p e n d e n c y  o n  b o t h  c u r r e n t  and d e p t h .  
L e e n d e r s t e  ( 1 9 7 0 )  emp loys  t h i s  form i n  h i s  m o d e l ,  u s i n g  t h e  
Chezy c o e f f i c i e n t ,  C: 

The q u a d r a t i c  i s  c o n s i d e r e d  t h e  m o s t  a c c u r a t e  f r i c t i o n  l a w ,  
b u t  c a r r i e s  a  s u b s t a n t i a l  c o m p u t a t i o n a l  b u r d e n  d u e  t o  t h e  
n o n - l i n e a r  d e p e n d e n c e  on c u r r e n t .  The a d d i t i o n a l  
c o m p u t a t i o n  is  needed  s i n c e  t h e  c u r r e n t  mus t  b e  d e t e r m i n e d  
by  a n  i t e r a t i v e  s o l u t i o n ,  r a t h e r  t h a n  t h e  d i r e c t  s o l u t i o n  
p o s s i b l e  w i t h  l i n e a r  and q u a s i - l i n e a r  f r i c t i o n  l a w s .  

L i c k  ( 1 9 7 6 )  a l s o  r e v i e w s  t h e  common f r i c t i o n  l a w s ,  t h o u g h  
u s i n g  a  s l i g h t l y  d i f f e r e n t  g e n e r a l  form t h a n  Cheng,  P o w e l l  
and D i l l o n .  H e  recommends t h a t  t h e  q u a s i - l i n e a r  l a w  b e  used  
f o r  s h a l l o w  w a t e r ,  d e f i n i n g  

For  d e e p  w a t e r ,  h e  s u g g e s t s  t h e  l i n e a r  f o rm .  





6 LAKE BALATON: MODELING BACKGROUND 

5 . 1  G e n e r a l  C h a r a c t e r i s t i c s  o f  Lake B a l a t o n  

T h i s  s e c t i o n  w i l l  b e  p u r p o s e f u l l y  b r i e f ,  g i v i n g  o n l y  a  
summary o f  t h e  i m p o r t a n t  c h a r a c t e r i s t i c s  o f  Lake B a l a t o n ,  
s i n c e  t h o r o u g h  and  c o m p l e t e  i n f o r m a t i o n  o n  t h e  l a k e  is  
a v a i l a b l e  e l s e w h e r e  i n  v a n  S t r a t e n ,  J o l a n k a i  and Herodek 
( 1 9 7 9 )  and v a n  S t r a t e n  and Somlyody ( 1 9 8 0 ) .  We c h o o s e  
i n s t e a d  t o  c o n c e n t r a t e  o u r  e f f o r t s  o n  a  d e t a i l e d  e x a m i n a t i o n  
o f  c i r c u l a t i o n  and h y d r o d y n a m i c s  i n  t h e  s e c t i o n  which  
f o l l o w s .  

Lake B a l a t o n ,  t h e  l a r g e s t  l a k e  i n  c e n t r a l  E u r o p e ,  i s  
l o c a t e d  i n  w e s t e r n  Hungary .  The l a k e  is  l o n g  and n a r r o w  ( 7 5  
km by 8 km) w i t h  a  s u r f a c e  a r e a  o f  r o u g h l y  600 s q u a r e  
k i l o m e t e r s .  I t  is  a  l a k e  which  i s  e x t r e m e l y  s h a l l o w ,  
p a r t i c u l a r l y  i n  r e l a t i o n  t o  i t s  l a r g e  h o r i z o n t a l  e x t e n t .  
The a v e r a g e  d e p t h  o f  t h e  l a k e  i s  o n l y  3 .14  meters,  and  i t  is  
e v e r y w h e r e  l e s s  t h a n  5  meters d e e p  e x c e p t  i n  o n e  v e r y  s m a l l  
a r e a .  I n  t h i s  o n e  d e e p  s e c t i o n ,  w h e r e  t h e  P e n i n s u l a  o f  
T i h a n y  n e a r l y  d i v i d e s  t h e  l a k e ,  t h e  w i d t h  is  less  t h a n  2 km 
and t h e  d e p t h  r e a c h e s  1 1 . 7  meters. A map o f  t h e  l a k e  
showing  d e p t h  c o n t o u r s  is  i n c l u d e d  a s  F i g u r e  6 .1 .  

Lake B a l a t o n  and  t h e  s u r r o u n d i n g  c o u n t r y s i d e  a r e  a  m a j o r  
t o u r i s t  a t t r a c t i o n  f o r  b o t h  H u n g a r i a n  and f o r e i g n  v i s i t o r s .  
P l e a s a n t  w e a t h e r  and good w a t e r  q u a l i t y  make t h e  l a k e  a  
p a r t i c u l a r l y  p o p u l a r  summer r e s o r t .  U n f o r t u n a t e l y ,  
i n c r e a s i n g  p o p u l a t i o n  and d e v e l o p m e n t  a r e  a p p a r e n t l y  t a k i n g  
t h e i r  t o l l  o n  t h e  l a k e ,  a  f a c t  d e m o n s t r a t e d  by  t h e  
d e t e r i o r a t i o n  o f  t h e  l a k e  w a t e r  q u a l i t y  o v e r  many y e a r s  o f  
m e a s u r e m e n t s .  T h i s  d e t e r i o r a t i o n  h a s  b e e n  p a r t i c u l a r l y  
r a p i d  d u r i n g  t h e  l a s t  d e c a d e ,  and  i n d i c a t e s  a n  a c c e l e r a t i n g  
e u t r o p h i c a t i o n  o f  t h e  l a k e .  



F i g u r e  6 . 1  

Map o f  Lake B a l a t o n  



6.2 C i r c u l a t i o n  i n  Lake B a l a t o n  

Although t h e  e x i s t i n g  d a t a  b a s e  i s  f a r  from c o m p l e t e ,  
s u f f i c i e n t  i n f o r m a t i o n  e x i s t s  t o  c o n s t r u c t  an  a p p r o x i m a t e  
d e s c r i p t i o n  o f  Lake B a l a t o n ' s  c i r c u l a t i o n .  The c i r c u l a t i o n  
is a  compos i t e  produced by h y d r o l o g i c  f l o w  t h r o u g h  t h e  l a k e ,  
wind-induced c u r r e n t s ,  s e i c h i n g ,  and o t h e r  l e s s e r  
i n f l u e n c e s .  The ma jo r  unknown a s p e c t s  o f  w a t e r  mot ion  i n  
t h e  l a k e  a r e  t h e  c h a r a c t e r  o f  s p a t i a l  v a r i a t i o n s  i n  t h e  
c u r r e n t  o v e r  b o t h  h o r i z o n t a l  and v e r t i c a l  s p a c e ,  and t h e  
r e s p o n s e  o f  t h e  c i r c u l a t i o n  t o  c h a n g e s  i n  wind f o r c e s  o v e r  
s h o r t  t ime  p e r i o d s .  

5 .2 .1  H y d r o l o g i c  Flow 

We d e f i n e  h y d r o l o g i c  f l o w  a s  t h a t  produced by t h e  i n f l o w  
o f  w a t e r  t o  t h e  l a k e  from s t r e a m s ,  r u n o f f  and r a i n f a l l ,  and  
t h e  o u t f l o w  from t h e  l a k e  by e v a p o r a t i o n  and s t r e a m  
d i s c h a r g e .  I n  B a l a t o n ,  such  f l o w  i s  dominated  by t h e  mean 
f l o w  e s t a b l i s h e d  by t h e  s t r e a m  and r i v e r  i n f l o w s  
c o n c e n t r a t e d  a t  t h e  s o u t h w e s t e r n  end o f  t h e  l a k e ,  and t h e  
s o l e  o u t l e t  a t  t h e  S i o  Canal  a t  t h e  l a k e ' s  o p p o s i t e  end .  
The l a r g e s t  i n f l o w  is  t h a t  from t h e  Za la  R i v e r ,  which d r a i n s  
r o u g h l y  h a l f  o f  t h e  w a t e r s h e d  c o n t r i b u t i n g  t o  t h e  l a k e .  

The mean a n n u a l  f l o w  q u a n t i t i e s  due  t o  t h e  v a r i o u s  
h y d r o l o g i c  components  a r e  18  m 3 / s  due  t o  s t r e a m f l o w  and 
r u n o f f ,  12  n?/s from p r e c i p i t a t i o n ,  17 m3/s removed by 
e v a p o r a t i o n ,  and t h e  d i s c h a r g e  o f  1 3  m3/s a t  t h e  S i o  Cana l .  
The t o t a l  l a k e  volume is 1860 m i l l i o n  c u b i c  m e t e r s ,  s o  t h a t  
t h e  mean h y d r a u l i c  r e s i d e n c e  t i m e  is r o u g h l y  two y e a r s .  The 
l o n g i t u d i n a l  t r a n s p o r t  v e l o c i t i e s  a s s o c i a t e d  w i t h  t h e s e  
h y d r o l o g i c  f l o w s  a r e  s m a l l ,  on  t h e  o r d e r  o f  0 . 0 5  cm/sec.  

6.2.2 Wind-Driven Flows 

The i n f l u e n c e  o f  t h e  wind overwhelms t h e  s l o w  h y d r o l o g i c  
f l o w  i n  e s t a b l i s h i n g  t h e  p a t t e r n  o f  f l o w  i n  Lake B a l a t o n .  
The s h a l l o w n e s s  o f  t h e  l a k e  p e r m i t s  a  c i r c u l a t i o n  r e s p o n s e  
t o  even  mi ld  winds ,  p roduc ing  c u r r e n t s  a t  l e a s t  an  o r d e r  o f  
magni tude  g r e a t e r  t h a n  t h o s e  due  t o  t h e  h y d r o l o g i c  f low.  

Sur round ing  h i l l s ,  and t h e  geography  o f  t h e  l a k e  i t s e l f ,  
e x e r t  a  major  i n f l u e n c e  upon t h e  c i r c u l a t i o n  caused  by t h e  
wind. The h i l l s  p roduce  l o c a l  s h e l t e r i n g  e f f e c t s  by 
b l o c k i n g  t h e  wind ,  l e a d i n g  t o  a  s p a t i a l l y  non-uniform wind 
f i e l d .  K e s z t h e l y  Bay, f o r  example ,  t y p i c a l l y  e x p e r i e n c e s  
l i g h t e r  winds t h a n  most  o f  t h e  l a k e  ( F i g u r e  6 . 2 ) .  The 
c i r c u l a t i o n  is f u r t h e r  m o d i f i e d  by t h e  c o n s t r a i n t s  imposed 
by t h e  l a k e  b o u n d a r i e s .  Al though comprehens ive  f i e l d  
o b s e r v a t i o n s  o f  t h e  l a k e  c i r c u l a t i o n  have  n o t  been made, a  
v e r y  rough p i c t u r e  o f  t h e  c i r c u l a t i o n  is found i n  t h e  work 
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o f  Gyorke ( c i t e d  i n  Somlyody, 1979)  . Gyorke used a  p h y s i c a l  
h y d r a u l i c  model o f  t h e  w e s t e r n  p a r t  o f  t h e  l a k e  t o  model 
c i r c u l a t i o n  and s e d i m e n t  t r a n s p o r t  under  a r t i f i c i a l  s t e a d y  
winds.  Owing t o  a  s e v e r e  v e r t i c a l  s c a l e  d i s t o r t i o n  i n  t h e  
model ( a  f a c t o r  o f  2 0 ) ,  t h e  r e s u l t s  mus t  be  c o n s i d e r e d  
q u a l i t a t i v e .  They do  show, n e v e r t h e l e s s ,  a  complex s y s t e m  
o f  f l o w  g y r e s  g r e a t l y  i n f l u e n c e d  by t h e  l a k e  geomet ry  
( F i g u r e  6 .3 )  . 

The v e r t i c a l  s t r u c t u r e  o f  wind-induced c u r r e n t s  i n  t h e  
l a k e  were t h e  s u b j e c t  o f  r e c e n t  f i e l d  measurements  c o n d u c t e d  
a s  a  p a r t  o f  t h i s  s t u d y .  The t h e o r y  o f  w ind -d r iven  
c i r c u l a t i o n  p r e d i c t s ,  f o r  s t e a d y  c o n d i t i o n s ,  a  p r o f i l e  such  
a s  t h a t  shown i n  F i g u r e  6 . 4 ,  where c u r r e n t s  a t  t h e  s u r f a c e  
a l i g n  w i t h  t h e  wind ,  b u t  a n  oppos ing  r e t u r n  c u r r e n t  is  found 
a l o n g  t h e  bo t tom ( P l a t e ,  1970 o r  L iu  and P e r e z ,  1 9 7 1 ) .  
Al though d e r i v e d  f o r  s t e a d y  winds  and i d e a l i z e d  g e o m e t r y ,  a  
g e n e r a l l y  s i m i l a r  v e l o c i t y  p r o f i l e  c o u l d  be  r e a s o n a b l y  
a n t i c i p a t e d  i n  a  l a k e .  

I n  o u r  f i e l d  s t u d i e s ,  we s o u g h t  a  q u a l i t a t i v e  d e s c r i p t i o n  
o f  t h e  a c t u a l  v e r t i c a l  v e l o c i t y  p r o f i l e  i n  B a l a t o n ,  t o  b e  
c o n t r a s t e d  w i t h  t h e  p r o f i l e s  g i v e n  by t h e o r y  and o u r  model 
r e s u l t s .  W e  employed a  s i m p l e  e l e c t r o m a g n e t i c  c u r r e n t  meter 
(Marsh-McBirney Model 201)  c a p a b l e  o f  measu r ing  s p e e d s  
between 2  and 300 cm/sec i n  a  s i n g l e  d i r e c t i o n  t o  a n  
a c c u r a c y  o f  +2%. The meter is equ ipped  w i t h  a  v e l o c i t y  
p r o b e  which is  c o n n e c t e d  by 1 2  m e t e r s  o f  c a b l e  t o  a n  
e l e c t r o n i c s  c a s e  w i t h  a  v i s u a l l y  read  meter. O b s e r v a t i o n s  
were made by l o w e r i n g  t h e  p r o b e ,  a t t a c h e d  t o  a  measured 
m e t a l  p i p e ,  t o  v a r i o u s  e l e v a t i o n s  i n  t h e  w a t e r  and r o t a t i n g  
t h e  p i p e  u n t i l  t h e  d i r e c t i o n  o f  maximum v e l o c i t y  was found .  
A c o m p l e t e  d e s c r i p t i o n  o f  t h e  f i e l d  s t u d i e s ,  i n c l u d i n g  
t a b l e s  and f i g u r e s  o f  t h e  o b s e r v e d  c u r r e n t s ,  is  i n c l u d e d  a s  
Appendix A o f  t h i s  r e p o r t .  I n  b r i e f ,  t h e  o b s e r v a t i o n s  
adhe red  t o  t h e  t h e o r e t i c a l l y  p r e d i c t e d  p r o f i l e  o n l y  
o c c a s i o n a l l y .  More t y p i c a l  was a  h i g h l y  t r a n s i e n t  v e l o c i t y  
s t r u c t u r e ,  w i t h  i n c r e a s i n g  v a r i a b i l i t y  a s  t h e  measurement  
d e p t h  i n c r e a s e d .  A p p a r e n t l y ,  t h e  c u r r e n t s  e x p e r i e n c e  t h e  
c o n f l i c t i n g  i n f l u e n c e s  o f  t h e  lake-wide  s e i c h e  mot ion  and 
t h e  l o c a l  w ind -d r iven  mot ion  a s  w e l l  a s  t h e  i n h e r e n t l y  
t r a n s i e n t  p r o c e s s  o f  t u r b u l e n t  momentum t r a n s p o r t .  One 
e x c e p t i o n  t o  t h i s  p i c t u r e  o f  t r a n s i e n c e  and v a r i a b i l i t y  was 
i n  t h e  S t r a i t  o f  T ihany  where o u r  o b s e r v a t i o n s  o f  s t r o n g ,  
u n i d i r e c t i o n a l  c u r r e n t s  i n  t h e  upper  f i v e  m e t e r s  c o r r o b o r a t e  
Muszkalay '  s (1973)  o b s e r v a t i o n s  d i s c u s s e d  i n  t h e  f o l l o w i n g  
s e c t i o n .  

6 .2 .3  S e i c h e s  

A s e i c h e  is  t h e  pendulum-l ike  mo t ion  o f  t h e  l a k e  w a t e r  
s u r f a c e  a f t e r  t h e  c e s s a t i o n  o f  a  f o r c e  which h a s  d i s p l a c e d  
t h e  s u r f a c e  from i t s  e q u i l i b r i u m ,  l e v e l  p o s i t i o n .  The most  
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F i g u r e  6 . 3  

C i r c u l a t i o n  f rom p h y s i c a l  h y d r a u l i c  model  
( f r o m  v a n  S t r a t e n  e t  a l ,  1 9 7 9 )  

Wind shear stress 
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F i g u r e  6 .4  

T h e o r e t i c a l  wind- induced  v e l o c i t y  p r o f i l e  
( a f t e r  L i u  and  P e r e z ,  1 9 7 1 )  



common f o r c i n g  a g e n t  c a u s i n g  s e i c h e s  i s  t h e  s h e a r  f o r c e  o f  a  
s u s t a i n e d  wind .  Such a  wind w i l l  c a u s e  a  s e t - u p ,  t h e  
s u p e r e l e v a t i o n  o f  w a t e r  l e v e l  o n  t h e  upwind s h o r e  a b o v e  t h e  
l e v e l ,  u n d i s t u r b e d  p o s i t i o n .  When t h e  wind s t o p s  b l o w i n g ,  
t h e  s u p e r e l e v a t e d  w a t e r s  w i l l  f l o w  downward,  i n i t i a t i n g  t h e  
p e r i o d i c  s e i c h e  m o t i o n .  S e i c h e s  may b e  e s p e c i a l l y  
s i g n i f i c a n t  i n  s h a l l o w  l a k e s ,  s i n c e  t h e  m a g n i t u d e  o f  s e t - u p  
i n c r e a s e s  a s  mean w a t e r  d e p t h  d e c r e a s e s  ( S i b u l ,  1 9 5 5 ) .  

The s e i c h e  i s  a  w e l l  o b s e r v e d  phenomenon i n  Lake B a l a t o n ,  
w i t h  d i f f e r e n t  s e i c h e  p e r i o d s  a r i s i n g  a c c o r d i n g  t o  t h e  
d i r e c t i o n  and l o c a t i o n  w i t h i n  t h e  l a k e .  H u t c h i n s o n  ( 1 9 7 5 )  
r e p o r t s  a  l o n g i t u d i n a l  s e i c h e  p e r i o d  o f  b e t w e e n  1 0  and  1 1 . 5  
h o u r s ,  w h i l e  t h e  t r a n s v e r s e  s e i c h e  i s  b u t  40 m i n u t e s .  O t h e r  
s e i c h e  p e r i o d s  h a v e  b e e n  d i s t i n g u i s h e d  f o r  t h e  p o r t i o n s  o f  
t h e  l a k e  t o  t h e  e a s t  and west o f  T i h a n y  S t r a i t  (1 h o u r  and  
2.5 h o u r s  r e s p e c t i v e l y )  . 

The m o s t  d e t a i l e d  s t u d i e s  o f  Lake B a l a t o n ' s  s e i c h e  a r e  
t h o s e  o f  M u s z k a l a y  ( 1 9 7 3 ) .  M u s z k a l a y  c o l l e c t e d  n e a r l y  a  
f u l l  d e c a d e  o f  w a t e r  s u r f a c e  e l e v a t i o n  o b s e r v a t i o n s  a t  up  t o  
t e n  s t a t i o n s  a r o u n d  t h e  l a k e .  S i m u l t a n e o u s  m e a s u r e m e n t s  o f  
wind s p e e d  a t  o n e  o r  two s t a t i o n s  and o c c a s i o n a l l y  o f  w a t e r  
c u r r e n t  i n  t h e  S t r a i t  o f  T i h a n y  c o m p l e t e  h i s  d a t a  b a s e .  The 
m e a s u r e m e n t s  show t h e  l a k e  t o  b e  i n  s e e m i n g l y  c o n s t a n t  
m o t i o n .  A s t r o n g  w i n d ,  o f  o n l y  a  f e w  h o u r s  d u r a t i o n ,  c a n  
l e a d  t o  o b s e r v a b l e  s e i c h e s  and a  t y p i c a l  month- long  r e c o r d  
from M u s z k a l a y  c l e a r l y  shows f r e q u e n t  e v e n t s  w i t h  b o t h  
l o n g i t u d i n a l  and t r a n s v e r s e - m o d e s  e v i d e n t  ( F i g u r e  6 . 5 )  . 

With  h i s  o b s e r v a t i o n s  a s  a b a s i s ,  M u s z k a l a y  ( 1 9 6 6 )  
d e t e r m i n e d  e m p i r i c a l  f o r m u l a e  r e l a t i n g  t h e  wind s t r e n g t h ,  
d u r a t i o n  and d i r e c t i o n  t o  t h e  r e s u l t i n g  d e n i v e l l a t i o n .  H i s  
f o r m u l a  f o r  l o n g i t u d i n a l  s l o p e  d u e  t o  w i n d s  d i r e c t e d  w i t h i n  
22 .5  d e g r e e s  o f  t h e  l a k e ' s  l o n g  a x i s  is :  

w h e r e ,  J i s  t h e  s l o p e  o f  t h e  w a t e r  s u r f a c e  
(cm/km) ; 

T  i s  t h e  wind d u r a t i o n  ( h o u r s )  ; a n d ,  
w~ i s  t h e  l o n g i t u d i n a l  wind componen t  

( m / s )  . 
I n  t h i s  r e l a t i o n ,  J i s  d e t e r m i n e d  f rom t h e  d i f f e r e n c e  i n  t h e  
e x t r e m e  s t a g e s  a t  K e s t h e l y  and B a l a t o n k e n e s e .  I t  i s  a  
f i c t i t i o u s  q u a n t i t y  i n  t h e  s e n s e  t h a t  t h e s e  s t a g e s  may n o t ,  
i n  f a c t ,  o c c u r  a t  p r e c i s e l y  t h e  same t ime; h o w e v e r ,  t h e  time 
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F i g u r e  6 . 5  

T y p i c a l  w a t e r  s u r f a c e  e l e v a t i o n  r e c o r d s  showing 
s e i c h e  m o t i o n s  ( f rom Muszkalay,  1 9 7 3 )  



l a g  i s  n o t  l a r g e .  The maximum o b s e r v e d  l o n g i t u d i n a l  
d e n i v e l l a t i o n  ( t h a t  i s ,  t h e  n e t  d i f f e r e n c e  from o n e  end o f  
t h e  l a k e  t o  t h e  o t h e r )  i s  r o u g h l y  o n e  m e t e r .  I n  t h e  
t r a n s v e r s e ,  which i s  t h e  more common d i r e c t i o n  f o r  s t r o n g  
winds ,  a  d e n i v e l l a t i o n  o f  0.4 m e t e r  h a s  been o b s e r v e d .  

The c r e a t i o n  o f  a  s e t - u p ,  and s u b s e q u e n t  s e i c h e  
o s c i l l a t i o n ,  i s  accompanied by t h e  t r a n s p o . r t  o f  c o n s i d e r a b l e  
q u a n t i t i e s  o f  w a t e r .  T h i s  is  p a r t i c u l a r l y  o b v i o u s  where t h e  
Lake na r rows  a t  T ihany .  Muszkalay t o o k  a d v a n t a g e  o f  t h i s  
geomet ry  and d e p l o y e d  f o u r  c u r r e n t  m e t e r s  i n  t h e  Tihany  
S t r a i t ,  p l a c i n g  t h e  m e t e r s  a l o n g  a  s i n g l e  v e r t i c a l  mooring 
l i n e .  U n f o r t u n a t e l y ,  o n l y  i n t e r m i t t e n t  r e c o r d s  o f  t h e s e  
measurements  a r e  a v a i l a b l e ,  and t h e n  a s  t h e  p l o t  o f  a  s i n g l e  
v e l o c i t y  h i s t o r y  a t  o n e  m e t e r  be low t h e  w a t e r  s u r f a c e .  
Muszkalay r e p o r t s  t h a t  h i s  measurements  were v i r t u a l l y  
a l w a y s  u n i d i r e c t i o n a l  t h r o u g h o u t  t h e  w a t e r  d e p t h ;  t h u s ,  t h e  
1 me te r  o b s e r v a t i o n  i s  p r o b a b l y  a  good i n d i c a t o r  o f  v e l o c i t y  
f o r  t h e  e n t i r e  w a t e r  column. The maximum v e l o c i t y  o b s e r v e d  
by Muszkalay was 1 . 4  m e t e r s / s e c  ( r e p o r t e d  i n  Somlyody, 
1 9 7 9 ) .  F i g u r e  6 .6  shows a  t y p i c a l  s e t  o f  measurements  
r e l a t i n g  wind ,  w a t e r  s u r f a c e  m o t i o n ,  and v e l o c i t y  a t  T ihany .  
The e v e n t  o f  F i g u r e  6 . 5  i s  c a u s e d  by a  wind t r a n s v e r s e  t o  
t h e  l a k e ,  t h e  p redominan t  d i r e c t i o n  f o r  s t o r m  winds  and t h e  
t y p e  o f  e v e n t  c o m p r i s i n g  most o f  M u s z k a l a y ' s  p u b l i s h e d  
examples .  

A s i g n i f i c a n t  f a c t o r  i n  t h e  b e h a v i o r  o f  s e i c h e s  is  t h e  
f o r c e  o f  f r i c t i o n ,  a n  i n f l u e n c e  m a g n i f i e d  by t h e  s h a l l o w n e s s  
o f  Lake B a l a t o n .  The e f f e c t s  o f  f r i c t i o n  a r e  t o  l e n g t h e n  
t h e  o b s e r v e d  o s c i l l a t i o n  p e r i o d  t o  g r e a t e r  t h a n  t h a t  
p r e d i c t e d  by f r i c t i o n l e s s  t h e o r y ,  and t o  q u i c k l y  a t t e n u a t e  
t h e  s e i c h e  a m p l i t u d e  ( H u t c h i n s o n ,  1975)  . F r i c t i o n l e s s  
t h e o r y  p r e d i c t s  t h e  p e r i o d ,  T ,  t o  b e :  

where ,  L i s  t h e  l a k e  l e n g t h ;  
9  i s  t h e  a c c e l e r a t i o n  o f  g r a v i t y ;  and 
H i s  t h e  mean l a k e  d e p t h .  

T h i s  computes  t o  7 .3  h o u r s  i n  B a l a t o n ,  w e l l  below t h e  
o b s e r v e d  p e r i o d  o f  10 t o  11 .5  h o u r s .  Accord ing  t o  
H u t c h i n s o n ,  s u c h  a  marked d e c r e a s e  i n  t h e  p e r i o d  i s  a  
phenomenon un ique  t o  s h a l l o w  l a k e s ,  w i t h  B a l a t o n  and Lake 
Okeechobee i n  F l o r i d a  t h e  o n l y  o b s e r v e d  examples .  

The s e i c h e  m o t i o n s  c a u s e d  by t r a n s i e n t  winds  o n  Lake 
B a l a t o n  a r e  v e r y  complex and t e n d  t o  o b s c u r e  t h e  u n d e r l y i n g  
b a s i c  b e h a v i o r .  Some o f  t h i s  c o m p l e x i t y  may b e  e l i m i n a t e d  
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Figure  6 . 6  

Example o f  Muszkalay 's  ( 1 9 7 3 )  s e i c h e  o b s e r v a t i o n s .  



by i n v o k i n g  s i m p l e  models  o f  t h e  l a k e  which c a n  b e  s o l v e d  
a n a l y t i c a l l y .  The s i m p l e s t  s u c h  model is  t o  c o n s i d e r  t h e  
l a k e  a s  two c o n n e c t e d  o s c i l l a t i n g  b a s i n s ,  e a c h  w i t h  a  l e v e l  
w a t e r  s u r f a c e ,  and presuming  t h a t  a l l  f r i c t i o n a l  e n e r g y  
l o s s e s  a r e  c o n c e n t r a t e d  a t  t h e  S t r a i t  o f  T ihany .  With t h i s  
model ,  we c a n  a d d r e s s  two fundamen ta l  a s p e c t s  o f  t h e  l a k e ' s  
s e i c h e  b e h a v i o r :  t h e  f r e e  r e s p o n s e  and t h e  f o r c e d  r e s p o n s e .  
S e i c h e s  a r e  p r i m a r i l y  f r e e  o s c i l l a t i o n  r e s p o n s e s ,  t h e  
a c t i o n s  o c c u r i n g  i n  t h e  a b s e n c e  o f  f o r c e s :  t h a t  i s ,  a f t e r  
t h e  wind h a s  s t o p p e d .  I f  t h e  e q u a t i o n s  o f  t h e  two-body 
s y s t e m  a r e  s o l v e d  f o r  t h e  f r e e  o s c i l l a t i o n  problem we f i n d  
t h a t  two m a j o r  sys t em r e s p o n s e s  o c c u r  depend ing  upon t h e  
g e o m e t r i c a l  and f r i c t i o n a l  c h a r a c t e r i s t i c s  o f  t h e  l a k e .  
With t h e  f i r s t  r e s p o n s e  t y p e ,  t h a t  o f  a  h e a v i l y  damped 
s y s t e m ,  any  i n i t i a l  d i s p l a c e m e n t  o f  t h e  sys t em from 
e q u i l i b r i u m  s i m p l y  d e c a y s  e x p o n e n t i a l l y ,  w i t h o u t  a n y  
s u b s e q u e n t  o s c i l l a t o r y  mot i o n .  The second r e s p o n s e  is t h e  
l i g h t l y  damped s y s t e m ,  i n  which t h e  sys t em e x h i b i t s  a  
s i n u s o i d a l  o s c i l l a t i o n ,  b u t  w i t h  an  e x p o n e n t i a l l y  d e c r e a s i n g  
magn i tude .  

The f o r c e d  r e s p o n s e  o f  t h e  l a k e  c o n c e r n s  b e h a v i o r  under  
imposed wind f o r c e s  o f  v a r i o u s  f r e q u e n c i e s .  The two-body 
model y i e l d e d  c r e d i b l e  r e s u l t s  f o r  Kenney (1980)  i n  an 
a n a l y s i s  o f  t h e  f o r c e d  r e s p o n s e  o f  Lake Winnipeg ,  Canada. 
Winnipeg is s u r p r i s i n g l y  s i m i l a r  t o  B a l a t o n  i n  i t s  geomet ry :  
i t  is r e l a t i v e l y  s h a l l o w  ( 1 2  m ) ,  l o n g  and nar row (440  by 55 
km)  , and c o n s i s t s  o f  two d i s t i n c t  b a s i n s  s e p a r a t e d  by 
na r rows .  A s  i n  B a l a t o n ,  t h e  na r rows  a r e  t h e  l o c a t i o n  o f  t h e  
g r e a t e s t  d e p t h  i n  t h e  l a k e  ( r o u g h l y  3 7  m )  and e x p e r i e n c e  
s t r o n g  c u r r e n t s  ( u p  t o  90 cm/s) due  t o  s e i c h e  mot ion . '  
Kenney employed t h e  two-body o s c i l l a t o r  a s  a  c o n c e p t u a l  
model t o  e x p l a i n  t h e  l a k e ' s  f r e q u e n c y  r e s p o n s e  b e h a v i o r ,  
which he had d e t e r m i n e d  s t a t i s t i c a l l y  by a n a l y s i n g  t i m e  
s e r i e s  o f  w a t e r  s u r f a c e  e l e v a t i o n  a b o u t  t h e  l a k e .  Al though 
h i s  methods proved  u s e f u l ,  and d e m o n s t r a t e d  t h e  v a l i d i t y  o f  
t h e  two-body s y s t e m  a s  a  s i m p l e  l a k e  model ,  Kenney f a i l e d  t o  
r e l a t e  t h e  model p a r a m e t e r s  t o  t h e  p h y s i c a l  c h a r a c t e r i s t i c s  
o f  t h e  l a k e ;  h e  r e l i e d  i n s t e a d  upon h i s  c o n s i d e r a b l e  
s t a t i s t i c a l  i n f o r m a t i o n .  Thus ,  i t  is  n o t  p o s s i b l e  t o  e x t e n d  
h i s  f i n d i n g s  t o  B a l a t o n  w i t h o u t  a  s i m i l a r  s t a t i s t i c a l  
a n a l y s i s .  



A more p h y s i c a l l y - b a s e d  s t u d y  o f  s e i c h i n g  is  P l a t z m a n ' s  
( 1 9 6 3 )  m a t h e m a t i c a l  model o f  Lake Erie .  P l a t z m a n  s o l v e d  t h e  
s imp1  i f  i e d  o n e - d i m e n s i o n a l  e q u a t i o n s  o f  m o t i o n  t o  r e l a t e  t h e  
s e i c h e  r e s p o n s e  t o  t h e  l a k e  c h a r a c t e r i s t i c s .  The 
c h a r a c t e r i s t i c s  a r e  r e p r e s e n t e d  by  t h e  Proudman number ,  
which  is  r e l a t e d  t o  t h e  r a t i o  o f  t h e  v i s c o u s  d e c a y  time t o  
t h e  s e i c h e  p e r i o d ,  and  is  d e f i n e d  a s :  

whe re ,  k i s  t h e  wave number ,  e q u a l  t o  n/L f o r  t h e  
u n i n o d a l  s e i c h e .  

P l a t zman  found from h i s  s i m p l i f i e d  a n a l y s i s  t h a t  t h e  s e i c h e  
m o t i o n  w i l l  b e  h e a v i l y  damped i f  t h e  Proudman number e x c e e d s  
a  c r i t i c a l  v a l u e  o f  0 .53.  Only  be low  t h i s  c r i t i c a l  v a l u e  
w i l l  o s c i l l a t o r y  m o t i o n  b e  found .  I n  C h a p t e r  8 ,  w e  w i l l  
show t h i s  r e l a t i o n  t o  h o l d  f o r  o u r  compu te r  s i m u l a t i o n s  o f  
Lake B a l a t o n .  

P l a t zman  a l s o  i n v e s t i g a t e d  t h e  n a t u r e  o f  t h e  d e c a y  i n  
s e i c h e  a m p l i t u d e  and found  i t  t o  b e  c o n s t a n t  i n  t i m e  f o r  h i s  
l i n e a r  s y s t e m .  I n  c o n t r a s t ,  a t t e n u a t i o n  o f  t h e  s e i c h e  i n  
Lake B a l a t o n  d e p e n d s  upon t h e  s e i c h e  m a g n i t u d e .  F i g u r e  6 . 5 ,  
f o r  examp le ,  shows l a r g e  i n i t i a l  damping o f  t h e  s e i c h e  o f  
A p r i l  22 ,  1966 ,  a l t h o u g h  r e s i d u a l  m o t i o n s  p e r s i s t  t h r o u g h  
t h e  23rd  and 2 4 t h  d e s p i t e  v e r y  l i g h t  w inds .  The d i f f e r e n t  
r a t e s  i n  a t t e n u a t i o n  o f  h i g h  and l o w  a m p l i t u d e  waves  i s  
c o n t r a r y  t o  ~ l a t z m a n '  s l i n e a r  t h e o r y ,  and s u g g e s t s  t h a t  non- 
l i n e a r  f r i c t i o n a l  f o r c e s  a r e  i m p o r t a n t  i n  B a l a t o n .  



7  A MODEL OF W I N D - D R I V E N  CIRCULATION I N  SHALLOW LAKES 

7 . 1  B r i e f  ~ e s c r i p t i o n  o f  t h e  Model 

The model  w h i c h  h a s  b e e n  employed i n  t h i s  s t u d y  was  
d e v e l o p e d  by  Cooper  and P e a r c e  ( 1 9 7 7 )  f o r  a p p l i c a t i o n  t o  
c o a s t a l  o c e a n i c  w a t e r s ,  a n d  l a t e r  m o d i f i e d  by N e l s o n  ( 1 9 7 9 )  
f o r  s t u d i e s  o f  l a k e  c i r c u l a t i o n .  I t  h a s  been  a d d i t i o n a l l y  
m o d i f i e d  i n  t h i s  s t u d y  f o r  a p p l i c a t i o n  t o  s h a l l o w  l a k e s .  
The model  s o l v e s  t h e  s i m p l i f i e d  e q u a t i o n s  o f  m o t i o n  t o  
d e t e r m i n e  t h e  t h r e e - d i m e n s i o n a l  s t r u c t u r e  o f  t h e  h o r i z o n t a l  
c u r r e n t s  i n  t h e  l a k e ,  a s  w e l l  a s  t h e  v a r i a t i o n  i n  e l e v a t i o n  
o v e r  i ts  s u r f a c e .  A G a l e r k i n  t e c h n i q u e  i s  u s e d  t o  r e p r e s e n t  
t h e  h o r i z o n t a l  v e l o c i t y  a s  a  c o n t i n u o u s  f u n c t i o n  i n  t h e  
v e r t i c a l .  Wi th  t h e  G a l e r k i n  scheme,  t h e  v e l o c i t y  i s  g i v e n  
a s  a  summat ion  s e r i e s  o f  t h e  f o r m :  

n 
u(z) = u ( z )  + 1 C .  cos 

0 
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w h e r e ,  u, i s  a  d e f i n e d  b a s e  f u n c t i o n  d e p e n d e n t  upon 
t h e  s u r f a c e  s h e a r  s t r e s s ,  w a t e r  d e p t h ,  
a n d  e d d y  v i s c o s i t y ;  

c j  a r e  e x p a n s i o n  c o e f f i c i e n t s ;  and 
a  a r e  p r e s c r i b e d  c o n s t a n t s  which  d e p e n d  

upon t h e  b o u n d a r y  c o n d i t i o n s  and  e d d y  
v i s c o s i t y .  

Us ing  t h i s  m e t h o d ,  s o l u t i o n  f o r  t h e  h o r i z o n t a l  v e l o c i t i e s  
becomes t h e  p r o b l e m  o f  s o l v i n g  f o r  t h e  e x p a n s i o n  
c o e f f i c i e n t s ,  c a s  a  f u n c t i o n  o f  t h e  h o r i z o n t a l  
c o o r d i n a t e s ,  x  JAd y .  The t e c h n i q u e  p e r m i t s  t h e  e d d y  
v i s c o s i t y  t o  b e  a  v a r i a b l e  f u n c t i o n  o f  t h e  d e p t h .  

The G a l e r k i n  mode l  is  f u l l y  t r a n s i e n t ,  d e t e r m i n i n g  t h e  
h o r i z o n t a l  c u r r e n t  v e l o c i t i e s  and t h e  w a t e r  s u r f a c e  
e l e v a t i o n  a s  f u n c t i o n s  o f  t ime d u e  t o  u n s t e a d y  wind f o r c e s .  
I n  t e r m s  o f  i t s  f o r m u l a t i o n ,  t h e  model  is  o f  t h e  Ekman-type,  
i n  t h a t  i t  e m p l o y s  t h e  l i n e a r i z e d  e q u a t i o n s  o f  m o t i o n  
( w i t h o u t  t h e  c o n v e c t i v e  terms) and  u s e s  a n a l y t i c a l  
e x p r e s s i o n s  f o r  t h e  v e r t i c a l  v e l o c i t y  d i s t r i b u t i o n .  The 
Ekman s o l u t i o n  method i s  e n h a n c e d ,  h o w e v e r ,  by  t h e  a b i l i t y  
o f  t h e  G a l e r k i n  t e c h n i q u e  t o  form a  w e i g h t e d  a v e r a g e  o f  
m u l t i p l e  v e r t i c a l  v e l o c i t y  d i s t r i b u t i o n s .  The r e s u l t i n g  
e q u a t i o n s  a r e  s o l v e d  b y  f i n i t e  d i f f e r e n c e  t e c h n i q u e s .  



7.2  G a l e r k i n  Model F o r m u l a t i o n  

7 .2 .1  G o v e r n i n g  E q u a t i o n s  

The e q u a t i o n s  o f  m o t i o n  upon which  t h e  G a l e r k i n  mode l  i s  
b a s e d  employ t h e  s h a l l o w - w a t e r  a p p r o x i m a t i o n  and o m i t  b o t h  
t h e  c o n v e c t i v e  a c c e l e r a t i o n  terms a n d  t h e  h o r i z o n t a l  s h e a r  
terms. The s i m p l i f i e d  e q u a t i o n s  a r e  t h u s  : 

w h e r e  t h e  n o t a t i o n  is t h e  same a s  i n  C h a p t e r  3 .  The 
v e r t i c a l l y  i n t e g r a t e d  form o f  t h e  m a s s  c o n s e r v a t i o n  e q u a t i o n  
is  employed : 

w h e r e  t h e  m a s s  t r a n s p o r t s ,  U and V ,  a r e  d e f i n e d  b y  E q u a t i o n  
3.21. 

The e q u a t i o n s  o f  m o t i o n  a r e  s u b j e c t  t o  s h e a r  b o u n d a r y  
c o n d i t i o n s  a t  t h e  s u r f a c e  and l a k e  b o t t o m .  The s u r f a c e  
b o u n d a r y  c o n d i t i o n  r e l a t e s  t h e  wind s u r f a c e  s t r e s s  t o  t h e  
g r a d i e n t s  o f  h o r i z o n t a l  v e l o c i t y :  

H e r e ,  t h e  s m a l l  a m p l i t u d e  a p p r o x i m a t i o n  is used  t o  a p p l y  t h e  
s u r f a c e  c o n d i t i o n  a t  z=0 r a t h e r  t h a n  a t  z=q.  The wind- 
i n d u c e d  s u r f a c e  s t r e s s  i s  c a l c u l a t e d  u s i n g  E q u a t i o n  5.1 w i t h  
e i t h e r  t h e  Wu ( 1 9 6 9 )  o r  H i c k s  e t  a 1  ( 1 9 7 4 )  d e f i n i t i o n s  o f  
t h e  d r a g  c o e f f i c i e n t .  



A t  t h e  b o t t o m  b o u n d a r y ,  t h e  model  e m p l o y s  a  l i n e a r i z e d  
s h e a r  s t r e s s  c o n d i t i o n :  

w h e r e  c is  a  f r i c t i o n a l  c o e f f i c i e n t .  
b 

The model  p e r m i t s  t h e  v e r t i c a l  e d d y  v i s c o s i t y  t o  v a r y  
w i t h  d e p t h  a s  shown i n  F i g u r e  7 .1 .  The f o r m u l a  f o r  A, i n  
t h e  k t h  l i n e a r  s e g m e n t  i s :  

w h e r e ,  ak is  t h e  s l o p e  o f  t h e  k t h  l i n e a r  s e g m e n t ;  and  
& i s  i t s  i n t e r c e p t  w i t h  t h e  f r e e  s u r f a c e .  

7.2.2 G a l e r k i n  F o r m u l a t i o n  

The G a l e r k i n  t e c h n i q u e  b e g i n s  b y  a p p r o x i m a t i n g  t h e  
d e p e n d e n t  v a r i a b l e s ,  u  and  v ,  b y  t h e  e x p r e s s i o n s :  



F i g u r e  7 . 1  

P i e c e w i s e  l i n e a r  fo rm o f  t h e  v e r t i c a l  e d d y  v i s c o s i t y  

w h e r e  2 and 6 r e p r e s e n t  a p p r o x i m a t i o n s  t o  u  and  v .  The 
f u n c t i o n s  u,, vo and SZj a r e  p r e s c r i b e d  f u n c t i o n s  o f  z ,  
s e l e c t e d  s o  a s  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  a t  t h e  
f r e e  s u r f a c e  and b o t t o m .  The b a s e  f u n c t i o n s ,  u?  and  v,, 
w h i c h  i n c l u d e  d e p e n d e n c i e s  upon t h e  v e r t i c a l  e d d y  v i s c o s i t y ,  
s u r f a c e  s h e a r  s t r e s s  and w a t e r  d e p t h ,  a r e  f u l l y  d e s c r i b e d  i n  
Appendix  B.  The c j  and dj a r e  e x p a n s i o n  c o e f f i c i e n t s  which  
m u s t  b e  d e t e r m i n e d  i n  t h i s  a p p l i c a t i o n  a s  f u n c t i o n s  o f  x  and  
Y 



v solution points 

A u wlution pints 

a) Full time steps:  
So~crtron for u and v 

(us C, and d,) 

o 7 solufiorl points 

b) Hoif time steps: 
Solution fw 7 

F i g u r e  7 . 2  

F i n i t e  d i f f e r e n c e  s o l u t i o n  p r o c e d u r e  

A mixed  f i n i t e  d i f f e r e n c e  method a d v a n c e s  t h e  s o l u t i o n  i n  
time : t h e  momentum e q u a t i o n  is s o l v e d  e x p l i c i t l y  o v e r  
h o r i z o n t a l  s p a c e ,  b u t  is  t r e a t e d  i m p l i c i t l y  w i t h i n  e a c h  
f i n i t e  d i f f e r e n c e  g r i d  t o  f i n d  t h e  v a r i a t i o n  o f  v e l o c i t i e s  
i n  t h e  v e r t i c a l .  S o l u t i o n  o f  t h e  c o n t i n u i t y  e q u a t i o n  
a l t e r n a t e s  w i t h  t h a t  o f  t h e  momentum e q u a t i o n ,  w i t h  e x p l i c i t  
s o l u t i o n  f o r  t h e  w a t e r  s u r f a c e  d i s p l a c e m e n t s  a t  t h e  g r i d  
c e n t e r s .  T h i s  i m p l i e s  t h e  u s e  o f  a s o - c a l l e d  " s t a g g e r e d  
g r i d n ,  s i n c e  v e l o c i t i e s  a r e  found  on  t h e  g r i d  s i d e s  r a t h e r  
t h a n  c e n t e r s .  ( S e e  F i g u r e  7 . 2 . )  The n e t  r e s u l t  o f  t h e  
s o l u t i o n  p r o c e s s  is  t h e  time h i s t o r y  o f  h o r i z o n t a l  v e l o c i t y  
and  w a t e r  s u r f a c e  e l e v a t i o n  t h r o u g h o u t  t h e  l a k e .  

More c o m p l e t e  d e t a i l s  o f  t h e  model  f o r m u l a t i o n  and  i t s  
d e r i v i a t i o n  a r e  i n c l u d e d  a s  Append ix  B o f  t h i s  r e p o r t .  



7.3  Model i n g  C o n s i d e r a t  i o n s  

A p r e l i m i n a r y  a n a l y s i s  o f  t h e  r e q u i r e m e n t s  f o r  a  
c i r c u l a t i o n  model  c a n  s i m p l i f y  i t s  a p p l i c a t i o n  and b e t t e r  
i t s  p o s s i b i l i t i e s  f o r  s u c c e s s .  I n  t h i s  s e c t i o n ,  t h e r e f o r e ,  
we w i l l  e x a m i n e  o u r  model  i n  two c o n t e x t s :  a s  a  c o u p l e d  
component  o f  a  w a t e r  q u a l i t y  m o d e l ,  and  a s  a  model  o f  l a k e  
h y d r o d y n a m i c s  a l o n e .  The f i r s t  e x a m i n a t i o n  w i l l  i d e n t i f y  
t h o s e  phenomena which  t h e  model  m u s t  c o n s i d e r  i f  i t  i s  t o  b e  
c o n s i s t e n t  w i t h  t h e  b i o c h e m i c a l  p r o c e s s e s  which  a r e  o u r  
e v e n t u a l  m o d e l i n g  o b j e c t i v e .  The s e c o n d  e x a m i n a t i o n  w i l l  
c o n s i d e r  t h e  s u i t a b i l i t y  o f  t h e  c i r c u l a t i o n  model  
f o r m u l a t i o n  t o  t h e  g e o m e t r y  and h y d r o d y n a m i c s  o c c u r  i n g  i n  
t h e  l a k e .  

7 .3 .1  C o u p l e d  C i r c u l a t i o n  and W a t e r  ~ u a l i t y  Mode l s  

A l t h o u g h  we r e s t r i c t  o u r  a t t e n t i o n  i n  t h i s  r e p o r t  t o  
m o d e l i n g  t h e  c i r c u l a t i o n  o f  s h a l l o w  l a k e s ,  o u r  e v e n t u a l  
r e s e a r c h  g o a l  i s  t h e  d e v e l o p m e n t  o f  a  c o m p r e h e n s i v e  
e u t r o p h i c a t i o n  mode l  which  c o u p l e s  b o t h  h y d r o d y n a m i c  and 
b i o c h e m i c a l  c o m p o n e n t s .  Hence ,  w e  c a n n o t  c o n s i d e r  t h e  
c i r c u l a t i o n  model  o n l y  i n  terms o f  i t s  a b i l i t y  t o  model  t h e  
l a k e ' s  h y d r o d y n a m i c s ,  b u t  m u s t  c o n s i d e r  how i t  f i t s  w i t h i n  
t h e  b r o a d  f ramework  a s  w e l l .  A t  t h i s  p o i n t  i n  t h e  r e s e a r c h ,  
t h e  form o f  t h e  b i o c h e m i c a l  model  and t h e  method o f  c o u p l i n g  
r e m a i n  u n d e t e r m i n e d ,  p r e v e n t  i n g  d e t a i l e d  e x a m i n a t i o n  o f  
model  c o m p a t i b i l i t y .  N e v e r t h e l e s s ,  t h e  c i r c u l a t i o n  model  
c a n  b e  e v a l u a t e d  f o r  c o n s i s t e n c y  w i t h  t h e  p r o c e s s e s  
t r a n s p i r i n g  i n  t h e  l a k e  - a  n e c e s s a r y  c o n d i t i o n  f o r  t h e  
s u c c e s s  o f  a n y  m o d e l ,  e i t h e r  h y d r o d y n a m i c  o r  b i o c h e m i c a l .  

Very  r o u g h l y ,  t h e  b i o c h e m i c a l  model  r e p r e s e n t s  t h e  
t r a n s p o r t  and t r a n s f o r m a t i o n  o f  i m p o r t a n t  s u b s t a n c e s ,  
p a r t i c u l a r l y  n u t r i e n t s ,  w i t h i n  t h e  l a k e .  I t  i s  b a s e d  upon 
t h e  e q u a t i o n s  o f  m a s s  c o n s e r v a t i o n  f o r  a  s e t  o f  c h e m i c a l  and 
b i o l o g i c a l  s t a t e  v a r i a b l e s ,  f o r  e x a m p l e ,  d i s s o l v e d  o x y g e n  o r  
t h e  v a r i o u s  f o r m s  o f  p h o s p h o r u s .  Most o f  t h e  e f f o r t  i n  s u c h  
m o d e l s  i s  e x p e n d e d  i n  r e p r e s e n t i n g  t h e  t r a n s f o r m a t i o n s  
b e t w e e n  t h e  s t a t e  v a r i a b l e s .  

Hydrodynamic  p r o c e s s e s  i n  t h e  l a k e  i n t e r a c t  w i t h  t h e  
b i o c h e m i c a l  p r o c e s s e s  b y  t r a n s p o r t i n g  and m i x i n g  t h e  s t a t e  
v a r i a b l e s .  Only  by c o u p 1  i n g  h y d r o d y n a m i c  and b i o c h e m i c a l  
model  c o m p o n e n t s  c a n  t h e  c r u c i a l  d e s c r i p t i o n  o f  a d v e c t i v e  
and d i f f u s i v e  t r a n s p o r t s  b e  p r o v i d e d .  The s u c c e s s  o f  s u c h  a  
c o u p l e d  model  d e p e n d s ,  h o w e v e r ,  upon t h e  c o n s i s t e n c y  o f  t h e  
c o m p o n e n t s  w i t h  e a c h  o t h e r  and w i t h  t h e  p r o c e s s e s  w i t h i n  t h e  
l a k e .  A good i n d i c a t i o n  o f  t h i s  c o n s i s t e n c y  i s  s u p p l i e d  by 
a n  e x a m i n a t i o n  o f  t h e  l e n g t h  and time s c a l e s  i m p o r t a n t  i n  
t h e  l a k e ' s  b e h a v i o r .  
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F i g u r e  7 .3  

A p p r o x i m a t e  l e n g t h  and  time s c a l e s  i n  Lake B a l a t o n  
( B a s e d  upon Har leman  and  S h a n a h a n ,  1980  and  Brown, 1 9 7 8 )  



The m a g n i t u d e s  o f  t h e  l e n g t h  and time s c a l e s  o f  t h e  m a j o r  
p h y s i c a l  and b i o c h e m i c a l  p r o c e s s e s  i n  Lake B a l a t o n  a r e  
d e p i c t e d  i n  F i g u r e  7 .3 .  Though a p p r o x i m a t e ,  t h e  time and 
l e n g t h  s c a l e  d i a g r a m s  s e r v e  t o  i l l u s t r a t e  some i m p o r t a n t  
c o n s i d e r a t i o n s  f o r  m o d e l i n g .  F o r  e x a m p l e ,  w e  c a n  see t h a t  
w i n d - d r i v e n  c i r c u l a t i o n  c o r r e s p o n d s  w i t h  h o r i z o n t a l  
c o n c e n t r a t i o n  g r a d i e n t s  a t  a  l e n g t h  s c a l e  o n  t h e  o r d e r  o f  a  
k i l o m e t e r  and a  t i m e  s c a l e  o f  o n e  o r  a  f ew d a y s .  V e r t i c a l  
p r o c e s s e s  o c c u r  o v e r  somewhat s h o r t e r  time s c a l e s  w i t h  a  
l e n g t h  s c a l e  o n  t h e  o r d e r  o f  t h e  l a k e  d e p t h ,  a  f e w  m e t e r s .  
Long-term e u t r o p h i c a t i o n  p r o c e e d s  s l o w l y  a t  l a k e - w i d e  l e n g t h  
s c a l e s  i n  r o u g h  c o r r e s p o n d e n c e  w i t h  t h e  h y d r o l o g i c  t h r o u g h -  
f l o w s .  T h e s e  c o r r e s p o n d e n c e s  o f  p h y s i c a l  and b i o l o g i c a l  
s c a l e s  i l l u s t r a t e  c l e a r l y  t h o s e  p r o c e s s e s  which  w e  c a n  
e x p e c t  t o  i n t e r a c t  s t r o n g l y ,  and  t h o s e  which  w e  c a n  assume 
t o  b e  e s s e n t i a l l y  i n d e p e n d e n t .  F o r  e x a m p l e ,  h y d r o l o g i c  
t h r o u g h - f l o w s  w i l l  n o t  a f f e c t  t h e  v e r t i c a l  v a r i a t i o n  o f  
n u t r i e n t  and o r g a n i s m  c o n c e n t r a t i o n s ,  w h i c h  r e s p o n d  i n s t e a d  
t o  t h e  wind- induced  v e r t i c a l  m i x i n g  and t h e  c r e a t i o n  and 
d e s t r u c t i o n  o f  t e m p e r a t u r e  s t r a t i f i c a t i o n .  

W e  c a n  add  s u b s t a n c e  t o  t h e s e  q u a l i t a t i v e  c o m p a r i s o n s  
w i t h  a t  l e a s t  o n e  q u a n t i t a t i v e  e x a m p l e  f r o m  Lake B a l a t o n :  a n  
e v a l u a t i o n  o f  t h e  r e l a t i v e  i m p o r t a n c e  o f  h y d r o l o g i c  t h r o u g h -  
f l o w  and s e i c h e  c u r r e n t s .  F o r  e s t i m a t e s  o f  t h e  h y d r o l o g i c  
t h r o u g h - f l o w ,  w e  d r a w  upon v a n  S t r a t e n ,  J o l a n k a i  and Herodek  
( 1 9 7 9 )  . Through  w a t e r  b a l a n c e  c a l c u l a t i o n s ,  t h e y  c o m p u t e  
i n t e r - b a s i n  f l o w s  f o r  t h e  f o u r  l a k e  b a s i n s  shown i n  F i g u r e  
6 .1 .  T r a n s l a t i n g  t h e i r  r e s u l t s  i n t o  volume t r a n s p o r t s  o v e r  
v a r i o u s  time p e r i o d s  p r o d u c e s  t h e  q u a n t i t i e s  g i v e n  i n  T a b l e  
7 . 1 .  F o r  c o m p a r i s o n ,  t h e  volume o f  w a t e r  t r a n s p o r t e d  b y  a  
t y p i c a l  a m p l i t u d e  s e i c h e  c a n  b e  e s t i m a t e d .  Assuming a  
d i f f e r e n c e  i n  w a t e r  s u r f a c e  e l e v a t i o n  o f  o n e  h a l f  m e t e r  
b e t w e e n  t h e  e n d s  o f  t h e  l a k e  and a  l i n e a r  w a t e r  s u r f a c e  
p r o f i l e ,  t h e  amount  o f  w a t e r  t r a n s p o r t e d  a c r o s s  t h e  s e i c h e  
n o d a l  l i n e  is o n  t h e  o r d e r  o f  7 5  m i l l i o n  c u b i c  meters i n  a  
time p e r i o d  o f  a b o u t  6 h o u r s .  T h i s  volume is r o u g h l y  twice 
t h a t  t r a n s p o r t e d  i n  a  month b y  t h e  h y d r o l o g i c  f l o w s ,  and  two 
o r d e r s  o f  m a g n i t u d e  g r e a t e r  t h a n  t h e  m o n t h l y  f l o w s  s c a l e d  
down t o  s i x  h o u r s .  Y e t ,  o v e r  a  y e a r ,  t h e  s e i c h e  m o t i o n  
p r o d u c e s  no n e t  f l o w  i n t o  o r  o u t  o f  t h e  l a k e ,  w h i l e  t h e  
h y d r o l o g i c  f l o w s  r e p l a c e  r o u g h l y  50% o f  t h e  t o t a l  l a k e  
vo lume.  Our c o n c l u s i o n  is c l e a r :  o v e r  t h e  s h o r t  t i m e  s c a l e ,  
t h e  s e i c h e  d o m i n a t e s ;  o v e r  l o n g  t i m e  p e r i o d s ,  t h e  h y d r o l o g i c  
f l o w  g o v e r n s .  

T h i s  a n a l y s i s  o f  l e n g t h  and time s c a l e s  i l l u s t r a t e s  some 
i m p o r t a n t  c o n c e p t s  which  t h e  m o d e l e r  m u s t  c o n s i d e r .  F i r s t ,  
t h e  w a t e r  q u a l i t y  mode l  m u s t  a c c o u n t  n o t  o n l y  f o r  t h e  
p a r t i c u l a r  b i o c h e m i c a l  p r o c e s s e s  o f  i n t e r e s t ,  b u t  a l s o  t h e  
c o r r e s p o n d i n g  p h y s i c a l  p r o c e s s e s  a s  wel l .  And, t o  r e p r e s e n t  
t h e s e  p r o c e s s e s  and t h e i r  i n t e r a c t i o n  s u c c e s s f u l l y ,  t h e  
model  m u s t  o p e r a t e  a t  t h e  c o r r e c t  l e n g t h  and time s c a l e s .  



T a b l e  7.1 

Volume t r a n s p o r t s  between t h e  B a l a t o n  s u b - b a s i n s  
( f rom van S t r a t e n ,  J o l a n k a i  and Herodek,  1979)  

K e s z t h e l y  t o  S z i g l i g e t  t o  Szemes t o  
S z i g l i g e t  Szemes S i o f o k  

Annual 297 439 444 

Summer 1 3 3  
Half-Year 

Win te r  164 
Half-Year  

Monthly 
Average 

Maximum 
Monthly 

Minimum 
Monthly 

A l l  q u a n t i t i e s  a r e  i n  m i l l i o n  c u b i c  m e t e r s .  

T h i s  l a t t e r  p o i n t  h a s  been d e m o n s t r a t e d  i n  an  e x t e n s i v e  
model ing s t u d y  o f  Lake O n t a r i o  conduc ted  by t h e  Canadian 
C e n t r e  f o r  I n l a n d  Wate r s  (S imons  and Lam, 1980)  . Simons and 
Lam coup led  hydrodynamic and b i o c h e m i c a l  models  t o  d e v e l o p  a  
t h r e e - d i m e n s i o n a l  model o f  Lake O n t a r i o '  s t r a n s i e n t  w a t e r  
q u a l i t y .  The l a k e  was s i m u l a t e d  o v e r  a  number o f  y e a r s  
u s i n g  a  t i m e  s t e p  on  t h e  o r d e r  o f  a  d a y  and a  s p a t i a l  g r i d  
o f  r o u g h l y  5 k i l o m e t e r s .  S i g n i f i c a n t l y ,  t h e  a u t h o r s  
c o n c l u d e  t h a t  t h e  model ,  though a b l e  t o  p r e d i c t  s e a s o n a l  and 
s h o r t e r  t e rm t r e n d s ,  i s  u n a b l e  t o  model t r e n d s  o v e r  a  few 
y e a r s  w i t h  h i g h  a c c u r a c y .  ( T h i s  i s  n o t  a  s e r i o u s  f a u l t ,  i n  
o u r  o p i n i o n ,  f o r  t h e  e v a l u a t i o n  and compar i son  o f  
a l t e r n a t i v e  l a k e  w a t e r  qua1  i t y  c o n t r o l  schemes,  f o r  which 
s e a s o n a l  s i m u l a t i o n s  a r e  s u f f i c i e n t  i n d i c a t o r s . )  

Our w a t e r  q u a l i t y  model o f  Lake B a l a t o n  is i n t e n d e d  t o  
r e p r e s e n t  s p a t i a l  v a r i a t i o n  w i t h i n  t h e  l a k e  and dynamics  
o v e r  p e r i o d s  o f  a  few d a y s  t o  a s  l ong  a s  s e a s o n s .  These  
s c a l e s  c l e a r l y  f a l l  below t h e  rea lm domina ted  by h y d r o l o g i c  
f l o w s  o n l y ,  and we must  t h u s  c o n s i d e r  t h e  mo t ion  due  t o  
s e i c h e  and wind-dr iven  c i r c u l a t i o n  a s  w e l l .  



7 . 3 . 2  C i r c u l a t i o n  Model A p p l i c a b i l i t y  

The Ekman-type c i r c u l a t i o n  m o d e l ,  a s  e x p l a i n e d  i n  C h a p t e r  
3 ,  o f f e r s  b o t h  a d v a n t a g e s  and d i s a d v a n t a g e s .  By f a r  i t s  
g r e a t e s t  a d v a n t a g e  is i t s  s i m p 1  i c i t y  and  c o n s e q u e n t  l o w  
s i m u l a t i o n  e x p e n s e .  T h i s  is  made p o s s i b l e ,  h o w e v e r ,  b y  a  
number o f  a s s u m p t i o n s  and a p p r o x i m a t i o n s  which  may l i m i t  t h e  
u s e  o f  t h e  m o d e l .  T h e r e f o r e ,  b e f o r e  w e  c a n  u s e  s u c h  a  model  
w i t h  c o n f i d e n c e ,  we m u s t  f i r s t  e x a m i n e  i t s  a s s u m p t i o n s .  i n  
l i g h t  o f  t h e  c r i t e r i a  g i v e n  i n  C h a p t e r  4 and  t h e  p h y s i c a l  
c h a r a c t e r i s t i c s  o f  t h e  a p p l i c a t i o n  l a k e .  

The G a l e r k i n  mode l  p r o p o s e d  f o r  o u r  s t u d y  o f  Lake B a l a t o n  
makes  u s e  o f  t h e  s h a l l o w  w a t e r  a p p r o x i m a t i o n ,  n e g l e c t  o f  
c o n v e c t i v e  a c c e l e r a t i o n s ,  a n d  n e g l e c t  o f  h o r i z o n t a l  
f r i c t i o n a l  f o r c e s .  I n  a d d i t i o n ,  t h e  r i g i d  l i d  
a p p r o x i m a t i o n ,  t h o u g h  n o t  c u r r e n t l y  employed  i n  t h e  m o d e l ,  
i s  p o s s i b l e  and would a l l o w  s i g n i f i c a n t l y  l o n g e r  s i m u l a t i o n  
t i n e  s t e p s .  T h e s e  a p p r o x i m a t i o n s  w i l l  b e  examined i n  t u r n  
b e l o w .  The b a s i s  f o r  t h e  e x a m i n a t i o n  a r e  t h e  p h y s i c a l  
p a r a m e t e r s  g a t h e r e d  f rom v a r i o u s  s o u r c e s  i n  T a b l e  7 .2 .  I n  
t h i s  t a b l e ,  t h e  v a l u e  o f  t h e  h o r i z o n t a l  e d d y  v i s c o s i t y  h a s  
been  assumed b a s e d  on  s i m i l a r  d a t a  p u b l i s h e d  f o r  o t h e r  
l a k e s .  A l t h o u g h  t h e  v a l u e  used  is  r e a s o n a b l e  f o r  Lake 
B a l a t o n ,  i t  was n o t ,  i n  f a c t ,  d e t e r m i n e d  by a c t u a l  
m e a s u r e m e n t s .  A l s o  i n c l u d e d  i n  T a b l e  7 .2  a r e  t h e  v a r i o u s  
d i m e n s i o n a l  numbers  ( f o r c e  r a t i o s )  computed f rom t h e  
p h y s i c a l  p a r a m e t e r s .  

The s h a l l o w  w a t e r  a s s u m p t i o n s  a r e  p e r m i t t e d  i f  t h e  l a k e  
d e p t h  is  s u f f i c i e n t l y  s m a l l .  I n  B a l a t o n ,  t h e  r a t i o  o f  d e p t h  
t o  l e n g t h  i s  o n  t h e  o r d e r  o f  A d d i t i o n a l l y ,  t h e  Ekman 
f r i c t i o n  d e p t h ,  w h i c h  i n d i c a t e s  r o u g h l y  t h e  d e p t h  t o  which  
wind s u r f a c e  s t r e s s  w i l l  b e  i n f l u e n t i a l ,  i s  a t  l e a s t  1 4  
meters. T h i s  is  s u f f i c i e n t l y  g r e a t e r  t h a n  t h e  a v e r a g e  l a k e  
d e p t h  t h a t  t h e  l a k e  may b e  c l a s s i f i e d  a s  " v e r y  s h a l l o w "  
u n d e r  c r i t e r i a  g i v e n  by L i n d i j e r  ( 1 9 7 9 ) .  F i n a l l y ,  f i e l d  
m e a s u r e m e n t s  r e v e a l  t h a t  t h e  l a k e ' s  v e r t i c a l  s t r a t i f i c a t i o n  
is weak and i n t e r m i t t e n t  ( E n t z ,  1 9 7 6 ) .  T h e s e  d a t a  s a f e l y  
a s s u r e  t h e  p r o p r i e t y  o f  u s i n g  t h e  s h a l l o w  w a t e r  a s s u m p t i o n s .  

N e g l e c t  o f  c o n v e c t i v e  a c c e l e r a t i o n  is  p e r m i s s i b l e  i f  t h e  
Rossby  number ,  t h e  r a t i o  o f  i n e r t i a l  t o  C o r i o l i s  f o r c e s ,  i s  
s m a l l .  A s  s e e n  i n  T a b l e  7 . 2 ,  t h i s  r a t i o  l i e s  w i t h i n  t h e  
r a n g e  o f  0 . 0 2  t o  0 . 2 ,  s u f f i c i e n t l y  s m a l l  t o  p e r m i t  n e g l e c t  
o f  t h e  c o n v e c t i v e  terms and a l l o w  t h e  Ekman model  t o  b e  
u s e d .  Even s m a l l e r  i s  t h e  h o r i z o n t a l  Ekman number ,  e a s i l y  
a l l o w i n g  t h e  n e g l e c t  o f  v i s c o u s  e f f e c t s  i n  t h e  h o r i z o n t a l  
p l a n e .  

The c o n d i t i o n  t o  impose  a  r i g i d  l i d  c o n d i t i o n  is  t h a t  t h e  
s q u a r e  o f  t h e  s e i c h e  p e r i o d  b e  much less t h a n  t h e  s q u a r e  o f  
t h e  i n e r t i a l  p e r i o d .  T h i s  c r i t e r i o n  is e a s i l y  s a t i s f i e d  i n  



L e n g t h  

Width  

T a b l e  ? .2  

P h y s i c a l  p a r a m e t e r s  f o r  Lake B a l a t o n  

Depth  

V e l o c i t y  ( d u e  t o  s e i c h e )  

C o r i o l i s  p a r a m e t e r  

H o r i z o n t a l  e d d y  v i s c o s i t y  
(assumed  v a l u e )  

V e r t i c a l  e d d y  v i s c o s i t y  

F r o u d e  number 

Rossby  Number 

S u r f a c e  b o u n d a r y  p a r a m e t e r  

H o r i z o n t a l  Ekman number 

V e r t i c a l  Ekman number 

Ekman f r i c t i o n  d e p t h  

C r i t i c a l  b o t t o m  s l o p e  

L o n g i t u d i n a l  s e i c h e  p e r i o d  
( c o m p u t e d )  
( o b s e r v e d )  

T r a n s v e r s e  s e i c h e  p e r i o d  
( c o m p u t e d )  
( o b s e r v e d )  

I n e r t i a l  p e r i o d  

Proudman number 

T t  = 2 ~ / -  = 4 8  min 
Tt = 411 min 



Lake B a l a t o n  f o r  t r a n s v e r s e  s e i c h e s ,  b u t  o n l y  m a r g i n a l l y  f o r  
l o n g i t u d i n a l .  S i n c e  t h e  r i g i d  1 i d  a p p r o x i m a t i o n  may g r e a t l y  
d i s t o r t  p r e d i c t e d  t r a n s i e n t  m o t i o n s ,  i t  would b e  u n w i s e  t o  
employ i t  g i v e n  i t s  s m a l l  s a f e t y  m a r g i n  f o r  Lake B a l a t o n .  
I t  is s a f e ,  h o w e v e r ,  t o  employ  t h e  s m a l l  a m p l i t u d e  
a p p r o x i m a t i o n  and a p p l y  b o u n d a r y  c o n d i t i o n s  a t  u n d i s p l a c e d  
f r e e  s u r f a c e  l o c a t i o n .  

U n f o r t u n a t e l y ,  t h e  d a t a  o f  T a b l e  7 . 2  d o  n o t  g i v e  a  
c o m p l e t e  p i c t u r e  o f  t h e  l a k e ' s  b e h a v i o r  s i n c e  i m p o r t a n t  
l o c a l  e f f e c t s  a r e  i g n o r e d .  Along t h e  s h o r e l i n e ,  a n d  a t  
T i h a n y  P e n i n s u l a ,  l o c a l  i n f l u e n c e s  c a n  b e  e x p e c t e d  t o  
p r o d u c e  s i g n i f i c a n t  d i v e r g e n c e  f rom t h e  g e n e r a l  b e h a v i o r  
o u t 1  i n e d  a b o v e .  A t  T i h a n y ,  f o r  e x a m p l e ,  c o n v e c t i v e  
a c c e l e r a t i o n s  may b e  i m p o r t a n t  and p o s s i b l y  f r i c t i o n a l  
i n f l u e n c e s  a s  w e l l  ( l a r g e  Rossby  and h o r i z o n t a l  Ekman 
n u m b e r s ,  r e s p e c t i v e l y )  . I n  t h i s  l o c a l  r e g  i o n ,  t h e r e f o r e ,  
t h e  Ekman-type model  may n o t  b e  a b l e  t o  r e p r o d u c e  t h e  l a k e  
c i r c u l a t i o n  w i t h  g r e a t  a c c u r a c y .  A s  l o n g  a s  t h i s  e r r o r  i s  
c o n f i n e d  t o  a  s m a l l  r e g i o n ,  h o w e v e r ,  t h e  Ekman model  r e m a i n s  
u s e f u l  f o r  t h e  l a k e - w i d e  c i r c u l a t i o n  i n  B a l a t o n .  

L o c a l  e f f e c t s  m u s t  a l s o  b e  c o n s i d e r e d  i n  t h e  fo rm o f  
f r i c t i o n a l  i n f l u e n c e s  a l o n g  t h e  s h o r e l i n e  (see  S e c t i o n  4 . A )  . 
I t  is  r e a s o n a b l e  t o  n e g l e c t  h o r i z o n t a l  f r i c t i o n a l  f o r c e s  i n  
t h e  s h o r e l i n e  r e g i o n s  i f  t h e  b o t t o m  s l o p e ,  s f  is l e s s  s t e e p  
t h a n  t h e  c r i t i c a l  s l o p e ,  s,. From T a b l e  7 . 2 ,  t h e  c r i t i c a l  
s l o p e  i s  a t  m o s t  0 . 0 1 ,  c o r r e s p o n d i n g  t o  a  v e r y  s t e e p  s l o p e .  
Thus ,  t h i s  c r i t e r i o n  i s  s a t i s f i e d  i n  a l l  b u t  a few 
l o c a t i o n s ,  m o s t  o b v i o u s l y  t h e  d e e p  c h a n n e l  a t  T i h a n y .  

7 .3 .3  C o n c l u s i o n s  

To summar ize  o u r  f i n d i n g s  c o n c e r n i n g  t h e  c h o i c e  o f  a  
h y d r o d y n a m i c  model  f o r  Lake B a l a t o n ,  we found  i n  S e c t i o n  
7 . 3 . 1  t h a t  c o n g r u e n c e  o f  t h e  p h y s i c a l  and b i o l o g i c a l  m o d e l s  
o f  t h e  l a k e  r e q u i r e d  a  h y d r o d y n a m i c  model  which c o n s i d e r e d  
p r o c e s s e s  a t  t h e  s c a l e s  o f  a  few h o u r s  and  a  few k i l o m e t e r s .  
A t  t h i s  l e v e l ,  w i n d - i n d u c e d  m o t i o n  and s e i c h i n g  were f a r  
more  i m p o r t a n t  t h a n  h y d r o l o g i c  t h r o u g h - f l o w s ,  t h u s  r e q u i r i n g  
a  c i r c u l a t i o n  model  o f  t h e  h y d r o d y n a m i c s .  An Ekman m o d e l ,  
s u c h  a s  t h e  p r o p o s e d  G a l e r k i n  m o d e l ,  was  i d e n t i f i e d  a s  
a n  economic  and p r a c t i c a l  model  a l t e r n a t i v e .  

I n  S e c t i o n  7 .3 .2  w e  h a v e  examined t h e  s u i t a b i l i t y  o f  s u c h  
a  model  f o r  Lake B a l a t o n .  M a t h e m a t i c a l  c r i t e r i a  w e r e  used 
t o  e v a l u a t e  t h e  p r o p r i e t y  o f  t h e  s h a l l o w  w a t e r  a s s u m p t i o n s ,  
o f  a s s u m i n g  t h a t  c o n v e c t i v e  a c c e l e r a t i o n s  and h o r i z o n t a l  
s h e a r  f o r c e s  a r e  n e g l i g i b l e ,  and o f  u s i n g  t h e  r i g i d  l i d  and 
s m a l l  a m p l i t u d e  a p p r o x i m a t i o n s .  Of t h e s e ,  we f o u n d  t h a t  a l l  



b u t  t h e  r i g i d  l i d  a p p r o x i m a t i o n  was j u s t i f i e d  f o r  B a l a t o n .  
The r i g i d  l i d ,  which is n o t  used i n  t h e  G a l e r k i n  mode l ,  
would d i s t o r t  t h e  t r a n s i e n t  r e s p o n s e  t o  an  u n a c c e p t a b l e  
d e g r e e .  A q u a l i f i c a t i o n  t o  t h e s e  f i n d i n g s  i s  t h e  l i k l i h o o d  
t h a t  l o c a l l y  i r r e g u l a r  b a t h y m e t r y ,  s u c h  a s  a t  Ti hany 
S t r a i t ,  would v i o l a t e  t h e  a c c e p t a b i l i t y  c r i t e r i a  and l e a d  t o  
some e r r o r s  i n  s m a l l  r e g i o n s .  These  e r r o r s  a r e  n o t  e x p e c t e d  
t o  compromise t h e  lake-wide  p r e d i c t i o n s  needed i n  t h e  w a t e r  
qua1 i t y  model ing  schemes.  We t h u s  c o n c l u d e  t h a t  t h e  
G a l e r k i n  model is  s u i t a b l e  f o r  a p p l i c a t i o n  t o  Lake B a l a t o n .  





8 MODEL APPLICATION TO LAKE BALATON 

A p p l i c a t i o n  o f  t h e  G a l e r k i n  mode l  t o  Lake B a l a t o n  
p r o c e e d e d  i n  two p h a s e s .  L a c k i n g  a  c o n s e n s u s  f r o m  t h e  
l i t e r a t u r e  o n  t h e  v a l u e  and  fo rm f o r  t h e  i m p o r t a n t  
p a r a m e t e r s ,  t h e  f i r s t  p h a s e  c o n s i s t e d  o f  a  s e r i e s  o f  model  
s e n s i t i v i t y  s t u d i e s .  Through  t r i a l  a n d  e r r o r ,  r e a s o n a b l e  
v a l u e s  f o r  t h e  p a r a m e t e r s  were s o u g h t ,  s i m u l t a n e o u s l y  
d e t e r m i n i n g  t h e  s e n s i t i v i t y  o f  t h e  . r e s u l t s  t o  t h e  v a r i o u s  
p a r a m e t e r s .  A f t e r  t h i s  s t e p  was  c o m p l e t e d ,  a n d  a  r e a s o n a b l e  
s e t  o f  i n p u t  p a r a m e t e r s  was  a v a i l a b l e ,  t h e  s e c o n d  p h a s e ,  
v e r i f i c a t i o n ,  was  p o s s i b l e :  t e s t i n g  t h e  mode l  r e s u l t s  
a g a i n s t  a c t u a l  h i s t o r i c a l  e v e n t s .  

8 . 1  Model I n p u t  D a t a  

E x e c u t i o n  o f  t h e  c i r c u l a t i o n  p r o g r a m  r e q u i r e s  t h e  
s p e c i f i c a t i o n  o f  s u c h  i n p u t s  a s  t h e  mode l  p a r a m e t e r s ,  t h e  
l a k e  g e o m e t r y ,  a  wind h i s t o r y ,  a q d  v a r i o u s  e x e c u t i o n  and  
o u t p u t  c o n t r o l s .  Of t h e  p r o g r a m  i n p u t s ,  t h e  e d d y  v i s c o s i t y  
a n d  b o t t o m  f r i c t i o n  p a r a m e t e r s  c o n s t i t u t e  t h e  m a j o r  
unknowns,  t o  b e  d e t e r m i n e d  b y  c a l i b r a t i o n .  T h e s e  
p a r a m e t e r s ,  a s  w e l l  a s  t h e  wind h i s t o r i e s  e m p l o y e d ,  w i l l  b e  
d e s c r i b e d  i n  t h e  s e c t i o n s  t o  f o l l o w .  

The g e o m e t r y  a n d  b a t h y m e t r y  o f  F i g u r e  6 . 1  i s  t h e  b a s i s  o f  
t h e  i n p u t  g e o m e t r y  d a t a .  U s i n g  a  d e t a i l e d  v e r s i o n  o f  F i g u r e  
5 . 1 ,  two f i n i t e  d i f f e r e n c e  g r i d s  h a v e  b e e n  c o n s t r u c t e d .  The 
f i r s t ,  d e n o t e d  a s  t h e  c o a r s e  g r i d ,  u s e d  a  g r i d  s i z e  o f  1 9 0 0  
m e t e r s  a n d  is  shown i n  F i g u r e  8.1.  T h i s  g r i d  s i z e  was  f e l t  
t o  b e  t h e  l a r g e s t  g r i d  a b l e  t o  r e a s o n a b l y  a p p r o x i m a t e  t h e  
g e o m e t r y  o f  T i h a n y  S t r a i t .  An a l t e r n a t i v e  g r i d ,  t h e  f i n e  
g r i d ,  employed  a  g r i d  s p a c i n g  o f  9 5 0  meters,  o n e  h a l f  t h a t  
o f  t h e  c o a r s e  g r i d .  The f i n e  g r i d  is  shown i n  F i g u r e  8 . 2 .  



GRIO SPRCING = 1900 HETERS 

Figure 5 . 1  

Coarse f i n i t e  d i f f e r e n c e  g r i d  f o r  Lake Balaton 

GRIO SPRCING = 950 HETERS 

Figure 8 . 2  

Fine f i n i t e  d i f f e r e n c e  g r i d  f o r  Lake Balaton 



8 . 2  C a l i b r a t i o n  and P a r a m e t e r  S e n s i t i v i t y  S t u d i e s  

8 . 2 . 1  G e n e r a l  D e s c r i p t i o n  

I n  a n  e f f o r t  t o  c a l i b r a t e  t h e  wind c i r c u l a t i o n  m o d e l ,  a  
l a r g e  number o f  s i m p l e  s e i c h e  e v e n t s  were s i m u l a t e d .  T h e s e  
s i m u l a t i o n s  s o u g h t  t o  e x e r c i s e  t h e  mode l  u n d e r  u n c o m p l i c a t e d  
c o n d i t i o n s  w h i c h  would r e v e a l  t h e  b a s i c  b e h a v i o r  o f  t h e  
model  and s y s t e m .  The a l t e r n a t i v e  c a l i b r a t i o n  s t a n d a r d s ,  
a c t u a l  h i s t o r i c a l  e v e n t s ,  i n c l u d e  many c o m p l e x  and 
e x t r a n e o u s  f a c t o r s  which  o b s c u r e  t h e  b a s i c  b e h a v i o r  and make 
c a l i b r a t i o n  d i f f i c u l t .  However,  t h e  h i s t o r i c a l  r e c o r d ,  a n d  
p u b l i s h e d  s t u d i e s  o f  a c t u a l  s e i c h e  e v e n t s ,  d i d  s u p p l y  a  d a t a  
b a s e  upon w h i c h  c a l i b r a t i o n  c o u l d  b e  b a s e d .  

The b a s i c  s e i c h e  s i m u l a t i o n s  c o n s i d e r  t h e  f o l l o w i n g  
s i t u a t i o n .  A s t e a d y  wind o f  1 0  m / s  b l o w s  a l o n g  t h e  l o n g  
a x i s  o f  t h e  l a k e ,  d i r e c t e d  f rom t h e  w e s t e r n  end  ( K e s z t h e l y )  
t o  t h e  e a s t e r n  end ( B a l a t o n k e n e s e ) .  The l a k e  is i n i t i a l l y  
s t i l l  and l e v e l ,  b u t  r e s p o n d s  t o  t h e  wind w i t h  a  s e t - u p  a t  
B a l a t o n k e n e s e  and  se t -down a t  K e s z t h e l y .  The wind b l o w s  
s t e a d i l y  d u r i n g  t h e  f i r s t  t h r e e  h o u r s  o f  t h e  s i m u l a t i o n ;  
t h e n  d e c r e a s e s  l i n e a r l y  f r o m  1 0  m / s  a t  3  h o u r s  t ime t o  0  m / s  
a t  4  h o u r s .  The e n s u i n g  s e i c h e  m o t i o n  was  s i m u l a t e d  u n t i l  
t h e  24 h o u r  time p o i n t  u s i n g  t h e  c o a r s e  g r i d  d e f i n e d  i n  
S e c t i o n  8 . 1  and t h e  Wu wind s h e a r  f o r m u l a e  f rom S e c t i o n  5 .2 ' .  

The s i m u l a t i o n s  d e t e r m i n e d  t h e  e f f e c t s  o f  t h e  m a g n i t u d e  
o f  t h e  l i n e a r  b o t t o m  f r i c t i o n  c o e f f i c i e n t ,  cb ,  a n d  t h e  fo rm 
a n d  m a g n i t u d e  o f  t h e  l i n e a r  e d d y  v i s c o s i t y  f u n c t i o n ,  A,. 
B e f o r e  t h e  s i m u l a t i o n s  were s t a r t e d ,  w e  made r o u g h  e s t i m a t e s  
f o r  t h e s e  p a r a m e t e r s .  The v a r i o u s  f o r m s  f o r  t h e  e d d y  
v i s c o s i t y  h a v e  b e e n  shown i n  F i g u r e  5 . 1 ,  b u t  w i t h  l i t t l e  
i n d i c a t i o n  o f  m a g n i t u d e .  The m a g n i t u d e s  u s e d  b y  o t h e r  
i n v e s t i g a t o r s ,  g i v e n  i n  T a b l e s  3 . 1  t o  3 . 3 ,  v a r y  f rom 1 0  t o  
1 0 0 0  c m 2 / s  - a  w i d e  r a n g e  d u e  i n  p a r t  t o  t h e  w i d e  v a r i e t y  o f  
l a k e s  c o n s i d e r e d .  W e  c a n  n a r r o w  t h i s  r a n g e  b y  e m p l o y i n g  a  
number o f  e m p i r i c a l  r e l a t i o n s  f rom t h e  l i t e r a t u r e  w i t h  
B a l a t o n ' s  c h a r a c t e r i s t i c s .  The e s t i m a t e s  o f  t h e  e d d y  
v i s c o s i t y ,  shown i n  T a b l e  8 . 1 ,  f a l l  b e t w e e n  1 a n d  somewhat  
o v e r  1 0 0  cm2/s. 

Even m o r e  u n c e r t a i n  t h a n  t h e  e d d y  v i s c o s i t y  i s  t h e  
m a g n i t u d e  o f  t h e  l i n e a r  b o t t o m  f r i c t i o n  c o e f f i c i e n t  r e q u i r e d  
f o r  t h e  G a l e r k i n  m o d e l .  N e l s o n  ( 1 9 7 9 ) ,  i n  h e r  a p p p l i c a t i o n  
t o  Lake Mendota ,  u s e d  a  v a l u e  o f  0 .015  cm/s. However,  
Mendota is  c o n s i d e r a b l y  d e e p e r  t h a n  B a l a t o n ,  and  t h u s  l e s s  
s e n s i t i v e  t o  t h i s  p a r a m e t e r .  A m o r e  u s e f u l  g u i d e  is 
D r o n k e r s  ( 1 9 6 4 ) ,  who p r o p o s e s  a  method t o  e s t i m a t e  t h e  
l i n e a r  f r i c t i o n  c o e f f i c i e n t  f o r  t i d a l  f l o w s .  H e  b a s e s  h i s  
r e s u l t s  upon t h e  r e q u i r e m e n t  t h a t  t h e  l i n e a r  f r i c t i o n  
c o n d i t i o n  p r o d u c e  t h e  same e n e r g y  l o s s  a s  t h e  q u a d r a t i c  



T a b l e  8 . 1  

E s t i m a t e s  o f  v e r t i c a l  e d d y  v i s c o s i t y  i n  Lake B a l a t o n  

R e f e r e n c e  Method E s t i m a t e  

P l a t zman  ( 1 9 6 3 )  Formula  b a s e d  o n  1 . 2  cm2/sec 
s e i c h e  d e c a y  r a t e  

Ranks ( 1 9 7 5 )  F u n c t i o n  o f  wind s h e a r  11 .7  
and l a k e  d e p t h  

L i n d i j e r  ( 1 9 7 6 )  R u l e  o f  thumb 
(q, = H/1000) 

D e f a n t  ( c i t e d  i n  Theo ry  b a s e d  on 
H u t c h i n s o n ,  1975 )  1 . eng then ing  o f  

s e i c h e  p e r i o d  

L i c k  ( 1 9 7 6 )  F u n c t i o n  o f  wind s h e a r  1 2 5  

Thomas ( 1 9 7 5 )  F u n c t i o n  o f  wind s h e a r  1 2 8  

c o n d i t i o n .  H i s  f o r m u l a  is: 

h h e r e ,  C i s  t h e  Chezy f r i c t i o n  c o e f f i c i e n t ;  a n d ,  

max i s  t h e  maximum t i d a l  v e l o c i t y .  

The s i m i l a r i t y  o f  s e i c h e  m o t i o n  t o  t i d a l  f l o w  s u g g e s t s  t h a t  
t h i s  f o r m u l a  would b e  u s e f u l  f o r  o u r  p u r p o s e s .  App ly ing  i t  
t o  B a l a t o n ,  w e  c a n  r o u g h l y  e s t i m a t e  cb t o  f a l l  i n  t h e  r a n g e  
0 .0001  t o  0 .05.  

R e s u l t s  f rom t h e  s i m u l a t i o n s  a r e  shown i n  F i g u r e s  8 .4  t o  
8 . 9  which  f o l l o w  t h i s  s e c t i o n .  The F i g u r e s  i n c l u d e  
h i s t o r i e s  o f  t h e  w a t e r  s u r f a c e  e l e v a t i o n  a t  K e s z t h e l y  and 
s e l e c t e d  v e r t i c a l  v e l o c i t y  p r o f i l e s  i n  T i h a n y  S t r a i t .  The 
p r o f i l e s  a t  T i h a n y  a r e  f o r  two h o u r s  i n  t h e  s i m u l a t i o n  
( u n d e r  wind c o n d i t i o n s )  and s i x  h o u r s  ( w i t h o u t  w i n d ) .  

I n  e v a l u a t i n g  t h e  r e s u l t s ,  t h e  model p r e d i c t i o n s  were 
c l o s e l y  examined f o r  c e r t a i n  r e s p o n s e s .  For  e x a m p l e ,  i t  is  
known from M u s z k a l a y ' s  ( 1 9 7 3 )  f i e l d  d a t a  t h a t  t h e  
l o n g i t u d i n a l  s e i c h e  p e r s i s t s  f o r  a t  l e a s t  two o r  t h r e e  
c y c l e s .  Thus ,  model r e s u l t s  d e p i c t i n g  a n  overdamped s y s t e m ,  



t h a t  is  w i t h  no o s c i l l a t i o n ,  c a n  b e  i m m e d i a t e l y  r e j e c t e d .  
S i m i l a r l y ,  w e  c a n  l o o k  f o r  t h e  p r e s e n c e  o f  s m a l l  s h o r t  
p e r i o d  o s c i l l a t i o n s  super imposed  upon t h e  p r i m a r y  
o s c i l i a t i o n .  These  s m a l l  o s c i l l a t i o n s ,  due  t o  t r a n s v e r s e  
and o t h e r  s e c o n d a r y  s e i c h e s ,  a r e  q u i t e  o b v i o u s  i n  
Muszka lay ' s  f i e l d  o b s e r v a t i o n s  and s h o u l d  b e  r e p r o d u c e d  by 
t h e  model .  Another  c r i t e r i o n  w i t h  which t o  examine  t h e  
model p r e d i c t i o n s  i s  t h e  p e r i o d  o f  t h e  l o n g i t u d i n a l  s e i c h e .  
A s  s t a t e d  i n  S e c t i o n  6.2 .3 ,  f r i c t i o n  l e n g t h e n s  t h e  s e i c h e  
p e r i o d  t o  1 0  o r  11 h o u r s .  A t h i r d  e x a m i n a t i o n  p o i n t  was t h e  
p r e d i c t e d  s e t - u p  a f t e r  t h r e e  h o u r s  o f  wind. From 
Muszka lay ' s  (1966)  e m p i r i c a l  f o r m u l a ,  t h e  t h r e e  hour  s e t - u p  
a t  K e s z t h e l y  s h o u l d  be  on  t h e  o r d e r  o f  10  t o  1 5  cm. A 
f o u r t h  j u d g i n g  c r i t e r i o n  was t h e  form o f  t h e  v e l o c i t y  
p r o f i l e  a t  T ihany .  Again from Muszkalay ( 1 9 7 3 ) ,  w e  know 
t h a t  t h e  v e l o c i t y  p r o f i l e  is  u n i d i r e c t i o n a l ,  a t  l e a s t  d u r i n g  
s e i c h e  e v e n t s .  And, though l e s s  o b j e c t i v e ,  t h e  g e n e r a l  
shape  o f  t h e  v e l o c i t y  p r o f i l e  s e r v e s  a s  a  qood i n d i c a t o r  o f  
t h e  t r u s t w o r t h i n e s s  o f  t h e  r e s u l t s .  Abrupt  d i r e c t i o n  
r e v e r s a l s  and e x c e s s i v e l y  s t e e p  g r a d i e n t s ,  f o r  example ,  
would n o t  b e  r e a s o n a b l e  r e s u l t s .  Along t h e  same l i n e s ,  a  
w e l l  known r u l e  o f  thumb f o r  ocean  c u r r e n t s  s t a t e s  t h a t  t h e  
s u r f a c e  v e l o c i t y  s h o u l d  e q u a l  a b o u t  3% o f  t h e  wind s p e e d .  
P r e d i c t e d  s u r f a c e  v e l o c i t i e s  f a r  g r e a t e r  t h a n  t h i s  a r e  
t h e r e f o r e  p r o b a b l y  i n  e r r o r  e x c e p t  where o t h e r  i n f l u e n c e s  
c a n  e x p l a i n  t h e  h i g h e r  v e l o c i t i e s  - f o r  example ,  t h e  s e i c h e  
c u r r e n t  i n  T ihany  S t r a i t .  These v a r i o u s  c r i t e r i a ,  though 
a p p r o x i m a t e ,  s e r v e d  a s  a  c o n s i s t e n t  and r e a s o n a b l e  t e s t  o f  
t h e  m o d e l ' s  a b i l i t y  t o  r e p r o d u c e  t h e  sys t em b e h a v i o r  and 
p e r m i t t e d  t h e  s e l e c t i o n  o f  a  s e t  o f  p a r a m e t e r s  judged t o  
c r e d i b l y  r e p r e s e n t  t h e  sys t em.  

One f a c t o r  n o t  c o n s i d e r e d  i n  t h e  s i m u l a t i o n s  b e a r s  
men t ion .  Flow boundary  c o n d i t i o n s  a r e  n o t  a  p r e s e n t  
c a p a b i l i t y  o f  t h e  model ,  and h e n c e ,  i n f l o w s  and o u t f l o w s  
c o u l d  n o t  b e  i n c l u d e d .  T h i s  s h o u l d  have  s m a l l  e f f e c t  o n  t h e  
g e n e r a l  c i r c u l a t i o n ,  b u t  w i l l  o b v i o u s l y  compromise t h e  
r e s u l t s  n e a r  t h e  Za la  R i v e r  i n f l o w  and t h e  S i o  Canal  
o u t f l o w .  

8.2.2 S t u d y  R e s u l t s  

The s e n s i t i v i t y  s t u d i e s  c o n s i d e r e d  many eddy  v i s c o s i t y  
fo rms  and p a r a m e t e r  v a l u e s  - t o o  many t o  r e p r o d u c e  a l l  
r e s u l t s  h e r e .  What w i l l  be  p r e s e n t e d  i n s t e a d  is  a  s e l e c t i o n  
o f  t h e  r e s u l t s  from t h r e e  m a j o r  c a t e g o r i e s .  F i r s t  is  t h e  
d e p t h - c o n s t a n t  eddy v i s c o s i t y ,  t h e  s i m p l e s t  and most  common 
form i n  u s e .  Second is  what we have  te rmed t h e  b i - l i n e a r  
eddy  v i s c o s i t y ,  a  f u n c t i o n  which is  c o n s t a n t  from t h e  w a t e r  
s u r f a c e  t o  some d e p t h  i n  t h e  w a t e r  column,  from where i t  
d e c r e a s e s  l i n e a r l y  t o  z e r o  a t  t h e  bo t tom.  The t h i r d  
c a t e g o r y  i n c l u d e s  a  s ampl ing  o f  eddy  v i s c o s i t y  fo rms  i n  
which p r o p o s a l s  from t h e  l i t e r a t u r e  a r e  app rox ima ted  by t h e  



m o d e l ' s  p i e c e w i s e  l i n e a r  v i s c o s i t y  f u n c t i o n .  F i g u r e  8 . 3  
i l l u s t r a t e s  t h e  f o r m s  t e s t e d .  

S i m u l a t i o n s  w i t h  a  c o n s t a n t  e d d y  v i s c o s i t y  e v a l u a t e d  t h e  
a b i l i t y  t o  ma t ch  o b s e r v e d  b e h a v i o r  a s  w e l l  a s  t h e  
s e n s i t i v i t y  o f  t h e  r e s u l t s  t o  t h e  v i s c o s i t y  and  bo t t om 
f r i c t i o n  c o e f f i c i e n t s .  F i g u r e s  8 . 4  and  8 . 5  show t h e  
s i m u l a t i o n  r e s u l t s .  None o f  t h e  p a r a m e t e r  c o m b i n a t i o n s  
p roduced  t h e  d e s i r e d  b e h a v i o r .  Response  t y p i c a l  o f  a  
l i g h t l y  damped s y s t e m  was a c h i e v e d  o n l y  i n  s i m u l a t i o n s  which  
a l s o  showed u n r e a s o n a b l e  s e t - u p  and s u r f a c e  v e l o c i t i e s .  The 
r e s u l t s  i n d i c a t e  e x t r e m e  s e n s i t i v i t y  t o  t h e  e d d y  v i s c o s i t y  
and m o d e r a t e  s e n s i t i v i t y  t o  t h e  bo t t om f r i c t i o n  f a c t o r .  

The b i - l i n e a r  e d d y  v i s c o s i t y  l e d  t o  t h e  b e h a v i o r  mos t  
l i k e  t h a t  found  i n  Lake B a l a t o n .  O s c i l l a t o r y  b e h a v i o r  
c o n s i s t e n t  w i t h  o b s e r v a t i o n  was p roduced  o v e r  a  r a n g e  o f  
p a r a m e t e r  v a l u e s ,  a l t h o u g h  marked s e n s i t i v i t y  t o  t h e  e d d y  
v i s c o s i t y  was a g a i n  f o u n d .  The r e s u l t s  we re  t e s t e d  f o r  
s e n s i t i v i t y  t o  t h e  m a g n i t u d e  o f  t h e  e d d y  v i s c o s i t y  and  
bo t t om f r i c t i o n  c o e f f i c i e n t ,  a s  w e l l  a s  t o  t h e  l o c a t i o n  o f  
t h e  i n f l e c t i o n  p o i n t  i n  t h e  eddy  v i s c o s i t y  f u n c t i o n .  T h i s  
l a s t  p a r a m e t e r  i s  d e n o t e d  by hl i n  F i g u r e  8 .3 .  

The r e s u l t s  o f  t h e  b i - l i n e a r  v i s c o s i t y  s i m u l a t i o n s  a r e  
g i v e n  i n  F i g u r e s  8 . 6  t h r o u g h  8 .8 .  S e n s i t i v i t y  t o  t h e  
m a g n i t u d e  o f  t h e  eddy  v i s c o s i t y  ( F i g u r e  8 . 6 )  i s  g r e a t .  A 
v a l u e  o f  %,= 2 0  cm2/sec p roduced  a n  i n i t i a l  s u r f a c e  
d i s p l a c e m e n t  n e a r  t h a t  d e s i r e d ,  a l o n g  w i t h  a  c o n t i n u i n g  
s e i c h e  o s c i l l a t i o n .  The v e r t i c a l  v e l o c i t y  p r o f i l e  is  
u n i d i r e c t i o n a l  d u r i n g  s e i c h e  mot-ion (6 h o u r s )  , b u t  shows a  
s m a l l  bo t t om r e v e r s a l  unde r  wind c o n d i t i o n s  ( 2  h o u r s ) .  
F u r t h e r  t e s t i n g  o f  t h i s  p a r a m e t e r  c o m b i n a t i o n  showed l i t t l e  
s e n s i t i v i t y  t o  b o t t o m  f r i c t i o n  ( F i g u r e  8 . 7 )  and m i l d  
s e n s i t i v i t y  t o  t h e  l o c a t i o n  o f  t h e  v i s c o s i t y  f u n c t i o n  
i n f l e c t i o n  p o i n t  ( F i g u r e  8 . 8 )  . 

A v a r i e t y  o f  o t h e r ,  more  c o m p l e x ,  eddy  v i s c o s i t y  f o r m s  
we re  a l s o  l o o k e d  a t .  I n s p e c t i o n  o f  t h e  r e s u l t s  i n  F i g u r e  
8 . 9  shows t h a t  mos t  g a v e  poo r  r e s u l t s  i n  o n e  r e s p e c t  o r  
a n o t h e r .  The m o s t  n e a r l y  r e a s o n a b l e  r e s u l t s  were  p roduced  
by t h e  n e a r - s u r f a c e  maximum form.  The r e s u l t s  w i t h  t h a t  
f u n c t i o n  a r e  f l a w e d ,  howeve r ,  by  t h e  anoma lous  i n c r e a s e  i n  
t h e  s e i c h e  a m p l i t u d e  o n  t h e  s econd  peak .  The many f o r m u l a s  
i n  which t h e  e d d y  v i s c o s i t y  c l o s e s  t o  z e r o  a t  b o t h  t h e  
s u r f a c e  and b o t t o m  a r e  r o u g h l y  r e p r e s e n t e d  by  t h e  t r i - l i n e a r  
form i n  F i g u r e  R.3d. T h e s e  e q u a t i o n s  l e a d  t o  u n r e a s o n a b l e  
v e l o c i t y  g r a d i e n t s  n e a r  t h e  w a t e r  s u r f a c e .  The p a r a b o l i c  
a p p r o x i m a t i o n ,  F i g u r e  8 . 3 e ,  l e a d s  t o  a n  o v e r l y  damped s y s t e m  
r e s p o n s e ,  a s  d o e s  N e l s o n ' s  b i - l i n e a r  form ( F i g u r e  8 . 3 f )  . 
N e l s o n ' s  v i s c o s i t y  f o r m u l a  a l s o  p r o d u c e s  a n  e x c e s s i v e  
s u r f a c e  v e l o c  i t y  . 



a) Constant b) 01'-linear 

0 Avt Avo 

c )  Tr I - linear approxirmhm d) ~ri- linear awrcidm b 
to m r -  wrfa~e maximum 6t-m cbsin tb Zerr~ a) 

wrFixce M 2 bottbm 

e) Tri- l inw approindim 
to pmbolic d) N e l a  bi-linear 

Figure 8.3 

Eddy viscosity functions used in the simulations 



The r e s u l t s  o f  t h e  s e n s i t i v i t y  s t u d i e s  h a v e  been  
summarized i n  F i g u r e  8 .10  and T a b l e  8 .2 .  The d e p t h - a v e r a g e d  
eddy  v i s c o s i t y  ( o r  c o r r e s p o n d i n g  Proudman number)  was 
s e l e c t e d  a s  t h e  m o s t  i m p o r t a n t  p a r a m e t e r  t o  c h a r a c t e r i z e  t h e  
s i m u l a t i o n s .  To c a p t u r e  t h e  v a r i o u s  c a l i b r a t i o n  c r i t e r i a ,  
w e  h a v e  used  t h e  i n i t i a l  w a t e r  surface set-down a t  
K e s z t h e l y ,  t h e  r a t i o  o f  t h e  m a g n i t u d e  o f  t h e  t h i r d  t o  s e c o n d  
peak  i n  t h e  w a t e r  s u r f a c e  d i s p l a c e m e n t  h i s t o r y . ,  and  t h e  two- 
hour  w a t e r  s u r f a c e  v e l o c i t y  a t  T i h a n y .  S e i c h e  p e r i o d  was 
n o t  i n c l u d e d  s i n c e  i t s  v a r i a t i o n  p roved  s m a l l ;  w e  b e l i e v e  
t h a t  t h e  p e r i o d  is d e t e r m i n e d  f a r  more  by  t h e  l a k e  g e o m e t r y  
t h a n  t h e  p a r a m e t e r s  v a r i e d  i n  t h e s e  s i m u l a t i o n s .  F i g u r e  
6 . l o  d o e s  r e v e a l  s i g n i f i c a n t  v a r i a t i o n s  i n  t h e  o t h e r  
p a r a m e t e r s ,  however .  I n  g e n e r a l ,  i n i t i a l  se t -down and 
s u r f a c e  v e l o c i t y  d e c r e a s e  a s  t h e  a v e r a g e  eddy  v i s c o s i t y  
i n c r e a s e s .  W i t h i n  t h i s  g e n e r a l  t r e n d ,  s i g n i f i c a n t  
v a r i a t i o n s  a r e  o b s e r v e d ,  however .  Fo r  e x a m p l e ,  t h e  i n i t i a l  
se t -down shows a  s y s t e m a t i c  v a r i a t i o n  be tween  t h e  c o n s t a n t  
v i s c o s i t y  form ( t h e  c u r v e  l a b e l e d  F i g u r e  8 . 4 )  and t h e  b i -  
l i n e a r  f o r m s  ( l a b e l e d  8 . 6  and 5 . 8 ) .  S i m i l a r l y ,  d i v e r g e n c e  
from t h e  g e n e r a l  t r e n d  is o b v i o u s  i n  p o i n t s  S t  T  and  V i n  
t h e  s u r f a c e  c u r r e n t  s p e e d s  ( F i g u r e  8.1Ob) . The s e i c h e  
damping r a t i o ,  r e p r e s e n t e d  i n  F i g u r e  8 . 1 0 ~ ~  b e h a v e s  a s  
p r e d i c t e d  by  P l a t z m a n  ( 1 9 6 1 3 ) ~  w i t h  v i r t u a l l y  no o s c i l l a t i o n  
o c c u m n g  a b o v e  t h e  c r i t i c a l  Proudman number t h r e s h o l d .  

F i g u r e  8 .10 c a n  l e a d  u s  t o  t h e  p a r a m e t e r  s e t  which  y i e l d s  
t h e  c l o s e s t  a p p r o x i m a t i o n  t o  B a l a t o n ' s  b e h a v i o r .  Comparison 
o f  t h e  r e s u l t s  i n  F i g u r e  8 .10  w i t h  t h e  e v a l u a t i o n  c r i t e r i a  
d e f i n e d  a b o v e  r e v e a l s  o n l y  a  few s i m u l a t i o n s  pe r fo rmed  
s a t i s f a c t o r i l y  i n  a l l  r e s p e c t s :  r u n s  J ,  M ,  N and p o s s i b l y  0. 
J ,  M and  N c o r r e s p o n d  t o  t h e  f o l l o w i n g  p a r a m e t e r  s e t ,  which  
w e  c o n s i d e r  t o  b e  t h e  c a l i b r a t e d  p a r a m e t e r s :  a  b i - l i n e a r  
e d d y  v i s c o s i t y  form w i t h  a  s u r f a c e  v a l u e  o f  20 cm2/sec and 
an  i n f l e c t i o n  p o i n t  l o c a t e d  a t  m id -dep th ,  t o g e t h e r  w i t h  a  
bo t t om f r i c t i o n  f a c t o r  i n  t h e  r a n g e  0 .015  t o  0 .00015  cm/sec .  

8 .2 .3  C o n c l u s i o n s  

Two s a l i e n t  f e a t u r e s  emerge  f rom t h e  s e n s i t i v i t y  s t u d i e s .  
F i r s t ,  w i t h  t h e  p r o p e r  c h o i c e  o f  i n p u t  p a r a m e t e r s ,  t h e  model 
is a b l e  t o  s i m u l a t e  a  r e s p o n s e  s i m i l a r  t o  t h a t  found  i n  t h e  
a c t u a l  l a k e .  S e c o n d l y ,  t h e  model is h i g h l y  s e n s i t i v e  t o  t h e  
i n p u t  p a r a m e t e r s ,  p r o d u c i n g  g r e a t l y  e x a g g e r a t e d  o r  
u n d e r p r e d i c t e d  b e h a v i o r  a s  a  c o n s e q u e n c e  o f  p o o r l y  c h o s e n  
i n p u t s .  One o t h e r  i m p o r t a n t  c o n c l u s i o n  h a s  been  r e a c h e d .  
The commonly used  c o n s t a n t  e d d y  v i s c o s i t y  d o e s  n o t  y i e l d  
good r e s u l t s  i n  a  s h a l l o w  l a k e ,  a t  l e a s t  n o t  w i t h  t h e  model 
f o r m u l a t i o n  employed h e r e .  

D e s p i t e  t h e  p a r a m e t e r  s e n s i t i v i t y  n o t e d  a b o v e ,  t h e  s e r i e s  
o f  r u n s  p e r f o r m e d  h a s  l e d  u s  t o  a n  eddy  v i s c o s i t y  fo rm which  



p r o d u c e s  a n  a p p r o x i m a t e l y  c o r r e c t  r e s p o n s e  f o r  Lake B a l a t o n :  
a  b i - l i n e a r  f u n c t i o n ,  a s  i n  F i g u r e  8 .3b,  w i t h  h l  = 0.5 ,  
q, = 20  cm2/sec and cb = 0.0015 . A t  t h i s  s t a g e ,  t h e r e f o r e ,  
w e  c o n s i d e r  t h e  model t o  have  been c a l i b r a t e d .  

I t  is  u s e f u l  a t  t h i s  p o i n t  t o  r e t u r n  t o  t h e  a n a l y s i s  o f  
S e c t i o n  7.3.2 i n  which w e  e v a l u a t e d  t h e  model a s s u m p t i o n s  i n  
l i g h t  o f  t h e  p h y s i c a l  c h a r a c t e r i s t i c s  o f  Lake B a l a t o n ,  g i v e n  
i n  T a b l e  7 .2 .  I n  T a b l e  7 .2  t h e  eddy  v i s c o s i t y  p a r a m e t e r  
c o u l d  n o t  b e  d e f i n e d  p r e c i s e l y ,  and a  l i k e l y  p a r a m e t e r  r a n g e  
was g i v e n .  Using o u r  c a l i b r a t i o n  r e s u l t s  w e  c a n  now d e f i n e  
t h e  d e p t h  a v e r a g e  eddy  v i s c o s i t y ,  A, = 1 5  cm2/sec. O t h e r  
v a l u e s  i n  T a b l e  7 .2  a f f e c t e d  by t h i s  c h a n g e  a r e  t h e  v e r t i c a l  
Ekman number,  E,, now e q u a l  t o  1 .5 ;  t h e  Ekman f r i c t i o n  
d e p t h ,  D = 1 7  m ;  t h e  c r i t i c a l  bo t tom s l o p e ,  s, = 0.004; a n d ,  
t h e  Proudman number,  Pr = 0.4. These  c h a n g e s  d o  n o t  a l t e r  
t h e  c o n c l u s i o n s  o f  S e c t i o n  7.3 .2 ,  t h a t  t h e  model a s s u m p t i o n s  
a r e  v a l i d  f o r  Lake B a l a t o n .  

I n  t h e  n e x t  s e c t i o n ,  w e  w i l l  i n v e s t i g a t e  t h e  model 
b e h a v i o r  and s e n s i t i v i t y  somewhat f u r t h e r ,  b e f o r e  p r o c e e d i n g  
t o  t h e  model v e r i f i c a t i o n  w i t h  a c t u a l  h i s t o r i c a l  e v e n t s .  



a )  Water surface  e l eva t ion  a t  
Keszthely 

b)  Current i n  Tihany S t r a i t  

F i g u r e  8 . 4  

S e n s i t i v i t y  o f  s e i c h e  t o  c o n s t a n t  e d d y  v i s c o s i t y  

a )  Water surface  e levat ion  a t  
Keszthely 

b)  Current i n  Tihany S t r a i t  

F i g u r e  5 . 5  

S e n s i t i v i t y  o f  s e i c h e  t o  b o t t o m  f r i c t i o n  c o e f f i c i e n t  
w i t h  c o n s t a n t  e d d y  v i s c o s i t y  
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a )  Water surface  e levat ion  a t  
Keszthely 

b) Current i n  Tihany S t r a i t  

Figure 8.6 

Sensitivity of seiche to bi-linear eddy viscosity 
/ e ~ h (  n ;bny 5 h i r  : m k )  

a )  Water surface e l eva t ion  a t  
Keszthely 

b) Current i n  Tihany S t r a i t  

Figure 8.7 

Sensitivity of seiche to bottom friction coefficient 
with bi-linear eddy viscosity 



a) Water s u r f a c e  e l e v a t i o n  a t  
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Sensitivity of seiche to various eddy viscosity forms 



See Table 8 .2  f o r  p l o t t i n g  
(a) 

symbol meanings. 

F i g u r e  8.10 

Summary o f  s e n s i t i v i t y  s i m u l a t i o n  r e s u l t s  

a )  I n i t i a l  set-down a t  K e s z t h e l y  
b )  S u r f a c e  c u r r e n t  speed  i n  Tihany  S t r a i t  a t  2 h o u r s  

c )  R a t i o  o f  s econd  t o  t h i r d  W . S .  e l e v a t i o n  peak 
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8 . 3  Gr id  and Wind F i e l d  S e n s i t i v i t y  

D e t e r m i n a t i o n  o f  a  s e t  o f  c a l i b r a t i o n  p a r a m e t e r s  h a r d l y  
e l i m i n a t e s  a l l  u n c e r t a i n t i e s  and ma jo r  s o u r c e s  o f  e r r o r  from 
t h e  model.  I n  p a r t i c u l a r ,  two a s p e c t s  o f  t h e  model 
s e n s i t i v i t y  r e q u i r e  f u r t h e r  s t u d y :  t h e  e f f e c t  o f  t h e  f i n i t e  
d i f f e r e n c e  g r i d  s p a c i n g  and t h e  i n f l u e n c e  o f  t h e  wind 
boundary  c o n d i t i o n  upon t h e  s i m u l a t i o n s .  These  e f f e c t s  were 
examined t h r o u g h  two t y p e s  o f  s i m u l a t i o n s :  t h e  s e i c h e  
s i m u l a t i o n s  d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n ,  and s t e a d y  
s t a t e  c i r c u l a t i o n  r u n s .  

The s e i c h e  e v e n t s  a r e ,  o f  c o u r s e ,  t r a n s i e n t  r u n s .  Though 
t h e y  a r e  d e s i g n e d  t o  s i m p l i f y  many a s p e c t s  o f  t h e  l a k e ' s  
b e h a v i o r ,  t h e i r  t r a n s i e n t  n a t u r e  c o n f u s e s  t h e  l a k e  
c i r c u l a t i o n  p a t t e r n s .  To c l a r i f y  t h e  c i r c u l a t i o n  r e s p o n s e ,  
we a l s o  r a n  t h e  program w i t h  a  c o n s t a n t  wind i n p u t  u n t i l  t h e  
l a k e  r eached  a  s t e a d y  s t a t e .  V e c t o r  p l o t s  o f  c u r r e n t s  a t  
v a r i o u s  d e p t h s  w i t h i n  t h e  l a k e  c o u l d  t h e n  be  drawn f o r  
d i r e c t  c o m p a r i s o n s  o f  t h e  c i r c u l a t i o n .  Though t h e s e  
c i r c u l a t i o n  p a t t e r n s  d o  s u g g e s t  how t h e  wind f i e l d  and g r i d  
a f f e c t  t h e  model r e s u l t s ,  t h e y  a r e  i n  one  s e n s e  c o m p l e t e l y  
u n r e a l i s t i c .  The l a k e  i t s e l f  is  n e v e r  i n  a  s t e a d y  s t a t e  
s i n c e  t h e  wind f o r c i n g  f u n c t i o n  c h a n g e s  f a r  more r a p i d l y  
t h a n  t h e  t i m e  f o r  t h e  l a k e  c i r c u l a t i o n  t o  become s t e a d y .  
The l a k e  c a n  r e a c h  a  s t e a d y  s t a t e  o n l y  a f t e r  t h e  s e i c h e  
mot ion  h a s  c o m p l e t e l y  d i s s i p a t e d ,  a  few d a y s  a t  l e a s t .  

The s t e a d y  s t a t e  s i m u l a t i o n s  were per formed a s  f o l l o w s .  
A s t e a d y  wind o f  1 5  m / s  b lowing from t h e  n o r t h w e s t  was 
modeled.  The s i m u l a t i o n  was per formed a s  a  t r a n s i e n t  o n e ,  
and run a s  l o n g  a s  n e c e s s a r y  f o r  v a r i a t i o n s  i n  t h e  s u r f a c e  
e l e v a t i o n  t o  become n e g l i g i b l e .  Having r e a c h e d  s t e a d y  
s t a t e ,  v e c t o r  p l o t s  o f  t h e  h o r i z o n t a l  v e l o c i t y  a t  t h e  w a t e r  
s u r f a c e  and d e p t h s  o f  1 .5  and 3  m e t e r s  were  produced a s  
o u t p u t .  

8 .3 .1  Wind E f f e c t s  

A v a r i e t y  o f  wind s h e a r  f o r m u l a e  d e v e l o p e d  by v a r i o u s  
r e s e a r c h e r s  h a s  been p r e s e n t e d  i n  S e c t i o n  5.2 .  For t h e  mos t  
p a r t ,  t h e  f o r m u l a e  d i f f e r  o n l y  s l i g h t l y ,  w i t h  t h e  i m p o r t a n t  
e x c e p t i o n  o f  H i c k s 1  (1974)  r e l a t i o n  f o r  s h a l l o w  w a t e r .  Lake 
B a l a t o n  l i e s  w i t h i n  t h e  r a n g e  o v e r  which H i c k s  s u g g e s t s  t h e  
fo rmula  is a p p l i c a b l e ,  s o  i t  is o f  i n t e r e s t  t o  examine i t s  
e f f e c t  upon t h e  model r e s u l t s .  

The i m p o r t a n c e  o f  t h e  wind s h e a r  fo rmula  was e v a l u a t e d  i n  
a  s e i c h e  s i m u l a t i o n  u s i n g  t h e  c a l i b r a t e d  p a r a m e t e r s .  Two 
e q u a t i o n s  f o r  t h e  wind s h e a r  were c o n t r a s t e d ,  t h e  f o r m u l a e  
by  Wu (1969)  and t h e  r e l a t i o n  proposed  by  H i c k s  e t  a 1  (1974)  
f o r  s h a l l o w  w a t e r .  The Wu e q u a t i o n s  have  been  used i n  a l l  
o f  t h e  s i m u l a t i o n s  r e p o r t e d  above i n  F i g u r e s  8 .4  t h r o u g h  



8.10. The Hicks  f o r m u l a ,  which is  c o n t r a s t e d  w i t h  Wu's i n  
F i g u r e  5.2,  p r e d i c t s  a  much lower  d r a g  c o e f f i c i e n t  a n d ,  
t h e r e f o r e ,  l ower  s h e a r  f o r c e .  A compar i son  o f  t h e  s e i c h e  
mot ion  r e s u l t i n g  from t h e  two fo rmulae  is g i v e n  a s  F i g u r e  
8 .11 .  The c h a r a c t e r  o f  t h e  p r e d i c t i o n s  r e m a i n s  t h e  same, i t  
is s i m p l y  t h e  magn i tude  o f  t h e  r e s p o n s e  which c h a n g e s .  
S i n c e  Hicks '  e q u a t i o n  is a  t e n t a t i v e  p r o p o s a l  pending  
f u r t h e r  d a t a ,  w e  w i l l  c o n t i n u e  t o  u s e  Wu's e q u a t i o n  i n  t h e  
s i m u l a t i o n s  t o  f o l l o w .  In  do ing  s o ,  w e  assume t h a t  s i m i l a r  
model b e h a v i o r  c o u l d  be  a c h i e v e d  w i t h  t h e  Hicks  fo rmula  
u s i n g  a  s l i g h t l y  d i f f e r e n t  s e t  o f  c a l i b r a t i o n  p a r a m e t e r s .  

Both t h e  s t r e n g t h  and d i r e c t i o n  o f  t h e  wind c a n  be  
e x p e c t e d  t o  v a r y  o v e r  t h e  l a k e ,  a  f a c t  d i s c u s s e d  i n  S e c t i o n  
6.2.  Such v a r i a t i o n s  a r e  p o o r l y  r e p r e s e n t e d  by t h e  wind 
measurement d a t a  a v a i l a b l e  f o r  h i s t o r i c a l  e v e n t s  : o f  t e n ,  
o n l y  a  s i n g l e  wind r e c o r d  is a v a i l a b l e .  To a p p r a i s e  t h e  
p o s s i b l e  e f f e c t s  o f  u n c e r t a i n t i e s  i n  t h e  wind f i e l d ,  a  
number o f  s i m u l a t i o n s  were per formed.  

The e f f e c t  o f  wind d i r e c t i o n  was examined i n  a  s e r i e s  o f  
s e i c h e  s i m u l a t i o n s  i n  which a  wind of  1 0  m / s  was d i r e c t e d  
from e i g h t  p o i n t s  a round t h e  compass.  The r e s u l t s ,  g i v e n  i n  
F i g u r e  8.12 a s  t h e  w a t e r  s u r f a c e  e l e v a t i o n  h i s t o r y  a t  
K e s z t h e l y ,  show a  c o m p l e t e  spec t rum i n  r e l a t i v e  s t r e n g t h  o f  
t r a n s v e r s e  and l o n g i t u d i n a l  s e i c h i n g  . Although t h e  r e s u l t s  
d o  n o t  c o n s i d e r  d i r e c t  v a r i a t i o n s  i n  d i f f e r e n t  p a r t s  o f  t h e  
l a k e ,  t h e  i m p o r t a n c e  o f  t h e  wind d i r e c t i o n  is c l e a r l y  
i n d i c a t e d .  

Although d i r e c t i o n  v a r i a t i o n s  a c r o s s  t h e  l a k e  were n o t  
p o s s i b l e ,  t h e  model was programmmed t o  a l l o w  a  v a r i a t i o n  i n  
wind s t r e n g t h .  T h i s  f e a t u r e  p e r m i t s  t h e  u s e r  t o  s p e c i f y  a  
s c a l i n g  f a c t o r  f o r  each  g r i d  i n  t h e  l a k e  model t o  b e  a p p l i e d  
t o  t h e  wind speed  a t  t h a t  g r i d .  Based on some rough 
i n f o r m a t i o n  on t h e  v a r i a t i o n  o f  wind o v e r  t h e  l a k e ,  t h e  wind 
f i e l d  shown i n  F i g u r e  8.13 was d e v e l o p e d .  T h i s  v a r i a t i o n  is  
e n t i r e l y  h y p o t h e t i c a l ,  though i t  would n o t  b e  an 
u n r e a s o n a b l e  p a t t e r n  f o r  a  wind coming from t h e  n o r t h  o r  
n o r t h w e s t .  

The e f f e c t  o f  wind f i e l d  v a r i a t i o n  was d e t e r m i n e d  t h r o u g h  
b o t h  s e i c h e  and s t e a d y  s t a t e  s i m u l a t i o n s .  F i g u r e  8.14a 
shows t h e  r e s u l t i n g  w a t e r  s u r f a c e  e l e v a t i o n  h i s t o r y  a t  
K e s z t h e l y  due  t o  t h r e e  wind f i e l d s .  The wind f i e l d  o f  
F i g u r e  8.13 p r o d u c e s  a  r e s p o n s e  (dashed  l i n e )  f a r  weaker 
t h a n  t h a t  o f  t h e  uni form f i e l d  ( s o l i d  l i n e ) .  T h i s  is  
e n t i r e l y  t o  be  e x p e c t e d ,  t hough ,  s i n c e  t h e  v a r y i n g  wind 
f i e l d  h a s  an  a v e r a g e  speed  l e s s  t h a n  t h a t  o f  t h e  c o n s t a n t  
f i e l d .  I f  t h e  v a r y i n g  f i e l d  is  r e n o r m a l i z e d  t o  have  t h e  
same a v e r a g e  speed  a s  t h e  uni form wind,  t h e  d o t t e d  l i n e  
r e s p o n s e  is  produced .  Though s i m i l a r  t o  t h e  c o n s t a n t  wind 
r e s p o n s e ,  some d i f f e r e n c e s  e x i s t ,  p a r t i c u l a r l y  i n  t h e  peak 
e l e v a t i o n s  p roduced .  



R e s u l t s  from t h e  s t e a d y  s t a t e  s i m u l a t i o n s  c o n t r a s t  t h e  
un i form wind f i e l d  c i r c u l a t i o n ,  i n  F i g u r e  8 .15 ,  w i t h  t h a t  
produced by t h e  v a r i a b l e  wind f i e l d  n o r m a l i z e d  t o  t h e  same 
a v e r a g e  s t r e n g t h  a s  t h e  un i fo rm,  F i g u r e  8 .16 .  V e c t o r  p l o t s  
o f  t h e  h o r i z o n t a l  c u r r e n t  v e l o c i t i e s  a t  t h e  w a t e r  s u r f a c e  
and a t  d e p t h s  o f  1 .5  and 3  m e t e r s  i l l u s t r a t e  t h e  s i m u l a t i o n  
r e s u l t s .  The c u r r e n t s  a r e  g e n e r a l l y  s i m i l a r ,  a l t h o u g h  t h e r e  
a r e  some l o c a l  d i f f e r e n c e s .  P a r t i c u l a r l y  s t r i k i n g  a r e  t h e  
g r e a t e r  v e l o c i t i e s  e v i d e n t  i n  t h e  v a r i a b l e  wind f i e l d  
r e s u l t s .  T h i s  i s  shown c l e a r l y  by F i g u r e s  8 .18a and b,  i n  
which v e r t i c a l  v e l o c i t y  p r o f i l e s  a r e  p l o t t e d  f o r  t h e  mid- 
p o i n t  o f  t h e  Szemes b a s i n .  These  d i f f e r e n c e s  be tween  t h e  
c i r c u l a t i o n  p a t t e r n s  i l l u s t r a t e  t h e  i m p o r t a n c e  o f  a c c u r a t e  
wind f i e l d  s p e c i f i c a t i o n  t o  t h e  program r e s u l t s .  

The s t e a d y  s t a t e  c i r c u l a t i o n  p r e d i c t i o n s  make a  s t r i k i n g  
c o n t r a s t  t o  t h e  c i r c u l a t i o n  found i n  t h e  p h y s i c a l  model 
s t u d i e s  o f  Lake B a l a t o n  made by  Gyorke ( F i g u r e  6 . 3 ) .  The 
p a t t e r n  p r e d i c t e d  by t h e  computer  model is much a l i k e  t h e  
t h e o r e t i c a l  s t e a d y  s t a t e  f l o w  p r o f i l e :  t h e  s u r f a c e  c u r r e n t  
f o l l o w s  t h e  wind ,  g i v i n g  r i s e  t o  a  bo t tom r e t u r n  f l o w .  T h i s  
s u r f a c e  c i r c u l a t i o n  is f a r  s i m p l e r  t h a n  t h a t  found by 
Gyorke,  who i n d i c a t e s  a  v e r y  complex sys t em o f  g y r e s .  T h i s  
may b e  e x p l a i n e d  i n  p a r t  by t h e  g r e a t  s c a l e  d i s t o r t i o n  i n  
G y o r k e ' s  model .  

I f  we c o n s i d e r  t h e  d e p t h  ave raged  c u r r e n t s  p r e d i c t e d  by 
t h e  computer  mode l ,  r a t h e r  t h a n  t h e  s u r f a c e  c u r r e n t s ,  a  
d i f f e r e n t  p i c t u r e  emerges ,  however .  For  example ,  F i g u r e  
8.17 shows t h e  d e p t h  ave raged  c i r c u l a t i o n  due  t o  t h e  
v a r i a b l e  wind f i e l d :  t h e  same s i m u l a t i o n  a s  d e p i c t e d  i n  
F i g u r e  8.16.  Un l ike  t h e  c i r c u l a t i o n s a t  any  g i v e n l a y e r ,  
t h e  d e p t h  a v e r a g e d  c i r c u l a t i o n ,  and t h u s  t h e  n e t  t r a n s p o r t ,  
show numerous h o r i z o n t a l  g y r e s .  A 1  though t h e  g e n e r a l  
c h a r a c t e r  o f  t h e s e  p r e d i c t i o n s  is  much more s i m i l a r  t o  
G y o r k e ' s  r e s u l t s ,  s i g n i f i c a n t  d i f f e r e n c e s  i n  t h e  p r e d i c t e d  
p a t t e r n s  r ema in .  

8 .3 .2  Gr id  S i z e  E f f e c t s  

The f i n i t e  d i f f e r e n c e  model o f  Lake B a l a t o n  shown i n  
F i g u r e  8 .1  i s  r a t h e r  rough ,  e s p e c i a l l y  i n  i t s  r e p r e s e n t a t i o n  
o f  s h o r e l i n e  f e a t u r e s  and t r a n s v e r s e  s e c t i o n s .  The 
p o s s i b i l i t y  o f  g r e a t  e r r o r  i n  s u c h  a  c o a r s e  g r i d  was r a i s e d  
i n  s t u d i e s  by F i s h e r  (1980)  who found v e r y  d i f f e r e n t  
c i r c u l a t i o n  p a t t e r n s  i n  a  h y p o t h e t i c a l  l a k e  when modeled 
w i t h  c o a r s e  and f i n e  g r i d s .  To e v a l u a t e  t h i s  e f f e c t  i n  t h e  
B a l a t o n  model ,  we c o n s t r u c t e d  t h e  s e c o n d ,  f i n e  g r i d  shown i n  
F i g u r e  8 .2  f o r  a  s e r i e s  o f  s e n s i t i v i t y  r u n s  t o  c o n t r a s t  w i t h  
t h e  c o a r s e  g r i d  r e s u l t s .  



Both s e i c h e  and s t e a d y  s t a t e  s i m u l a t i o n s  were comple t ed .  
The r e s u l t s  o f  t h e  s e i c h e  s i m u l a t i o n s ,  shown a s  t h e  wa te r  
s u r f a c e  e l e v a t i o n  a t  K e s z t h e l y ,  a r e  compared i n  F i g u r e  8.19.  
Although t h e  main f e a t u r e s  o f  t h e  r e s p o n s e  a r e  t h e  same, 
t h e r e  a r e  c l e a r  d i f f e r e n c e s .  Most i m p o r t a n t  is  t h e  more 
r a p i d  a t t e n u a t i o n  o f  t h e  s e i c h e  w i t h  time when us ing  t h e  
f i n e  g r i d .  The a t t e n u a t i o n  b e h a v i o r ,  a  t r a n s i e n t  
phenomenon, d o e s  n o t  a f f e c t  t h e  s t e a d y  s t a t e  c i r c u l a t i o n  
shown i n  F i g u r e  8 . 2 0 .  Comparison w i t h  t h e  c o a r s e  g r i d  
c i r c u l a t i o n  i n  F i g u r e  8.15 shows no d i f f e r e n c e s  o f  n o t e  d u e  
t o  t h e  f i n e  g r i d .  T h i s  i s  v e r y  c l e a r  i n  F i g u r e s  8.18a and 
c ,  which show t h e  v e l o c i t y  p r o f i l e s  a t  t h e  Szemes b a s i n  mid- 
p o i n t .  Al though t h e  l o n g i t u d i n a l  v e l o c i t i e s  d i f f e r  
s l i g h t l y ,  t h e  t r a n s v e r s e  components  a r e  i d e n t i c a l .  

We c o n c l u d e  t h a t  a  d e c r e a s e  i n  t h e  g r i d  s i z e ,  t hough  n o t  
i n s i g n i f i c a n t ,  w i l l  n o t  c a u s e  ma jo r  c h a n g e s  i n  t h e  p r e d i c t e d  
r e s p o n s e  o f  t h e  l a k e .  F u r t h e r ,  t h e  main d i f f e r e n c e  produced 
is i n  t h e  s e i c h e  a t t e n u a t i o n  b e h a v i o r ,  a  r e s p o n s e  which c a n  
b e  c o n t r o l l e d  by t h e  chosen  c a l  i b r a t i o n  p a r a m e t e r s .  Thus,  
t h e  p o s s i b i l i t y  f o r  g r e a t  e r r o r  due  t o  i n s u f f i c i e n t  g r i d  
d e t a i l  a p p e a r s  t o  be  s m a l l .  F u r t h e r ,  wha teve r  mdnor 
i n c r e a s e s  i n  a c c u r a c y  c o u l d  be  a c h i e v e d  w i t h  t h e  f i n e  g r i d  
a r e  f a r  ou tweighed  by a  t e n - f o l d  i n c r e a s e  i n  c o m p u t a t i o n  
expense  ( see  S e c t i o n  9 . 1 ) ,  and w e  t h e r e f o r e  p roceed  w i t h  t h e  
h i s t o r i c a l  s i m u l a t i o n s  u s i n g  o n l y  t h e  c o a r s e  g r i d .  
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a) Water surface 
elevation at 

Keszthely 

F i g u r e  8 . 1 4  

b) Current in Tihany Strait 

E f f e c t  o f  wind f i e l d  v a r i a t i o n  o n  s e i c h e  s i m u l a t i o n  
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c )  3 meter depth 

F i g u r e  5 . 1 5  

S t e a d y  s t a t e . h o r i z o n t a 1  c i r c u l a t i o n  
u n d e r  u n i f o r m  wind  f i e l d  
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1 UIMD SPEED - 15.. W S  

C )  3 meter depth 

F i g u r e  8 .16  

S t e a d y  s t a t e  h o r i z o n t a l  c i r c u l a t i o n  
u n d e r  s p a t i a l l y  v a r y i n g  wind f i e l d  



F i g u r e  8 . 1 7  

S t e a d y  s t a t e  d e p t h  a v e r a g e  c i r c u l a t i o n  
under s p a t i a l l y  v a r y i n g  wind f i e l d  

5 )  hM $0 - u~i i>rm did f i c h  

F i g u r e  8 . 1 8  

S t e a d y  s t a t e  v e r t i c a l  
v e l o c i t y  p r o f i l e s  

a t  Szemes  b a s i n  m i d - p o i n t  

a )  Water surface 
elevation a t  

Keszthely 

F i g u r e  8 . 1 9  

E f f e c t  o f  g r i d  s i z e  
o n  s e i c h e  s i m u l a t i o n  



a)  Surface 
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c )  3 meter depth 

F i g u r e  8 . 2 0  

S t e a d y  s t a t e  h o r i z o n t a l  c i r c u l a t i o n  w i t h  f i n e  g r i d  
u n d e r  u n i f o r m  wind f i e l d  



8.4 S i m u l a t i o n  o f  H i s t o r i c a l  E v e n t s  

The G a l e r k i n  c i r c u l a t i o n  model was v e r i f i e d  b y  s i m u l a t i n g  
a c t u a l  h i s t o r i c a l  e v e n t s  on  Lake B a l a t o n .  These  s i m u l a t i o n s  
used o b s e r v e d  winds  a s  i n p u t ,  and t h e i r  p r e d i c t i o n s  o f  w a t e r  
s u r f a c e  e l e v a t i o n  were compared w i t h  t h e  a c t u a l  r e c o r d s .  I n  
a d d i t i o n ,  c u r r e n t  p r e d i c t i o n s  made a t  T ihany  were  compared 
w i t h  measurements  i f  a v a i l a b l e .  

Th ree  e v e n t s  were s e l e c t e d  f o r  t h e  v e r i f i c a t i o n  r u n s :  
J u l y  4 and 5 ,  1961 ,  J u l y  8 and 9 ,  1963 and O c t o b e r  5 ,  1963.  
Event  s e l e c t i o n  was based  on d a t a  a v a i l a b i l i t y  and c e r t a i n  
d e s i r a b l e  c h a r a c t e r i s t i c s .  These  e v e n t s  produced  r e l a t i v e l y  
s t r o n g  and d i s t i n c t  s e i c h e s  f o l l o w i n g  a  p e r i o d  o f  ca lm.  The 
p r e c e e d i n g  calm p e r i o d  d e c r e a s e d  t h e  l e n g t h  o f  t h e  
s i m u l a t i o n  s t a r t - u p  p e r i o d  needed t o  e s t a b l i s h  i n i t i a l  
c o n d i t i o n s .  The e v e n t s  a l s o  a t t e m p t  t o  i n c l u d e  a  r a n g e  o f  
wind d i r e c t i o n s ,  a l t h o u g h  t h e  r a n g e  is  f a i r l y  l i m i t e d  s i n c e  
most s t r o n g  winds  c r o s s  t h e  l a k e  from t h e  n o r t h .  

Most o f  t h e  i n p u t  wind d a t a  f o r  t h e  s i m u l a t i o n s  were 
o b t a i n e d  from t h e  p l o t t e d  r e c o r d s  o f  Muszkalay ( 1 9 7 3 ) .  The 
f o r m a t  o f  M u s z k a l a y l s  l o n g  te rm r e c o r d  ( a s  i n  F i g u r e  6 .6)  
proved t o o  condensed  f o r  c o n v e r s i o n  t o  t h e  h o u r l y  v a l u e s  
r e q u i r e d  f o r  t h e  computer  program, b u t  h i s  d e t a i l e d  p l o t s  o f  
s e l e c t e d  e v e n t s  c o u l d  b e  used ( f o r  example ,  F i g u r e  6 . 7 ) .  
The l o n g  t e rm r e c o r d  s u p p l i e d  needed background i n f o r m a t i o n  
t o  i d e n t i f y  r e a s o n a b l y  i s o l a t e d  e v e n t s .  I n  a d d i t i o n  t o  
M u s z k a l a y l s  r e c o r d s ,  some h o u r l y  wind r e c o r d s  from K e s z t h e l y  
were  a v a i l a b l e  f o r  t h e  e v e n t s  o f  J u l y  4 and 5 ,  1961  and J u l y  
8  and 9 ,  1963.  The wa te r  s u r f a c e  e l e v a t i o n  r e c o r d s  and 
T ihany  c u r r e n t  measurements  which s u p p l i e d  t h e  c o m p a r i s o n  
d a t a  were t a k e n  from Muszkalay.  

The s i m u l a t i o n s  were  a l l  per formed u s i n g  t h e  c o a r s e  
f i n i t e  d i f f e r e n c e  g r i d  o f  F i g u r e  8 .1 ,  t h e  c a l i b r a t i o n  
p a r a m e t e r s  g i v e n  i n  S e c t i o n  8 .1 .3 ,  and Wuls  (1969)  wind 
s h e a r  f o r m u l a .  The s i m u l a t i o n s  used s p a t i a l l y  v a r y i n g  wind 
f i e l d s  based  upon t h e  d i s t r i b u t i o n  o f  F i g u r e  8 .13 ,  b u t  
n o r m a l i z e d  t o  a c c o u n t  f o r  t h e  l o c a t i o n  o f  t h e  i n p u t  wind' 
r e c o r d .  ( T h a t  is ,  t h e  f a c t o r s  i n  F i g u r e  8 .13 were  r e s c a l e d  
s o  t h a t  t h e  f a c t o r  v a l u e  a t  t h e  l o c a t i o n  o f  t h e  wind 
r e c o r d i n g  s t a t i o n  became e q u a l  t o  1 .0 . )  

8 .4 .1  Event  o f  J u l y  4  and 5 ,  1961  

The r e c o r d e d  d a t a  f o r  t h e  e v e n t  o f  J u l y  4 and 5 ,  1961  i s  
shown i n  F i g u r e  8 .21.  A s t r o n g  l o n g i t u d i n a l  s e i c h e  
c h a r a c t e r i z e d  t h i s  e v e n t ,  p roduc ing  a  n e t  w a t e r  s u r f a c e  
e l e v a t i o n  d i f f e r e n c e  o f  27 cm between K e s z t h e l y  and 
B a l a t o n k e n e s e .  F i g u r e  8 .22 c o n t r a s t s  t h e  r e s u l t s  from t h e  
computer  program w i t h  t h e  r e c o r d e d  s t a g e  r e c o r d s  a t  t h e s e  
two l o c a t i o n s .  Though d e t a i l s  o f  t h e  mo t ion  a r e  n o t  



c a p t u r e d  ( p a r t i c u l a r l y  i n  t h e  f i r s t  20 h o u r s  o f  s i m u l a t i o n ) ,  
t h e  o v e r a l l  ag reemen t  is  e x c e l l e n t .  Muszka lay ' s  d a t a  f o r  
t h i s  e v e n t  d i d  n o t  i n c l u d e  t h e  c u r r e n t  a t  T i h a n y ,  hence  t h a t  
compar ison  is  n o t  i n c l u d e d  h e r e .  

8 .4 .2  Event  o f  J u l y  8  and 9 ,  1963 

The e v e n t  o f  J u l y  8 and 9 ,  1963 produced  a  l o n g i t u d i n a l  
s e i c h e  w i t h  comparab le  d i s p l a c e m e n t  t o  t h e  J u l y  1961 e v e n t ,  
b u t  w i t h  much s t r o n g e r  s i m u l t a n e o u s  t r a n s v e r s e  s e i c h i n g .  
Two wind r e c o r d s  were used t o  s i m u l a t e  t h i s  e v e n t .  A s e r i e s  
o f  h o u r l y  wind d a t a  was deve loped  from Muszka lay ' s  r e c o r d  
f o r  Ba la tonszemes ,  and t h i s  was supplemented  by t h e  l a t e r  
r e c e i p t  o f  h o u r l y  d a t a  f o r  K e s z t h e l y .  The two wind r e c o r d s  
a r e  shown i n  F i g u r e  8.23.  Records  o f  t h e  w a t e r  s u r f a c e  
e l e v a t i o n  a t  Keszthe ' ly  and B a l a t o n k e n e s e  were c o n s t r u c t e d  
from Muszka lay ' s  d a t a  and a r e  g i v e n  i n  F i g u r e  8 . 2 3 ~ .  In  
a d d i t i o n ,  Muszka lay ' s  r e c o r d  o f  t h e  v e l o c i t y  a t  T ihany was 
a l s o  employed,  b u t  r e q u i r e d  a  ma jo r  c o r r e c t i o n :  t h e  
i n d i c a t e d  d i r e c t i o n s  o f  f l o w  a r e  a p p a r e n t l y  r e v e r s e d  i n  h i s  
drawing  ( r e p r o d u c e d  i n  t h i s  r e p o r t  a s  F i g u r e  6 . 6 ) .  The 
c o r r e c t e d ,  r e c o n s t r u c t e d  r e c o r d  is i n c l u d e d  a s  F i g u r e  8.23d. 

R e s u l t s  from t h e  computer  s i m u l a t i o n s  a r e  compared w i t h  
t h e  h i s t o r i c a l  r e c o r d s  i n  F i g u r e  8.24.  D r a s t i c a l l y  
d i f f e r e n t  p r e d i c t i o n s  r e s u l t e d  from t h e  two i n p u t  wind 
r e c o r d s :  t h e  K e s z t h e l y  r e c o r d  p roduc ing  a  r e a s o n a b l e  
p r e d i c t i o n ,  w h i l e  t h e  Ba la tonszemes  r e c o r d  l e d  t o  v e r y  poor  
r e s u l t s .  P r e d i c t i o n  o f  t h e  s t a g e  a t  K e s z t h e l y ,  shown i n  
F i g u r e  8 .24a ,  was n o t  v e r y  good even u s i n g  t h e  K e s z t h e l y  
wind d a t a .  However, t h e  K e s z t h e l y  wind d a t a  produced  an 
e x c e l l e n t  p r e d i c t i o n  o f  t h e  s t a g e  a t  B a l a t o n k e n e s e ,  w i t h  t h e  
e x c e p t i o n  o f  t h e  l a r g e  peak a t  1600 h o u r s  ( F i g u r e  8 . 2 4 b ) .  
The p r e d i c t i o n s  u s i n g  t h e  Ba la tonszemes  wind d a t a  show t o o  
g r e a t  a  r e s p o n s e  t o  t h e  wind and e x c e s s i v e  o s c i l l a t i o n .  

The model p r e d i c t i o n  o f  t h e  v e l o c i t y  a t  t h e  one  me te r  
d e p t h  i n  Tihany S t r a i t  is c o n t r a s t e d  w i t h  Muszka lay ' s  r eco rd  
i n  F i g u r e  8 . 2 4 ~ .  The p r e d i c t i o n s  based  on t h e  K e s z t h e l y  
wind d a t a  a r e  i n  f a i r  agreement  w i t h  t h e  o b s e r v a t i o n s ,  w i t h  
t h e  e x c e p t i o n  t h a t  peak f l o w s  a r e  u n d e r p r e d i c t e d .  Less 
f r e q u e n t  program o u t p u t  was o b t a i n e d  from t h e  Bala tonszemes-  
based  p r e d i c t i o n s ,  b u t  t h e s e  a r e  s u f f i c i e n t  t o  d e m o n s t r a t e  
t h e  poor  agreement  w i t h  t h e  d a t a .  

8 .4 .3  Event  o f  Oc tobe r  5 ,  1963 

The e v e n t  o f  Oc tobe r  5 ,  1953 d i f f e r s  c o n s i d e r a b l y  from 
o u r  two p r i o r  examples .  Whereas t h o s e  e v e n t s  began w i t h  
l o n g i t u d i n a l l y  d i r e c t e d  winds  b e f o r e  s h i f t i n g  t o  a  
t r a n s v e r s e  d i r e c t i o n ,  t h e  s to rm of  Oc tobe r  5 b r o u g h t  o n l y  
t r a n s v e r s e  winds.  Muszkalay (1973)  i n c l u d e s  t h i s  e v e n t  a s  



a n  example o f  t h e  t r a n s v e r s e  s e i c h e  and p r e s e n t s  w a t e r  
s u r f a c e  e l e v a t i o n  r e c o r d s  f o r  Ba la tonszemes  and 
B a l a t o n a k a l i ,  o n  t h e  s o u t h e r n  and n o r t h e r n  s h o r e s  a t  r o u g h l y  
mid- lake .  He d o e s  n o t  s u p p l y  r e c o r d s  f o r  K e s z t h e l y  n o r  
B a l a t o n k e n e s e  t o  show t h e  l o n g i t u d i n a l  s e i c h e ;  however ,  
v e l o c i t y  measurements  i n  Tihany  S t r a i t  a r e  g i v e n .  The s o l e  
s o u r c e  o f  wind d a t a  is  Muszka lay ' s  r e c o r d  f o r  Ba la tonszemes .  
The wind ,  w a t e r  s u r f a c e  e l e v a t i o n  and c u r r e n t  d a t a  a r e  shown 
i n  F i g u r e  8.25.  

Comparison o f  t h e  s i m u l a t i o n  r e s u l t s  w i t h  t h e  
o b s e r v a t i o n s  is  i n c l u d e d  i n  F i g u r e  8.26.  These  f i g u r e s  show 
v e r y  poor  ag reemen t  between t h e  p r e d i c t i o n s  and t h e  
o b s e r v a t i o n s  i n  v i r t u a l l y  a l l  a s p e c t s .  Two ma jo r  p rob lems  
c a n  b e  i d e n t i f i e d :  poor  p r e d i c t i o n  o f  l o n g i t u d i n a l  m o t i o n ,  
and e x c e s s i v e  o s c i l l a t i o n  i n  t h e  t r a n s v e r s e .  The f i r s t  
problem is ' u n d o u b t a b l y  d u e  t o  e r r o r s  i n  t h e  wind d a t a ,  
p a r t i c u l a r l y  d i r e c t i o n .  When t h e  wind is d i r e c t e d  from t h e  
NNW, a s  i t  was o n  Oc tobe r  5 ,  i t  c r o s s e s  t h e  l a k e  a l m o s t  
e x a c t l y  t r a n s v e r s e  t o  t h e  l a k e ' s  l o n g  a x i s .  I n  t h i s  
s i t u a t i o n ,  s m a l l  c h a n g e s  i n  t h e  wind d i r e c t i o n  l e a d  t o  g r e a t  
c h a n g e s  i n  t h e  magn i tude  o f  t h e  l o n g i t u d i n a l  wind component ,  
i n c l u d i n g  f r e q u e n t  r e v e r s a l s  i n  l o n g i t u d i n a l  d i r e c t i o n .  
Under s u c h  c o n d i t i o n s ,  l o c a l  m o d i f i c a t i o n s  o f  t h e  wind f i e l d  
and e r r o r s  i n  t h e  wind d a t a  c r i t i c a l l y  i n f l u e n c e  t h e  
p r e d i c t i o n  r e s u l t s .  T h i s  extreme s e n s i t i v i t y  makes a c c u r a t e  
p r e d i c t i o n  o f  l o n g i t u d i n a l  mot ion  under  t r a n s v e r s e  winds  a  
v i r t u a l  i m p o s s i b i l i t y  u n l e s s  a c c u r a t e  wind d a t a  from many 
l o c a t i o n s  a round t h e  l a k e  a r e  a v a i l a b l e .  

The c a u s e  o f  t h e  second  problem,  e x c e s s i v e  o s c i l l a t i o n ,  
i s  more d i f f i c u l t  t o  a s s i g n .  However, a  l i k e l y  e x p l a n a t i o n  
is  s u g g e s t e d  i f  t h e  r e s u l t s  o f  t h e  J u l y  1961  and J u l y  1963 
s i m u l a t i o n s  a r e  examined c l o s e l y .  Were e x c e s s i v e  
o s c i l l a t i o n  a n  i n h e r e n t  model e r r o r ,  t h e s e  s i m u l a t i o n s  t o o  
s h o u l d  s u f f e r  from t h e  problem.  I n s t e a d ,  t h e  s i m u l a t i o n s  
u s i n g  i n p u t  d a t a  d e r i v e d  from t h e  K e s z t h e l y  wind r e c o r d  have  
t r a n s v e r s e  o s c i l l a t i o n s  comparab le  t o  t h o s e  a c t u a l l y  
o b s e r v e d .  I n  t h e  J u l y  1963 s i m u l a t i o n  employing  t h e  
Ba la tonszemes  wind d a t a ,  however ,  t h e  o s c i l l a t i o n  is a g a i n  
t o o  l a r g e .  Though t h i s  is  most  e v i d e n t  a t  mid- lake  s t a t i o n s  
( n o t  p i c t u r e d ) ,  t h e  t e n d e n c y  i s  a p p a r e n t  i n  F i g u r e  8 . 2 4 .  
While  t h i s  e v i d e n c e  is f a r  from c o n c l u s i v e ,  i t  i s  
n e v e r t h e l e s s  s u g g e s t i v e .  I t  may b e  t h a t  t h e  Ba la tonszemes  
wind d a t a  is s i m p l y  n o t  r e p r e s e n t a t i v e  o f  winds  o v e r  t h e  
r ema inde r  o f  t h e  l a k e ,  and t h u s  l e a d s  t o  poor  p r e d i c t i o n s .  
( T h i s ,  o f  c o u r s e ,  may a l s o  b e  t h e  f a u l t  o f  t h e  a d j u s t m e n t  
f a c t o r  a p p l i e d  due  t o  t h e  assumed s p a t i a l  v a r i a t i o n . )  
U n f o r t u n a t e l y ,  t h e  g e n e r a l i t y  o f  t h i s  e x p l a n a t i o n  c a n n o t  b e  
e s t a b l i s h e d  u n t i l  more d a t a  i s  a v a i l a b l e  and more h i s t o r i c a l  
e v e n t s  a r e  s i m u l a t e d .  The i n h e r e n t  u n c e r t a i n t y  a n d  e r r o r  i n  
t h e  wind measurement  i s  a n o t h e r  l i k e l y  e x p l a n a t i o n .  
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Comparison o f  s i m u l a t i o n  
r e s u l t s  and o b s e r v a t i o n s  

f o r  e v e n t  o f  
J u l y  8 and 9 ,  1963 

c) Curren t  i n  Tihany S t r a i t  
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Observat ion  d a t a  f o r  e v e n t  
o f  October 5 ,  1963 



a) Water surface elevation 
at Balatonszemes 

b) Water surface elevation 
at Balatonakali 

F i g u r e  8.26 

Comparison o f  s i m u l a t i o n  
r e s u l t s  and o b s e r v a t i o n s  

f o r  e v e n t  o f  
Oc tobe r  5 ,  1963 

C) Current in Tihany Strait 



8.5  A n a l y s i s  and C o n c l u s i o n s  

8.5.1 C o n c l u s i o n s  

T h i s  c h a p t e r  h a s  d e s c r i b e d  t h e  p r o c e s s  o f  c a l i b r a t i n g ,  
t e s t i n g  s e n s i t i v i t y  and v e r i f y i n g  t h e  G a l e r k i n  model f o r  
a p p l i c a t i o n  t o  Lake B a l a t o n .  R e s u l t s  from t h e  c a l i b r a t i o n  
and s e n s i t i v i t y  t e s t i n g  i l l u s t r a t e  t h a t  t h e  mode l ,  t hough  i t  
is s e n s i t i v e  t o  c e r t a i n  p a r a m e t e r s ,  c a n  b e  c a l i b r a t e d  t o  
p roduce  s e i c h e  a m p l i t u d e ,  p e r i o d  and a t t e n u a t i o n  s i m i l a r  t o  
t h a t  o b s e r v e d  i n  B a l a t o n .  R e p r o d u c t i o n  o f  t h e  l a k e ' s  
b e h a v i o r  d e p e n d s  p r i m a r i l y  on t h e  c h o i c e  o f  t h e  form and 
magn i tude  o f  t h e  v e r t i c a l  eddy  v i s c o s i t y  f u n c t i o n .  Model 
r e s u l t s  a r e  r e l a t i v e l y  i n d e p e n d e n t  o f  t h e  botto'm f r i c t i o n  
f a c t o r  and f i n i t e  d i f f e r e n c e  g r i d  s p a c i n g  o v e r  t h e  r a n g e  
i n v e s t i g a t e d .  However, t h e  speed  and d i r e c t i o n  o f  t h e  wind 
s i g n i f i c a n t l y  a f f e c t  t h e  p r e d i c t e d  w a t e r  mo t ion  and w a t e r  
s u r f a c e  e l e v a t i o n .  

v e r i f i c a t i o n  o f  t h e  model a g a i n s t  a c t u a l  h i s t o r i c a l  
e v e n t s  proved  s u c c e s s f u l ,  t hough  n o t  w i t h o u t  e x c e p t i o n .  Two 
e v e n t s  c h a r a c t e r i z e d  by a  s t r o n g  l o n g i t u d i n a l  s e i c h e ,  i n  
J u l y  1961  and  J u l y  1963 ,  were a d e q u a t e l y  p r e d i c t e d  u s i n g  
i n p u t  d a t a  based  upon wind r e c o r d s  from K e s z t h e l y .  
R e p e t i t i o n  o f  t h e  J u l y  1963 s i m u l a t i o n  w i t h  wind d a t a  based  
on t h e  B a l a t o n s z e m e s  r e c o r d  l e d  t o  i n c o r r e c t  r e s u l t s ,  
however.  

A s t r o n g  t r a n s v e r s e  s e i c h e  domina ted  t h e  mo t ion  o f  a  
t h i r d  h i s t o r i c a l  e v e n t ,  i n  Oc tobe r  1963.  T h i s  e v e n t  was n o t  
w e l l  r e p r e s e n t e d  by t h e  model s i m u l a t i o n  d u e ,  w e  s u s p e c t ,  t o  
i n a d e q u a c i e s  i n  t h e  i n p u t  wind d a t a .  E v e n t s  s u c h  a s  t h i s ,  
where  t h e  wind is a l m o s t  e x a c t l y  t r a n s v e r s e  t o  t h e  l a k e ,  
p romise  t o  b e  d i f f i c u l t  f o r  any  c i r c u l a t i o n  model .  Under 
t h e s e  c i r c u m s t a n c e s ,  s m a l l  e r r o r s  i n  t h e  wind d a t a  c a n  
p r o d u c e  l a r g e  e r r o r s  i n  t h e  p r e d i c t e d  mot ion .  T h i s  problem 
c a n  most  l i k e l y  b e  reduced  by  more a c c u r a t e  and c o m p l e t e  
s p e c i f i c a t i o n  o f  t h e  wind o v e r  t h e  e n t i r e  l a k e .  

From t h e  g e n e r a l  s u c c e s s  o f  t h e  c a l i b r a t i o n  and 
v e r i f i c a t i o n  s t u d i e s ,  w e  c o n c l u d e  t h a t  t h e  model c a n  b e  a  
u s e f u l  and r e a s o n a b l y  a c c u r a t e  t o o l  f o r  t h e  s t u d y  o f  Lake 
B a l a t o n ' s  w a t e r  q u a l i t y .  How i t  c a n  b e  i n t e g r a t e d  i n t o  t h e  
s t u d y  o f  w a t e r  q u a l i t y  is d i s c u s s e d  i n  C h a p t e r  9 .  B e f o r e  
t u r n i n g  t o  t h a t  d i s c u s s i o n ,  however ,  i t  is u s e f u l  t o  
i l l u s t r a t e  by  example  t h e  t y p e  o f  i n f o r m a t i o n  which t h e  
model c a n  s u p p l y .  T h i s  is t h e  t o p i c  o f  t h e  f o l l o w i n g  
s u b s e c t i o n ,  a n  a n a l y s i s  o f  t h e  s i m u l a t i o n  r e s u l t s  f o r  t h e  
J u l y  1963 e v e n t .  



8 . 5 . 2  A n a l y s i s  o f  a n  E v e n t  S i m u l a t i o n  

Hav ing  b e e n  s u c c e s s f u l l y  c a l i b r a t e d  and  v e r i f i e d ,  t h e  
c i r c u l a t i o n  model  becomes  a  t o o l  w h i c h  we  c a n  u s e  t o  s t u d y  
a n d  p r e d i c t  t h e  m o t i o n  w i t h i n  t h e  l a k e .  Of p a r t i c u l a r  
i n t e r e s t  f o r  t h e  Lake B a l a t o n  s t u d y  a r e  t h o s e  m o t i o n s  w h i c h  
w i l l  s i g n i f i c a n t l y  a f f e c t  t h e  w a t e r  q u a l i t y  w i t h i n  t h e  l a k e .  
I n  t h i s  s e c t i o n  w e  w i l l  e x a m i n e  s e l e c t e d  r e s u l t s  f rom o u r  
s i m u l a t i o n  o f  t h e  J u l y  8 a n d  9 ,  1 9 6 3  e v e n t  t o  i l l u s t r a t e  t h e  
s p a t i a l  and  t e m p o r a l  c h a r a c t e r  o f  m o t i o n  . w i t h i n  t h e  l a k e .  

A s  a  f r a m e w o r k  f o r  o u r  a n a l y s i s ,  w e  s u b d i v i d e  t h e  l a k e  
i n t o  f o u r  b a s i n s  a s  shown i n  F i g u r e  8.27. T h i s  f o u r  b a s i n  
c o n f i g u r a t i o n  h a s  b e e n  used  p r e v i o u s l y  i n  m o d e l s  o f  
B a l a t o n l s  water q u a l i t y  by Leonov (19e0),  van  Straten (1980) and 
C s a k i  and  Kutas  ( 1 9 8 0 ) .  I n  t h o s e  models ,  e a c h  b a s i n  i s  a s  a 
s e p a r a t e  f u l l y  mixed  "box"  i n  w h i c h  t h e  p h o s p h o r u s  
t r a n s f o r m a t i o n s  o v e r  time a r e  s i m u l a t e d .  The b o x e s  i n t e r a c t  
o n l y  t h r o u g h  t h e  e x c h a n g e  a n d  t r a n s p o r t  o f  m a s s  b e t w e e n  t h e  
b o x e s  - a n  unknown f a c t o r  w h i c h  m u s t  b e  s p e c i f i e d  a s  i n p u t  
t o  t h e  p h o s p h o r u s  m o d e l s .  I n  t h e  p a s t ,  m o n t h l y  a v e r a g e  
h y d r o l o g i c  f l o w  r a t e s  h a v e  b e e n  u s e d  a s  t h e  m a s s  t r a n s p o r t  
r a t e s .  I n  t h i s  s e c t i o n ,  w e  w i l l  r e - e v a l u a t e  t h o s e  
t r a n s p o r t s  u s i n g  t h e  c i r c u l a t i o n  m o d e l .  
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C o r r e s p o n d e n c e  o f  t h e  Lake B a l a t o n  b a s i n s  w i t h  t h e  
c i r c u l a t i o n  model  f i n i t e  d i f f e r e n c e  g r i d  



The t o t a l ,  n e t  t r a n s p o r t  be tween  t h e  b a s i n s  i s  shown i n  
F i g u r e  8.28 a s  t h e  t i m e  h i s t o r i e s  o f  f l u x  r a t e s  (volume o f  
w a t e r  p e r  u n i t  t i m e )  p r e d i c t e d  by t h e  model .  The f l u x e s  
shown a r e  f o r  t h e  t h r e e  i n t e r - b a s i n  s e c t i o n s  i n d i c a t e d  by  
co lumns  o f  h o r i z o n t a l  a r r o w s  i n  F i g u r e  8.27.  We n o t e  two 
i m p o r t a n t  c h a r a c t e r i s t i c s  o f  t h e s e  f l u x e s .  They a r e  h i g h l y  
t r a n s i e n t ;  f o r  example ,  a t  t h e  S z i g l i g e t  t o  Szemes s e c t i o n  
t h e  n e t  t r a n s p o r t  r e v e r s e s  d i r e c t i o n  s e v e n  times i n  e i g h t  
h o u r s .  The f l u x e s  a r e  a l s o  v e r y  l a r g e ,  e x c e e d i n g  t h e  
h y d r o l o g i c  t h r o u g h - f l o w s  by  s e v e r a l  o r d e r s  o f  magn i tude .  
When ex  r e s s e d  i n  t h e  same u n i t s  a s  used i n  F i g u r e  8.28 5' (1000 m /s). t h e  mon th ly  a v e r a g e  f l o w s  from T a b l e  7 .1  a t - .  
0.009, 0.014, and 0.014 f o r  t h e  i n t e r - b a s i n  s e c t i o n s  i n  
o r d e r  from K e s z t h e l y  t o  S i o f o k .  The r e s u l t s  c l e a r l y  
i n d i c a t e  t r a n s p o r t s  o f  f a r  g r e a t e r  magn i tude  and t r a n s i e n c e  
t h a n  employed i n  t h e  w a t e r  q u a l i t y  models  t o  d a t e .  

The t r a n s p o r t s  shown i n  F i g u r e  8 .28 ,  b e i n g  n e t  
t r a n s p o r t s ,  i g n o r e  a l l  v a r i a t i o n s  i n  t h e  c u r r e n t  a c r o s s  t h e  
l a k e  s e c t i o n .  Such v a r i a t i o n s ,  i f  s i g n i f i c a n t ,  would b e  
i m p o r t a n t  i f  w a t e r  q u a l i t y  p a r a m e t e r s  v a r i e d  a c r o s s  t k e  
s e c t i o n  a s  w e l l .  They c o u l d  a l s o  a c t  t o  c a u s e  mix ing  a l o n g  
t h e  l a k e .  The magn i tude  o f  such  c u r r e n t  v a r i a t i o n s  a r e  
shown i n  F i g u r e s  8 .29 t h r o u g h  8.31.  F i g u r e s  5.29 and 8.30 
show t h e  l a t e r a l  p r o f i l e s  o f  v e l o c i t y  a t  t h e  w a t e r  s u r f a c e  
(unshaded  p r o f i l e )  and one meter above  t h e  l a k e  bo t tom 
( shaded  p r o f i l e )  a t  t h e  s e c t i o n s  be tween  t h e  K e s z t h e l y  and 
S z i g l i g e t  b a s i n s ,  and t h e  S z i g l i g e t  and Szemes b a s i n s .  The 
s e c t i o n  between t h e  Szemes and S i o f o k  b a s i n s ,  l o c a t e d  a t  
T ihany  S t r a i t ,  i s  r e p r e s e n t e d  more s i m p l y  i n  t h e  model:  a s  a  
s i n g l e  g r i d  s q u a r e  r a t h e r  t h a n  t h e  two o r  t h r e e  l a t e r a l  
g r i d s  a t  t h e  o t h e r  s e c t i o n s .  T h i s  p e r m i t s  t h e  d i f f e r e n t  
p r e s e n t a t i o n  f o r m a t  used i n  F i g u r e  8 .31  f o r  t h i s  s e c t i o n ,  
showing t h e  c o m p l e t e  v e r t i c a l  v e l o c i t y  p r o f i l e .  

F i g u r e s  8 .29  t h r o u g h  8 - 3 1  r e v e a l  g e n e r a l l y  u n i d i r e c t i o n a l  
f l o w  t h r o u g h o u t  a  s e c t i o n .  Large  v e l o c i t y  v a r i a t i o n s  i n  t h e  
v e r t i c a l  a r e  n o t  uncommon, however ,  and c o u n t e r - c u r r e n t s  a t  
t h e  l a k e  s u r f a c e  and bot tom a r e  o b s e r v e d  o c c a s i o n a l l y .  
However, i t  is c l e a r  t h a t  f l o w  v a r i a t i o n s  i n  time a r e  
c o n s i d e r a b l y  g r e a t e r  t h a n  t h o s e  i n  t h e  v e r t i c a l  and l a t e r a l  
d i r e c t i o n s .  

Mass t r a n p o r t  need  n o t  o c c u r  s o l e l y  i n  t h e  l o n g i t u d i n a l  
d i r e c t i o n ,  o f  c o u r s e ,  l a t e r a l  m o t i o n s  c a n  i n f l u e n c e  w a t e r  
q u a l i t y  a s  w e l l .  The c h a r a c t e r  o f  l a t e r a l  t r a n s p o r t  w i t h i n  
t h e  Szemes b a s i n  is examined i n  F i g u r e  8 .32 ,  a  d rawing  
s i m i l a r  t o  t h o s e  i n  F i g u r e s  8.29 and 8.30,  b u t  showing t h e  
t r a n s p o r t  a c r o s s  a n  e a s t - w e s t ,  r a t h e r  t h a n  a  n o r t h - s o u t h ,  
s e c t i o n .  The s e c t i o n  is l o c a t e d  by t h e  row o f  v e r t i c a l  
a r r o w s  i n  F i g u r e  8 - 2 7 .  Again,  b o t h  s u r f a c e  and bot tom 
c u r r e n t s  a r e  shown. 



The mode l  r e s u l t s  p i c t u r e d  i n  F i g u r e  8 . 3 2  i n d i c a t e  
c o n s i d e r a b l y  g r e a t e r  s p a t i a l  v a r i a t i o n  t h a n  i n  t h e  i n t e r -  
b a s i n  s e c t i o n s .  S t r o n g  f l o w  r e v e r s a l s  o c c u r  b o t h  v e r t i c a l l y  
a n d  h o r i z o n t a l l y ,  s h o w i n g  t h a t  s i g n i f i c a n t  m i x i n g  o c c u r s  
w i t h i n  t h e  b a s i n .  To e s t i m a t e  t h e  v o l u m e  mixed  b y  t h e s e  
f l o w s ,  w e  c a n  u s e  F i g u r e  8 .32  t o  r o u g h l y  c o m p u t e  t h e  time 
i n t e g r a l s  o f  t h e  s u r f a c e  and  b o t t o m  v e l o c i t i e s .  T h e s e  
i n t e g r a l s  a r e  t h e  a p p r o x i m a t e  d i s t a n c e s  p a r c e l s  o f  w a t e r  
n e a r  t h e  s u r f a c e  and  b o t t o m  would b e  t r a n s p o r t e d  i n  t h e  9 
h o u r s  i n  F i g u r e  8 .32 .  A t  b o t h  d e p t h s ,  t h e  d i s t a n c e  is  o v e r  
1 k i l o m e t e r ,  o r  r o u g h l y  o n e - f i f t h  o f  t h e  b a s i n  w i d t h .  T h i s  
i n d i c a t e s  a  v o l u m e  e x c h a n g e  o f  r o u g h l y  t h e  same f r a c t i o n :  
o n e - f i f t h  o f  t h e  vo lume  i n  a  c r o s s - s e c t i o n  o f  u n i t  w i d t h  
w i l l  e x c h a n g e  b e t w e e n  t h e  s u r f a c e  and  b o t t o m  w a t e r s .  
M o d e l i n g  t h e  b a s i n  a s  f u l l y - m i x e d  l a t e r a l l y ,  a s  d o n e  i n  t h e  
e x i s t i n g  w a t e r  q u a l i t y  m o d e l s ,  t h u s  a p p e a r s  t o  b e  a  
r e a s o n a b l e  a p p r o x i m a t i o n  - a t  l e a s t  i f  p e r i o d i c  wind e v e n t s  
o c c u r .  

T h i s  b r i e f  l o o k  a t  t h e  r e s u l t s  f rom t h e  s i m u l a t i o n  model  
h a s  g i v e n  u s  some new i n s i g h t s  i n t o  t h e  t r a n s p o r t  o f  w a t e r  
q u a l i t y  c o n s t i t u e n t s  i n  t h e  l a k e .  W e  h a v e  s e e n  t h a t  l a t e r a l  
m o t i o n  is s t r o n g  and w i l l  c a u s e  c o n s i d e r a b l e  m i x i n g  a c r o s s  
t h e  l a k e ' s  w i d t h .  The s t r e n g t h  o f  t h i s  m i x i n g  is s u f f i c i e n t  
t o  j u s t i f y  n e g l e c t  o f  l a t e r a l  v a r i a t i o n s  i n  w a t e r  q u a l i t y  
c o n s t i t u e n t s .  I n  t h e  l o n g i t u d i n a l  d i r e c t i o n ,  t h e  d o m i n a n t  
t r a n s p o r t  m e c h a n i s m  is t h e  b a c k  a n d  f o r t h  m o t i o n  c a u s e d  b y  
t h e  l o n g i t u d i n a l  s e i c h e .  T h i s  m o t i o n  is i n t e r m i t t e n t ,  s i n c e  
a  s t r o n g  wind is  r e q u i r e d  t o  s e t  t h e  s e i c h e  i n  m o t i o n .  Such 
e v e n t s  a r e  f a i r l y  common o n  t h e  l a k e ,  h o w e v e r ,  a n d  when t h e y  
o c c u r  t h e  s e i c h e  c u r r e n t  v e l o c i t i e s  e x c e e d  t h o s e  o f  t h e  
h y d r o l o g i c  f l o w  b y  a b o u t  two o r d e r s  o f  m a g n i t u d e .  Over 
t ime,  w e  b e l i e v e  t h a t  t h e  s e i c h e - r e l a t e d  m o t i o n  d o m i n a t e s  
t h e  l o n g i t u d i n a l  t r a n s p o r t  o f  n u t r i e n t s  and  o t h e r  w a t e r  
q u a l i t y  c o n s t i t u e n t s  a l o n g  t h e  l a k e .  The h y d r o l o g i c  f l o w  is  
a  v e r y  m i n o r  f a c t o r  i n  t h i s  t r a n s p o r t ,  i n  o u r  o p i n i o n .  
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9  CONCLUSION 

9.1 Summary o f  F i n d i n g s  

Our a n a l y s i s  o f  wind-dr iven  c i r c u l a t i o n  i n  Lake B a l a t o n  
h a s  l e d  t o  t h e  f o l l o w i n g  c o n c l u s i o n s :  

Al though t h e  b a s i c  a s p e c t s  o f  model ing  wind-dr iven  
c i r c u l a t i o n  a r e  r e l a t i v e l y  unambiguous i n  t h e  
l i t e r a t u r e ,  t h e r e  is c o n s i d e r a b l e  u n c e r t a i n t y  and 
d i s a g r e e m e n t  o v e r  t h e  form and v a l u e  o f  c e r t a i n  
key  model i n p u t s ,  p a r t i c u l a r l y  t h e  v e r t i c a l  eddy  
v i s c o s i t y  and bot tom and s u r f a c e  s h e a r  c o n d i t i o n s .  

The G a l e r k i n  model o f  wind-dr iven  c i r c u l a t i o n  is a  
r e l a t i v e l y  i n e x p e n s i v e  means t o  p r e d i c t  t h e  t h r e e -  
d i m e n s i o n a l  s t r u c t u r e  o f  w a t e r  mo t ion  w i t h i n  t h e  
l a k e .  An a n a l y s i s  o f  i t s  a s s u m p t i o n s  and 
a p p r o x i m a t i o n s  c o n f i r m s  i t s  v a l i d i t y  f o r  u se  i n  
Lake B a l a t o n .  

C a r e f u l  a t t e n t i o n  t o  ma tch ing  t h e  l e n g t h  and time 
s c a l e s  o f  t h e  p r o c e s s e s  o f  i n t e r e s t  i n  t h e  l a k e  is 
r e q u i r e d  f o r  b o t h  t h e  hydrodynamic t r a n s p o r t  and 
b i o g e o c h e m i c a l  components  o f  a  c o u p l e d  w a t e r  
q u a 1  i t y  model.  

The G a l e r k i n  model ,  w i t h  p r o p e r  c a l i b r a t i o n ,  c a n  
r e p r o d u c e  t h e  g e n e r a l  b e h a v i o r  o f  Lake B a l a t o n .  
The c a l i b r a t i o n  p a r a m e t e r s  found s u c c e s s f u l  f o r  
B a l a t o n  i n c l u d e  a  b i -1  i n e a r  eddy  v i s c o s i t y  
f u n c t i o n ,  w i t h  a  c o n s t a n t  v a l u e  o f  20  cm2/s t o  t h e  
w a t e r  column mid-depth ,  from where i t  d e c r e a s e s  
l i n e a r l y  t o  0 a t  t h e  l a k e  bo t tom.  

The model is u n a b l e  t o  s a t i s f a c t o r i l y  r e p l i c a t e  
t h e  hydrodynamic b e h a v i o r  o f  t h e  l a k e  u s i n g  a  
d e p t h - c o n s t a n t  v e r t i c a l  eddy  v i s c o s i t y .  

The model is v e r y  s e n s i t i v e  t o  i t s  i n p u t  
p a r a m e t e r s ,  p a r t i c u l a r l y  t h e  form and v a l u e  o f  t h e  
v e r t i c a l  eddy  v i s c o s i t y  and t h e  magn i tude  and 
s p a t i a l  v a r i a t i o n  o f  t h e  wind s h e a r  s t ress .  

The model p r e d i c t i o n s  r e v e a l  t h a t  s e i c h e  mot ion  is 
t h e  dominan t  l o n g i t u d i n a l  t r a n s p o r t  mechanism i n  
t h e  l a k e .  L a t e r a l l y ,  t h e  l a k e  is w e l l  mixed by  
s t r o n g  wind e v e n t s .  



9 . 2  U t i l i t y  o f  t h e  G a l e r k i n  Model f o r  Lake B a l a t o n  

Chap te r  8 h a s  d e m o n s t r a t e d  t h a t  t h e  G a l e r k i n  model c a n  be 
p r o p e r l y  c a l i b r a t e d  and v e r i f i e d  f o r  Lake B a l a t o n ,  and c a n  
t h e r e f o r e  b e  used a s  a  p r e d i c t i v e  t o o l  i n  s t u d i e s  o f  t h e  
l a k e .  Having succeeded  i n  showing t h a t  i t  is f e a s i b l e  t o  
use  t h e  model ,  we must  now a s s e s s  i f  i t  is p r a c t i c a l  t o  do 
S O .  

A f i r s t  c o n s i d e r a t i o n  must be  c o s t .  To s i m u l a t e  a  4 8  
hour p e r i o d  w i t h  t h e  c o a r s e  g r i d  r e q u i r e s  60 CPU s e c o n d s  o f  
computer  t i m e  on t h e  M.I.T. IBM 370/168. T h i s  same t a s k  
r e q u i r e s  a b o u t  500 CPU s e c o n d s  w i t h  t h e  f i n e  g r i d .  These 
a r e  s u b s t a n t i a l  c o m p u t a t i o n  t i m e s ,  s o  t h a t  t h e  model is  
h a r d l y  i n e x p e n s i v e ,  p a r t i c u l a r l y  when u s i n g  t h e  f i n e  g r i d .  
In  f a c t ,  i t  is p r o b a b l y  much t o o  e x p e n s i v e  t o  b e  used i n  
c o n j u n c t i o n  w i t h  a  wa te r  q u a l i t y  model t o  s i m u l a t e  s e a s o n a l  
o r  y e a r l y  p e r i o d s .  

A second c o n s i d e r a t i o n  is t h e  a c c u r a c y  o f  t h e  model.  The 
s t u d i e s  r e p o r t e d  i n  Chap te r  8 emphasize t h e  i n f l u e n c e  o f  t h e  
wind d a t a  and o t h e r  i n p u t s  upon t h e  model p r e d i c t i o n s .  
C l e a r l y ,  t h e  model r e s u l t s  a r e  o n l y  a s  good a s  t h e  d a t a  
d r i v i n g  i t ,  and d i l i g e n c e  and c a r e  a r e  r e q u i r e d  t o  d e v e l o p  
i n p u t  d a t a  which a d e q u a t e l y  r e p r e s e n t  t h e  wind o v e r  t h e  
e n t i r e  l a k e .  

Other  a s p e c t s  o f  t h e  model a c c u r a c y  may b e  r a i s e d .  The 
model i n c o r p o r a t e s  t h e  f o l l o w i n g  a s s u m p t i o n s  and p r o c e d u r e s  
which may n o t  a l w a y s  b e  j u s t i f i e d :  

A l i n e a r  bo t tom f r i c t i o n  law i s  used .  

The v e r t i c a l  eddy v i s c o s i t y  was assumed 
i n d e p e n d e n t  o f  t h e  wind s p e e d .  

The G a l e r k i n  b a s e  f u n c t i o n s ,  uQ and v,, a r e  
b i a s e d  t o w a r d s  c a p t u r i n g  v e l o c i t y  g r a d i e n t s  
n e a r  t h e  s u r f a c e  w i t h  l e s s  c o n c e r n  f o r  t h o s e  
n e a r  t h e  bot tom.  

The d i s p l a c e m e n t  o f  t h e  w a t e r  s u r f a c e  is 
assumed s m a l l  r e l a t i v e  t o  t h e  w a t e r  d e p t h .  

C o n v e c t i v e  a c c e l e r a t i o n s  and h o r i z o n t a l  eddy 
t r a n s p o r t  a r e  n e g l e c t e d .  

These t h e o r e t i c a l  c r i t i c i s m s  s h o u l d  b e  weighed a g a i n s t  t h e  
a p p a r e n t  a b i l i t y  o f  t h e  model t o  f a i r l y  r e p r e s e n t  t h e  l a k e ' s  
b e h a v i o r .  I n d e e d ,  t h e  model h a s  shown a  g r a t i f y i n g  a b i l i t y  
t o  model t h e  unusua l  b e h a v i o r  o f  t h e  v e r y  s h a l l o w  l a k e  
d e s p i t e  a p p r o x i m a t i o n s  and p a r a m e t e r  u n c e r t a i n t i e s .  



W e  must  f u r t h e r  c o n s i d e r  t h e  p r o s p e c t s  o f  a d d i t i o n a l  
v e r i f i c a t i o n  o f  t h e  model.  Though o u r  h i s t o r i c a l  e v e n t  
s i m u l a t i o n s  have  y i e l d e d  a  good d e g r e e  o f  v e r i f i c a t i o n ,  more 
c o u l d  b e  done .  One ma jo r  problem is t h a t  w h i l e  t h e  m o d e l ' s  
d e t e r m i n a t i o n  o f  a  v e r t i c a l  v e l o c i t y  d i s t r i b u t i o n  imposes  an  
e x t r a  compu ta t  i o n a l  b u r d e n ,  t h e  v e r t i c a l  i n f o r m a t i o n  is 
d i f f i c u l t  t o  v e r i f y .  Our f i e l d  s t u d i e s  s u g g e s t  t h a t  t h e  
p r e d i c t e d  p r o f i l e  s h a p e  may b e  a c c u r a t e  i n  a  t ime-averaged  
s e n s e ,  b u t  a  f i r m  c o n c l u s i o n  a w a i t s  f u r t h e r  f i e l d  d a t a .  
S i m i l a r l y ,  t h e  d e t a i l  o f  t h e  p r e d i c t e d  h o r i z o n t a l  
c i r c u l a t i o n .  p a t t e r n s  h a s  o n l y  a  remote  c h a n c e  o f  a d e q u a t e  
v e r i f i c a t i o n .  The s y n o p t i c  measurement  program needed t o  
s u p p l y  s u c h  v e r i f i c a t i o n  d a t a  is n o t  a  p r a c t i c a l  p o s s i b i l i t y  
f o r  Lake B a l a t o n .  Though d a t a  f o r  o t h e r  s h a l l o w  l a k e s  e x i s t  
f o r  i n d e p e n d e n t  v e r i f i c a t i o n ,  t h e  u n u s u a l  g e o m e t r y  o f  Lake 
B a l a t o n  demands a n  i n d i v i d u a l  v e r i f i c a t i o n .  

A f i n a l  p o i n t  t o  c o n t e m p l a t e  is t h e  p r a c t i c a l i t y  o f  t h e  
model a s  a  component o f  a  c o u p l e d  w a t e r  q u a l i t y  model.  The 
h i g h  c o s t  f a c t o r  f o r  t h i s  model ,  men t ioned  above ,  d e r i v e s  
from t h e  b u r d e n  c r e a t e d  by c o m p u t a t i o n  i n  t h r e e  d i m e n s i o n s .  
The v e r t i c a l  v e l o c i t y  p r o f i l e ,  f o r  example ,  i s  e x p e n s i v e  t o  
compute ,  b u t  is f a r  more i n f o r m a t i o n  t h a n  c o u l d  b e  
e f f e c t i v e l y  used a s  i n p u t  t o  a  l i n k e d  w a t e r  q u a l i t y  model .  
Even t h e  t r a n s v e r s e  i n f o r m a t i o n  may n o t  b e  u s e f u l  i n  t h i s  
r e s p e c t :  a  l o n g i t u d i n a l  one-d imens iona l  w a t e r  q u a l  i t y  model 
may b e  p e r f e c t l y  a d e q u a t e  f o r  Lake B a l a t o n .  

Though t h e  c r i t i c i sms  r a i s e d  above  r e s t r i c t  t h e  u s e  o f  
t h e  model a s  a  p r a c t i c a l  t o o l  f o r  w a t e r  q u a l i t y  e n g i n e e r i n g  
and management, t h e  model c a n  n e v e r t h e l e s s  p l a y  a  v e r y  
v a l u a b l e  r o l e  a s  a  r e s e a r c h  and e x p l o r a t i o n  t o o l .  C h a p t e r  7 
i n d i c a t e d  t h e  i m p o r t a n c e  o f  t h e  hydrodynamics  a s  a  f a c t o r  i n  
t h e  l a k e ' s  w a t e r  q u a l i t y .  However, t h e  i n t e r a c t i o n  o f  w a t e r  
q u a l i t y  and hydrodynamics  is  o n l y  p o o r l y  u n d e r s t o o d  i n  t h e  
l a k e ,  and t h e  magn i tude  o f  mix ing  and t r a n s p o r t  f l u x e s  is  
l a r g e l y  unknown. For  example ,  o u r  r e s u l t s  h a v e  shown t h a t  
t h e  mass  t r a n s p o r t s  p r e s e n t l y  used i n  w a t e r  q u a l  i t y  mode l s  
o f  t h e  l a k e  a r e  f a r  t o o  s m a l l .  A program o f  f i e l d  
measurements  t o  f i l l  t h i s  g a p  i s  i m p r a c t i c a l ,  l e a v i n g  t h e  
t h r e e - d i m e n s i o n a l  computer  model a s  t h e  most  a t t r a c t i v e  
f e a s i b l e  means t o  d e t a i l e d  s t u d y  o f  t h e  l a k e  hydrodynamics .  
The 3-D model can  b e  p a r t i c u l a r l y  u s e f u l  a s  a  c o m p a r i s o n  
s t a n d a r d  f o r  s i m p l e r  models  o f  t h e  l a k e  - f o r  example ,  a  
t r a n s i e n t  one -d imens iona l  l o n g i t u d i n a l  model.  W e  e x p l o r e  
t h e s e  i d e a s  f u r t h e r  i n  t h e  f o l l o w i n g  sec t  i o n .  



9.3  Ex tend ing  t h e  C a p a b i l i t y  t o  Model Lake B a l a t o n ' s  Water 
Qua1 i t y  

A b a s i c  r u l e  o f  m a t h e m a t i c a l  model ing  i s  t o  u s e  t h e  
s i m p l e s t  model a d e q u a t e  f o r  t h e  d e s i r e d  p u r p o s e .  Though 
e a s i l y  s t a t e d ,  t h i s  r u l e  is p e r h a p s  n o t  s o  e a s i l y  
implemented ,  s i n c e  i t  is d i f f i c u l t  t o  d e f i n e  " a d e q u a t e  f o r  
t h e  d e s i r e d  purpose ."  I n  t h i s  s . e c t i o n ,  we w i l l  e l a b o r a t e  on 
t h e  n a t u r e  o f  t h i s  d e f i n i t i o n  f o r  Lake B a l a t o n ,  and s u g g e s t  
t h e  r o l e  o f  t h e  t h r e e - d i m e n s i o n a l  c i r c u l a t i o n  model i n  t h e  
d e f i n i t i o n  p r o c e s s .  

The l a k e  w a t e r  q u a l i t y  modeler  f a c e s  a  broad  spec t rum o f  
p o s s i b l e  w a t e r  q u a l i t y  models .  A t  t h e  most  complex end o f  
t h i s  spec t rum l i e s  t h e  t r a n s i e n t  t h r e e - d i m e n s i o n a l  w a t e r  
q u a l i t y  and t r a n s p o r t  model.  A t  t h e  s i m p l e s t  is t h e  l a k e  
modeled a s  a  f u l l y  mixed t a n k ,  o p e r a t e d  on v e r y  l o n g  time 
s t e p s  and n e g l e c t i n g  c o m p l e t e l y  a l l  i n t e r n a l  t r a n s p o r t .  
P o s s i b l e  model a l t e r n a t i v e s  f o r  Lake B a l a t o n  a r e  shown i n  
such  a  spec t rum i n  F i g u r e  9.1.  Working w a t e r  q u a l i t y  models  
o f  t h e  l a k e  l i e  n e a r  t h e  lower  end of  t h i s  s p e c t r u m  s i n c e  
t h e y  u s e  a  four-box f o r m u l a t i o n  (Leonov,  1980;  Csak i  and 
Ku tas ,  1980;  and van S t r a t e n ,  1 9 8 0 ) .  

S i n g l e  
F u l l y -  M u l t i p l e  1 - D  2-D 2-0 
Mixed Box L o n g i t u d i n a l  H o r i z o n t a l  L o n g i t u d i n a l  3-D 

Tank Model V e r t i c a l  

F i g u r e  9 .1  

Water q u a l i t y  models  p o s s i b l e  f o r  Lake B a l a t o n  

To p l a c e  o u r  d i s c u s s i o n  o f  model c h a r a c t e r i s t i c s  i n  t h e  
p r o p e r  c o n t e x t ,  we must f i r s t  d e f i n e  t h e  p u r p o s e s  and g o a l s  
o f  t h e  w a t e r  qua1  i t y  model ing program. U l t i m a t e l y ,  t h e  
models  must b e  a b l e  t o  compare and e v a l u a t e  p o s s i b l e  w a t e r  
q u a l i t y  c o n t r o l  a l t e r n a t i v e s  f o r  Lake B a l a t o n .  Though t h e  



r o o t  o f  B a l a t o n ' s  w a t e r  q u a l i t y  problem is known t o  b e  t h e  
i n t r o d u c t i o n  o f  t h e  a l g a l  n u t r i e n t  phosphorus  i n t o  t h e  l a k e ,  
t h e r e  is l e s s  c e r t a i n t y  o v e r  t h e  mos t  e f f e c t i v e  means t o  
l i m i t  n u t r i e n t  i n f l u x .  N u t r i e n t s  a r e  c a r r i e d  i n t o  t h e  l a k e  
by  s u c h  d i s p a r a t e  s o u r c e s  a s  t h e  s i n g l e  l a r g e  i n f l o w  o f  t h e  
Za la  R i v e r  and t h e  many s m a l l  s t r e a m ,  l o c a l  r u n o f f ,  and  
sewage i n f l o w s  s c a t t e r e d  a round  t h e  l a k e .  These  i n f l o w  
s o u r c e s  v a r y  g r e a t l y  i n  time - f o r  example ,  sewage i n f l o w s  
change  w i t h  t h e  s e a s o n a l  t o u r i s t  p o p u l a t i o n ,  w h i l e  t h e  Za la  
R i v e r  f l u c t u a t e s  w i t h  t h e  a n n u a l  v a r i a t i o n  o f  s t r e a m f l o w ,  
and l o c a l  r u n o f f  and s t r e a m s  r e spond  t o  t h e  e p i s o d i c  
o c c u r r e n c e  o f  r a i n f a l l  s t o r m s .  The s e a s o n a l i t y  o f  f a r m i n g  
l e a d s  t o  s t i l l  more v a r i a t i o n  i n  t h e  q u a n t i t y  o f  n u t r i e n t s  
o r i g i n a t i n g .  from a g r i c u l t u r a l  f e r t i l i z e r s .  These  v a r i o u s  
n u t r i e n t  s o u r c e s ,  which d i f f e r  s o  much i n  t h e i r  s p a t i a l  and 
t empora l  d i s t r i b u t i o n ,  r e q u i r e  v e r y  d i f f e r e n t  c o n t r o l  
s t r a t e g i e s .  The w a t e r  q u a l i t y  model must  d i f f e r e n t i a t e  t h e  
mechanisms and c o n s e q u e n c e s  o f  t h e s e  c o n t r o l s  by r e c o g n i z i n g  
t h e i r  s p a t i a l  and t e m p o r a l  c h a r a c t e r .  

Another  f a c t o r  which g o v e r n s  t h e  s e l e c t i o n  o f  t h e  model 
is t h e  a v a i l a b i l i t y  o f  f i e l d  d a t a  w i t h  which t o  v e r i f y  t h e  
model r e s u l t s .  Model p r e d i c t i o n s  which c a n n o t  b e  
s u b s t a n t i a t e d  by f i e l d  o b s e r v a t i o n s  a r e  o f  l i t t l e  v a l u e ;  a n  
u n v e r i f i e d  model c a n n o t  b e  used w i t h  a o n f i d e n c e  t o  d e s i g n  
w a t e r  q u a l i t y  c o n t r o l s .  I n  B a l a t o n ,  t h e r e  a r e  r e g u l a r  f i e l d  
measurements  o f  w a t e r  q u a l i t y  c o n s t i t u e n t s  a t  o n l y  n i n e  
s t a t i o n s  a l o n g  t h e  l a k e  t e n  times p e r  y e a r .  ( S e e  van  
S t r a t e n  e t  a l ,  1979.)  And, t h e s e  measurements  d o  n o t  
e v a l u a t e  c o n c e n t r a t i o n  v a r i a t i o n s  i n  t h e  v e r t i c a l  o r  
t r a n s v e r s e  d i r e c t i o n s .  T h i s  e f f e c t i v e l y  l i m i t s  t h e  model 
r e s o l u t i o n  t o  d i f f e r e n c e s  a l o n g  t h e  l a k e  o v e r  time p e r i o d s  
o n  t h e  o r d e r  o f  a  f e w  d a y s .  

To s a t i s f y  t h e  g o a l s  s e t  f o r  t h e  model ,  b u t  o b s e r v i n g  t h e  
l i m i t a t i o n s  imposed by  t h e  a v a i l a b l e  d a t a ,  w e  r e q u i r e  a  
w a t e r  q u a l i t y  model a b l e  t o  p r e d i c t  v a r i a t i o n s  a l o n g  t h e  
l a k e ' s  l o n g  a x i s  and o v e r  time p e r i o d s  a s  s h o r t  a s  a  few 
d a y s .  Such a  model is c o n g r u e n t  w i t h  t h e  w a t e r  q u a l i t y  
p rob lems  i d e n t i f i e d  by van  S t r a t e n  e t  a 1  ( 1 9 7 9 ) ;  i n  
p a r t i c u l a r ,  i t  c a n  i s o l a t e  ' t h e  s e v e r e  l o c a l  p rob lems  o f  
K e s z t h e l y  Bay i n c l u d i n g  such  t r a n s i e n t  phenomena a s  a l g a l  
blooms. These  rough bounds  o n  t h e  model c h a r a c t e r i s t i c s  
s u g g e s t  a  t r a n s i e n t  one-d imens iona l  model o f  t h e  c i r c u l a t i o n  
a s  o u r  s i m p l e s t  p o s s i b i l i t y ,  b u t  w e  mus t  f i r s t  c o n s i d e r  t h e  
a p p r o x i m a t i o n s  and s i m p l i f i c a t i o n s  s u c h  a  model e n t a i l s .  

Deve lopnen t  o f  a  one -d imens iona l  t r a n s p o r t  model r e q u i r e s  
t h a t  t h e  l o n g i t u d i n a l  v e l o c i t y  b e  i n t e g r a t e d  o v e r  t h e  w i d t h  
and d e p t h  o f  t h e  l a k e  c r o s s  s e c t i o n .  T h i s  p r o c e s s  is  a l s o  
t h e  b a s i s  t o  d e v e l o p  one-d imens iona l  mode l s  o f  s t r e a m  w a t e r  
q u a l i t y ,  a  f i e l d  i n  which a  s u b s t a n t i a l  body o f  l i t e r a t u r e  
e x i s t s .  For  e i t h e r  t h e  l a k e  o r  s t r e a m ,  i n t e g r a t i o n  o v e r  t h e  
c r o s s  s e c t i o n  c a u s e s  a l l  v e r t i c a l  and l a t e r a l  v a r i a t i o n s  i n  



v e l o c i t y  t o  be  e l i m i n a t e d  and l e a d s  t o  t h e  l o n g i t u d i n a l  
d i s p e r s i o n  c o e f f i c i e n t  t o  c a p t u r e  t h e  e f f e c t s  o f  such  
v a r i a t i o n s  on  l o n g i t u d i n a l  t r a n s p o r t .  The  d i s p e r s i o n  
c o e f f i c i e n t  i s  d e f i n e d  a s  a  f u n c t i o n  o f  t h e  s t r e a m  v e l o c i t y ,  
a s  w e l l  a s  g e o m e t r i c a l  and o t h e r  p r o p e r t i e s .  The  l i t e r a t u r e  
o f  s t r e a m  p o l l u t i o n  model ing  c i t e s  a  number o f  p rob lems  i n  
t h i s  a p p r o a c h ,  i n c l u d i n g  l a t e r a l  v e l o c i t y  v a r i a t i o n s  which 
a r e  g r e a t e r  t h a n  t h e  t h e o r e t i c a l ,  dead z o n e s  i n  t h e  f l o w ,  
s e c o n d a r y  c i r c u l a t i o n s  due  t o  l a t e r a l  and v e r t i c a l  
v e l o c i t i e s ,  and mu1 t i p l e  f l o w  p a t h s  i n  b r a i d e d  s t r e a m s .  
These s t r e a m  c h a r a c t e r i s t i c s  a l l  l e a d  t o  l a r g e  i n c r e a s e s  i n  
t h e  d i s p e r s i o n  c o e f f i c i e n t  above t h e  v a l u e  p r e d i c t e d  by 
t h e o r y .  

Although t h e  a n a l o g y  w i t h  s t r e a m  model ing is i n s t r u c t i v e ,  
Lake B a l a t o n  h a s  many s t r i k i n g  d i f f e r e n c e s  from t h e  s t r e a m  
s i t u a t i o n .  While  s t r e a m  f low i s  g e n e r a l l y  u n i d i r e c t i o n a l  
t h r o u g h o u t  t h e  c r o s s  s e c t i o n ,  o u r  f i e l d  s t u d i e s  and computer  
s i m u l a t i o n s  have  shown f l o w  r e v e r s a l s  i n  v e r t i c a l  and 
l a t e r a l  s p a c e  i n  Lake B a l a t o n .  F u r t h e r ,  t h e  common 
t r a n s v e r s e  winds  l e a d  t o  a  s i g n i f i c a n t  l a t e r a l  c i r c u l a t i o n  
i n  t h e  l a k e .  These  f l o w s ,  which c o r r e s p o n d  t o  s e c o n d a r y  
c i r c u l a t i o n s  i n  s t r e a m s ,  c a n  a c t u a l l y  exceed  t h e  
l o n g i t u d i n a l  f l o w s  i n  B a l a t o n .  Thus ,  t h e  s e c t i o n a l l y  ave raged  
l o n g i t u d i n a l  v e l o c i t y  w i l l  be f a r  less r e p r e s e n t a t i v e  f o r  
B a l a t o n  t h a n  i t  w i l l  b e  f o r  s t r e a m s .  T h i s  r e q u i r e s  a  much 
l a r g e r  l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t  t h a n  would 
t y p i c a l l y  b e  found i n  s t r e a m  model ing .  

V a r i a t i o n s  o f  t h e  l o n g i t u d i n a l  v e l o c i t y  w i t h  t i m e  a r e  
a l s o  i m p o r t a n t  i n  B a l a t o n  due  t o  t h e  f r e q u e n t  and s t r o n g  
s e i c h e  mot ion .  T h i s  t y p e  o f  mot ion  is s i m i l a r  t o  t h a t  found 
i n  a  t i d a l  e s t u a r y ,  s u g g e s t i n g  an  a n a l o g y  between o u r  
model ing  t a s k  and t h a t  o f  e s t u a r i n e  w a t e r  q u a l i t y .  Two 
t y p e s  o f  e s t u a r i n e  w a t e r  q u a l i t y  models  e x i s t :  t h e  r e a l -  
t i m e  model ,  . which c o n s i d e r s  t h e  v a r i a t i o n  o f  l o n g i t u d i n a l  
v e l o c i t y  o v e r  t i m e  s c a l e s  much s h o r t e r  t h a n  t h e  t i d a l  
p e r i o d ,  and t h e  n o n - t i d a l  model ,  which assumes  a  v e l o c i t y  
due  o n l y  t o  t h e  n e t  f r e s h w a t e r  f l o w  from t h e  e s t u a r y .  The  
n o n - t i d a l  model depends  upon a v e r a g i n g  o v e r  t h e  t i d a l  p e r i o d  
t o  simp1 i f y  t h e  v e l o c i t y  t e r m ,  whose t empora l  v a r i a t i o n s  
must  t h e n  b e  a c c o u n t e d  f o r  i n  t h e  l o n g i t u d i n a l  d i s p e r s i o n  
c o e f f i c i e n t .  The c o n s e q u e n t  d i s p e r s i o n  c o e f f i c i e n t  is much 
g r e a t e r  t h a n  t h e  c o r r e s p o n d i n g  c o e f f i c i e n t  f o r  t h e  r e a l - t i m e  
e s t u a r y  model.  Harleman (1971)  c i t e s  s e v e r e  d i f f i c u l t i e s  i n  
d e f i n i n g  t h e  d i s p e r s i o n  c o e f f i c i e n t  f o r  n o n - t i d a l  models  and 
recommends t h e  r e a l - t i m e  model f o r  a l l  s e r i o u s  e s t u a r y  
model ing  e f f o r t s .  

The e x p e r i e n c e  i n  e s t u a r i n e  model ing o f f e r s  an  i m p o r t a n t  
l e s s o n  f o r  o u r  s t u d y  o f  Lake B a l a t o n .  C l e a r l y ,  a v e r a g i n g  
o v e r  s u f f i c i e n t  t i m e  p e r i o d s  t o  e l i m i n a t e  s e i c h e  mot ion  is 
p o s s i b l e ,  b u t  would c r e a t e  c o n s i d e r a b l e  d i f f i c u l t i e s  i n  t h e  
d e t e r m i n a t i o n  o f  t h e  p r o p e r  l o n g i t u d i n a l  d i s p e r s i o n  



c o e f f i c i e n t .  T h i s  recommends t h e  r e a l  t i m e  s o l u t i o n  o f  t h e  
s e i c h e  mot ion  o v e r  time s t e p s  no l o n g e r  t h a n  a b o u t  a n  hour .  
( I n  f a c t ,  u s e  o f  a n  e x p l i c i t  n o n - r i g i d - l i d  c o m p u t a t i o n  
scheme w i l l  impose s t a b i l i t y  c o n s t r a i n t s  l i m i t i n g  t h e  time 
s t e p  t o  t h e  o r d e r  o f  m i n u t e s . )  The o u t p u t  from t h i s  model 
may t h e n  b e  a v e r a g e d  i n  time i f  i t  is  d e s i r e d  t o  r e d u c e  t h e  
time s t e p  f r e q u e n c y  i n  a  l i n k e d  b i o g e o c h e m i c a l  model .  

With t h i s ,  w e  have  r e a s o n a b l y  e s t a b l i s h e d  t h e  d e s i r e d  
model f o r  Lake B a l a t o n :  a  one -d imens iona l  l o n g i t u d i n a l  model 
a b l e  t o  s i m u l a t e  t r a n s i e n t  s e i c h e  mot ion .  However, w e  h a v e  
a l s o  d i s c l o s e d  a  p o s s i b l e  p i t f a l l  i n  t h i s  a p p r o a c h .  Such a  
one-d imens iona l  model would i n c o r p o r a t e  a 1  1 t h e  c o m p l e x i t i e s  
d u e  t o  l a t e r a l  v a r i a t i o n s  i n  t h e  l o n g i t u d i n a l  v e l o c i t y  and 
t r a n s v e r s e  c i r c u l a t i o n s  i n t o  a  s i n g l e  p a r a m e t e r ,  t h e  
l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t .  Expe r imen t s  w i t h  a  
four-box model o f  Lake B a l a t o n  have  shown s i g n i f i c a n t  
s e n s i t i v i t y  i n  t h e  p r e d i c t e d  w a t e r  q u a l i t y  t o  t h e  magn i tude  
o f  exchange  f l o w s  be tween  t h e  boxes  ( v a n  S t r a t e n ,  1 9 8 0 ) .  
Though t h e  exchange  f l o w s  a r e  n o t  i d e n t i c a l  t o  t h e  
d i s p e r s i o n  mechanism, t h e y  a r e  s u f f i c i e n t l y  s i m i l a r  t o  
s u g g e s t  p rob lems .  We b e l i e v e  t h e  d i s p e r s i o n  c o e f f i c i e n t  
w i l l  l i k e l y  b e  a  s e n s i t i v e  p a r a m e t e r  o f  a  one -d imens iona l  
w a t e r  q u a l i t y  model a s  w e l l .  C l e a r l y ,  i t  must  b e  c a r e f u l l y  
d e f i n e d  and c l o s e l y  s t u d i e d  t h r o u g h  s e n s i t i v i t y  s t u d i e s .  

The r e s u l t s  f rom o u r  s i m u l a t i o n  o f  t h e  J u l y  1963 e v e n t ,  
a n a l y s e d  i n  S e c t i o n  8 . 5 ,  a l l o w  u s  t o  i d e n t i f y  m a j o r  
hydrodynaimc i n f l u e n c e s  upon t h e  w a t e r  q u a l i t y .  The back  
and f o r t h  mo t ion  d u e  t o  t h e  s e i c h e  is t h e  most  o b v i o u s  
i n f l u e n c e .  T h i s  mo t ion  is p r i m a r i l y  t r a n s l a t i o n a l :  i t  moves 
p a r c e l s  o f  w a t e r  a l o n g  t h e  l a k e ,  f i r s t  i n  one  d i r e c t i o n  and 
t h e n  back .  Though l a t e r a l  and v e r t i c a l  v e l o c i t y  
n o n u n i f o r m i t i e s  i n  t h i s  mot ion  l e a d  t o  some d i s p e r s i o n ,  
l o n g i t u d i n a l  mix ing  is a  s e c o n d a r y  e f f e c t .  I n  c o n t r a s t ,  t h e  
mot ion  which o c c u r s  when t h e  c u r r e n t  r e v e r s e s  d i r e c t i o n  o v e r  
t h e  w a t e r  d e p t h  is  a  hydrodynamic i n f l u e n c e  which p r i m a r i l y  
m i x e s ,  r a t h e r  t h a n  t r a n s l a t e s ,  w a t e r  a l o n g  t h e  l a k e .  T h i s  
t y p e  o f  mot ion  was found o n l y  o c c a s i o n a l l y  i n  t h e  s i m u l a t i o n  
o f  J u l y  1963,  b u t  i t  n e v e r t h e l e s s  i s  a  ma jo r  c a u s e  o f  mass  
exchange  a l o n g  t h e  l a k e .  Mixing o f  t h i s  t y p e  - t h a t  is, 
v e r y  s t r o n g ,  b u t  i n t e r m i t t e n t ,  mix ing  - w i l l  b e  p o o r l y  
c a p t u r e d  by  a  d i s p e r s i o n  c o e f f i c i e n t  d e p e n d e n t  upon t h e  
a v e r a g e  v e l o c i t y  i n  t h e  l a k e  c r o s s - s e c t i o n .  

I t  i s  a t  t h i s  p o i n t  t h a t  t h e  r o l e  o f  t h e  t h r e e -  
d i m e n s i o n a l  model becomes c l e a r .  The 3-D model c a l c u l a t e s  
d i r e c t l y  t h e  exchange  f l o w s  which t h e  1 - D  model a p p r o x i m a t e s  
o b l i q u e l y  t h r o u g h  t h e  l o n g i t u d i n a l  d i s p e r s i o n  c o e f f i c i e n t .  
Comparison o f  t h e  f l u x e s  p r e d i c t e d  by t h e s e  two mode l s  t h u s  
e n a b l e s  t h e  1 - D  hydrodynamic model t o  b e  checked  and i t s  
adequacy  e v a l u a t e d .  S e n s i t i v i t y  s t u d i e s  on  t h e  l o n g i t u d i n a l  
d i s p e r s i o n  i n  c o n j u n c t i o n  w i t h  t h e  t h r e e - d i m e n s i o n a l  model 
c o u l d  b e  p a r t i c u l a r l y  f r u i t f u l  i n  t h i s  r e s p e c t .  



In  summary, w e  s e e  t h a t  t h e  r o l e  o f  t h e  t h r e e - d i m e n s i o n a l  
model w i l l  b e  o n e  o f  pa rame te r  e s t i m a t i o n  and c a l i b r a t i o n  
f o r  a  s i m p l e r ,  l e s s  e x p e n s i v e  s i m u l a t i o n  model .  In  t h e  
f o l l o w i n g  s e c t i o n  w e  s u g g e s t  a  model t o  b e  deve loped  from 
t h e  t h r e e - d i m e n s i o n a l  model which s t r i k e s  a  m i d d l e  ground 
between t h e  3-D and 1-D models .  T h i s  model ,  w e  b e l i e v e ,  
o f f e r s  a n  a l t e r n a t i v e  which c a n  o p e r a t e  a s  an  e s s e n t i a l l y  
one-d imens iona l  t r a n s p o r t  model f o r  use  i n  w a t e r  qua1 i t y  
s i m u l a t i o n ,  b u t  which p r e s e r v e s  i m p o r t a n t  c h a r a c t e r  i s t i c s  
d i s c o v e r e d  i n  o u r  s t u d i e s  w i t h  t h e  t h r e e - d i m e n s i o n a l  model.  



9.4 F u t u r e  Resea rch  

The f i n d i n g s  r e p o r t e d  i n  t h i s  p a p e r  s u g g e s t  many a v e n u e s  
o f  f u t u r e  r e s e a r c h .  Areas  o f  s t u d y  c u r r e n t l y  c o n t e m p l a t e d  
a r e  c o n t i n u i n g  v e r i f i c a t i o n  s t u d i e s ,  compar i son  and 
e v a l u a t i o n  o f  t h e  t h r . ee -d imens iona l  model w i t h  i n d e p e n d e n t  
one  and two-d imens iona l  mode l s ,  and f u r t h e r  i n v e s t i g a t i o n  o f  
t h e  model r e s u l t s  f o r  g r e a t e r  i n s i g h t  i n t o  t r a n s p o r t  and 
mix ing  w i t h i n  t h e  l a k e .  The mos t  i m p o r t a n t  g o a l  o f  o u r  
f u t u r e  r e s e a r c h  i s ,  o f  c o u r s e ,  t o  d e v e l o p  a  l i n k e d  
hydr0dynam.i~-biogeochemical model o f  t h e  l a k e  w a t e r  q u a l i t y .  

C u r r e n t l y ,  e f f o r t s  a r e  b e i n g  made a t  IIASA t o  o b t a i n  t h e  
n e c e s s a r y  w a t e r  s u r f a c e  e l e v a t i o n  d a t a  t o  t e s t  t h e  model 
w i t h  e v e n t s  o c c u r r i n g  i n  1977. Wind r e c o r d s  f o r  1977  a t  
t h r e e  s t a t i o n s  o n  t h e  l a k e  have  a l r e a d y  been  i n c l u d e d  i n  t h e  
IIASA Lake B a l a t o n  d a t a  bank ,  a l o n g  w i t h  o t h e r  
m e t e o r o l o g i c a l  and w a t e r  q u a l i t y  d a t a .  (The wind r e c o r d s  
a r e  shown i n  F i g u r e  6 . 2  o f  t h i s  r e p o r t . )  U n f o r t u n a t e l y ,  
c o n t i n u o u s l y  r e c o r d i n g  c u r r e n t  meters a r e  no l o n g e r  i n  p l a c e  
i n  t h e  l a k e  s o  t h a t  c u r r e n t  v e l o c i t i e s  c a n  n o t  b e  a  p a r t  o f  
t h e  d a t a  b a s e .  N e v e r t h e l e s s ,  t h e  a v a i l a b i l i t y  o f  t h r e e  
s o u r c e s  o f  wind d a t a  a f f o r d s  a n  o p p o r t u n i t y  t o  f u r t h e r  
e x p l o r e  t h e  t r o u b l e s o m e  q u e s t i o n  o f  wind d a t a  s e n s i t i v i t y .  

E v o l u t i o n  o f  t h e  hydrodynamic model i n t o  a  w a t e r  q u a l i t y  
model r e q u i r e s  b o t h  s imp1 i f  i c a t i o n  o f  t h e  hydrodynamic 
c o m p u t a t i o n  and coup1  ing  w i t h  a  b i o g e o c h e m i c a l  component.  
I n  t h e  p r e v i o u s  s e c t i o n ,  we c o n c l u d e d  t h a t  a  one -d imens iona l  
l o n g i t u d i n a l  model was a  p r a c t i c a l  and a p p r o p r i a t e  l e v e l  o f  
c o m p l e x i t y  f o r  Lake B a l a t o n .  One-dimensional  t r a n s p o r t  is 
a l r e a d y  a n  o u t p u t  o f  t h e  e x i s t i n g  3-D model ,  c a l c u l a t e d  by 
l a t e r a l l y  summing t h e  mass  t r a n s p o r t s  computed i n  e a c h  g r i d .  
T h i s  is a n  i n d i r e c t  and e x p e n s i v e  r o u t e  t o  t h e  d e s i r e d  
o u t p u t ,  however - a  s t r i c t l y  one -d imens iona l  model would 
y i e l d  t h i s  i n f o r m a t i o n  d i r e c t l y  and a t  l e s s  c o s t .  

Our c a l i b r a t i o n  e x p e r i m e n t s  and s i m u l a t i o n s  w i t h  t h e  
t h r e e - d i m e n s i o n a l  model s u g g e s t  p o s s i b l e  p rob lems  w i t h  a  
s i m p l e  1-D model ,  however .  C a l i b r a t i o n  e x p e r i m e n t s  showed 
g r e a t  s e n s i t i v i t y  t o  t h e  form o f  t h e  v e r t i c a l  eddy  
v i s c o s i t y ,  a s  w e l l  a s  t h e  i n a b i l i t y  t o  p r o p e r l y  model s e i c h e  
mot ion  w i t h  a  v e r t i c a l l y  c o n s t a n t  eddy  v i s c o s i t y .  W e  f e a r  
t h a t  a  1 -D model c a n n o t  d o  j u s t i c e  t o  t h e  s u b t l e  
d e p e n d e n c i e s  upon t h i s  p a r a m e t e r  and may f a i l  t o  p r o p e r l y  
c a p t u r e  t h e  s e i c h e  mot ion  and d i s s i p a t i o n .  Moreover ,  a  1-D 
model c a n n o t  model t h e  o c c u r e n c e  o f  v e r t i c a l  r e v e r s a l s  i n  
t h e  l o n g i t u d i n a l  c u r r e n t .  T h i s  i m p o r t a n t  exchange  mechanism 
must  i n s t e a d  b e  c a p t u r e d  i n  t h e  d i s p e r s i o n  c o e f f i c i e n t  - a  
t r e a c h e r o u s  p r o c e d u r e  b e s t  a v o i d e d .  Thus t h e  
c o m p u t a t i o n a l l y  l e s s  e x p e n s i v e  1-D model w i l l  r e s u l t  i n  
o t h e r  c o s t s :  d e c r e a s e d  a c c u r a c y  and more d i f f i c u l t  p a r a m e t e r  
e s t i m a t i o n .  



A s  a  consequence  o f  t h e s e  d i f f i c u l t i e s ,  w e  p ropose  an  
a l t e r n a t i v e  t o  t h e  s t r i c t l y  one-d imens iona l  model .  T h i s  
model can  b e  deve loped  by r e s t r u c t u r i n g  t h e  3-D model t o  
e l i m i n a t e  t h e  l a t e r a l  d i r e c t i o n ,  l e a d i n g  t o  a  two- 
d i m e n s i o n a l  l o n g i t u d i n a l - v e r t i c a l  model.  T h i s  change  w i l l  
r e d u c e  t h e  model f i n i t e - d i f f e r e n c e  g r i d  t o  a  s i m p l e  one- 
d i m e n s i o n a l  d i s c r e t i z a t i o n  and c o n s i d e r a b l e  l e s s e n  t h e  
p r o g r a m ' s  c o m p u t a t i o n a l  c o s t .  I t  w i l l  r e t a i n ,  however ,  t h e  
p o t e n t i a l l y  i m p o r t a n t  a b i l i t i e s  t o  v a r y  t h e  v e r t i c a l  eddy 
v i s c o s i t y  and t o  compute t h e  oppos ing  mass f l u x e s  which 
o c c u r  when t h e  c u r r e n t  r e v e r s e s  i n  t h e  v e r t i c a l .  Comparison 
o f  t h e  b e h a v i o r  o f  t h i s  model w i t h  t h a t  o f  a  s i m p l e  one- 
d i m e n s i o n a l  model c a n  e v a l u a t e  t h e  impor t ance  o f  t h e  model 
f o r m u l a t i o n  and eddy v i s c o s i t y  f u n c t i o n  t o  t h e  model 
r e s u l t s .  

The l o n g i  tud  i n a l - v e r t i c a l  model w i l l ,  w e  e x p e c t ,  b e  
s u f f i c i e n t l y  s i m p l e  f o r  c o u p l i n g  w i t h  a n  e x i s t i n g  
b iogeochemica l  model.  A number o f  a p p r o a c h e s  t o  t h e  
coup1 ing mechanism a r e  p o s s i b l e .  For example ,  t h e  four-box 
approach  may b e  c o n t i n u e d  f o r  w a t e r  q u a l i t y ,  w h i l e  a  f i n e r  
g r i d  f o r  t h e  hydrodynamics  is  employed. I n  t h i s  c a s e ,  o n l y  
t h e  hydrodynamic p r e d i c t i o n s  a t  t h e  box i n t e r f a c e  s e c t i o n s  
would b e  employed. O r ,  t h e  w a t e r  q u a l i t y  model c o u l d  be  
changed t o  c o r r e s p o n d  w i t h  t h e  hydrodynamic model 
d i s c r e t i z a t i o n ,  s o  t h a t  b o t h  t r a n s p o r t  and w a t e r  q u a l i t y  
p a r a m e t e r s  a r e  computed i n  an e s s e n t i a l l y  c o n t i n u o u s  f a s h i o n  
a l o n g  t h e  l a k e .  A compromise between t h e s e  two e x t r e m e s  i s ,  
o f  c o u r s e ,  a l s o  p o s s i b l e .  S t  i l l  a n o t h e r  a l t e r n a t i v e  might  
be  t o  u s e  t h e  w a t e r  q u a l i t y  model i n d e p e n d e n t l y  o f  t h e  
hydrodynamic model ,  b u t  w i t h  exchange  f l o w  f u n c t i o n s  o r  
d i s p e r s i o n  c o e f f i c i e n t s  based upon t h e  hydrodynamic r e s u l t s .  
For example,  from a n  a n a l y s i s  o f  t h e  t h r e e - d i m e n s i o n a l  
hydrodynamic model r e s u l t s  i t  may b e  p o s s i b l e  t o  d e r i v e  a  
u n i t  f u n c t i o n  f o r  exchange  f low.  Such a  f u n c t i o n  c o u l d  b e  
c o n v o l u t e d  w i t h  l o n g i t u d i n a l  wind speed h i s t o r i e s  t o  compute 
exchange  f l o w s  f o r  t h e  w a t e r  q u a l i t y  model .  Examinat ion  o f  
t h e s e  and o t h e r  p o s s i b l e  c o u p l i n g  mechanisms t o  i d e n t i f y  t h e  
most d e s i r a b l e  w i l l  b e  a  ma jo r  g o a l  o f  o u r  c o n t i n u i n g  
r e s e a r c h .  



APPENDIX A FIELD STUDIES OF LAKE BALATON CURRENTS 

A . l  I n t r o d u c t i o n  

F i e l d  s t u d i e s  were made a s  a  p a r t  o f  t h i s  r e s e a r c h  on  . 
f o u r  d i f f e r e n t  d a y s ,  J u l y  11, 1980 and August  11, 1 2  and  1 5 ,  
1980. The measu r ing  program s o u g h t  a  q u a l i t a t i v e  p i c t u r e  o f  
t h e  v e r t i c a l  v e l o c i t y  p r o f i l e  a t  v a r i o , u s  l o c a t i o n s  i n  t h e  
l a k e  and under  v a r i o u s  wind c o n d i t i o n s .  A map showing t h e  
a p p r o x i m a t e  l o c a t i o n s  o f  t h e  measu r ing  s t a t i o n s  is  i n c l u d e d  
a s  F i g u r e  A . 1 .  

The b a s i c  t o o l  f o r  t h e  measurements  was a  Marsh-McBirney 
Model 201 E l e c t r o m a g n e t i c  C u r r e n t  Meter. T h i s  i n s t r u m e n t  
c o n s i s t s  o f  a  s e n s o r  p robe  which i s  a t t a c h e d  by 1 2  meters o f  
c a b l e  t o  an  e l e c t r o n i c  p r o c e s s o r  w i t h  a  v i s u a l l y  r e a d  p a n e l  
meter. The p r o c e s s o r  and p a n e l  me te r  a r e  housed t o g e t h e r  i n  
a  p o r t a b l e  e l e c t r o n i c s  c a s e .  When t h e  p robe  is immersed, 
w a t e r  f lowing  p a s t  i t  i n t e r a c t s  w i t h  t h e  p r o b e ' s  m a g n e t i c  
f i e l d  t o  i n d u c e  a  s m a l l  v o l t a g e  i n  t h e  w a t e r  a b o u t  t h e  
p robe .  T h i s  v o l t a g e ,  which i s  r e l a t e d  t o  t h e  w a t e r  
v e l o c i t y ,  i s  s e n s e d  by e l e c t r o d e s  o n  t h e  p robe  and t h e n  
p r o c e s s e d  t o  p roduce  a  v e l o c i t y  r ead -ou t .  

F i g u r e  A . l  

Approximate l o c a t i o n  o f  measurement  s t a t i o n s  



A . 2  Measurement R e s u l t s  

The f o l l o w i n g  d e s c r i b e s  t h e  c o n d i t i o n s  and r e s u l t s  f o r  
each  s t u d y  d a y  i n  c h r o n o l o g i c a l  o r d e r .  A t  t h e  end o f  t h i s  
Appendix,  a  l i s t  o f  a l l  c o l l e c t e d  d a t a  is i n c l u d e d  a s  T a b l e  
A . 1 .  

J u l y  11 -- 

These  s t u d i e s  were made w i t h  t h e  a s s i s t a n c e  o f  t h e  
Hungarian Academy o f  S c i e n c e s  B i o l o g i c a l  I n s t i t u t e  a t  
T ihany.  The I n s t i t u t e ' s  r e s e a r c h  b o a t ,  t h e  Loczy L a j o s ,  was 
used t o  make measurements  a t  S t a t i o n s  1 t h r o u g h  4 a b o u t  t h e  
p e n i n s u l a  o f  Tihany.  S i n c e  t h i s  was t h e  f i r s t  u se  o f  t h e  
c u r r e n t  me te r  i n  Lake B a l a t o n  t h e  s t u d i e s  were i n t e n d e d  t o  
t e s t  t h e  u t i l i t y  o f  t h e  me te r  a s  w e l l  a s  g a t h e r  some d a t a .  

Wind c o n d i t i o n s  were v a r i a b l e ,  b u t  g e n e r a l l y  l i g h t  d u r i n g  
t h e  morning.  During t h e  f i r s t  two s e t s  o f  measurements ,  t h e  
winds were from t h e  e a s t  and q u i t e  l i g h t .  L a t e r ,  a s  w e  
p roceeded  t o  S t a t i o n  3 ,  t h e  winds  s h i f t e d  t o  t h e  n o r t h  and 
g rew s t r o n g e r ,  a l m o s t  s to rmy .  These  winds d i e d  o u t  by t h e  
t i m e  o f  o u r  f i n a l  measurements ,  however.  S t a t i o n s  3  and 4 
were i n  t h e  wind shadow o f  t h e  h i l l s  on t h e  w e s t e r n  s i d e  o f  
t h e  Tihany P e n i n s u l a  d u r i n g  t h e  n o r t h  winds .  

T h e  measurement  a p p a r a t u s  c o n s i s t e d  o f  a  5 m e t e r  i r o n  
p i p e ,  r o u g h l y  2 cm i n  d i a m e t e r ,  t o  w h i c h  t h e  c u r r e n t  m e t e r  
p robe  was a t t a c h e d  a t  t h e  end .  Tape s t r i p s  were p o s i t i o n e d  
a t  one  h a l f  m e t e r  i n t e r v a l s  from t h e  p robe  t o  mark t h e  
l e n g t h  o f  t h e  p i p e ,  and c r o s s  marks were a l s o  p l a c e d  t o  show 
t h e  d i r e c t i o n  i n  w h i c h  t h e  probe  was p o i n t e d .  The p i p e  was 
lowered i n t o  t h e  wa te r  t o  v a r i o u s  d e p t h s  and t h e  v e l o c i t y  
was read from t h e  r ead -ou t  m e t e r  on t h e  b o a t .  S i n c e  t h e  
p robe  o n l y  s e n s e s  c u r r e n t  v e l o c i t y  i n  a  s i n g l e  d i r e c t i o n ,  
t h e  p i p e  was r o t a t e d  u n t i l  t h e  d i r e c t i o n  of  maximum v e l o c i t y  
was found.  The speed  was t h e n  r e c o r d e d ,  a l o n g  w i t h  t h e  
d i r e c t i o n  a s  e s t i m a t e d  by comparing t h e  d i r e c t i o n a l  t a p e  
marks  on  t h e  p i p e  w i t h  a  compass .  T h e  me te r  v e l o c i t y  
r e a d i n g  was q u i t e  s t e a d y  and showed no l a r g e  i n f l u e n c e  due  
t o  b o a t  mo t ion .  The b o a t  was anchored  a t  each  s t o p .  

The s i n g l e  e x c e p t i o n  t o  t h i s  p r o c e d u r e  was made a t  
S t a t i o n  4 d u r i n g  t h e  r e a d i n g s  b e g i n n i n g  a t  1215.  Here ,  t h e  
p robe  was moved a b o u t  two m e t e r s  from t h e  end o f  t h e  p i p e  
and t h e  p i p e  was pushed i n t o  t h e  l a k e  bot tom t o  remain  
s t a t i o n a r y  f o r  a b o u t  1 5  m i n u t e s  a t  a  d e p t h  o f  2.5 m e t e r s .  
During t h a t  t i m e  t h e  c u r r e n t  r e a d i n g  remained e s s e n t i a l l y  
c o n s t a n t .  T h e  r e a d i n g s  a t  2 ,  1 .5  and 0.5 m e t e r s  were t h e n  
made i n  t h e  f a s h i o n  d e s c r i b e d  above.  

The d a t a  c o l l e c t e d  a r e  shown i n  F i g u r e s  A . 2  t h r o u g h  A.5 
f o l l o w i n g  t h e  t e x t  o f  t h i s  Appendix.  W i t h  t h e  e x c e p t i o n  o f  
t h e  n e a r l y  c o n s t a n t  p r o f i l e  i n  t h e  S t r a i t  o f  Tihany ( S t a t i o n  



2 ) ,  t h e  c u r r e n t s  were v a r i a b l e  i n  b o t h  speed  and d i r e c t i o n .  
A t  S t a t i o n  3 a t  1 2 4 5 h o u r s ,  f o r  example ,  t h e  c u r r e n t  
appea red  p a r t i c u l a r l y  t r a n s i e n t ,  s h i f t i n g  d i r e c t i o n  and 
v a r y i n g  speed  c o n s i d e r a b l y  a t  t h e  2.5 m e t e r  d e p t h .  

Au u s t  11 and 1 2  4--- 
These  s t u d i e s  were  made u s i n g  t h e  B i o l o g i c a l  I n s t i t u t e ' s  

r e s e a r c h  b o a t  i n  t h e  same f a s h i o n  a s  r e p o r t e d  above .  The 
o n l y  s i g n i f i c a n t  change  i n  p r o c e d u r e  was t h e  u se  o f  VITUKI1s 
s t r e a m  g a g i n g  rod r a t h e r  t h a n  a n  i r o n  p i p e  f o r  h o l d i n g  t h e  
c u r r e n t  meter v e l o c i t y  p robe .  The m e t a l  g a g i n g  rod was 
s c o r e d  a t  10 cm i n t e r v a l s ,  e n a b l i n g  more a c c u r a t e  d e p t h  
p l acemen t  o f  t h e  p robe .  

The p r o c e d u r e  used  i n  t h e s e  s t u d i e s  was t o  p o s i t i o n  t h e  
b o a t  ( w i t h  t h r e e  a n c h o r s )  and remain  i n  p l a c e  f o r  r e p e a t e d  
measurements .  On t h e  1 1 t h  t h e  wind was v e r y  l i g h t  a t  f i r s t ,  
b u t  a c c e l e r a t e d  by m i d - a f t e r n o o n  t o  3 .5  m / s .  Wind d i r e c t i o n  
was g e n e r a l l y  from t h e  e a s t  w i t h  t h e  e x c e p t i o n  o f  a  b r i e f  
p e r i o d  a round 1500 h o u r s  when t h e  wind came from SSW. S i x  
p r o f i l e s  a t  S t a t i o n  1 and two a t  S t a t i o n  3  a r e  i n c l u d e d  a s  
F i g u r e s  A.6 and A.7. 

One v a r i a t i o n  o n  t h e  measurement  p r o c e d u r e  was employed 
a t  S t a t i o n  1 t o  e v a l u a t e  t h e  s t e a d i n e s s  o f  t h e  c u r r e n t .  The 
p r o b e  was a l i g n e d  w i t h  t h e  a p p r o x i m a t e  wind d i r e c t i o n  ( 8 0  
d e g r e e s )  and h e l d  s t a t i o n a r y  a t  f o u r  d e p t h s  f o r  2  o r  3  
m i n u t e  d u r a t i o n s .  During t h e s e  p e r i o d s ,  r e a d i n g s  were made 
c o n t i n u o u s l y  a t  a n  i n t e r v a l  o f  a b o u t  3 s e c o n d s  ( t h e  time t o  
r e a d  a l o u d  and wr i t e  down a  measurement )  . The r e s u l t s  a r e  
shown i n  F i g u r e  A.8. 

Measurements  were  made o n l y  on  t h e  morning o n  August  1 2  
a n d ,  a s  w e  t y p i c a l l y  found  i n  t h e  morn ing ,  winds  were l i g h t .  
T h r e e  p r o f i l e s  a t  S t a t i o n  3 were t a k e n  and a r e  i n c l u d e d  a s  
F i g u r e  A.9. 

August  1 5  

Using t h e  VITUKI r e s e a r c h  b o a t ,  L a s z l o  Somlyody made 
measurements  o f f  B a l a t o n s z e m e s  o n  t h e  1 5 t h .  The VITUKI b o a t  
is l a r g e r  t h a n  t h e  B i o l o g i c a l  I n s t i t u t e ' s  and proved  less 
s u i t e d  f o r  t h e  measurements .  Keeping t h e  b o a t  s t a t i o n a r y  
was p a r t i c u l a r l y  t r o u b l e s o m e  and p r e v e n t e d  t a k i n g  u s e f u l  
measurements  d u r i n g  t h e  morning .  By a f t e r n o o n ,  a  p r o c e d u r e  
was d e v i s e d  t o  c o l l e c t  u s e f u l  d a t a  and t h r e e  d e t a i l e d  
p r o f i l e s  were made under  f a i r l y  b r i s k  o n s h o r e  winds .  The 
c o l l e c t e d  d a t a  a r e  g i v e n  i n  F i g u r e s  A.10 and A . l l .  



A.  3 C o n c l u s i o n s  

The c o l l e c t e d  d a t a  l e a d  t o  t h e  f o l l o w i n g  c o n c l u s i o n s :  

S t r o n g ,  u n i d i r e c t i o n a l  c u r r e n t s  were found  i n  T i h a n y  
S t r a i t ,  i n  a g r e e m e n t  w i t h  M u s z k a l a y ' s  ( 1 9 7 3 )  e a r l i e r  
measu remen t s .  

T h i s  c o n c l u s i o n  is q u a l i f i e d  b y  t h e  f a c t  t h a t  i t  
is  b a s e d  upon a  s i n g l e  measured  p r o f i l e .  

C u r r e n t s  i n  o t h e r  p a r t s  o f  t h e  l a k e  a r e  h i g h l y  
t r a n s i e n t ,  a p p a r e n t l y  r e s p o n d i n g  t o  an  u n s t e a d y  
t u r b u l e n t  t r a n s p o r t  o f  wind s h e a r  v e r t i c a l l y  i n t o  t h e  
w a t e r  co lumn ,  a s  w e l l  a s  t o  o t h e r  a p p a r e n t l y  s t r o n g  
i n f l u e n c e s  s u c h  a s  s e i c h i n g .  

The c o n t i n u o u s  m e a s u r e m e n t s  made a t  S t a t i o n  1, 
shown i n  F i g u r e  A.8, a r e  p a r t i c u l a r l y  r e v e a l i n g  i n  
t h i s  r e s p e c t .  V i s u a l  i n s p e c t i o n  o f  F i g u r e  A . 8  
i n d i c a t e s  i n c r e a s i n g  u n s t e a d i n e s s  w i t h  d e p t h  - 
compare ,  f o r  e x a m p l e ,  t h e  t r a c e  f o r  0 .5  meter w i t h  
t h a t  f o r  2.5 meters. T h i s  is  c o n f i r m e d  by  t h e  
s t a t i s t i c s  p l o t t e d  i n  F i g u r e  A.9. The mean 
v e l o c i t y  f a l l s  more  o r  l e s s  i n t o  t h e  t y p e  o f  
p r o f i l e  p r e d i c t e d  b y  t h e o r y .  The i n c r e a s i n g  
s t a n d a r d  d e v i a t i o n  w i t h  d e p t h  c o n £  irms o u r  
o b s e r v a t i o n  t h a t  u n s t e a d i n e s s  i n c r e a s e s  w i t h  
d e p t h .  S i g n i f i c a n t l y ,  t h e s e  m e a s u r e m e n t s  i n d i c a t e  
a  f u n d a m e n t a l  d i f f i c u l t y  i n  a c c u r a t e l y  t h e  
v e l o c i t y  p r o f i l e  w i t h  a  s i n g l e  meter i n  t h e  
r e l a t i v e l y  s l o w  p r o c e d u r e  used i n  o u r  s t u d i e s .  

The c u r r e n t s  r a r e l y ,  i f  e v e r ,  b e h a v e  a s  p r e d i c t e d  by  
t h e o r e t i c a l  a r g u m e n t s  s u c h  a s  P l a t e ' s  ( 1 9 7 0 ) .  

Few o f  t h e  p r o f i l e s  con fo rm w i t h  c l a s s i c  t h e o r y  i n  
wh ich  t h e  s u r f a c e  c u r r e n t  a l i g n s  w i t h  t h e  wind and 
i n  which  t h e r e  is a  r e t u r n  c u r r e n t  a l o n g  t h e  
b o t t o m  i n  t h e  r e v e r s e  d i r e c t i o n .  The s e r i e s  o f  
s i x  c o n s e c u t i v e  p r o f i l e s  a t  S t a t i o n  1 on  Augus t  11 
u n d e r  p r o g r e s s i v e l y  s t r o n g e r  w i n d s  c o u l d  b e  
e x p e c t e d  t o  show t h e  d e v e l o p m e n t  o f  s u c h  a  f l o w  
p r o f i l e .  B u t ,  a s  s e e n  i n  F i g u r e  A.6 s u c h  is  n o t  
t h e  c a s e  w i t h  a n y  c o n s i s t e n c y .  I n  g e n e r a l ,  t h e  
p r o f i l e s  show u n i d i r e c t i o n a l  f l o w ,  i m p l y i n g  t h a t  
s e i c h e  m o t i o n  o r  h o r i z o n t a l  f l o w  g y r e s  d o m i n a t e  
t h e  f l o w ,  p r e v e n t i n g  e s t a b l i s h m e n t  o f  v e r t i c a l  
r e t u r n  c i r c u l a t i o n .  Only  a  s y n o p t i c  measu remen t  
p rogram would b e  a b l e  t o  p r o v e  o r  d i s p r o v e  t h i s  
h y p o t h e s i s ,  howeve r .  
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APPENDIX B D E R I V A T I O N  OF THE G A L E R K I N  MODEL 

B . l  F o r m u l a t i o n  o f  t h e  G a l e r k i n  E q u a t i o n s  

I n  t h e  l a k e  c i r c u l a t i o n  problem,  we s e e k  f u n c t i o n s  u  and 
v  which s a t i s f y  t h e  momentum e q u a t i o n s  7 .2  and  7.3.  Fo r  
c o n v e n i e n c e ,  w e  w i l l  e x p r e s s  t h e s e  e q u a t i o n s  u s i n g  o p e r a t o r  
n o t a t i o n .  The e q u a t i o n s  t h e n  become: 

where Lz and Ly a r e  d i f f e r e n t i a l  o p e r a t o r s .  E q u a t i o n s  B . l  
a r e  s a t i s f i e d  by u  and v  e x a c t l y ,  k u t  t h $  a p p r o x i m a t i o n  
f u n c t i o n s  d e f i n e d  i n  E q u a t i o n s  7 .9 ,  u  and V ,  c a n  s a t i s f y  
t h e s e  r e l a t i o n s  o n l y  a p p r o x i m a t e l y .  N e v e r t h e l e s s ,  w e  c a n  
s t i l l  d e t e r m i n e  t h e  a p p r o x i m a t i o n s  t o  a c h i e v e  a  s o l u t i o n  i n  
some b e s t  f i t  manner .  The e r r o r  i n  t h e  a p p r o x i m a t i o n s  is  
d e f i n e d  by t h e  r e s i d u a l s ,  Rx  and I$,: 

The b e s t  f i t  s o l u t i o n  d e t e r m i n e s  t h e  v a l u e s  o f  and which 
m i n i m i z e s  t h e s e  r e s i d u a l s .  

The re  a r e  many p o s s i b l e  ways i n  which t o  min imize  t h e  
r e s i d u a l s .  One method ,  which i n c l u d e s  t h e  G a l e r k i n  
t e c h n i q u e ,  i s  t h e  method o f  we igh ted  r e s i d u a l s .  T h i s  method 



a c h i e v e s  a  b e s t  f i t  s o l u t i o n  o v e r  some domain by c o n s i d e r i n g  
t h e  weighted  i n t e g r a l  o f  t h e  r e s i d u a l .  When t h e  v a l u e  o f  
t h e  i n t e g r a l  is z e r o ,  t h e  r e s i d u a l  i s  t a k e n  t o  b e  minimized 
o v e r  t h e  domain. I n  t h e  c i r c u l a t i o n  problem,  t h e  domain o f  
i n t e r e s t  is t h e  w a t e r  d e p t h ,  z=0 t o  h ,  s o  t h a t  t h e  i n t e g r a l s  
formed a r e :  

The te rm W i n  t h e  i n t e g r a l s  i s  t h e  w e i g h t i n g  f u n c t i o n .  The 
G a l e r k i n  method i s  d i s t i n g u i s h e d  from o t h e r  weighted  
r e s i d u a l  methods by t h e  use  o f  t h e  e x p a n s i o n  f u n c t i o n s ,  fl , 
a s  t h e  w e i g h t i n g  f u n c t i o n s  a l s o :  j 

E q u a t i o n  B.4a p r o d u c e s  a  s e t  o f  n  a l g e b r a i c  e q u a t i o n s  which 
may b e  s o l v e d  f o r  t h e  n  unknown c ; s i m i l a r l y ,  B.4b y i e l d s  
e q u a t i o n s  i n  t h e  unknown d . .  A p a r t i c u l a r l y  c o n v e n i e n t  
c h o i c e  of  t h e  fli a r e  f u n c t i b n s  which a r e  o r t h o g o n a l .  T h a t  
i s ,  f u n c t i o n s  f o r  which 

h lo njqd= = 0 
for  i + j 

The use  o f  o r t h o g o n a l  f u n c t i o n s  c o n s i d e r a b l y  s i m p l i f i e s  
E q u a t i o n s  8 . 4  by e l i m i n a t i n g  a l l  b u t  a  few t e r m s .  



8 . 2  D e r i v a t i o n  o f  N e l s o n ' s  Model 

Nelson ( 1 9 7 9 ) ,  i n  h e r  d e r i v a t i o n  o f  t h e  wind c i r c u l a t i o n  
model ,  b u i l d s  upon p r e v i o u s  work by Cooper and P e a r c e  (1977)  
w i t h  t h e  G a l e r k i n  t e c h n i q u e .  Cooper and P e a r c e  had employed 
o r t h o g o n a l  c o s i n e  e x p a n s i o n  f u n c t i o n s ,  

and s i n e  f u n c t i o n s  f o r  t h e  l e a d i n g  terms o f  t h e  G a l e r k i n  
e x p a n s i o n ,  

The e x p r e s s i o n s  f o r  uo and vo s a t i s f y  t h e  s u r f a c e  s h e a r  
c o n d i t i o n  ( E q u a t i o n  7 .5)  and a  n o - s l i p  c o n d i t i o n .  Cooper 
and P e a r c e  had employed a  n o - s l i p  boundary  c o n d i t i o n  i n s t e a d  
o f  t h e  l i n e a r  f r i c t i o n  l aw ( E q u a t i o n  7 .7)  used by Nelson.  
U n f o r t u n a t e l y ,  Cooper and P e a r c e  found t h i s  model t o  b e  
u n s a t i s f a c t o r y ,  r e q u i r i n g  many t e r m s  i n  t h e  c o s i n e  e x p a n s i o n  
s e r i e s  t o  c o n v e r g e  t o  a  r e a s o n a b l e  r e s u l t .  They a t t r i b u t e d  
t h i s  d i f f i c u l t y  t o  t h e  s t e e p  v e l o c i t y  g r a d i e n t s  n e a r  t h e  no- 
s l i p  bot tom and s u g g e s t e d  a  m o d i f i e d  f o r m u l a t i o n .  The 
m o d i f i c a t i o n s ,  implemented by Ne l son ,  i n c l u d e  t h e  
s u b s t i t u t i o n  o f  t h e  l i n e a r  f r i c t i o n  l a w  f o r  t h e  bot tom 
boundary  c o n d i t i o n  and t h e  c o n s e q u e n t  r e f o r m u l a t i o n  o f  t h e  
l e a d i n g  f u n c t i o n s  o f  t h e  e x p a n s i o n .  

N e l s o n ' s  r e f o r m u l a t i o n  o f  t h e  G a l e r k i n  s t a t e m e n t  



c o n t i n u e s  t h e  use  o f  c o s i n e  e x p a n s i o n  f u n c t i o n s ,  b u t  employs 
new l e a d i n g  f u n c t i o n s :  

where al and BL a r e  t h e  c o e f f i c i e n t s  o f  t h e  eddy v i s c o s i t y  
fo rmula  ( E q u a t i o n  7.8) f o r  t h e  l i n e a r  segment  a t  t h e  w a t e r  
s u r f a c e .  ( S e e  F i g u r e  7.1. )  T h i s  f u n c t i o n a l  form i s  s e l e c t e d  
i n  o r d e r  t o  c a p t u r e  t h e  s h a p e  o f  t h e  v e l o c i t y  p r o f i l e  n e a r  
t h e  bo t tom,  p a r t i c u l a r l y  t h e  t r o u b l e s o m e  s t e e p  v e l o c i t y  
g r a d i e n t .  The second t e r m s  i n  E q u a t i o n s  B.7 a r e  t h e  
a n a l y t i c a l  s o l u t i o n  f o r  a  1 - D  i n f i n i t e  c h a n n e l  w i t h  l i n e a r  
eddy v i s c o s i t y  v a r i a t i o n ,  w h i l e  t h e  f i r s t  t e r m s  a r e  i n c l u d e d  
t o  s i m p l i f y  s a t i s f a c t i o n  o f  t h e  bot tom boundary  c o n d i t i o n s .  
The c o m p l e t e  t r i a l  f u n c t i o n s  a r e  t h u s :  



The v a l u e s  o f  a. a r e  d e t e r m i n e d  s o  a s  t o  s a t i s f y  t h e  bot tom 
boundary  c o n d i  t l o n s .  They a r e  d e f i n e d  i m p l i c i t l y  by t h e  
e x p r e s s i o n :  

where Av(h)  is  t h e  v a l u e  o f  t h e  eddy  v i s c o s i t y  a t  t h e  
bo t tom.  

F o r m u l a t i o n  o f  t h e  G a l e r k i n  s t a t e m e n t  r e q u i r e s  t h e  
s u b s t i t u t i o n  o f  t h e  s e r i e s  e x p r e s s i o n s  f o r  u  and v  i n t o  t h e  
e q u a t i o n s  o f  mo t ion  and c a l c u l a t i n g  t h e  we igh ted  r e s i d u a l  
i n t e g r a l s .  A d e t a i l e d  d e r i v a t i o n  o f  t h e s e  i n t e g r a l s  i s  
g i v e n  by  Nelson  ( 1 9 7 9 ) ,  and o n l y  a  s h o r t  r e v i e w  w i l l  b e  
i n c l u d e d  h e r e .  The G a l e r k i n  s t a t e m e n t  is g i v e n  by  t h e  
e x p a n s i o n  o f  E q u a t i o n s  B.4, however ,  s i n c e  E q u a t i o n s  B.4a 
and B.4b a r e  s o  s i m i l a r ,  o n l y  t h e  f i r s t  w i l l  be  t r e a t e d  
h e r e .  For e a c h  t e rm i n  t h e  e x p a n s i o n  f u n c t i o n  ( t h a t  i s ,  f o r  
i= l ,  2,3,. . .n) a G a l e r k i n  e x p a n s i o n  is comple t ed  : 

where t h e  n o t a t i o n  < A , B >  = A B  d z  h a s  been  i n t r o d u c e d  

t o  s i m p l i f y  t h e  e q u a t i o n s .  S u b s t i t u t i n g  f o r  R : 



Owing t o  t h e  o r t h o g o n a l i t y  o f  t h e  e x p a n s i o n  f u n c t i o n ,  e a c h  
i n t e g r a l  above  w i l l  r e d u c e  t o  b u t  a  few terms. F o r  e x a m p l e ,  
s i n c e  bZi ,R. > = 0 , 

3 

G e n e r a l l y ,  t h e  i n t e g r a l s  a r e  s o l v e d  a n a l y t i c a l l y  a s  f a r  a s  
p o s s i b l e ,  w i t h  n u m e r i c a l  i n t e g r a t i o n  employed f o r  t h o s e  few 
which  e v a d e  s o l u t i o n .  The r e s u l t i n g  f i n a l  e x p r e s s i o n s  h a v e  
t h e  form:  

o r ,  i n  m a t r i x  n o t a t i o n :  

whe re  a  s i n g l e  u n d e r b a r  d e n o t e s  a  v e c t o r  and a  d o u b l e  b a r  
d e n o t e s  a  m a t r i x .  The v e c t o r  D i n c l u d e s  t h e  d e p e n d e n c i e s  o n  
wind s h e a r  and w a t e r  s u r f a c e  s l o p e ,  E c o n t a i n s  t h e  C o r i o l i s  
i n f l u e n c e ,  and  F  a r i s e s  from t h e  v e r t i c a l  v i s c o s i t y  t e r m .  
The f i n a l  e x p r e s s i o n  f o r  t h e  d i  is  e n t i r e l y  a n a l o g o u s :  

The v e c t o r s  c and d c o n t a i n  t h e  n  e x p a n s i o n  c o e f f i c i e n t s  f o r  
e a c h  g r i d  l o c a t i o n  and t h u s  a r e  f u n c t i o n s  o f  x ,  y  and t .  
S i m i l a r l y ,  t h e  c o e f f i c i e n t  m a t r i c e s ,  D, E ,  F,  G ,  H and I ,  
v a r y  i n  s p a c e  and time a c c o r d i n g  t o  t h e  v a r i a t i o n  o f  t h e  
l a k e ' s  g e o m e t r y  and p r o p e r t i e s  and t h e  f o r c e s  upon t h e  l a k e .  

The c o n t i n u i t y  e q u a t i o n  ( 7 . 4 ) ,  s i n c e  i t  d e p e n d s  upon 
v e r t i c a l l y  i n t e g r a t e d  mass  t r a n s p o r t s ,  d o e s  n o t  r e q u i r e  a  
G a l e r k i n  s o l u t i o n .  However, i t  mus t  b e  r e c a s t  i n  a  form 
c o m p a t i b l e  w i t h  t h e  r e p r e s e n t a t i o n s  o f  6 and 6. R e p e a t i n g  
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Equat ion  7 . 4 ,  

i t  c a n  b e  s e e n  t h a t  U and V must b e  d e t e r m i n e d  from u  and v .  
From t h e  d e f i n i t i o n  o f  U :  

S i m i l a r l y ,  

A f t e r  s u b s t i t u t i o n  i n t o  t h e  Equat ion  7 . 4 ,  and c h a n g i n g  t o  
v e c t o r  n o t a t i o n ,  

o r ,  more c o n c i s e l y ,  

where c ,  d ,  K and P v a r y  i n  time and h o r i z o n t a l  s p a c e .  



B . 3  S o l u t i o n  o f  t h e  E q u a t i o n s  

B . 3 . 1  F i n i t e  D i f f e r e n c e  S o l u t i o n  

The c i r c u l a t i o n  model must s o l v e  t h e  two momentum 
e q u a t i o n s ,  

and t h e  c o n t i n u i t y  e q u a t i o n ,  

a s  f u n c t i o n s  o f  time and h o r i z o n t a l  s p a c e .  T h i s  is  
accompl ished  i n  N e l s o n ' s  model u s i n g  a n  e x p l i c i t  f i n i t e  
d i f f e r e n c e  scheme,  a 1  t e r n a t e l y  s o l v i n g  t h e  momentum 
e q u a t i o n s  and t h e  c o n t i n u i t y  e q u a t i o n .  

A p p l i c a t i o n  o f  t h e  f i n i t e  d i f f e r e n c e  scheme r e q u i r e s  t h e  
d i v i s i o n  o f  t h e  l a k e  i n t o  a  g r i d  o f  d i s c r e t e  r e c t a n g u l a r  
a r e a s .  A s q u a r e  g r i d ,  o r  more p r e c i s e l y ,  two s q u a r e  g r i d s  
is  used i n  N e l s o n ' s  model .  The two g r i d s  a r i s e  from t h e  use  
o f  a  s t a g g e r e d  g r i d  scheme on which v e l o c i t y  components  a r e  
de t e rmined  on t h e  g r i d  m i d - s i d e s ,  w h i l e  w a t e r  s u r f a c e  
d i s p l a c e m e n t s  a r e  found a t  t h e  g r i d  c e n t e r  p o i n t s .  ( S e e  
F i g u r e  7 . 2 . )  

An e x p l i c i t  s o l u t i o n  t e c h n i q u e  is  employed by Ne l son ,  
f i r s t  s o l v i n g  t h e  momentum e q u a t i o n s  f o r  t h e  c u r r e n t  
v e l o c i t i e s  a t  f u l l  t i m e  s t e p s ,  t h e n  u s i n g  t h o s e  v e l o c i t i e s  
i n  t h e  c o n t i n u i t y  e q u a t i o n  t o  s o l v e  f o r  t h e  w a t e r  s u r f a c e  
e l e v a t i o n  a t  h a l f  t i m e  s t e p s .  From t h e  s u r f a c e  e l e v a t i o n s ,  
s u r f a c e  s l o p e s  c a n  be  de t e rmined  f o r  s u b s t i t u t i o n  i n t o  t h e  
momentum e q u a t i o n ,  which is  s o l v e d  a t  t h e  n e x t  time s t e p .  
T h i s  c y c l e  is r e p e a t e d  u n t i l  t h e  s i m u l a t i o n  p e r i o d  is  
comple t ed .  

I n  s o l v i n g  t h e  momentum e q u a t i o n s ,  t h e  s o l u t i o n  p r o c e e d s  
a l o n g  t h e  rows from l e f t  t o  r i g h t ,  s o l v i n g  f o r  a l l  columns 



i n  a  row b e f o r e  moving up t o  t h e  n e x t  row. The v a l u e s  o f  c 
and di a r e  d e t e r m i n e d  i n  t u r n  by t h e  e x p r e s s i o n s :  

n  
(E ,m,n)c .  (E,m,n) f o r  i = 1 , 2 ,  ..., n  

(B.14a) 
+ 1 Gij 

j =1 3 

fo r  i = 1 , 2 ,  ..., n  

(B,14b) 

where t h e  i n d e x i n g  n o t a t i o n  u s e s  E  a s  t h e  x  g r i d  c o o r d i n a t e ,  
m a s  t h e  y  g r i d  c o o r d i n a t e  and n  a s  t h e  time i n d e x ,  The E 
and H terms o f  E q u a t i o n s  B . 1 1  have  been  expanded h e r e  t o  
show t h e  dependence  on wind s h e a r  s t r e s s  i n  t h e  x and y  
d i r e c t i o n s :  

X 
T and T Y 

and on  t h e  s u r f a c e  s l o p e :  

Nelson  (1979)  g i v e s  a  d e t a i l e d  d e r i v a t i o n  o f  t h e s e  
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e q u a t i o n s ,  i n c l u d i n g  a  d e f i n i t i o n  o f  t h e  c o e f f i c i e n t  t e r m s ,  
E l ,  E 2 ,  F ,  G ,  H1, H 2 ,  I and J. 

B.3 .2  S t a b i l i t y  C r i t e r i a  

The e x p l i c i t  s o l u t i o n  scheme employed by Nelson i s  
c o n d i t i o n a l l y  s t a b l e ,  r e q u i r i n g  two c r i t e r i a  t o  b e  met i n  
o r d e r  t o  a c h i e v e  a  s o l u t i o n .  The f i r s t  c r i t e r i o n  is t h e  
well-known Couran t  c o n d i t i o n ,  which 1 i m i  ts t h e  s o l u t i o n  t i m e  
s t e p  t o  t h e  time r e q u i r e d  f o r  a  s u r f a c e  g r a v i t y  wave t o  
t r a v e r s e  a  g r i d  s q u a r e :  

T h i s  l i m i t  a r i s e s  s i n c e  t h e  model employs a  f r e e  s u r f a c e  
f o r m u l a t i o n ,  r a t h e r  t h a n  t h e  r i g i d  1 id a p p r o x i m a t i o n .  

A second c r i t e r i o n  is  due  t o  t h e  time l i m i t  imposed by 
v e r t i c a l  d i f f u s i o n .  The c r i t e r i o n  is s i m i l a r  t o  t h o s e  
s p e c i f i e d  f o r  m u l t i - l a y e r  models  ( f o r  example,  Sheng e t  a l ,  
1978) , b u t  i t  is  i n  a  l e s s  s t r a i g h t f o r w a r d  form owing t o  t h e  
a b s e n c e  o f  a  d e f i n e d  v e r t i c a l  g r i d  s p a c i n g ,  Az, i n  t h e  
G a l e r k i n  method. The c r i t e r i o n  is: 

The e x a c t  magn i tude  s t a t e d  was d e t e r m i n e d  by Cooper and 
P e a r c e  (1978)  by t r i a l  and e r r o r .  

The c r i t e r i o n  t o  b e  used i n  any  p a r t i c u l a r  a p p l i c a t i o n  is 
t h e  s m a l l e r  o f  t h e s e  two. In  v e r y  s h a l l o w  l a k e s ,  t h e  
v e r t i c a l  d i f f u s i o n  t ime  was found t o  b e  s e v e r e l y  
r e s t r i c t i v e .  



8.3.3  M o d i f i c a t i o n  o f  t h e  S o l u t i o n  P r o c e d u r e  

A major  c h a n g e  i n  t h e  model s o l u t i o n  t e c h n i q u e  was 
d i c t a t e d  by t h e  s e v e r e  r e s t r i c t i o n  on  time s t e p  s i z e  imposed 
by t h e  d i f f u s i o n  time l i m i t  i n  s h a l l o w  w a t e r .  Dep ths  a s  
s m a l l  a s  o n e  meter i n  t h e  a p p l i c a t i o n  l a k e  imposed time 
l i m i t s  on  t h e  o r d e r  o f  a  few s e c o n d s .  P r a c t i c a l  s i m u l a t i o n  
would b e  p r o h i b i t i v e l y  e x p e n s i v e  w i t h  t h i s  r e s t r i c t i o n ,  s o  a  
means t o  c i r c u m v e n t  t h e  d i f f u s i o n  time 1 i m i  t was n e c e s s a r y .  

A change  i n  t h e  s o l u t i o n  scheme from c o m p l e t e l y  e x p l i c i t  
t o  one  which was i m p l i c i t  i n  t h e  v e r t i c a l  ( b u t  s t i l l  
e x p l i c i t  i n  t h e  h o r i z o n t a l )  was made t o  remove t h e  
r e s t r i c t i v e  time l i m i t .  The a l t e r a t i o n s ,  which do  n o t  
e l i m i n a t e  t h e  C o u r a n t  c o n d i t i o n ,  a f f e c t  t h e  s o l u t i o n  f o r  t h e  
c and d i  c o e f f i c i e n t s  a t  e a c h  g r i d  s q u a r e .  i 

R e t u r n i n g  t o  t h e  m a t r i x  n o t a t i o n  o f  E q u a t i o n  B . l l a :  

t h e  e x p l i c i t  s o l u t i o n  scheme o f  Nelson c a n  b e  shown a s :  

where t h e  s u p e r s c r i p t  i n d i c a t e s  t h e  time a t  which a  v a r i a b l e  

is d e t e r m i n e d .  S i n c e  c tfAt a p p e a r s  o n l y  on t h e  l e f t  o f  t h i s  
e q u a t i o n ,  i t  is p o s s i b l e  t o  s o l v e  f o r  each  i n d i v i d u a l  ci 
e x p l i c i t l y .  For an  i m p l i c i t  s o l u t i o n ,  t h e  f o l l o w i n g  f i n i t e  
d i f f e r e n c e  r e p r e s e n t a t i o n  is s u b s t i t u t e d :  



T h i s  e q u a t i o n  must  be  s o l v e d  i m p l i c i t l y ,  t h a t  i s ,  
s i m u l t a n e o u s l y  f o r  a l l  ci. The i m p l i c i t  e q u a t i o n  h a s  t h e  
g e n e r a l  form: 

F o r t u n a t e l y ,  a s  l o n g  a s  t h e  v e r t i c a l  eddy v i s c o s i t y  d o e s  n o t  
change  w i t h  time, t h e  A m a t r i x  remains  t h e  same and 
r e q u i r e s  i n v e r s i o n  o n l y  a t  t h e  s i m u l a t i o n  s t a r t .  A ,  B and C 
must  be  de t e rmined  f o r  e a c h  g r i d  s q u a r e ,  and B and C must  b e  
recomputed each  t i m e  s t e p .  T h i s  change  i n  t h e  s o l u t i o n  
t e c h n i q u e  e l i m i n a t e s  t h e  d i f f u s i o n  time c o n d i t i o n  a s  a  l i m i t  
on  t h e  c o m p u t a t i o n ,  l e a v i n g  t h e  many t i m e s  l a r g e r  C o u r a n t  
c o n d i t i o n  a s  t h e  s o l e  s t a b i l i t y  l i m i t .  
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