
NOT FOR QUOTATION 
WITHOUT PERMISSION 
OF THE AUTHOR 

SYSTEMS ANALYSIS BY PARTIAL 
LEAST SQUARES (PLS) 

Herman Wold 

September 1 9 8 3  
CP-83-46 

CoZZaborative Papers r e p o r t  work which h a s  n o t  been 
performed s o l e l y  a t  t h e  I n t e r n a t i o n a l  I n s t i t u t e  f o r  
Appl ied  Systems A n a l y s i s  and which h a s  r e c e i v e d  o n l y  
l i m i t e d  rev iew.  V i e w s  o r  o p i n i o n s  e x p r e s s e d  h e r e i n  
do n o t  n e c e s s a r i l y  r e p r e s e n t  t h o s e  o f  t h e  I n s t i t u t e ,  
i t s  N a t i o n a l  Member O r g a n i z a t i o n s ,  o r  o t h e r  o r g a n i -  
z a t i o n s  s u p p o r t i n g  t h e  work. 

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMS ANALYSIS 
A-2361 Laxenburg,  A u s t r i a  





FOREWORD 

This  C o l l a b o r a t i v e  Paper i s  one of a  s e r i e s  embodying t h e  
outcome of a  workshop and conference  on Economic S t r u c t u r a l  
Change: A n a l y t i c a l  I s s u e s ,  he ld  a t  I I A S A  i n  J u l y  and August 
1983.  The conference  and workshop formed p a r t  of t h e  con- 
t i n u i n g  IIASA program on P a t t e r n s  of Economic S t r u c t u r a l  Change 
and I n d u s t r i a l  Adjustment. 

S t r u c t u r a l  change was i n t e r p r e t e d  ve ry  broadly:  t h e  t o p i c s  
covered inc luded  t h e  n a t u r e  and causes  of changes i n  d i f f e r e n t  
s e c t o r s  of t h e  world economy, t h e  r e l a t i o n s h i p  between i n t e r -  
n a t i o n a l  markets and n a t i o n a l  economies, and i s s u e s  of organi -  
z a t i o n  and i n c e n t i v e s  i n  l a r g e  economic systems. 

There i s  a  g e n e r a l  consensus t h a t  impor tan t  economic 
s t r u c t u r a l  changes a r e  occur r ing  i n  t h e  world economy. There 
a r e ,  however, s e v e r a l  a l t e r n a t i v e  approaches t o  measuring t h e s e  
changes,  t o  modeling t h e  p rocess ,  and t o  d e v i s i n g  a p p r o p r i a t e  
responses  i n  t e r m s  of p o l i c y  measures and i n s t i t u t i o n a l  re- 
design.  Other i n t e r e s t i n g  q u e s t i o n s  concern t h e  r o l e  of t h e  
i n t e r n a t i o n a l  economic system i n  t r a n s m i t t i n g  such changes,  and 
t h e  m e r i t s  of a l t e r n a t i v e  modes of economic o r g a n i z a t i o n  i n  
responding t o  s t r u c t u r a l  change. A l l  of t h e s e  i s s u e s  w e r e  
addressed  by p a r t i c i p a n t s  i n  t h e  workshop and conference ,  and 
w i l l  be t h e  focus  of t h e  c o n t i n u a t i o n  of t h e  r e s e a r c h  program's  
work. 

Geoffrey Heal 
Ana to l i  Smyshlyaev 
Ern6 Z a l a i  





SYSTEMS ANALYSIS BY PARTIAL 
LEAST SQUARES (PLS) 

Herman Wold* 

1. Introduction 
. . 

The adven t  of t h e  computer i n  t h e  e a r l y  1950's marks a new e r a  i n  Systems A n a l y s i s .  

Ths f l r s t -  wave.: .Trend s i m u l a t i o n ,  by t h e  Club of Rome and o t h e r  teams, was launchec 

wi th  h i g h  a s p i r a t i o n s  and e x p e c t a t i o n s .  The performance l e f t  much t o  be d e s i r e d ,  and 

i n  1961 a  well-doc-luented appraisal s t a t e d  t h a t  t h e  h i z h  e x p e c t a t i c n s  had n o t  

m s t e r i ~  l i z e d ;  Xappel & Schwarz, 1981. 

Tn t h e  meanwhile two l i n e s  of  systems a n a l y s i s  had come t o  t h e  f o r e :  

Path  a o d e l s  wi th  m a n i f e s t  ( d i r e c t l y  observed)  v a r i i ' b l e s ,  and 

P s t h  models wi th  l a t e n t  ( i n d i r e c t l y  observed)  v a r i a b l e s .  

Fg.1 shows arrow schemes f o r  two a r r a y 8  of  path  models, t o  t h e  l e f t .  models 

u i t h  M V s  ( m a n i f e s t  v a r i a b l e s ) ,  t o  t h e  r i g h t  models wi th  LVs ( l a t e n t  v a r i a b l e s  j . 
The n o d e l s  11-'J t o  t h e  l e f t  a r e  c l a s s i c a l  i n  Econometrics.  The n o d e l s  1"- 11'"0 t h e  

r i g h t  have t h e i r  o r i g i n  i n  Psychometr ice .  Models 11~'" p', mergers  of 2conornetrics 

and Psychomet r ics ,  were in t roduced  i n  3oc io logy  i n  t h e  mid-1960 's,. 

* 
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( a )  P a t h  models w i t h  

mani fes t  v a r i a b l e s  (MVS) 

( b )  Pa th  models wi th  

l a t e n t  v a r i a b l e s  (LVs) 
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Causal  Chain 
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Figure 1 a,b - &aphic i l lustrations of path d e l s  with (a) directly 

observed variables, and (b) latent  variables indirectly observed by multiple 

indicators. 



Sn.2 considers the models to the left in Fg.1, path models with MVs. 

Models  w i t h  one r e l a t i c n  ( t h e  p a t h  h a ~  one s t e p ) :  

T I .  S i m p l e  OLS ( O r d i n a r y  L e a s t  s q u a r e s )  r e g r e s s i o n ;  

T T T .  X u l t i p l e  OLS r e g r e s s i o n .  

F o d e l s  w i t h  two o r  a o r e  r e l a t i o n s  ( t h e  p a t h  h a s  more t h a n  one  s t e p )  : 

I V .  C a u s a l  Cha in  ( z l s o  c a l l e d  R e c u r s i v e )  s y s t e m s ;  

V.  I n t e r d e p e n d e n t  ( I D )  sys t ems .  

Models I V - V  a r e  well-kno:m f rom macroeconomic model  b u i l d i n g .  With r e f e r e n c e  t o  

t h e  s u b s e q u e n t  f o r m u l a s  ( k j q l b ) ,  C a u s a l  C n a i n s  and  ID s y s t e m s  a r e  d e f i n e d  b y  t h e i r  

s t r u c t u r a l  form ( S F ) ,  and t h e i r  r educed  form ( R F )  g i v e s  t h e  endogenous  v a r i a b l e s  

i n  t e r m s  of t h e  exogenous  v a r i a b l e s .  OLS regression is consistent when applied to 

Causal Chain systems, but not in the estimation of ID systema. 

Sn.3 sets forth the FP approach to ID systems (v). Sn.4 reviews the 
principles of model building, with focus on kIL (~aximum ~ikelihood ) versus 
LS  east squares) modeling. Sn.5 outlines the evolution o f  the psychometric 

Wedela I* - lIf in Pg.1. Sn.6 reviews the recent advent of general estimation 

of Models III* - V ,  namely K.G. Jijreskog's bKL algorithm LISREL, followed by 

H. Wold's LS algorithm PLS. 

Sn.7 shows the basic design of PLS modeling, Sn.8 some of its generaliza- 

tions; Sn. 9 is a brief discourse on applied with with PLS, and Sn. 10 gives 

a concluding outlook. 

2. P a t h  m o d e l s  w i t h  m a n i f e s t  v a r i a b l e s  (i4Vs). 

J a n  T i n b e r g e n  i n  h i s  p i o n e e r i n g  work w i t h  C a u s a l  Cha in  s y s t e m s ,  1933-39, 
e s t i m a t e d  t h e  SF r e l s t i o n s  by OLS r e g r e s s i o n .  Trygve Haavelrno i n  1943 i n t r o d u c e d  

S imul t aneous  E q u z t i o n s  ( 1  a -b) ;  c l a i m i n g  t h a t  OLS i s  i n c o n s i s t e n t  when a p p l i e d  t o  

-SF, h e  recommended e s t i m a t i c n  by  KL (>iaxircum L i k e l i h o o d )  e s t i m a t i o n .  a e n t z e l  

d o l d  ( 1 9 4 6 )  d i s t i n g u i s h e d  be tween R e c u r e i v e  s y s t e m s  (Ti$ and X ,on recu r s ive  s y s t e m s  ( Y )  , 
and showed t h a t  rYlL a n d  OtS g i v e  n u m e r i c a l l y  t h e  s a n e  p a r a m e t e r  e s t i z a t e s  wh.en a p p l i e d  

t o  t h e  S F  o f  R s c u r s i v e  s y s t e m s  T V .  To improve t h e  g e n e r a l  r a t i o n a l e  o f  LS  east 
S q u a r e s )  estimation, 11. ':/old (19%-63) i n t r o d u c e d  t h e  n o t i o n  o f  p e d i  - t o r  s p e c i f i c a t i o n ,  

a s s u a i n g  t h a t  t h e  s y s t e a s t i c  p a r t  o f  t h e  r e l a t i o n  t o  be e s t i n s t e d  i s  t h e  c o n d i t i o n a l  

e x p e c t a t i s n  o f  t h e  t a r g e t  v a r i a b l e ;  c f .  ( l c )  a n d  ( 2  a -b) .  

2.1 Formal a s p e c t s .  C a u s a l  C h a i n s  T V  and  I D  systerns V h a v e  - -. 
exogenous v a r i a b l e s  x = ( x  =1, 1 X2,  

. . . , x ) and endogenous  v a r i s b l e s  y = ( y l ,  . . . , y n ) .  
m 

The models  a r e  d e f i n e d  b y  t h e i r  s t r u c t u r a l  form ( S F )  which,  when s o l v i n g  f o r  t h e  

endcgenous  v a r i a b l e s ,  g i v e s  t h e  r e d u c e d  fo rm ( R F ) .  

SF: Y = B y  + r x  t L  7 
RF: = I - B]-lrX + 6 

i l a t r i x  n o t a t i o n :  p = [piJ; T = ifih] , i ,  k = 1, n ;  h  = 1, m 



2.2 Comparative a s p e c t s  of Xodelu TV and V: 

I V .  Causa l  Chain  ( R s c u r s i v e )  sys tems V .  I n t e r d e p e n d e n t  ( ID)  sys tems 

M a t r i x  i s  t r i a n g u l a r ,  Pik = 0 ,  k 2 i, Fl i s  n o n t r i a n g u l a r ,  Pik f 0  f o r  scme k  > i .  

J o i n t  f e a t u r e :  E(y i I  X1, X 2 ,  * - . ,  Xn) = [ T  - rX ( 1 4  

II II OLS e s t i m a t i o n  o f  RF i s  c o n s i s t e n t  
C 

-l 

E ( Y L Y , X )  = P Y  + ' x  ( 2 a )  E ( Y /  Y, x )  + g Y  + ' x (2b 

Om e s t i m a t i o n  of  SF i s  c o n s i s t e n t  OLS e s t i m a t i o n  of 3F i s  i n c o n s i s t e n t .  

For c o n s i s t e n t  e s t i m a t i o n  of t h e  SF in .TD systems 

t h e  TSLS (Two S t a g e  L e a s t  s q u a r e s )  method was 

i n t r o d u c e d  by H .The i l  ( 1953, 1958) and H.Basmann ( l 9 5 7 ) ,  

on t h e  C l a s s i c a l  I D  assumption t h a t  e a c h  r e s i d u a l  t ( o r  $ ) 

i s  u n c o r r e l a t e d  w i t h  a l l  exogenous v a r i a b l e s  x .  

3 .  The Fix-Point  approach.  I n  t h e  Fix-Foint  ( F P )  method f o r  t h e  e s t i ~ a t i o n  of I D  

sys tems  (H. >/old ,  1965-66) t h e  k e y  f e a t u r e  i s  t o  r e f o r m u l a t e  

t h e  SF by  r e p l a c i n g  each e x p l a n a t o r y  endogenous v a r i a b l e  y  by 

i t s  c o n d i t i o ~ a l  e x p e c t ~ t i o n ,  deno ted  by Y?', f i r s t  a d o p t i n g  and 

t h e n  g e n e r a l i z i n g  t h e  C l a s s i c a l  T D  assumpt ion.  

REID ( R E f o m u l a t e d  I D )  sys tems ;  each r e s i d u a l  E ( o r  J ) i s  assumed t o  be 

u n c o r r e l a t e d  w i t h  a l l  exogenous v a r i a b l e s  x  ; 

GETD (GEneral  T D )  sys tems:  i n  t h e  i : t h  r e l a t i o n  o f  t h e  SF ( i  = 1, n )  t h e  r e s i d u a l  

E i  i s  assumed t o  be u n c o r r e l a t e d  wi th  a l l  v a r i a b l e s  F, x  t h a t  occur  i n  

t h e  i : t h  r e l a t i o n .  

I n  symbols, REID and GEID systems r e a d  a s  f o l l o w s .  

SF : Y = p Y G  + r x  + 6 ( 3 )  

p. - B]-lrX ( b a  ) 

= p~ + r x  ( 4 b )  

Thus t h e  t r a n s f c r m s t i o n  t o  RETD and 3EID systems does n o t  change t h e  pa ramete r s  /I, r ,  
n o r  t h e  reducs.8 form RF; and i n  RETI) and GEID systelns 3F and RF have  t h e  same 

r e s i d u a l s  6 .  

3.1. The FP e s t i a a t i o n  a l g o r i t h m  i s  t h e  sane f o r  REID and GET9 sysrems. The FF a l g o -  
r i t h m  i s  i t e r a t i v e ,  s a y  wi th  s t e p s  s  = 1, 2,  ... Let  ( '), ( " )  mark t h e  e s t i m a t i o n  

p r o x i e s  o b t a i n e d  i n  s t e p s  s and s + l  , r e s p e c t i v e l y ,  As t h e  a l g o r i t h m  converges  

t h e  l i m i t i n g  3". G " ,  y" a r e  t h e  FF e s t i m a t e s  o f  #4, T , yGf 

The FP a l g o r i t h m  h a s  two s u b s t e p s ,  a l t e r n a t i n g  betweer. ( 3a) ar,d (4 j :  

F i r s t  s u b s t e p .  N u l t i p l e  OL3 r e g r e s s i o n  o f  y  on Y '  a ~ d  x  g i v e s  B" and ' ' " a  



Second s u b s t e p .  Using  B" and G" from t h e  f i r s t  s u b s t e p ,  y l l  i s  o b t a i n e d  from (4 ) :  

yll = B I I  Y '  + GI' x ( 6 a )  

o r  a 1  t e r n s t i v e l y ,  

Y" = [ I  - B I I  1 $1 X 

S t a r t i n g  v a l u e s ,  s = 1. Exper i ence  3hows t h a t  d i f f e r e n t  s t a r t i n g  v a l u e s ,  e .g .  

y e =  0 ;  y ' =  y; y '  = t h e  f i r s t  s t a g e  o f  TSLS ( 7 )  

i n  most  c a s e s  l e a d  t o  t h e  same FP e s t i m a t e s  B ,  G ,  y5' . 
-. --  - 

3.2. The PF a l g o r i t h m  (5)-(6) h a s  been improved,  g e n e r a l i z e d  and a p p l i e d  in numerous 

c o n t r i b u t i o n s ,  i n c l u d i n g  the s u b s e q u e n t  11-n5; see H. Wold,  e d .  1980. 

1 The SF may i n v o l v e  i d e n t i t i e s  w i t h  s p e c i f i e d  p a r a m e t e r s  B ,  G; E.Lytticens, 1953. 
552 The corivergence o f  t h e  FP a l g o r i t h m  may be  improved by a  r e l a x a t i o n  p a r a m e t e r  . ;  

A . Agren, 1972.  

$ 5  RFP ( R e c u r s i v e  FP) e s t i m a t i o n :  The two s u b s t e p s  ( 5 ) - ( 6 )  a r e  per formed r e c u r s i v e l y ,  

w i t h o u t  d e l a y  i n  u s i n g  t h e  flow o f  new i n f o r m a t i o n ;  L. Bodin,  1974.  

*4 To speed  up t h e  f l o w  o f  r e c u r s i v e  i n f o r m a t i o n  i n  *5 t h e  SF i s  r e o r d e r e d  s o  a s  t o  

min imize  t h e  number o f  p a r a m e t e r s  
b i k  

f 0 w i t h  k  > i; L. Bodin, 1974. 

9:-5 A p p l i c a t i o n s  t o  r e a l - w o r l d  models  and d a t a ,  a s  w e l l  a s  t o  s i m u l a t e d  d a t a ,  ar,d 

compar i sons  w i t h  TSLS, LTML and o t h e r  methods f o r  e s t i m a t i o n  o f  I S  sys t ems ;  

R .  Bergs t rom,  1974. 

3 . 3  The F? msthod c o n t i n u e s  t o  d e v e l o p ,  a s  seer, f rom two books p u b l i s h e d  t h i s  y e a r .  

R.BergstrEm 8 R.?lold, 1985, r e p o r t  FP a n a l y s i s  o f  a l a r g e  P o l i s h  model ,  and  s u b j e c t  

FP n o d e l s  t o  LS methods of model e v a l u a t i o n .  D r .  M. Losch,  J u l y  1985, g i v e s  a  t h o r o u g h  

r e v i e w  o f  FP mode l ing ,  snd  e x t e n d s  t h e  method t o  t h e  e s t i m a t i o n  o f  R a t i o n a l  

E x p e c t a t i o w ( R E )  mo+ls .  Ber_qstr5m c o n c l u d e s  t h a t  FP g i v e s  p r e d i c t i c n s  t h s t  by s 

quantum l e a p  a r e  n o r e  a c c u r s t e  t h a n  TSLS a n d  o t h e r  a e t h o d s .  Losch l s u d s  t h e  s i m p l i c i t y  

and  speed o f  ?P s s t i m a t i o n ,  s s  well a s  t h e  a c c u r a c y  o f  t h e  e n s u i n g  p r e d i c t i o n s .  

4. Mode l  b u i l d i n g :  The  ML and LS a p p r o a c h e s  

NL (Maximum L i k e l i h o o d )  methods  a r e  t h e  ma ins t r eam o f  con tempora ry  s t a t i . t i c s  and 

econome:rics. The FP and PL5 methods a r e  LS ( ~ e e s t  s q u a r e s )  ms thods ,  and t h e r e f o r e  

I must  d i s c u s s  t h s i r  r e a c h  and l i z i t s t i o n  r e l a t i v e  t o  ML methods .  The c o n p s r i s o n  i s  

o f  s p e c i a l  impor t ance  i n  t h e  c o n t e x t  of' mode l s  0 o r  l s r g e  complex sys t ems .  

The ML n e t h o d s  of s t a t i 3 t i c a l  i n f e r e n c e  h a v e  z g e n e r a l  and w e l l  e l a b o r a t e d  framework 

f o r  ( i )  14L e s t i m a t i o n ,  ( i i )  h y p o t h e s i s  t e s t i n g ,  and ( i i i )  s t a n d a r d  e r r o r s  ( 3 ~ s )  f o r  

t h e  e s t i ~ a t e d  p a r a m e t e r s .  For  t h e  LS methods a  c o u n t e r p a r t  t o  ( i - j i i )  h a s  emerzed,  

n a n e l y  ( j  ) LS e s t i m a t i o n ,  ( j j ) Stone -3e i s se r  (3'3) t e s  k i n g  f o r  p r e d i c t i v e  r e l e v a n c e ,  

and ( j j  j) 3E s s s e s e m e n t  by J o h n  Tukey's j a c k k n i f e .  

Although ( j j - j j j )  a r e  fundamen ta l  t o o l s  o f  n o d e l  b u i l d i n g  t h e y  a r e  a s  y e t  l 2 r g e l y  

unknown. Fence  t h e  n e x t  p a r t  o f  my t a l k  w i l l  be a  d i s c o u r s e  on ML v s .  LS mode l ing ,  

w i t h  emphas is  on fundamen ta l  f e a t u r e s  c f  e s s m p t i o n s ,  pa--meter e s t i ? ; , a t i o n ,  model 

e v a l u a t i ~ n ,  and a s s e s s m e n t  o f  SEs . 



4.1 Assumpt ions  

ML (Maximuu L i k e l i h o o d )  L3 ( L e a s t  S q u a r e s )  

( a )  The o b s e r v s i i o n s  a r e  j o i n t l y  r u l e d  ( a )  L3 i s  d i s t r i b u t i o n - f r e e ,  e x c e p t  f o r  

by  a  s p e c i f i e d  n u l t i v a r i a t e  d i s t r i b u t i o n ;  p r e d i c t o r  s p e c i f i c a t i o n ;  

( b )  t h e  d i s t r i b u t i o n  i s  s u b j e c t  t o  ( b )  i ndependence  o f  t h e  o b s e r v s t i o n s  

i n d e p e n d e n t  o b s e r v a t i o n s .  i s  n o t  r e q u i r e d ,  

The LS z s s u m p t i o n s  a r e  more g e n e r a l  by a  quantum k a p .  I n  consequence ,  L9 i s  

o f  more b road  scope  t h a n  ML b o t h  i n  t h e o r e t i c a l  znd  a p p l i e d  work; LS i s  more f l e x i b l e  i n  

t h e  a d a p t a t i o n :  t o  s p e c i f i c  f e a t u r e s  i n  t h e  a p p l i c s t i o n s ,  

4.2 P a r a n e t e r  e s t i m s t i o n  

The L i k e l i h o o d  F u n c t i o n  i s  maximized .  The r e s i d u a l  v a r i a n c e s  a r e  min imized .  

Tn t h e  s p e c i a l  c a s e  o f  c o n t r o l l e d  e x p e r i m e n t 0  w i t h  nonrandom s t i m u l u s  v a r i a b l e s ,  

ML and LS p a r a m e t e r  e s t i m a t e s  a r e  n u m e r i c a l l y  t h e  same. O t h e r w i s e ,  Bhe ML and LS 

estimation methods give more o r  less different resuits. Under general 

r e g u l a r i t y  c o n d i t l . o n s ,  F:L p a r a m e t e r  e s t i m a t e s  h a v e  opti:.al a c c u r s c y ,  a n d  LS p r e d i c t i o n s  

h a v e  o p t i m a l  a c c u r a c y .  Hence t h e r e  i s  a  c h o i c e  be tween parame3er  and p r e d i c t i o n  

a c c u r a c y ;  i n  g e n e r a l  you c a n n o t  h a v e  b o t h .  

ML e s t i m a t i o n  i s  t e c h n i c a l l y  d i f f i c u l t ,  a n i  t h e  d i f f i c u l t i e s  i n c r e a s e  w i t h  t h e  

s i z e  of t h e  model .  Tn compar ison ,  t h e  i m p l e m e n t a t i o n  o f  LS e s t i a a t i o n  i s  e a s y ,  s n d  

t h e  s i z e  o f  t h e  model i s  r a r e l y  s problem.  A s  a  r u l e ,  L3 i s  s p e e d y  on t h e  compu te r .  

4 .3 .  Model e v a l u a t i o n ,  

Z y p o t h e s i a  t e s t i n g  by t h e  L i k e l i h o o d  3 a t i o  The SG t e s t  f o r  p r k i c t i v e  r e l e v a n c e  

Eve ry  n o d e 1  i s  a n  a p p r o x i m a t i o n ,  a more o r  l e s s  c l o s e  a p p r o x i ~ a t i o n .  Hence 

t h e  yes-or-no q u s s t i o n  o f  ?.fL h y p o t h e s i s  t e s t i n g  i s  wrong ly  posed .  The ML n u l l  

h y p o t h e s i s  i s  t h a t  t h e  model i s  true; a s  i s  w e l l  knolirn t h e  L i k e l i ' i o d  H s t i o  w i l l  

r e j e c t  t h e  n o d e l  s o o n e r  o r  l z t e r  a s  N ( t h e  number o f  ob . ; e rva t ionu )  i n c r e a z e s .  
7 

The SG t e s t  c r i t e r i o n  CJ2 i s  an  X- e v a l u a t e d  w i t h o u t  l o s s  of  d e g r e e s  o f  f r -edom.  
2 3 

T f  Q  < 0 t h e  model  i s  n o t  p r e d i c t i v e ,  whe reas  Q- > 9 i n d i c a t e s  t h e  d e g r e e  t o  which 

t h e  model  i s  p r e d i c t i v e .  

4.4 3 t a n d a r d  e r r c r s  ( SEs! 

3 E  a s a e s s x 2 n t  b y  t h e  c l a s s i c s 1  f o r m l a  SE a s s e s s m e n t  b y  Tukey's j a c k k n i f e .  

The SG t e s t  g i v e s  j s c k k n i f e  SEs  a s  z  

by-product .  

On t h e  !4L s s s u m p t i o n a ,  and a s y m p t o t -  J a c k k n i f e  3Es a r e  r e a l i s t i c  a s s e s s -  

i c a l l y  f o r  l s r g e  N, t h e  c l a s s i c a l  3E i s  n e n t s ,  i n  v i r t u e  o f  t h e  d i s t r i b u t i o n - f r e e  

tl?e ~ n s l l e s t  p o s s i b l e .  The c l a s s i c a l  S Z  L3 a s s ~ . m p t j ~ n ~  (a) - ( ,  b  j .  E x p e r i e n c e  shows 

i s  r o b u s t  w . r  . t .  t h e  d i s t r i b u t i o n a l  a s -  t h a t  c l a s s i c a l  SEs t y p i c a l l y  a r e  u n d e r -  

su iap t ion  ( a ) ,  b u t  n o t  w.r.t .  t h e  in- -  e s t i m a t e d ,  c f t e n  by 5 ~ $ ,  loM, o r  n o r e .  

depen5ence  a s s u n p t i o n  ( b )  . 



4.5 The distance between substantive theory and statistical technique 

in scientific modeling. - 
As illustrated in Fg.2 the FP and PLS estimation methods reduce the 

distance between substantive theory and statistical technique. Causal 

Chain systems are seen as the prototype model of general seepe for 

eausal-predictive analysis. 

For a Causa Chain model to be realistic and useful in applied work 

the various relations of the SF nust be realistic. OLS regression provides 

consistent parameter estimation of Causal Chain systems, and thanks to the 

simplicity of OLS this is a substantial advantage of Causal Chains. In the 

passage to large complex systems, however, it becomes increasingly difficult 

to design Causal Chain systems that are realistic in all detail, and so the 

need arises to simplify the model design. 

E 
Complexity of 
the model 

--@ - - - -L - - ,  ,,,_ - 
PLS LISREL 

CCh 

i 

PP 

Distance from model 
,-----I-------- ----------- 

CCh to statistical 
systems technique 

Figure 2. ID (~nterdepeqdent) systems and PMLVs (Path Xodels with Latent 

~aria~les) seen as sim~lifications of CCh (causal chain) systems. The 

distance from substantive theory to statistical technique is larger for 

ML (b9axi~t.m ~ikelihood) than for LS  east ~auares) estimation. 



As illustrated in Fg.2 the simplification in the theoretical design 

relative to the corresponding Causal Chain system is larger for PldLVs than 

for ID systems. Fg.2 further illustrates that ML estimation is technically 

difficult both for P u s  and ID systems, that LS reduces the distance from 

the theoretical model to the statistical technique, and that the reduction 

is larger for PMLVs than for ID systems. 

In the published reports on B6L estimation of PnVs and ID systems the 

models are small or smallish, whereas the size of the model is rarely a 

problem in FP and PLS applications. 

5. model in^ w i t h  l a t e n t  v a r i a b l e s  (LVS) 

5 T u r n i n g  from t h e  l e f t  t o  t h e  r i g h t  i n  Fg.1, t h e  h i s t o r i c a l  e v o l u t i o n  o f  t h e  

s i z p l e  model 1% i s  i l l u i n a t i n g .  C.L. Spearman i n  1904 l s u n c h e d  t h e  G e n e r a l  F a c t o r  model  

o f  human a b i l i t i e s ,  i n  symbols :  

$3 a-b)  

w3ere x m e a s u r e s  t h e  j-th a b i l i t y  o f  t h e  n- th  p e r s o n ,  w i t h  measu remen t s  g i v e n  a s  
j n  

deviations from t h e  rnesnsj  Z i s  t h e  l o a d i n g  of t h e  j - th  a b i l i t y ;  i s  t h e  G e n e r e l  
j  

F a c t o r ,  and  ' n  
t h e  f a c t o r  s c o r e  of t h e  n-t'r, pe r son ;  E ,  i s  t h e  s ~ e c i f i c  f a c t o r  o f  

J 
t h e  j - th  a b i l i t y .  The s p e c i f i c  f a c t o r s  a r e  assumed t o  be  u n c o r r e l a t e d ,  g i v i n g  

r = 6 & = 01 i f j ;  i , j 3 1 , J  
i i J (9 j 

S i n c e  r .  and tn a r e  unknown, a  s t a n d a r d i z a t i o n  o f  s c a l e s  f o r  u n a m b i g u i t y  (SSU) i s  
.1 

needed;  SSU c s n  be a c h i e v e d  by  g i v i n g  t h e  G e n e r a l  F s c t o r  u n i t  v a r i z n c e :  

On c o n d i t i o n  ( 9  ) t h e  t e t r a c h o r i c  c o r r e l a t i o n s  o f  t h e  G e n e r a l  F s c t c r  model 

which for a long time was the standard test for the validity of the General 

Factor model (8). 

5.2. It \:as n o t  u n t i l  t h 9  1929's  t h a t  t h e  G ~ n e r a l  F s c t o r  n o d e l  Mas g e n e r a l i z e d ,  

p e r h a p s  p a r t l y  b e c a u s e  t h e r e  was n o  g e n e r a l  e s t i m a t i o n  method t h s t  konoure:  t h e  

n o n c o r r e l a t i o n  ( 9 ) o f  t h e  s p s c i f i c  f a c t o r s .  The 1 . l u l t i p l e - f a c t o r  model  OP L.L.Thurstone 

1935, 1947, s a y  w i t h  3 f a c t o r s ,  r e a d s :  

where t h e  g e n e r a l  s n i  s p e c i f i c  f a c t o r s  a r e  u n c o r r e l a t e d ,  

, ) = r J  f j  = r ,  . = 9, P J  q = 1, 3; i ,  j = 1, J 
J 

: 13)  

F . e  a a t r i x  l r i i ]  i s  c a l l e d  t h e  c o r r e l a t i u n  s t r u c t u r e  o f  t h e  d a t a  x .  S x t e n d i n g  
.I r. 

t h e  9SU s t a n d a r d i z a t i o n  ( l o ) ,  ~ n d  , w r i t i n g  A = v s r (  g j )  , t h e  > . :u l t i p l ? - f ac to r  model  o f  

t h e  s t r u c t u r e  i s :  



2  
r .  = i q j q ) J  r = )  + A j  ; i # j i  i J  j = 1, J (14 a  -b) 
1 j i i 

I n  words,  t h e  l o a d i n g s  model  t h e  c o r r e l a t i o n  s t r u c t u r e ,  e x c e p t  t h a t  t h e  s p e c i f i c  

f a c t o r  v a r i a n c e s  n u s t  be added  i n  t h e  d i a g o n a l .  

I n  l a c k  of e s t i c a t i o n  methods  i n  k e e p i n 5  w i t h  t h e  n o n c o r r a l ? t i c n  ( 9 )  o f  tk.e 

s d e c i f i c  f a c t o r s ,  t h e  f s c t o r  n o d e l s  ( 8 ) snr! ( 1 2 )  v e r e  o f t e n  a c p r o x i m s t e d  by t h e  

s o r r e s p o n d i n g  P r i n c i p s l  Coaponen t s  n o d e l s ,  s a y  ir! t h e  c a s e  ( 1 2 ) ;  

u s i n g  t h e  a l g e b r a i c  methcd o f  e i 3 e n v a l u e s  and e i g e n v e c t o r s  t c  e s t i ~ a t e  t h e  l o s d i n g s  

P  and component  s c o r e s  X . 
j ?  qn 

6. Path m o d e l s  w i t h  LVs 

To q u o t e  C. F o r n e l l  ( 1 9 3 2 ) ~  3 second  g e n e r a t i o n  c f  m ~ i l t i v a r i a t e  s n a l y a i s  ernerged 

i n  t h e  s i d - 1 9 6 0 ' s .  An i t e r = t i v c  p r o c e d u r e  i n t r o d u c e  bjr I-'.. 'tvold ( 1 9 6 6 )  f o r  e o t i ~ a t i o n  

o f  P r i n c i p a l  Ccmpcna:its z c d e l s  g i v e s  l o s d i n g s  and  component  s c o r e s  t h a t  a r e  n u m e r i c a l l y  

e q u i v a l e n t  t o  t h o s e  g i v e n  b y  t h e  a l g e b r a i c  a e t h o d  i n  t e r n s  o f  e i g e n v a l u e s  and  e i g e n -  

v e c t c r s .  K . G .  J s r e s k s g  i r l  1967 was t h e  f i r s t  t o  g i v e  a ggeneral e s t i s s t i z n  p r o c e d u r e  

f o r  G e n e r a l  and  b l u l t l p l e - f s c t o r  models  w i t h  u n c o r r e l n t e d  s p e c i f i c  f a c t o r s .  

I n  t h e s e  i n n o v s t i c ~ s  t h e r e  i e  a  tllrofold p a r t i n g  sf t h e  ways: d i f f e r e n c e  i n  p u r p o s e ,  

and  d i f f e r e n c e  i n  e s t i m a t i o n  t e c h n i q u s .  

Pu rpose :  The G e n e r z l  a n d  M u l t i p l e - f a c t o r  f f izde ls  e s t i a a t e  t h e  c o r r e l a t i o n  structure. 

The Pr i r .c i ; ;a l  Con;ponents n o d e l  (151, a l s o  k n w n  a s  Sir,g:e V l l u e  D e c o m p o s i t i o n ,  ~ r i o d e l s  

t k e  d a t a  x - i n  t,erins of t h e  e s t i m a t e d  l o s d i n g s  and  c o z p o n e n t  s c o r e s .  I n 
!!lethod: J o r e s k o g u s e s  ML e s t i ~ s t i c n  t o m o d e l  t h e  c o v a r i a n c e  s t r u c t u r e .  The a l g e -  

b r a i c  e s t i n a t i o n  o f  P r i n c i p a l  Conponents  i s  a n  L3 methcd ,  and  s o  i e  i l o l d 0 s  i t e r a t i v e  

The p r o p e r z i e s  o f  t h e  e n s u i n g  e s t i m z i e s  a r e  i n  l i n e  w i t h  t h e  g e n e r s l  t h e o r y  of' 

XL and LS e s t i m a t i o n .  J 5 r e s k o g 0 s  ~ l g o r i t h m  g i v e s  c s n s i s t e n t  e s  t i > a t e s  f o r  t h e  

pa:.irneters,  i . e .  f o :  tb.e l c ? d i n z s  and  t h e  s p e c i f i c  f s c t o r  v s r i an : e s ,  ~ ! h e r e z s  no 

e s t i  ... s t e a  a r e  c b t s i n e d  f o r  t k e  f s c t o r  s s o r e s .  Yo?dOs T r i n c i p a l  Sorn;onents s o d e l  g i v e s  

L3 p r e d i c t i o n s  ( 1 5 )  f o r  t h e  d a t a  x , p r e d i c t i o n s  w i t h  a i n i m l m  v a r i a n c e  f o r  t h e  
j n  

p r e d i ? t i o n  e r r o r s  e  , x h e r e a s  t h e  e s t i a a t e s  o f  t h e  l a n d i n g s  snd t h e  cociponent s c o r e s  
j n  

i n  g e n e r a l  a r e  c o n s i s t e n t  only i n  a q u a l i f i e d  sense (see Sn. 6.1 ). 
6.1. b k e y  f s a t u r e  of t he  LS e s t : x s t e s  o f  t h e  c c ~ p o c e n t  s c o r e s  I s  t h a t  t'key a r e  

: ~ e i ~ h ' , e d  s ~ ; ~ c r e r ! a t e s  .- -. of' t h e  d a t a ;  t h u s  f o r  t h e  f i r s t  c o c p o n e n t :  

where f i s  8 s c 2 l - r  ;:.at , i y - . ~  Y >:;it ..- --c.. 
1 " i 

. , f i  : : r  , ( 0  . Under 

all? s u p p l 5 a e n t e r y  c o c 8 i t i o n s  t h e  e s t i ~ i a t e o  c f  ccmscnent  s c o r e s  and  i o a d i n e s  a r e  

2 o n s i s t e n t  a t  1sr;:e; t b . 3 t  i s ,  i f  J ( t h e  n u z b z r  c f  c b a e r v r h l e s )  13 a l l o w e d  t o  i n c r e s s e  

X v 5 l l  i n  t t e  l i ~ i t  t e n d  t o  tk.e :!;eoret:c:al v 2 l u e  fin, and  3ixi l h r l y  f c r  t t e  
L n 



6.2 J S r ? s k o g  i n  1975 ex tended  !-is !IL e s t i m s t i c n  3f F s c t o r  models  t o  g e n e r a l  p a t h  rnoclels 

LVs, an e x t e n s i o n  f rom Model 1'' i n  Fg. 1 t o  iblodels TT" - v"-. I n  i966 T had  z i v e n  

a n  i t e r r - t i v e  LS e s t i s a t i c n  of' C a n o n i c a l  S c r r e l ~ ~ i c n s ,  2.Iodels 11" i n  Fg.1.  ':;hen s e e i n g  

J 5 r e s k o g 0 s  !!L e s t i m t i o n  o f  : o d e l s  11~"-v'~ t h i s  Lave me t h e  c l u e  t o  e x t e n d  zny LS 

? s t i r n a t i o n  cf &rode?s Tit-11'~ t o  Yode l s  T T T " - T V ~  . T s h a l l  now g i v e  a  b r i e f  e x p o s i t i o n  of 

d e v i c ~ ,  c a l l e d  P a r t i a l  L e a s t  S q u a r e s .  S p e l l e d  o u t  f o r  Model TV", t h e  e x p o s i t i n n  

c o v s r s  Ftodels 1"'-~11':' and T I - T V  a s  s p e c i a l  c a s e s .  

7. The b :3 i c  d e s i g n  o f  PL3 mode l ing .  

*1 The a r row ' scheme  c o n s t i t u t e s  t'ne t h e o r e t i c a l - c o n c c ~ ; t u a l  d e s i g n  of t h e  modei .  The 

i n v e s t i g a t o r  i s  f r e e  t o  d e s i g n  t k e  s r r c w  schene  i n  a c c o r 4 a n c e  w i t h  t h e  purpose  o f  t h e  

n c d e l ,  h i s  p r i o r  k3owledge snd  in tu i+ . io r . ,  and tk.e a v a i l a b l e  d a t a .  The s r r o w  scheme 

s p e c i f i e s  t k o  LVs, t h s  " i n n e r "  r e l a t i 2 n s  between t h e  LVs, f o r  e a c h  LV a number o f  M V s ,  

c a l l e d  i n d i c a t o r s ,  f o r  i t s  i c d i r e c t  o b s e r v a t i o n .  Tho i n n e r  r e l a t i s n s  a r e  t h e  c o r s  o f  

t h e  a o d e l  . 
T h r e e  i n t r o d u c t o r y  e x e n p l e s  w i t h  en2ogenous  LVs 1: and exogenous  LVs ; 

IvIcdel TI'" S t r u c t u r e  4 and Response 7 , i n d i r e c t l y  oheerved  by i n d i c a t o r s  
Xh'  Yk' 

Nodel  TIT*.  s t u d e n t s  ' a c h i e v e m e n t s  i n f l u e n c e d  by  Pl ren ' s  ' home t1 and 

S c h o o l  c o n i i t i o a s  
k 2 *  

1 
Sicde? Iv". Adelman 's modei ,  1975; Sccnornic l e v e l s  f and S o c i s l  c 0 n d i t i . m ~  

1 
i n f  l u e n c g  P o l i t i c a l  c o n d i t i o n  . Econcnic  gro3:;th 

3 2  

7 2  
i s  i n f l ~ e n c e d  # j2 and 

*2 F c r ~ s l  d e f i n i t i o n  of' t h e  s ~ d e l  

Endogenous L V s  and M V s ,  obse rved  o v s r  T c a s e s :  

7 i t  'i~.t 
i = 1, ..., n ;  h = l , ? i ;  t = l , T  (17 a-b)  

Zxogenoua LVs s n d  M V s :  

X 
j k t  

The r a n q e s  of t h e  s u b s c r i p t s  will o f t e n  bz t a c i t l y  u n d e r s t o o d .  i:st~ t h a t  t , T  i n  !~))-og) 

c o r r e s p o n d  t:, i;, N i n  ( 8 ). 

The c r o a s  p r o d u c t s  o f  t h e  raw 3 a t z  (175)-('18 b )  c o n s t i t u t e  t h e  p r o d u c t  d a t a .  

3 Tnner r e l a t i o n s .  L i n e s r  r z l s t i o n s  s u b j e c t  t o  p r e d i c t o r  s p e c i f i c a t i o n :  

m.., l . . c  I:Vs % r e  c a l l e d  = d j c i n t  i f  t h e y  a r e  d i r e c t l y  c o n n e c t e d  by an a r row i n  t h e  tirrow scheme. 

3t4 Ou te r  r e l a t i o n s .  L i n ~ a r  r e l s t i y n s  s u b j e c t  t o  ~ r a d i c t o r  s p e c i l i c z t i o n :  

Z ( y  $h. ) = 
i h t  / ~ t  ' l i h ~  + 'lib y i t  



"'5 P r e d i c t i o n  by t h e  rncdel. The i r n e r  r e l a t i o n s  ( 1 9 )  p r e d i c t  endogenous LYs i n  t e r n s  

o f  e n d ~ g e n o u s  and exogencus LVs. The c u t e r  r e l a t i o n s  ( 2 3 )  p r e d i c t  endogencus i n d f c a t ~ r a  

i n  t e rms  of t h e i r  LV. 

Subs ti  t u t i v e  p r e d i c t i o n ;  Endogenoss LVs end MVs p r e d i c t e d  i n  t s rme o f  endogenous 

and/or exogenous LVs. 1 )  I n  t h e  i n n e r  r e l a t i o n  f o r  an LV i n  ( 1 9 )  or,e e x p l a n a t o r y  

endogenous LV i s  s u b s t i t u t e d  i n  t e rms  o f  i t s  i n n e r  r e l a t i o n .  2 )  Tn t h e  o u t e r  r e l a t i o n  

( 1 0 )  f o r  an  endogenous i n d i c a t o r  t h e  LV i s  s u b s t i t u t e d  i n  terms o f  i t s  i n n e r  r e l a t i o n .  

Fiepezted s u b s t i t u t i o n :  Repeated use  of 1 )  - 2 )  t o  s u b s t i t u t e  one o r  more 

endogenous LVs i n  terms o f  t h e i r  i n n e r  r e l a t i o n s .  
-. - ..-. 

.7.l The n o d e l  i n  e s t i m a t e d  f o m i  

L a t e n t  variables: 

Yi t  = e s t ( y i t )  = r h  ( W  l i h  ' i h t ) ;  X j t  e s t ( S i t )  = L k  5- (w 2 j k  X i k t  ) 

The :+eights  > r i l l  be de te rmined  i n  t h e  PLS a l g o r i t h m .  They s r e  a u x i l i a r y  ~ a r a m e t e r s  

t k s t  30 not  be long  t o  t h e  fo rmal  model. 

1 n x . r  r e l a t i o n s :  

II = B Y t  + G X  + u  
t t t 

Cute r  r e l a t i o n s :  
- 

' i h t  - + e  x a D + D  X + e  
' l i h c + ' l i h * i t  l i h t i  j k t  2 j k 0  2 j k  i t  2 j k t  

(23 a-b) 

7.2 FLS e s t i m a t i o n  o f  t h e  model. 

The a l g o r i t h m  :.!?I1 be s e t  f o r t i ;  wi th  raw d a t z  i n p u t .  ':l 'ithcut l o s s  o f  g e n e r a l i t y  

we t a k e  t h e  raw d a t a  t o  bs measured a s  d e v i a t i o n s  f r m  t h e j r  a e s n s ,  which g i v e s  - - 
y i , = x  = O  i =  1 , n j  i 1 , ;  h =  1 , H i ;  k = l , ~ ;  

i k  (24 ) 

at1 F i r s t  s t a g e .  - The f i r s t  s t a g e  e s t i ~ a t e s  , : r~ igh t s  v  t h a t  e r r  p r o p o r t i o n a l  t o  w:  

= 1 (bI  x - 
'it h l i h  ' ih t  = fli zh(vli;l  Yiht) ; - ' k(w2jk  ' j k t )  

(25 a-b j 
i t  

where 
li 

i s  a  s c a l a r  t h a t  g i v e s  Y .  u n i t  v a r i a n c e ,  rnd s i a l l a r l y  f o r  X . The 
1 j t 

we igh t s  a r e  determined 'by weight  r e l a t i o n s .  Unif>ying t h e  n o t a t i o n  f o r  t h e  LVs by 

r = ( 9 , ), t h e  w9ight r e l a t i o n s  f o r  a n y  LV, s a y  ca , i n v o l v e  a  s i g n  weighted sum, 

denoted SwSat , of  e g t i s a t e s  o f  t h ~ s e  LVs t h a t  a r e  a d j o i n t  t o  ra, say Car : 

s ws at = Ea8 L(')aa, zatI 
w i t h  

(') = s i g n u ~  r (  za,  za, j 
For each L t h s  i n v e s t i g a t o r  h s s  t h e  o p t i o n  t o  choose between t u o  t y p e s  o f  

w e i ~ h t  r e l P t i o n s ,  c a l l e d  Xodeo A 2nd B, which t ~ k e  t h e  form o f  s i m p l e  and n u l t i p l e  

OLS r e g r e s s i o n s  of  z on SwS 2 
ah a  

Xode A .  Fcr each h  t h e  si-mple OLS r e g r e s s i s n  of  z O R  Sw3 : ah a 
z = v  S ;JS 
a h t  ah a t  + d a h t  (27 a  j 

>lode B. The m u l t i p l e  OL3 r e g r e s s i o n  of  S ~ I S  
a  On 'eh: 

SwS = Z ( 7 r  z ) + d . t h ' ah  a h t  z t  



4 s  a r u l e  o f  thumb, Mode A should  be s e l e c t e d  f o r  t h e  endogenous  LVs, ivIode B 

f o r  t h e  exogenous  LVs. However, Mode .A s h o u l d  be s e l e c t e d  f o r  exogenous  LVs 

w i t h  many i n d i c a t o r s ,  s a y  H'! > T/10. 
.I 

The PLS a l ~ o r i t h r n  a l t e r n l t e s  between ( 2 5 )  a n d  ( 2 7 ) ,  a n d  p r o c e e d s  i n  s t e p s  

s = 1, 2 ,  . . . w i t h  s u b s t e p s  f c r  t h e  v a r i o u s  LVs. Tn z n a l o g y  t o  RFP e s t i m a t i o n  

e a c h  s u b s t e p  u s e s  LV p r o x i e s  o b t a i n e d  i n  e a r l i e r  s u b s t e p s .  

The s t a r t i n g  v s l u e s  i n  s t e p  s=l  a r e  l a r g e l y  a r b j . t r a r y ,  s a y  v  = 1 f o r  a l l  a ,  h  . a h  
P a s s a g e  t o  t h e  l i n i t .  The i t e r a t i v e  p r o c e d u r e  c o n t i n u e s  u n t i l  e a c h  e s t i m a t e d  w 

a t  
c o n v e r g e s  a c c o r d  i ng t o  a  c o n v e n t i o n a l  s t o p p i n g  r u l e ,  s a y :  

f o r  a l l  a  and t . 
9 2  Seccnd s t a g e  of t h e  PLS a1,gorit'n.m. Us ing  t h e  LVs e s t i m a t e d  i n  S t a g e  1, t h e  

n o n i t e r s t i v e  s econd  s t a g e  e ~ t i n a t e s  t h e  i n n e r  and o u t e r  r e l a t i o n s  by OLS r e g r e s s i o n s .  

The e a t h a t e d  r e l a t i o n s  t a k e  t h e  form ( 1 9 )  - ' ( 2 1 ) ,  w i t h  z e r o  l o c a t i s n  p a r a m e t e r s  

b e c a u s e  of t h e  z e r o  means ( 2 4 ) .  

Dropp ing  (24'1, it i s  immed ia t e  m a t t e r  t o  e s t i m n t e  t h e  l o c a t i o n  p a r a m e t e r s ,  a s  a l w a y s  

i n  LS e s t i m a t i o n .  Thus f o r  t h e  LVs and t h e  o u t e r  relations: 

P r e d i c t i o n  and  S u b s t i t u t i v e  p r e d i c t i o n .  The t h e o r e t i c a l  p r e d i c t i o n s  6,*5 c a r r - y  o v e r  

t o  t h e  e3t , imsted model .  P u r t h e r m o r e ,  s u b s t i t u t i n g  t h e  e s t i m a t e d  LVs by t h e  we igh ted  

a g g r e g a t e s  ( 2 5  a -b ) ,  t h e  model  g i v e s  p r e d i c t i o n s  o f  e n d o g e n o u s  LVs md MVs in tern of MVs 

Model e v a l u a t i o n .  The SS t e s t  f o r  p r e d i c t i v e  r e l e v a n c e  and t h e  j a c k k n i f e  

s s s e s 3 m e n t  o f  s t a n d a r d  e r r o r s  a r e  o f  g z n e r a l  s c o p e  i n  L3 mode l ing ,  2nd a r e  p a r t  o f  

t h e  b a s i c  PLS d e s i g n j  c f .  4.3 - 4.4. 

The power o f  c l a s s i c a l  model  e v a l u a t i o n  r e s t s  on t h e  a z g r e g a t i o n  o v e r  t h e  c a s e  

values ( t  = 1, T ) .  PLS m o d e l i n g  involves  a t w o f o l d  a g g r e g a t i o n ,  o v e r  t h e  c a s e  

values a n d  f o r  e a c h  LV over i t s  i n d i c a t o r s ,  a n d  t h e  a g g r e g a t i o n  ( 2 5 )  ver  t h e  i n d i -  

c a t o r s  a d d s  t o  the p o w e r  o f  the  m o d e l  es t imat ion.  F o r  e x a m p l e ,  i n  a r e a l - w o r l d  

model  w i t h  T  = 1 0  and two exoger ,ous LVs w i t h  i n  s l l  2 7  i n d i c s t o r s ,  t h e  33 t e s t  gave  
2 
Q = -44, i n d i c a t i n g  t h a t  t h e  model  i s  p r e d i c t i v e j  H =  'dold (1978 ,  198C, 1 9 8 3 a ) -  

st4 P r o d u c t  d a t a  i n p u t .  I t  i s  immedia te  ~ a t t e r  t o  c a r r y  o v e r  t h s  FLS a l g o r i t h m  ( 2 4 ) - ( 2 4 )  

f r o n  raw d a t a  i n p u t  t o  p r o d u c t  d a t a  i n p u t .  The e n s u i n g  p r o c e d u r e  i s  more speedy  on 

t h e  c o z p u t e r ,  and t h e  r e s u l t i n g  pararnet,er e s t i m a t e s  a r e  n u m e r i c a l l y  t h e  same, e x c e p t  

f o r  r o u n d i n g  e r r o r s .  The d i f f e r e n c e  i s  t h s t  f o r  e a c h  LV t h e  p r o d u c t  d a t s  o n l y  s i v e  

a g e r e g a t e  v a l u e s  o v e r  t ,  suck! z s  means and v a r i a n c e s  o f  t h e  LV e s t i s a t e s ,  whe reas  

raw d a t a  i n p u t  i s  needed t o  o b t a i n  e s t l n a t e s  o f  t h e  c a v e  v a l u e s  Zat ( t  = 1, P)  f o r  

e a c h  LV. 

::-5 C o z p u t e r  programs o f  t h e  PLS a l g o r i t h ~  ( a 2 n u a l  and t a p e s )  a r e  a v a i l a b l e  a t  no;?linal 

c o s t ,  snd  c o v e r  '90th raw ?.a+,a i n p : ~ t  s r ~ d  p r o d u c t  d a t a  i n p u t ;  L c h n i j l l e r ,  1051.. 



8 PLS model ing:  E x t e n s i o n s  o f  t h e  b a s i c  d e s i g n .  

Thanks t o  t h e  s e n e r a l i t y  o f  b e i n g  d i s t r i b u t i o n - f r e e ,  PLS mode l ing  a l l o w s  a n  a r r a y  

o f  e x t e n s i o n s .  Tn t h e  extensions 11- 15 t h e  r e q u i s i t e  changes  i n  t h e  b a s i c  PLS 

a lgor i thm,  a r e  d i r e c t  m a t t e r .  I n  r6 - r7 the generalizations are more advanced. 
+:-I The i n d i c a t o r s  of a n y  LV can be  r e p l s c e d  o r  supplemented  by some f u n c t i o n a l  

t r a n s f o r m ,  such  a s  

+:-2 I n  t h e  i n n e r  r e l s t i o n s  one o r  more L V s  may be r e p l a c e d  by M V s .  

3:3 C a t e g o r i c s l  v a r i a b l e s  and c o n t i n g e n c y  t a b l e s .  P r i m a r i l y  d e s i g n e d  f o r  s c a l a r  

v a r i a b l e s ,  t h e  FLS z l g o r i t h m  c a r r i e s  o v e r  t o  c a t e g o r i c a l  i n d i c a t o r s  and  t h e r e b y  t o  

c o n t i n g e n c y  t a b l e s .  A c o n t i n g e n c y  t a b l e  x i t h  j u s t  one ca t e : :o r i ca l  v a r i a b l e  i n  each  

margin i s  t h e  c o v a r i a n c e  m a t r i x  ~f t h e  two v a r i a b l e s .  

"r-4 Hiqher d imnns ions  of t h e  LVs. The b a s i c  PLS d e s i g n  e s t i m a t e s  t h e  f i r s t  d imens ion  

of ezch  LV. H i g h e r  d imens ions  o f  an  LV can be e s t i m a t e d  c o n s e c u t i v e l y ,  u s i n g  a s  d a t a  

i n p u t  t h e  r e s i d u a l s  of  t h e  o u t e r  r e l a t i o n s .  

S p e c i a l  c a s e s  : P r i n c i p a l  components and C a n o n i c a l  c o r r e l a t i o n s  of h i g h e r  

' ' o rde r s"  , i n  PLS c a l l e d  "d imens ions  .I' 

Speaking brozdly, if PLS estimation gives markedly different .weights for 

an LV when using Mode A and Mode B, this is an indication that this LV has more 

than one dimension. 

4$5 H i e r a r c h i c  s t r u c t u r e  o f  t h e  L V s  a s  modeled by PLS i s  a n a l o g o u s  t o  t h e  h i e r a r c h i c  

s t r u c t u r e  i n  psychomet r i c  f a c t o r  a r l a l y s i s  p ionee red  by L.L.Thurstone (1935,  1947) .  

5 Nodels  w i t h  f e e d b a c k s  o r  i n t e r d e p e n d e n c i e s  i n  t h e  i n n e r  r e l a t i o n s ;  !dadel i n  Fg.1. 

The e s t i m t i o n  combines t h e  FP a l g o r i t h m  v i t h  t h e  second s t a g e  o f  t h e  PLS s l g o r i t h n .  

7 M o n l i ~ e s r i t i e s  i n  t h e  i n n e r  r e l a t i o n s .  A r a t h e r  s t r s i g h t f o r w a r d  case :  

( 3 1  ) 

A s o p h i s t i c a t e d  c a s e  a t  t h e  r e s e a r c h  f r o n t i e r  o f  PLS: The t h r e e  LVS of t h e  

model fit, f Z t J  9 form t h e  f i r s t  l e v e l  o f  s h i e r e r c l l i c  s t r u c t u r e  where s t  t h e  

second l . ?ve l  tk.ey s a t i s f y  a  t h i r d - d e g r e e  eqttion: 

I n  t h i s  model $It -say i n v o l v e  d i s c o n t i n u i t i e s  i n  t h e  s e n s e  of  Thon's c a t a s t r o p h e  t h e o r y .  

9. A p p l i c a t i o n s  of  PLS model ing .  

I n i t i a t e d  some t e n  y e a r s  a g o ,  FLS i s  nolw f i r m l y  c o n s o l i d a t e d ,  and i s  r a ~ i d l y -  

g a i n i n g  momentun. The r e p o r t e d  a p c l i c s t i o n s  r a n g e  f  roa. r e p r o d u c i b l e  d a t a  i n  n a t u r a l  

s c i e n c e  and m e d i c i n e  t o  t h e  n o n r e p r o d u c i b l e  d a t a  of  soc ioeconomic ,  b e h a v i o u r a l  a z d  

p o l i t i c a l  s c i e n c e s .  The c e n t r a l  and y e t  broad rea lm c f  FLS i s  reserck .  confuexts t h a t  - 
s i m u l t ~ n e o ~ s l y  a r e  d a t a - r i c h  and t h e o r y - p r i m i t i v e .  ~ v e r  l a r g e r  models  s r e  b e i n g  

r e p o r t e d ,  and it i s  s a f e  t o  s a y  t h s t  FT,5 h a s  i t s  f o r t e  I n  t h e  3 n a l y s i S  of la r i ;e  

complex sys t ems .  

a1 Ene of t h e  l a r e e s t  PLS. models  a n a l y z e s  an  s d u c s t i 2 n a l  system; 3 .  ?loonan & 4- iiOldJ 

1983. 191 KVs = r e  zrouped z s  i n d i c a t o r s  of  59 L V s ;  t h e r e  a r e  52 i r , ne r  r e l a t i - : n s ,  



i n c l a d i n g  14 h i e r a r c h i c  s t r u c t u r e s ;  l , 3 O O , O O O  c e l  1s ( 1.3 megabyte)  a r e  r e q u i r e d  i n  t h e  

aernory s p a c e ;  t h e  PLS e s t i r n a t i c n  c o n v e r g e s  i n  4 i t e r a t i o n s ,  u s i n g  a  t o t a l  o f  44.6 seconds  

c o n ? u t e r  t b e .  

-:12 I n  s u b s t a n t i v e  r e s e a r c h ,  PLS h a 3  i n s p i r e d  i n v e s t i g a t o r s  t o  c o n s t r u c t  l a r g e  mode l s .  

For  example ,  t h e  e d u c a t i o n a l  model  i n s 1  i s  a  s y n t h e s i s  o f  s i x  r e c e n t  models  t h a t  d e a l  

w i t h  s p e c i f i c  a s p e c t s  o f  e d u c a t i o n a l  s y s t e m s .  

93 The broad  s c o p e  and f l e x i ' s i l i t y  o f  t h e  FL3 a p p r o s c h  i s  r e f l e c t e d  i n  t h e  

d i v e r s i t y  o f  PL3 a p p l i c 2 t i o n s .  The d a t a  can  be s c a l a r ,  c r d f n a l ,  o r  c a t e g o r i c a l ;  t h e  

i n n e r  r e l a t i 2 n s  c a n  be l i n e a r  o r  n o n l i n s s r ;  t h e  pu rpose  can  be p r e d i c t i o n ,  c l a s s i f i c a -  

t i o n ,  o r  c a u s a l  a n a l y s i s .  

4 The SIMCA program f o r  c l s s s i f i c a t i o n ,  S,  '!/old ( 1 9 7 8 )  i s  baaed on d i s j o i n t  
- 
r r i n c i p a l  Corn#-ts node  13 e s t i m a t e d  by PLS, where t h e  a p p r o p r i a t e  number o f  

d i m e n s i o n s  i s  a s s e s s e d  by  t h e  S t o n e - G e i s s e r  t e s t  f o r  p r e d i c t i v e  r e l e v a n c e .  

8.1 O p i n i o n s  amon? i n v e s t i q i t o r s  u s i n g  PLS. To summarize f rom d i s c u s s i o n s  w i t h  

t h e  i n v e s t i e s t o r s ,  t h e  f o l l o w i n g  a d v a n t a g e s  o f  FLS h a v e  been emphas i zed .  

*1 The broad  s c o p e  and f l e x i b i l i t y  of  t h e  PL3 a p p r o a c h  i n  t h e o r y  and p r a c t i c e .  

The c o n c e p t u a l - t h e o r e t i c a l  d e f i n i t j o n  o f  a  PLS model i s  g iven  by  i t s  a r r o w  acheme, 

which s u f f i c e s  a s  a  b a s i s  f o r  t h e  f o r m a l  s p e c i f i c a t i o n  o f  t h e  model  end  f o r  t h e  

PLS a l g o r i t h m .  
3t2 !I T n s t a n t  e s t i a a t i o n . "  PLS i s  a  r a p i d  a f f a i r ,  even  i f  t h e  xo?.el i o  l a r g e ;  c f .  8 , ~ l .  

3t3 Pars imony.  Tn a  PLS model w i t h  J LVs t h e r e  a r e  T J  c a s e  v a l u e s  o f  t h e  LVs, 

Z.(H . )  l o z d i n g s ,  s a y  n  i n n e r  p a r a m e t e r s ,  and J + P.(H .) l o c a t i o n  p a r a m e t e r s  
1 J b J .I 

To e s t i m a t e  t h e s e  u n h ~ m n s  PLS i s  pa r s imonous  i n  u s i n g  w e i g h t s  "' j h  
a s  a u x i l i a r y  

t o o l s ,  namely  i n  a l l  1 .(H . )  w e i g h t s .  
1 J 

3t4 P U  h a s  r e d u c e d  t h e  d i s t a n c e  between s t a t i s t i c a l  t h e o r y  and s u b s t d n t i v e  a n a l y s i s .  

A PLS model  d s v l o p s  by a  d i a l o g u e  be tween t h e  i n v e s t i g a t o r  a n d  t h e  compu te r .  T e n t a t i v e  

improvements  o f  t h e  model - such  a s  t h e  i n t r o d u c t i o n  o f  a  new LV, a n  i n d i c a t o r ,  o r  

an i n n e r  r e l a t i o n ,  o r  t h e  o m i s s i o n  of  such  a n  e le rnent  - a r e  t e s t e d  f o r  p r e d i c t i v e  

r e l e v a n c e  by t h s  SG t e s t .  The v a r i o u s  p i l o t  s t u d i e s  a r e  a  speedy  and low c o s t  n a t t e r .  

9. C u t l o o k .  B r e a k i n g  away f rom t h e  ML ma ins t r eam,  and p l a c i n g  emphas i s  on a p ? l i e d  

work, PLS h s s  from t h e  o u t s e t  a t t r a c t e d  a c t i v e  i n t e r e s t  f rom s u b s t a n t i v e  r e s e e h e r s .  

FL3 m o d e l i n g  cornbined w i t h  t h e  SCi and j a c k k n i f e  methods  now c o n s t i t u t e s  a  

d i s t r i  b u t i o n - f r s e  a p p r o a c h  o f  g e n e r a l  s c o p e  f o r  q u a n t i t a t i v e  s;rstems a n a l y s i s .  

In t n i s  b road  p e r e p e c t i v e  PL3 mode l ing  i s  a*, a n  e a r l y  st .age o f  e v o l u t i ~ n .  

T h e r e  i s  a n  abundance  c f  p o t e n t i a l  a p p l i c ? . t i o n s ,  i n c l u d i n g  z a n y  r i d s  where s y s t e a s  

a n a l y s i s  i s  s t i l l  at t h e  q u a l i t a t i v e  s t a g e .  I n  t h e  p a s a a g e  from q u a l i t a t i v e  t o  

q u z n t i t a t i v e  a n a l y s i s ,  o f  c o u r s e ,  t h e  s c a r c i t y  o r  l a c k  o f  a d e q u a t e  d a t a  i s  +,he main  

p r o b l e a .  Hence f o r  3 l o n g  t i a e  t o  come t h e  p r o g r e s s i o n  of' PL3 t o  new f i e 1 2 3  of' 

q u a n t i t a t i v e  s j r s t e z s  s n a l y s i s  ?/ill v e r y  much be a m a t t e r  o f  dnza  work, s u b s t a n t i v e  

t h e o r y  and  d s t s  7,iork. 



BISLI0;:A PHY Sns. where the 
reference is 01 

Bergstram, R . ,  'rlold, H. ( 1983) F ix-Poin t  e s t i - # , a t i o n  i n  t h e o r y  and F r a c t i c e ,  specific impori 
V O ~  -23, Applied S t a t i s t i c s  and Econometrics ,  eds .  O.Tintner ,  F.St,recker 

3.3; 4.3; 4.4 
and 9 .  Fgron. GEttingen: Vsndenhoeck and Ruprecht .  

F o r n e l l ,  C .  (ed  . 1982) .4 Second Genera t ion  of  b !u l t i v s r i s t e  Ana lys i s ,  6 

'io: .l - Methods. New York: P raege r  . 
Jo reskog ,  K . S . ,  ; /old, H. ( e d s .  1982) Systems under I n d i r e c t  Observa t ion:  

C a u s a l i t y  -;+ S t r u c t u r e  +? P r e d i c t i o n  ( 2  v o l s .  ) . Amsterdam: North-Eolland . 
Ksppel ,  R., Schwarz, T . A .  ( 1981) Sys t en fo rachung  1970-1980, Entwicklungen 

i n  der  Bundesrepublik Deutschland.  Got t ingen:  Vandenhoeck and Ruprecht .  

Lohno l l e r ,  J . , B .  (1983)  Path Models wi$h La ten t  Var i ab le s  and F a r t i a l  Leas t  

Squa res  (PLS) e s t i m a t i o n ,  D o c t o r a l  D i s s e r t a t i o n ,  MCncherY, Hochschule d e r  

Bundeswehr. 

Losch, M. ( 1983) ~ i x ~ u n k t - (  FP-)Schatzverfshren  fiur Model l e  n i t  r a t i o n s l e n  

E.rwa:rtungen (RE-Modelle), H a b i l i t a t i o n  Thes i s ,  Hochschule S t  .Gallen 

Noonan, 2. ,  Wold, H. (1983) E ~ a l u a t l n g  School  Systema Using P s r t i a l  L e a s t  

Squa res ,  Vol. , Zva lus t ion  i n  Education:  An T n t e r n ~ t i o n a l  Review 3 e r i e s ,  

e d s .  8. Z h o p ~ i n  and .N. P o s t l e t h w a i t e .  Oxford: Persznon.  ( fn  p r e s s . )  

Wold, H .  ( e d .  l9PO) P , e  Fix-Point  Approach t o  T n t e r d e ~ e n d e n t  Systems.  

Amsterdsm: Borth-Yolland. 

',+'old, !-!. (1952) S o f t  Modeling: The b a s i c  des ign  and some e x t e n s i c n s ,  

i n  Jo re skog  ~ n d  'tiold, eds .  1982, Vo1.2: 1-54. 

Vold, H. (1 983a) Fix-Point Method, in Encyclopedia of 
2; 3; 4.3; 4.4 

Statistical Sciences, eds. S .  Kotz & N.L. Johnson, 3: 148-156. 

Wold, H. (1983b) Systems analysis by Partial Least Squares, 4; 7.2:r3 
NATO Advanced Research Workshop on Analysis of Qualitative 

Spatial Data, Amsterdam, March 28 - April 1,  1983. 
Wold, H., Bertholet, J.-L. (1982) The PLS (Partial Le=.st 

squares) approzch to multidimensional contingency tables, 

Metron 40, 1-2: 303-326. 

Wold, H., Mensch, G;O. (1983) Nonlinear extensions in 

soft modeling, WSOM Workshop Paper 83-01 7, Case Western 

Reserve University, Cleveland, Ohio. 

Wold, S. (1978) Cross-validatory estimation of the number 

of components in factor and principal components models, 

Technometrics 20: 397-405. 


