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PREFACE 

D e t e r m i n i s t i c  models a r e  t r a d i t i o n a l  i n  t h e  i n v e s t i g a t i o n s  
conducted i n  e c o l o g i c a l  s t u d i e s .  I n  some c a s e s ,  t hey  a r e  su f -  
f i c i e n t  f o r  d e a l i n g  w i t h  t h e  problems which a r i s e ,  b u t  i n  o t h e r s  
t h e y  cannot  even d e s c r i b e  c e r t a i n  phenomena which o c c u r  i n  
n a t u r a l  sys tems.  The a p p l i c a t i o n  o f  pu re  s t o c h a s t i c  methods 
l e a d s  t o  e x t r a o r d i n a r y  mathematical  d i f f i c u l t i e s  and i n  many 
c a s e s  i s  a lmos t  imposs ib l e .  A compromise i s  needed,  e s p e c i a l l y  
f o r  asympto t ic  c a s e s .  I n  t h i s  pape r ,  some p o s s i b l e  methods a r e  
p u t  forward f o r  d e s c r i b i n g  t h e  phenomena, which a r e  e l u s i v e  when 
a p u r e l y  d e t e r m i n i s t i c  approach i s  used.  



ABSTRACT 

This  paper  d e s c r i b e s  some p o s s i b l e  a p p l i c a t i o n s  of 
s t o c h a s t i c  methods which may be used i n  e c o l o g i c a l  s t u d i e s .  
The r o l e  of s t o c h a s t i c  methods i n  i n v e s t i g a t i o n s  of  t h e  dynamics 
of  ecosystems i s  ga in ing  i n  importance.  I t  i s  a new t r e n d  which 
has  a r i s e n  i n  e c o l o g i c a l  s t u d i e s ,  r e l a t e d  t o  t h e  development of  
methods f o r  t h e  c o n t r o l  of  t h e  environment. S t o c h a s t i c  methods 
a r e  very u s e f u l  f o r  i n v e s t i g a t i n g  t h e  s t a b i l i t y  of ecosystems 
and t h e  c r i t e r i a  of  s t a b i l i t y  of  n a t u r a l  systems,  e s p e c i a l l y  
where t h e  i n f l u e n c e  o f  permanent smal l - sca le  random dis turba.nces  
have been no t i ced .  Some c r i t e r i a  have been sugges ted  and exam- 
p l e s  o f  use o f  t h e s e  c r i t e r i a  a r e  given i n  t h i s  paper .  I t  must 
a l s o  be  noted t h a t  t h e  complex problems of  p r e d i c t i n g  and con- 
t r o l l i n g  processes  i n  n a t u r a l  systems must be so lved  by mathe- 
ma t i ca l  t o o l s  which permi t  a n a l y s i s  of  anthropogenic  f a c t o r s  
wi thout  i n - s i  t u  exper imenta t ion .  
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SOME APPLICATIONS OF STOCHASTIC METHODS I N  
INVESTIGATIONS ON THE DYNAMICS OF ECOSYSTEMS 

V.A. Svet losanov 

INTRODUCTION 

The problem of  i n t e r a c t i o n  between man and t h e  environment 

has  gained i n  importance among t h e  p r e s e n t  s c i e n t i f i c  and tech-  

no log ica l  problems. The d e p l e t i o n  of n a t u r a l  r e sou rces ,  po l lu -  

t i o n  of  t h e  atmosphere, s o i l ,  s e a s ,  and oceans ,  u p s e t t i n g  t h e  

b i o l o g i c a l  balance-- these  and o t h e r  f a c t o r s  c r e a t e  problems 

which have t o  be  u rgen t ly  so lved .  I t  i s  e v i d e n t  t h a t  t h e  prob- 

lems a r i s i n g  a r e  complex, and t h e i r  s o l u t i o n  c a l l s  f o r  j o i n t  

e f f o r t s  by s p e c i a l i s t s  from many c o u n t r i e s  and s c i e n t i s t s  i n  

d i f f e r e n t  f i e l d s  of r e sea rch .  The main t a s k  when s tudy ing  t h e  

dynamic processes  o f  t h e  environment i s  t o  p r e d i c t  t h e  e f f e c t  

o f  today1 s f a c t o r s  on i t s  f u t u r e  s t a t e .  Q u a n t i t a t i v e  p r e d i c t i o n  

n e c e s s i t a t e s  dynamic mathematical  modell ing.  This  paper  cons ide r s  

t h e  use of  s t o c h a s t i c  models o f  ecosystems,  e s p e c i a l l y  i n  ca ses  

where d i f f e r e n t  v a r i a n t s  of t h e  system's  development depend on 

many parameters ,  i nc lud ing  man's a c t i v i t y .  

DETERMINISTIC AND STOCHASTIC APPROACHES 

A l l  c u r r e n t l y  used models o f  environmental  p roces ses  can 

be c l a s s i f i e d  i n t o  f o u r  groups: ( 1 ) s t a t i c  d e t e r m i n i s t i c ,  

( 2 )  s t a t i c  s t o c h a s t i c ,  ( 3 )  dynamic d e t e r m i n i s t i c ,  and ( 4 )  dynamic 

s t o c h a s t i c .  



The m a j o r i t y  o f  m a t h e m a t i c a l  models  are s t a t i c  and  b e l o n g  

t o  t h e  f i r s t  two g r o u p s .  Many p r o c e s s e s  i n  e c o l o g y  are dynamic 

a n d  t h e  deve lopmen t  o f  t h e  t h i r d  and  f o u r t h  g r o u p  o f  models  i s  

becoming u s e f u l .  S i n c e  mos t  o f  t h e  e c o l o g i c a l  p r o c e s s e s  are 

s t o c h a s t i c ,  t h e  f o u r t h  g r o u p  o f  models--dynamic s t o c h a s t i c  

models - - i s  o f  p a r t i c u l a r  i m p o r t a n c e .  The f i r s t  t h r e e  g r o u p s  

may b e  r e g a r d e d  as a u x i l i a r y  i n  the deve lopment  o f  models  fo r  

s t u d y i n g  e c o l o g i c a l  p r o c e s s e s .  

Any r e g u l a r  dynamic p r o c e s s  i s  c h a r a c t e r i z e d  by random 

d e v i a t i o n s .  Each p r o c e s s  d i f f e r s  f rom t h e  o t h e r .  However, i n  

c e r t a i n  cases, o n e  c a n  i g n o r e  f o r t u i t o u s  e l e m e n t s ,  l e a v i n g  o n l y  

t h e  major factors  a f f e c t i n g  a p r o c e s s ,  i . e . ,  a d e t e r m i n i s t i c  

dynamic model o f  a phenomenon i s  p r o v i d e d  f o r  i t s  a n a l y s i s .  

Such models  r e v e a l  t h e  b a s i c  r e g u l a r i t y  i n h e r e n t  i n  t h e  phenom- 

enon  a n d  p e r m i t  p r e d i c t i o n  (on  t h e  a v e r a g e )  o f  t h e  s y s t e m ' s  

deve lopmen t ,  p r o c e e d i n g  f rom t h e  i n i t i a l  c o n d i t i o n s .  The 

p r o g r e s s  o f  s c i e n c e  makes it p o s s i b l e  t o  i n c r e a s e  t h e  number 

o f  f a c t o r s ,  e n a b l i n g  a more a c c u r a t e  p r o g n o s i s .  T h e o r e t i c a l l y ,  

p r e d i c t i o n  i n  e a c h  problem c a n  b e  made more a c c u r a t e  by t h e  

g r a d u a l  i n t r o d u c t i o n  o f  new g r o u p s  o f  f a c t o r s :  f rom t h e  e s s e n -  

t i a l  t o  t h e  i n s i g n i f i c a n t  s t a g e .  P r a c t i c a l  e x p e r i e n c e  r u l e s  

o u t  s u c h  an  a p p r o a c h ,  f o r  it unduly  c o m p l i c a t e s  a p rob lem a n d  

r e n d e r s  a n a l y s i s  o f  t h e  e f f e c t  p roduced  by  t h e  factors  i n v o l v e d  

i n  p r e d i c t i o n  more d i f f i c u l t .  By a p p l y i n g  s y s t e m s  a n a l y s i s  f o r  

s o l v i n g  t h i s  p rob lem it i s  p o s s i b l e  t o  d i s t i n g u i s h  be tween  

p r i m a r y  f a c t o r s  which  d e t e r m i n e  t h e  dynamics  o f  a p r o c e s s  on  

t h e  a v e r a g e  a n d  s e c o n d a r y  f a c t o r s  which  are r e g a r d e d  as " d i s -  

t u r b a n c e s " .  When a g i v e n  p r o c e s s  i s  examined i n  d e p t h ,  t h e r e  

i s  a l w a y s  a moment when t h e  i n v e s t i g a t o r  mus t  n o t  o n l y  i d e n t i f y  

i t s  b a s i c  r e g u l a r i t i e s ,  b u t  a l s o  a n a l y z e  p o s s i b l e  d e v i a t i o n s  

from them. T h i s  i s  where  dynamic s t o c h a s t i c  methods mus t  p l a y  

a d e c i s i v e  r o l e .  

STABILITY O F  ECOSYSTEMS 

I n  r e c e n t  y e a r s ,  a g r e a t  d e a l  o f  a t t e n t i o n  h a s  been  g i v e n  

t o  t h e  p rob lem o f  s t a b i l i t y  o f  e c o s y s t e m s .  H o l l i n g  ( 1  9 7 3 )  

advanced  t h e  i d e a ,  t h a t  n a t u r a l  e c o s y s t e m s  p o s s e s s  two 



c h a r a c t e r i s t i c s ,  r e s i l i e n c e  and s t a b i l i t y  and gave them q u a l i -  

t a t i v e  d e f i n i t i o n s .  H e  p o i n t e d  o u t  t h a t  ecosys tems can have 

s e v e r a l  e q u i l i b r i u m  p o s i t i o n s  and under  d i s t u r b a n c e s  can go 

from one p o s i t i o n  t o  a n o t h e r ,  and gave some c o n c r e t e  e c o l o g i c a l  

examples o f  such s i t u a t i o n s .  

A s p e c i a l  q u e s t i o n  a r i s e s  he r e :  how can one c a l c u l a t e  t h e  

sy s t em ' s  t r a n s i t i o n  from one p o s i t i o n  o f  e q u i l i b r i u m  t o  ano the r ?  

The answer t o  t h i s  q u e s t i o n  i s  connec ted  w i th  t h e  s t a b i l i t y  

ecosystem. S t a b i l i t y  may b e  q u a n t i t a t i v e l y  d e f i n e d  by i n t roduc -  

i n g  t h e  c r i t e r i a  o f  ecosys tem s t a b i l i t y .  S t a b i l i t y  i s  one o f  

t h e  fundamental  concep t s  a s  r e g a r d s  t h e  development of  complex 

n a t u r a l  sys tems .  Th i s  ha s  become a  t o p i c a l  problem i n  view o f  

t h e  tremendous impact  o f  man on ecosys tems.  Research i n  t h i s  

d i r e c t i o n  e n a b l e s  one t o  se t  f o r t h  s t a b i l i t y  c r i t e r i a  f o r  eco- 

sys tems a f f e c t e d  by man and t o  de te rmine  t h e  maximum p e r m i s s i b l e  

l o a d s  on them. The u se  o f  s t o c h a s t i c  dynamic models must con- 

t r i b u t e  t o  t h e  c o r r e c t  s o l u t i o n  o f  a  g iven  problem. 

S t u d i e s  on t h e  s t a b i l i t y  o f  n a t u r a l  sys tems may be  d i v i d e d  

i n t o  two main c a t e g o r i e s .  The f i r s t  c a t e g o r y  i n c l u d e s  modeling 

o f  n a t u r a l  sys tems and d e t e r m i n a t i o n  o f  t h e  s t a b i l i t y  o f  such 

model sys tems t o  v a r i o u s  d i s t u r b a n c e s .  The second c a t e g o r y  

i n v o l v e s  a t t e m p t s  t o  f i n d  a  c h a r a c t e r i s t i c  i n  an ecosys tem t h a t  

would be r e s p o n s i b l e  f o r  t h e  s t a b i l i t y  o f  t h e  sys tem a s  a  whole. 

Such a  c h a r a c t e r i s t i c  i s  g e n e r a l l y  assumed t o  be  a  f u n c t i o n  o f  

v a r i a b l e s  t h a t  can  b e  measured e a s i l y .  Measurements o f  t h e  

c h a r a c t e r i s t i c s  o f  v a r i o u s  n a t u r a l  sys tems produce a  number o f  

comparisons which r e v e a l  t h e i r  r e l a t i v e  s t a b i l i t y .  

Perhaps  Mac-Arthur ( 1 9 7 5 )  was t h e  f i r s t  who t r i e d  t o  c o n f r o n t  

t h e  s t a b i l i t y  o f  n a t u r a l  sys tem w i t h  t h e  number o f  r e l a t i o n s h i p s  

i n s i d e  t h e  system. I n  o r d e r  t o  d e s c r i b e  t h e  s t a b i l i t y  s o f  t h e  

a s s o c i a t i o n ,  he  sugges t ed  t h e  fo l l owing  eu t rophy  formula:  

where pi i s  t h e  r e l a t i v e  number o f  t h e  s p e c i e s .  



The g e n e r a l  i d e a  o f  t h i s  formula  i s  t h a t  t h e  more r e l a t i o n s h i p  

t h e r e  i s  i n s i d e  t h e  sys tem,  t h e  more s t a b l e  it becomes. This  

formula  g i v e s  a  chance t o  c a l c u l a t e  ve ry  q u i c k l y  t h e  measure o f  

s t a b i l i t y  o f  t h e  a s s o c i a t i o n s .  But t h i s  i s  a  s i m p l i f i e d  approach;  

it does  n o t  c o n s i d e r  t h e  s t r u c t u r e  of t h e  sys tems ,  t h e  t ype  o f  

d i s t u r b a n c e s  and t h e i r  q u a n t i t a t i v e  v a l u e s .  A l l  t h e s e  charac-  

t e r i s t i cs  a r e  however r e s p o n s i b l e  f o r  t h e  s t a b i l i t y  o f  t h e  

a s s o c i a t i o n s .  

Another approach i s  p o s s i b l e ,  which i s  a  s y n t h e s i s  o f  t h e  

f i r s t  two. I t  c o n s i s t s  o f  c o n s t r u c t i n g  a  mathemat ica l  model 

and s t u d y i n g  t h e  e f f e c t s  o f  d i s t u r b a n c e s  on t h e  dynamics o f  

development o f  a  g iven  system. A s  a  r e s u l t ,  i n  some c a s e s ,  t h e  

i n v e s t i g a t o r  knows which f a c t o r s  and which f u n c t i o n a l  r e l a t i o n -  

s h i p s  a r e  r e s p o n s i b l e  f o r  t h e  s t a b i l i t y  o f  t h e  sys tem under 

c o n s i d e r a t i o n .  This  approach ha s  been developed t o  a s s e s s  t h e  

e f f e c t  o f  sma l l  random d i s t u r b a n c e s  on t h e  s t a b i l i t y  o f  n a t u r a l  

ecosys  t e m s  . 
The above mentioned f i r s t  c a t ego ry  p resupposes  t h e  e x i s t e n c e  

o f  a  mathemat ica l  model d e s c r i b i n g  t h e  dynamics o f  n a t u r a l  sys tems .  

The models may be d e t e r m i n i s t i c  and s t o c h a s t i c ,  b u t  t h e  use  o f  

p u r e l y  s t o c h a s t i c  models i n v o l v e s  s e r i o u s  mathemat ica l  d i f f i c u l -  

t i e s .  I n  some c a s e s ,  t h e  e f f e c t  o f  i n f l u e n c e s  c an  be determined 

o n l y  by means o f  d e t e r m i n i s t i c  models.  L e t  us  c o n s i d e r  such a 

c a s e  a s  i n  t h e  c l a s s i c a l  s t u d i e s  concern ing  t h e  s t a b i l i t y  o f  

s o l u t i o n s  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  a p p l i e d  t o  sma l l  

s t e p  u n i t  d i s t u r b a n c e s .  Liapunov' s ( 1  9 5 0 )  method p e r m i t s  examina- 

t i o n  o f  t h e  s t a b i l i t y  w i t h o u t  s o l v i n g  t h e  e q u a t i o n s  d e s c r i b i n g  

a  model, by r e s o r t i n g  o n l y  t o  t h e  c o e f f i c i e n t s  o f  t h e  model 

e q u a t i o n s .  P l e a s e  n o t e  t h a t  a  s t e p  u n i t  d i s t u r b a n c e  i s  no th ing  

b u t  a  p a r t i c u l a r  c a s e  o f  t h e  p o s s i b l e  d i s t u r b a n c e s  a f f e c t i n g  a  

n a t u r a l  s y s  t e m .  

POSSIBLE DISTURBANCES I N  NATURAL SYSTEMS AND SOME ESTIMATION 
OF THEIR INFLUENCES ON THE STABILITY OF THE LOGISTIC CURVE 

I t  was mentioned e a r l i e r  t h a t  e s p e c i a l l y  t h e  s t a b i l i t y  o f  

t h e  ecosystems depends on t h e  d i s t u r b a n c e s  a f f e c t i n g  them. Among 



a l l  t h e  p o s s i b l e  d i s t u r b a n c e s ,  we pay a t t e n t i o n  t o  t h e  fol lowing 

s i x  groups: 

1 .  S t ep  u n i t  sho r t -du ra t ion  low-amplitude p u l s e s  

2 .  Step  u n i t  sho r t -du ra t ion  high-amplitude p u l s e s  

3 .  P e r i o d i c  and nonper iod ic  pu l se s  o f  d i f f e r e n t  ampli tudes  

4 .  Permanent smal l - sca le  random d i s t u r b a n c e s  

5 .  Permanent l a r g e - s c a l e  random d i s t u r b a n c e s  

6 .  Dis turbances  a f f e c t i n g  t h e  parameters  of  n a t u r a l  

systems ( s t r u c t u r a l  changes i n  t h e  system) . 
Take an e c o l o g i c a l  example wi th  t h e  c o n s i d e r a t i o n  of  t h e  d i s t u r -  

bances i n f l u e n c i n g  t h e  system. The l o g i s t i c  curve  ( o r  t h e  

F e r c h u l s t  c u r v e ) ,  which d e s c r i b e s  t h e  growth of  t h e  number o f  

popula t ion  s p e c i e s  N ,  i s  we l l  known i n  ecology.  The l o g i s t i c  

curve  i s  very convenient  f o r  a n a l y s i s  because it i s  s imple  and 

t h e  r e s u l t s  a r e  o b t a i n e d  i n  an a n a l y t i c  form. 

This l o g i s t i c  curve ( ~ i g u r e  1 ) : 

r e p r e s e n t s  t h e  s o l u t i o n  of  t h e  d i f f e r e n t i a l  equa t ion :  

where a  i s  a  c o e f f i c i e n t  c h a r a c t e r i z i n g  t h e  d i f f e r e n c e  between 

b i r t h  and dea th  of  t h e  s p e c i e s  and B i s  a  c o e f f i c i e n t  of i n t r a -  

s p e c i f i c  compet i t ion .  

This system has  two s t a b l e  p o s i t i o n s  o f  equi l ibr ium--  

N ,  = a/B and N2 = O/bio log ica l ly  s t a b l e / .  A s  can be seen from 

Figure  1 ,  i n  t h e  course  of t ime,  t h e  curve approaches t h e  

asymptot ic  s t a b l e  e q u i l i b r i u m  p o s i t i o n ,  N 1  = a/B. 

Suppose t h e  number o f  s p e c i e s  N i s  n e a r  t o  t h e  p o s i t i o n  of  

e q u i l i b r i u m  N ,  = a/B, it i s  easy t o  s e e  t h a t  t h i s  popula t ion  

system i s  s t a b l e  t o  t h e  f i r s t  group of  d i s tu rbances .  The s t e p  

u n i t  sho r t -du ra t ion  low-amplitude pu l se  causes  t h e  system t o  

d e v i a t e  from t h e  e q u i l i b r i u m  p o s i t i o n ,  b u t  t h e  system w i l l  

r e t u r n  t o  t h e  p o s i t i o n  of e q u i l i b r i u m  (F igure  2 ) .  I t  i s  obvious 

t h a t  t h e  d i s tu rbance  of  t h e  second group can des t roy  t h e  system 



F i g u r e  1 .  L o g i s t i c  Curve o f  P o p u l a t i o n  Growth 
( t h e  F e r c h u l s t  c u r v e )  



Figure 2. The Reaction of the Logistic Curve to the 
Step Unit Short Duration Low Amplitude Disturbances 



which i s  d e s c r i b e d  by t h e  F e r c h u l s t  curve ,  i f  t h e  numer ica l  

va lue  o f  t h e  d i s t u r b a n c e s  exceeds a /B .  The Monte C a r l o  method 

can be used t o  e v a l u a t e  t h e  r e s u l t s  o f  d i s t u r b a n c e s  from t h e  

t h i r d  group. 

Of s p e c i a l  i n t e r e s t  i s  t h e  c o n s i d e r a t i o n  o f  t h e  r e s u l t  o f  

permanent sma l l - s ca l e  d i s t u r b a n c e s  (Group 4 )  because  t h i s  t y p e  

o f  d i s t u r b a n c e s  very  o f t e n  e x i s t s  i n  r e a l  sys tems.  L a t e r  on ,  

w e  c o n s i d e r  t h e  mechanism of  t h e  e v a l u a t i o n  o f  ecosystems 

s t a b i l i t y  t o  t h i s  k i n d  o f  d i s t u r b a n c e s ,  b u t  now w e  g i v e  on ly  

t h e  r e s u l t  o f  t h e  s t a b i l i t y  c a l c u l a t i o n  o f  t h e  F e r c h u l s t  cu rve  

t o  t h e  d i s t u r b a n c e s  which can  be d e s c r i b e d  a s  "whi te  n o i s e " .  I n  

t h i s  c a s e ,  t h e  measure o f  s t a b i l i t y  o f  t h e  l o g i s t i c  curve  t o  

t h i s  t y p e  o f  d i s t u r b a n c e s  depends on t h e  combination o f  t h e  
3 c o e f f i c i e n t s  a and B and e q u a l s  - a . Cons ider ing  d i f f e r e n t  

8 * 
popu la t i ons  w i t h  d i f f e r e n t  c o e f f i c i e n t s  a and 8 one can see t h a t  

3 t h e  sys tem i s  more s t a b l e  t h a n  f o r  t h e  h i g h e r  combinat ion - a . 
B 

MEASURE OF STABILITY FOR THE PERMANENT SMALL-SCALE 
RANDOM DISTURBANCES OF THE "WHITE NOISE" TYPE 

L e t  us now c o n s i d e r  a  method f o r  d e s c r i b i n g  t h e  dynamics 

o f  n a t u r a l  systems t a k i n g  due account  o f  permanent sma l l - s ca l e  

random d i s t u r b a n c e s  (Group 4 ) .  W e  s h a l l  assume t h a t  t h e  random 

d i s t u r b a n c e s  a r e  sma l l  i n  a  s t a t i s t i c a l  s e n s e ,  a s  compared t o  

d e t e r m i n i s t i c  components. W e  b e l i e v e  t h a t  i n  r e a l  n a t u r a l  sys tems ,  

i n  many c a s e s ,  t h e r e  a r e  such d i s t u r b a n c e s .  L e t  a  system have 

s e v e r a l  s t a b l e  e q u i l i b r i u m  p o s i t i o n s ;  i f  w e  had a p p l i e d  a  d e t e r -  

m i n i s t i c  approach,  t h e  n a t u r a l  sys tem would, du r ing  t h a t  t i m e ,  

have come c l o s e r  t o  one o f  t h e  e q u i l i b r i u m  p o s i t i o n s  and s t a y e d  

t h e r e  i n d e f i n i t e l y .  L e t  t h e  dynamics o f  t h e  n a t u r a l  sys tem com- 

ponents  be  d e s c r i b e d  by t h e  equa t i on :  

where x i s  a  v e c t o r ,  i f  t h e  l o g i s t i c  curve  X = N ,  b ( x )  = b ( ~ )  = 
2 

aN - BN . 



Suppose t h e  sys tem h a s  d i f f e r e n t  s t a t e s  o f  e q u i l i b r i u m ,  

and i f  e q u a t i o n  ( 4 )  d e s c r i b e s  t h e  e v o l u t i o n  o f  t h e  n a t u r a l  

sys tem p r e c i s e l y ,  t h e n  t h e  sys tem would come t o  one o f  t h e  

s t a t e s  o f  e q u i l i b r i u m  and be  t h e r e  f o r  an  i n d e f i n i t e  p e r i o d  o f  

t i m e .  But ,  i n  f a c t ,  t h e  n a t u r a l  sys tem i s  under  t h e  e f f e c t  o f  

i r r e g u l a r  random d i s t u r b a n c e s .  These d i s t u r b a n c e s  may be de- 

s c r i b e d  by random p r o c e s s e s .  Assuming t h a t  t h e  random p r o c e s s  

i s  t h e  " w h i t e  n o i s e "  t y p e  ( W t ) ,  t h e n  t h e  dynamics o f  t h e  n a t u r a l  

sys tem w i l l  b e  d e s c r i b e d  by e q u a t i o n :  

where E i s  a  p a r a m e t e r  which c h a r a c t e r i z e s  t h e  s m a l l  d i s t u r -  

bances  a s  compared w i t h  t h e  v e c t o r  b ( ~ ) ,  Wt--Wirier p r o c e s s .  

Such a  s t o c h a s t i c  approach g i v e s  a  chance t o  o b s e r v e  some 

phenomena which a r e  n a t u r a l  i n  t h e  sys tems and which canno t  be 

d e s c r i b e d  by t h e  d e t e r m i n i s t i c  approach.  Using t h e  model ( 5 ) ,  

it i s  p o s s i b l e  t o  c a l c u l a t e  t h e  q u a n t i t a t i v e  c h a r a c t e r i s t i c s  o f  

t h e  above mentioned pheonomena. 

Assume t h e  s y s t e m  i s  n e a r  t h e  s t a b l e  p o s i t i o n  o f  e q u i l i b r i u m  

O1 and i s  a f f e c t e d  by random d i s t u r b a n c e s .  Note t h a t  111 i s  t h e  

s p h e r e  o f  a t t r a c t i o n  o f  t h e  p o i n t  O1 .  The s t a b i l i t y  o f  t h e  sys tem 

n e a r  t h e  p o i n t  O1 may b e  c h a r a c t e r i z e d  by t h e  a v e r a g e  t i m e  which 

t h e  sys tem needs  t o  l e a v e  t h e  s p h e r e  o f  a t t r a c t i o n  I l l .  Fo r  

c o n c r e t e  r e a l i z a t i o n ,  t h e  t i m e  it t a k e s  f o r  t h e  sys tem t o  l e a v e  
E t h e  s t a b l e  p o s i t i o n  i s  a  random v a l u e .  L e t  us  n o t e  it a s  T~ . 

I n  o r d e r  t o  f i n d  t h e  e x p e c t e d  v a l u e  a t  t h e  t i m e  o f  r e s i d e n c e  o f  
E t h e  sys tem M x ~ n  , it i s  p o s s i b l e  t o  f o r m u l a t e  t h e  t a s k  f o r  

€ E f u n c t i o n  n  ( x )  = M x ~ n  . This  t a s k  i s  v e r y  compl ica ted  and t h e  

a n a l y t i c a l  d e c i s i o n  i s  v e r y  d i f f i c u l t  and i n  many c a s e s  i m p o s s i b l e ,  

s i n c e  t h e  s t a b i l i t y  o f  t h e  s t a b l e  p o s i t i o n  depends on t h e  i n i t i a l  

p o i n t .  I t  i s  p o s s i b l e  t o  s i m p l i f y  t h e  t a s k  and i n  t h e  c a s e  o f  

a  s m a l l  v a l u e  E it i s  n a t u r a l  t o  i n t r o d u c e  a  dominant t e r m  o f  

t h e  e x p e c t e d  v a l u e  a t  t h e  t i m e  of  r e s i d e n c e  o f  t h e  sys tem 

( M T ~  , (Ven tze l  and F r e i d l i n .  1979) i n  t h e  n-th su r rounded  

r e g i o n  o f  t h e  s t a b l e  e q u i l i b r i u m  p o s i t i o n :  



L 
E n  

Mx'rn - exp- 
2~ 2 -  

A s  we can s ee  from equa t ion  ( 6 ) ,  t h e  t ime of  r e s idence  of t h e  

system t o  be  i n  t h e  n - th  r eg ion  of t h e  s t a b l e  e q u i l i b r i u m  pos i -  

t i o n  depends on t h e  f u n t i o n  Cn.  There fore ,  it i s  proposed t o  

use  Cn a s  a  measure of s t a b i l i t y  f o r  t h e  permanent sma l l - s ca l e  

random d i s t u r b a n c e s .  The numerical  va lues  o f  Cn depend on t h e  

t y p e  o f  f u n c t i o n s  b  ( x )  and on t h e  n-th e q u i l i b r i u m  p o s i t i o n .  

I t  i s  easy  t o  f i n d  c o n s t a n t s  Cn when t h e  b ( x )  f i e l d  i s  one- 

d imensional .  According t o  Ventzel  and F r e i d l i n  (1979) t h e  

f u n c t i o n  Cn i s  c l o s e l y  connected w i th  t h e  q u a s i - p o t e n t i a l  U(x) 

o f  t h e  f i e l d  b ( x )  

where x ~ + ~  i s  t h e  p o s i t i o n  of  e q u i l i b r i u m  where t h e  system w i l l  

be a f t e r  a  c e r t a i n  p e r i o d  of  t ime ,  

where q u a s i - p o t e n t i a l  

I n  t h e  i n i t i a l  p o s i t i o n  of  e q u i l i b r i u m  ( x l )  t h i s  q u a s i - p o t e n t i a l  

i s  equa l  t o  ze ro  (Ventzel  and F r e i d l i n ,  1979) . This  enab le s  

c a l c u l a t i o n  of B t h e  c o n s t a n t  o f  i n t e g r a t i o n  

I n  t h e  c a s e  o f  t h e  mul t id imensional  s i z e  o f  t h e  f i e l d  b ( x )  t h e  

more d i f f i c u l t  problem o f  t h e  c a l c u l a t i o n  of t h e  c o n s t a n t s  Cn 

must be  so lved .  I n  t h i s  c a s e ,  t h e  va lues  Cn a r e  t h e  minimum 

of  t h e  f u n c t i o n a l  'r which i s  d e f i n e d  a s  fo l lows :  

where xi i s  t h e  i - t h  component of  t h e  v e c t o r  x, 

( T 2 - T I )  - p e r i o d  of t ime when t h e  sys tem goes from one pos i -  

t i o n  of  e q u i l i b r i u m  t o  ano the r .  



The knowledge o f  t h e  v a l u e s  o f  Cn makes it p o s s i b l e  t o  c a l c u l a t e  

t h e  p r o b a b i l i t i e s  o f  t r a n s i t i o n  from t h e  neighborhood o f  one  

s t a b l e  p o s i t i o n  t o  a n o t h e r .  Note t h a t  t h e  t r a n s i t i o n  from t h e  

neighborhood o f  one s t a b l e  p o s i t i o n  t o  a n o t h e r  i s  i m p o s s i b l e  t o  

c a l c u l a t e  w i t h  a  p u r e l y  d e t e r m i n i s t i c  approach.  
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a 3  W e  s t a t e d  e a r l i e r  t h a t  t h e  v a l u e  - c h a r a c t e r i z e s  t h e  
B 2  

c r i t e r i a  o f  t h e  s t a b i l i t y  o f  t h e  permanent s m a l l - s c a l e  d i s t u r -  

bances  f o r  t h e  l o g i s t i c  c u r v e .  Now w e  s h a l l  g i v e  t h e  c a l c u l a t i o n  

o f  t h i s  v a l u e .  

The number o f  p o p u l a t i o n  growth s p e c i e s  N which i s  s u b j e c t  

by random p r o c e s s  o f  t h e  " w h i t e  n o i s e "  t y p e  ( W t )  w i l l  b e  d e s c r i b e d  

by e q u a t i o n  

I n  t h i s  c a s e ,  t h e  t r a n s i t i o n  from one p o s i t i o n  o f  e q u i l i b r i u m  

( N 1  = a/B) t o  a n o t h e r  p o s i t i o n  where t h e  p o p u l a t i o n  i s  z e r o ,  i s  

p o s s i b l e .  F i g u r e  3 shows one  p o s s i b l e  r e a l i z a t i o n  o f  t h e  p r o c e s s .  

Now l e t  us c a l c u l a t e  c o n s t a n t  Cl--a measure o f  s t a b i l i t y ,  u s i n g  

t h e  e q u a t i o n s  ( 4 )  - (9  ) . 
F o r  t h i s  purpose ,  a s  mentioned e a r l i e r ,  f i r s t  o f  a l l  one  

must f i n d  U(N)--the q u a s i - p o t e n t i a l  o f  t h e  f i e l d  aN-BN 2 

a 
I n  t h e  e q u i l i b r i u m  p o s i t i o n  o f  t h e  sys tem ( N 1  = - ) ,  t h e  q u a s i -  B 
p o t e n t i a l  o f  t h e  f i e l d  must  be  e q u a l  t o  z e r o  (Equa t ion  9 )  

From h e r e  w e  c a n  f i n d  t h e  meaning of  c o n s t a n t  B 



F i g u r e  3 .  P o s s i b l e  R e a l i z a t i o n  P r o c e s s  o f  t h e  Death  o f  
t h e  N a t u r a l  S y s t e m ' s  Component 



The above mentioned c o n s t a n t  C 1  may be  found,  when t h e  second p o s i -  

t i o n  o f  e q u i l i b r i u m  o f  t h e  sys tem ( N 2  = 0 )  i s  c o n s i d e r e d  ( E q . 7 ) :  

T h e r e f o r e ,  t h e  dominant  t e r m  g i v e s  t h e  f o l l o w i n g  a n a l y t i c a l  

e x p r e s s i o n  f o r  ma themat ica l  e x p e c t a t i o n  ( F r e i d l i n  and S v e t l o s a n o v ,  

C 1  a 
3 

M ~ T ~  - e x p - 7  = exp 
2~ E 038 2 .  

I t  i s  e a s y  t o  see, when E i s  s m a l l ,  t h e  v a l u e  mentioned 

below i s  g r e a t :  

3 2 The measure o f  s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p o s i t i o n  is a / 8  , 
3 2 s o  w e  can  see t h a t  t i ie  g r e a t e r  t h e  v a l u e  a / B  , t h e  h i g h e r  t h e  

s t a b i l i t y  o f  t h e  sys tem d e s c r i b e d  by t h e  l o g i s t i c  c u r v e  ( F r e i d l i n  

and S v e t l o s a n o v ,  1976) . This  example shows how t h e  s m a l l  d i s t u r -  

bances  can  "swing" and even d e s t r o y  t h e  sys tem which l o o k s  ve ry  

s t a b l e  f o r  an  i n d e f i n i t e  t i m e ,  w i t h o u t  c o n s i d e r a t i o n  o f  t h e  

d i s t u r b a n c e s .  Note t h a t  t h e  e f f e c t  o f  t h e  " d e a t h "  o f  t h i s  com- 

ponen t  o f  t h e  n a t u r a l  sys tem i s  i m p o s s i b l e  t o  f i n d  u s i n g  t h e  

d e t e r m i n i s  t i c  approach.  

Cons ide r  now t h e  r e s u l t s  o f  s t u d y i n g  t h e  s t a b i l i t y  o f  

H a e f e l e ' s  (1975) mathemat ica l  model under  t h e  e f f e c t  o f  random 

d i s t u r b a n c e s  o f  t h e  "whi te  n o i s e "  t y p e  ( S v e t l o s a n o v ,  1977) . 
Haefe le  h a s  proposed a d e t e r m i n i s t i c  model r e p r e s e n t i n g  t h e  

r e l a t i o n s h i p  between p o p u l a t i o n  growth and t h e  energy p o t e n t i a l  

p e r  p o p u l a t i o n  u n i t .  The model i s  d e s c r i b e d  by t h e  f o l l o w i n g  

sys tem o f  d i f f e r e n t i a l  e q u a t i o n s :  



Here, p  i s  t h e  p o p u l a t i o n  and e i s  t h e  e n e r g y  p o t e n t i a l  p e r  

p o p u l a t i o n  u n i t .  F i g u r e  4 r e p r e s e n t s  t h e  development  o f  t h e  

sys tem i n  a  phase  p l a n e .  S e p a r a t r i c e s  d i v i d e  t h e  p h a s e  p l a n e  

i n t o  f o u r  p a r t s .  I f  e v o l u t i o n  s t a r t e d  i n  one  o f  t h e  f o u r  p a r t s ,  

it w i l l  a lways b e  c o n f i n e d  w i t h i n  t h a t  p a r t .  I f  it s t a r t s  i n  

P a r t  I I o r  111, t h e  community w i l l  become e x t i n c t  a f t e r  a  c e r t a i n  

p e r i o d  o f  t i m e .  I n  o r d e r  t o  e x i s t ,  t h e  community must s t a y  i n  

P a r t  I o r  I V .  

Cons ide r  t h e  e v o l u t i o n  o f  a  g iven  dynamic sys tem,  t a k i n g  

i n t o  a c c o u n t  t h e  e f f e c t  o f  s m a l l  random d i s t u r b a n c e s  o f  t h e  

"whi te  n o i s e "  t y p e .  The sys tem w i l l  b e  d e s c r i b e d  by t h e  sys tem 

o f  d i f f e r e n t i a l  e q u a t i o n s :  

3 - de - - pAe 
d t  

- pce - e6 + -  
P 

Under t h e  e f fec t  o f  a  random d i s t u r b a n c e ,  t h e  sys tem may s h i f t  from 

one p o i n t  o f  t h e  phase  p l a n e  t o  a n o t h e r  a l o n g  d i f f e r e n t  p a t h s ,  b u t  

t h e r e  i s  always c u r v e  S t  a l o n g  which t h e  s h i f t  i s  most p r o b a b l e .  

The c u r v e  shape ,  ma themat ica l  e x p e c t a t i o n ,  a s  w e l l  a s  t h e  p r o b a b i l i t y  

o f  s h i f t  t r a n s i t i o n  from one p o i n t  o f  t h e  phase  p l a n e  t o  a n o t h e r  

d u r i n g  t i m e  i n t e r v a l  T = T 2  - T I ,  can  b e  d e r i v e d  ( a c c o r a i n g  t o  

e q u a t i o n  1 0 )  w h i l e  c a l c u l a t i n g  t h e  ~ i n i n u n  o f  f u n c t i o n a l  : 

The main t e r m  o f  p r o b a b i l i t y t r a n s i t i o n  P t a k e s  t h e  form: 

min r ( E t )  
P -  exp C -  1 

2E2 





C a l c u l a t i o n  of  t h e  minimum of  f u n c t i o n a l  T ( t t )  g i v e s  t h e  same 

c o n s t a n t  C which i s  a  measure of  s t a b i l i t y  o f  t h e  sys tem t o  

random d i s t u r b a n c e s .  The c a l c u l a t i o n s  o f  i n i t i a l  v a l u e s  
8 - 2.2.10 and f i n a l  va lue s  ef = 21.9,  pf = 2.74.10 eo = 10, po - 
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have given min r ( 6 )  = 4.77 w i t h  o t h e r  i n i t i a l  c o n d i t i o n s  eo = 
8 15, po = 3.10 and t h e  same f i n a l  c o n d i t i o n s ,  r ( < )  = 12.49. 

L e t  us n o t e  t h a t  t h e  f i n a l  c o n d i t i o n s  w e r e  t h e  v a l u e s  o f  t h e  

s add l e -po in t .  The t i m e  ho r i zon  was t aken  equa l  t o  1 o 3  y e a r s .  

L e t  us c o n s i d e r  from t h i s  p o i n t  o f  view t h e  problem o f  

s o i l  deg rada t i on .  Degradat ion and i n s t a b i l i t y  a r e  o f t e n  c l o s e l y  

c o r r e l a t e d .  Suppose w e  have t h e  d i f f e r e n t i a l  e q u a t i o n s  which 

d e s c r i b e  t h e  p roces s  o f  s o i l  degrada t ion ;  f i r s t  o f  a l l ,  w e  a r e  

t o  c l a r i f y  t h e  t y p e  o f  d i s t u r b a n c e s  which i n f l u e n c e  t h e  s o i l .  

I f  t h e  random p roces s  i s  a  "whi te  n o i s e "  t y p e ,  w e  can use  t h e  

above mentioned methodology t o  c a l c u l a t e  t h e  c r i t e r i a  of  s t a b i l i t y  

o f  agroecosystems . Knowing t h i s ,  w e  can  c a l c u l a t e  t h e  " l i f e - t i m e "  

of  agroecosystems and e v a l u a t e  t h e  e x t e n t  o f  s o i l  deg rada t i on .  

I n  t h e  c a s e  o f  o t h e r  d i f f e r e n t  t y p e s  o f  d i s t u r b a n c e s ,  w e  can 

use (it depends on t h e  s i t u a t i o n )  Liapunov 's  method o r  t h e  

Monte Ca r lo  method t o  c a l c u l a t e  whether t h e  sys tem i s  s t a b l e  o r  

n o t .  So f a r ,  no a n a l y t i c a l  c r i t e r i a  have been determined f o r  

d i s t u r b a n c e s  o f  Groups 3, 5  and 6 .  C a l c u l a t i o n s  can  b e  c a r r i e d  

o u t  u s ing  t h e  Monte Ca r lo  method. 

The use  o f  s t o c h a s t i c  dynamic methods i s  n o t  r e s t r i c t e d  t o  

s t u d i e s  o f  n a t u r a l  sys tem s t a b i l i t y .  They w e r e  used,  f o r  example, 

t o  p r e d i c t  t h e  boundary c o n f i g u r a t i o n s  o f  f o r e s t s  i nvad ing  t h e  

s t e p p e s .  The i n t e r r e l a t i o n s  between f o r e s t  and s t e p p e  a r e  q u i t e  

complex. An a n a l y s i s  i n  t h e  S t r e l e t s k y  s e c t o r  of  t h e  Kursk 

s t e p p e  h a s  r e v e a l e d  s t e a d y  encroachment o f  f o r e s t s  upon t h e  

s t e p p e s .  The s t a t i s t i c a l  p r o b a b i l i t y  o f  emergence o f  a  new 

tree depends on t h e  d i s t a n c e  between trees.  The use  o f  t h i s  

r e l a t i o n  i n  t h e  Monte Ca r lo  method has  enab led  t h e  boundary 

c o n f i g u r a t i o n  o f  t h e  f o r e s t  t o  be  p r e d i c t e d  f i f t y  y e a r s  ahead 

(Andreev e t  a l . ,  1976) .  



CONCLUSIONS 

S t o c h a s t i c  methods c a n  a f f o r d  t o  e v a l u a t e  some e f f e c t s  i n  

n a t u r a l  sys tems which a r e  imposs ib l e  t o  f i n d  by u s ing  o n l y  a  

p u r e l y  d e t e r m i n i s  t i c  approach.  A s t o c h a s t i c  approach may be 

a c t i v e l y  used i n  s t u d y i n g  t h e  p r e s e n t  a c t u a l  problem--the 

s t a b i l i t y  o f  n a t u r a l  sys tems ,  e s p e c i a l l y  w i th  a n  i d e a  o f  o b t a i n i n g  

t h e  c r i t e r i a  o f  sy s t em s t a b i l i t y .  

A s  t h e  p rob lemsof  s o i l  d e g r a d a t i o n  and agroecosys tem 

s t a b i l i t y  a r e  ve ry  c l o s e l y  connec ted  t o  e ach  o t h e r ,  s t o c h a s t i c  

dynamic models shou ld  b e  used t o  a n a l y z e  them. 
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