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DYNAMICAL MODELS I N  QUANTITATIVE GENETICS 

Reinhard Bdrger 
I n s t i t u t  f d r  Mathematik, A-1090 Wien, S t rud lhofgasse  4, Aus t r i a  

1.  INTRODUCTION 

The p ropos i t i on  of  t h e  t heo ry  of punctuated e q u i l i b r i a  by Eldredge & 

Gould (1972) and o t h e r s  i n i t i a t e d  a  r a t h e r  c o n t r o v e r s i a l  deba t e  on macro- 
evo lu t iona ry  phenomena and on t h e  way how t o  exp la in  them. One of t h e  major 
p o i n t s  i n  t h i s  deba t e  i s  t h e  ques t i on  whether t h e  observed phylogene t ic  
p a t t e r n s  a r e  caused by n a t u r a l  s e l e c t i o n  and hence a r e  due t o  adap ta t i on  o r  
whether t h e y  a r e  mainly due t o  phys io log i ca l ,  developmental,  a r c h i t e c t u r a l  
and o t h e r  c o n s t r a i n t s  a c t i n g  on t h e  phenotype. I f  t h e  l a t t e r  ho lds  t r u e  then  
e v o l u t i o n  cannot  be viewed a s  a  p r imar i l y  adap t ive  p roces s .  Numerous c o n t r i -  
b u t i o n s  have been g iven  t o  t h i s  s u b j e c t .  L e t  us  on ly  mention a r t i c l e s  by 
Charlesworth,  Lande & S l a t k i n  (19821, Gould & Lewontin (19791, Maynard 
Smith (19831, Mayr (1983) and R ied l  (1977) .  

To be a b l e  t o  i n v e s t i g a t e  problems of  macroevolution on a  more quant i -  
t a t i v e  and mathematical b a s i s ,  it is  necessary t o  have models t h a t  de sc r ibe  
t h e  evo lu t iona ry  dynamics o f  phenotypic  c h a r a c t e r s  under t h e  a c t i o n  of  t h e  
v a r i o u s  evo lu t iona ry  and g e n e t i c a l  mechanisms. Such a  dynamical model has 
been proposed by Lande (1976, 1979, 1982) .  I t  i s  based on q u a n t i t a t i v e  ge- 
n e t i c  t heo ry  and i n c o r p o r a t e s  t h e  s e l e c t i v e  f o r c e s  a c t i n g  on t h e  phenotype 
and t h e  p a t t e r n  of v a r i a t i o n  and c o v a r i a t i o n  of c h a r a c t e r s  w i t h i n  t h e  popu- 
l a t i o n .  Lande 's  models have r ece ived  a  good dea l  of  a t t e n t i o n  and have been 
used n o t  on ly  by himself  ( l o c .  c i t ,  1980, 1984) b u t  by s e v e r a l  a u t h o r s  t o  
t r e a t  v a r i o u s  t o p i c s  from evo lu t iona ry  theory  a n a l y t i c a l l y  ( e .9 .  F e l s e n s t e i n  
1979, K i rkpa t r i ck  1982, S l a t k i n  1984, Wagner 1984 a , b )  . Other  dynamical 
models f o r  t h e  evo lu t ion  of  q u a n t i t a t i v e  c h a r a c t e r s  have been in t roduced  by 
K a r l i n  (1979) , Gimelfarb ( 1982) and o t h e r s  ( s e e  a l s o  T u r e l l i  1984) . 

I n  a  r e c e n t  paper  (Bdrger ,  1984) I used Lande 's  model t o  i n v e s t i g a t e  
t h e  i n f l u e n c e  of g e n e t i c  and phenotypic  var iance-covariance p a t t e r n s  f o r  t h e  
e v o l u t i o n  of  f u n c t i o n a l l y  coupled q u a n t i t a t i v e  c h a r a c t e r s .  

I n  o r d e r  t o  i n v e s t i g a t e  t h e  evo lu t iono f  f u n c t i o n a l l y  coupled c h a r a c t e r s ,  
I chose a  f i t n e s s  landscape t h a t  looked l i k e  a  r i d g e .  However, t h e r e  i s  n o t  
on ly  a  s i n g l e  r i dge  i n  t h i s  l andscape ,  t h e r e  i s  i n  f a c t  a  s a d d l e  with t h e  
r i d g e  and two h i l l s  a d j a c e n t  t o  it. Evolution of a  complex of f u n c t i o n a l l y  
coupled c h a r a c t e r s  t h e n  cor responds  t o  movinguphi l l  a long  t h e  r i d g e .  I n  
o r d e r  t o  make t h e  a n a l y s i s  managable I assumed a  p a r t i c u l a r l y  shaped r i d g e ,  
which ( fo l l owing  Rechenberg,l973) has  been c a l l e d  a  c o r r i d o r .  The r e s u l t  of  
a  n o n l i n e a r  a n a l y s i s  of  t h e  under ly ing  dynamical system was t h a t  an unfa- 
vou rab l e  phenotypic  and/or  genotypic  var iance-covariance s t r u c t u r e  may pre- 
v e n t  a  popula t ion  from moving u p h i l l  a long t h e  r i d g e ,  even i f  it s t a r t s  a t  
o r  ve ry  c l o s e  t o  it. 



Hence there exist population genetic constraints (in the intrinsic 
sense) restricting the directions of possible evolutionary change, although 
from the physiological point of view evolution into these directions is 
possible and even favourable. Moreover, it has been shown that in the corri- 
dor (or along the ridge) there exsits an optimal variance-covariance structure 
resulting in an optimal evolutionary rate. This adds to results of Rechen- 
berg (1973) and Wagner (1984 a,b). It is the purpose of the present paper to 
investigate whether results similar to that derived in BGrger (1984) and 
described above can also be obtained by using a different class of corridor 
models. 

2. THE MODEL 

Let an infinite population with overlapping generations be given that 
is either monoecious or dioecious with the same pattern of selection on both 
sexes and no sexual dimorphism. To each individual we assign a vector 
z =  (z~,...,z~)~ where zi, 1 S i S n ,  is the value of the i-the character on - 
some scale of measurement and t denotes transposition. The joint distribu- 
tion of phenotypic characters is assumed to be multivariate normal, with - - - 
mean c= (z,, . . . ,zn) and covariance matrix P. This can often be arranged by 
some simple scale transformations (Lande 19%, Falconer 1960) . Moreover, - P 
is split into additive genetic and environmental components G and E. ~ s s u z  
ming that the vectors of additive genetic effects x and of ezvironiental 
effects e are also multivariate normal and mutually independent and supposing - - - - 
that e=O, we can write z=x+e, P=G+E and z =  x. The density function is - - - -  - - -  - - 
given by 

n 
n where <v,w> = C v.w, denotes the usual inner product for vectors v,w in R .  - - 1 1  - - 

i= 1 
Denoting Malthusian fitness of individuals with phenotype 5 by m(z), the - 
mean fitness of the population is 

n 
where 1 ... dz denotes integration over R . The evolutionary dynamics of the 
vector - i is given by the following system of differential equations: 

a a t  
where grad- = (-, ...,- (Lande 1982). A discrete analogon has been 

Z - a; 
1 

a i 
n 

derived by Lande (1976, 1979). 
Lande (1982) has already shown that mean fitness m is always increasing, 
d - 

i .e. ---m = m 2 0 and m = 0 if and only if grad m = 0. This implies that a 
dt 

population is always moving uphill in the fitness landscape (but not into 
the direction of steepest ascent, unless - G is the identity matrix) and 



t h e r e f o r e  Lande 's  model provides  an adapt ive  topography f o r  phenotypes si- 
m i l a r  t o  Wr igh t ' s  (1932, 1969) adap t ive  topography f o r  genotypes. 

For i n v e s t i g a t i n g  t h e  evo lu t ion  of f u n c t i o n a l l y  coupled phenotypic 
t r a i t s  we have t o  s p e c i f y  o u r  f i t n e s s  landscape and assume t h a t  t h e  f i t n e s s  
m(z)  - of an i n d i v i d u a l  w i th  phenotype - z  is of t h e  form 

Here - u = z 2 , . . . , z  IL 
n 

i s  a  n-1 dimensional vec to r  

(hence z' = ( z  ,ut)  ) , A denotes  a  p o s i t i v e  d e f i n i t e  mat r ix  of dimension n-1 
and s > 0 and 0 5  b< 1 a r e  c o n s t a n t s .  Thus we have d i r e c t i o n a l  s e l e c t i o n  a long  
t h e  z l - ax i s  and s t a b i l i z i n g  s e l e c t i o n  perpendicular  t o  it f o r  p o s i t i v e  va lues  
of  z l .  I n  our  adap t ive  landscape we have a  s add le  a t  t h e  o r i g i n  - z = 0  - and a  
r i d g e  (wi th  edge u = O  and i n c r e a s i n g  f i t n e s s  f o r  i n c r e a s i n g  va lues  of z  >0) 
and two h i l l s  (wi th  i n c r e a s i n g  f i t n e s s  i n  d i r e c t i o n s  where z  and 

1  
1  

Giu ,u)  + -1 ad jacen t  two it. These two h i l l s  a r e  s epa ra t ed  by a  v a l l e y  wi th  -- - 
bottom u = O  and z  < O .  For t h e  two-dimensional case  t h e  i s o c l i n e s  of  t h e  - - 1 
f i t n e s s  su r f ace  a r e  shown i n  F ig .  1  f o r  d i f f e r e n t  v a l u e s ' o f  b .  To assume 
t h a t  d i r e c t i o n a l  s e l e c t i o n  a c t s  a long t h e  z  -ax is  is no r e s t r i c t i o n ,  s i n c e  

1  
by apply ing  a  l i n e a r  t r ans fo rma t ion  - T t o  t h e  s t a t e  space ,  t h e  d i r e c t i -  . 

on of  t h e  r i d g e  can be chosen a r b i t r a r i l y .  In s t ead  of G and P  one has  t o  
t a k e  t h e  ma t r i ce s  --- T G Tt and --- T P  Tt .  According t o  ~ e c h e z e r g  (1973) we s h a l l  
c a l l  t h i s  a  c o r r i d o r  model a s  t h e  phenotypic s t a t e s  t h a t  have p o s i t i v e  
f i t n e s s  (g iven  z  LO) l i e  w i t h i n  a  "co r r ido r "  given by t h e  formula 

1  
<Au,u) L  -21x1 b .  Rechenberg (1973) and Wagner (1984 a , b )  used a  somewhat -- - 
r e l a t e d  f i t n e s s  landscape t o  i n v e s t i g a t e  t h e  ex i s t ence  of op t imal  va r i ances  
and maximal evo lu t iona ry  r a t e s  w i th in  t h e  c o r r i d o r .  Wagner w a s  t h e  f i r s t  who 
combined Rechenberg's t heo ry  wi th  Lande's phenotypic  model. I n  B-iirger (1984) 
I i n v e s t i g a t e d  t h e  evo lu t iona ry  dynamics of a  complex of  f u n c t i o n a l l y  coupled 
c h a r a c t e r s  us ing  t h e  f i t n e s s  func t ions  

I t  is  t h e  purpose of  t h e  p r e s e n t  no te  t o  i n v e s t i g a t e ,  how t h e  r e s u l t s  
ob ta ined  t h e r e  depend on t h e  k ind  of  f i t n e s s  desc r ib ing  s t a b i l i z i n g  s e l e c t i o n  
a long  t h e  r i d g e .  

I n  o rde r  t o  d e a l  w i th  equat ion  ( 2 )  we have t o  compute t h e  p o p u l a t i o n ' s  
mean f i t n e s s  m. To manage t h i s  we use t h e  formula 

n  
(where - v,w - i n  W and - B is n x  n  mat r ix)  and o b t a i n ,  through i n t e g r a t i o n  by 
p a r t s ,  

-1/2 - 
m(;,p) - - = s " d e t ( I +  [z l -p l l  (P l 

1  - -  1 - 1 - 2 - ( l a )  
exp(-Z<Vu,u)+  -- - Z(pll+<VJrg>) <Vp,u) -- - ) - s b  z l .  



t 

Here - P = l1 b,] , 2 = (p12,. . . ,pln ) t (the vector of covariances of 

character 1 and characters i, i121, P is the covariance matrix of 
-1 

characters 2, ..., n. Furthermore, 

-1 -1 1 
= P  - , Q  =y- - 

-1 
eo$ and V = Q - Q  (Q +A)-~Q~=:(Q;~+~-~)-~. 

p11 
-1 -1 -1 - 

In the special case where character 1 is uncorrelated to the other cha- 
racters, i.e. ~ = 0 ,  we obtain: - 

- 1 
with V = (P . - -1 - 

If we consider only two characters, we obtain (with - P =  ::'I, -.=a) 

where a =  l+ap (and V =  a/a). For the two dimensional case the isoclines of 2 2 
the population's fitness landscape are shown in Fig. 1. 

Figure la 



Figure  l b  

F igu re  l c  

Capt ion t o  F ig .  1: ( l a )  and ( l b )  show t h e  con tou r l ines  of t h e  ind iv idua l  
f i t n e s s  landscape according t o  formula ( 3 )  with b  = 0 . 4  i n  ( l a )  and b =  0.9 
i n  ( l b ) .  s and a  a r e  chosen such t h a t  i n  both cases  t h e  width of  t h e  i n d i -  
v i d u a l  ' s c o r r i d o r  i s  B I  = 2 f i  and t h e  a scen t  i s  A1 = 2 .  Hence t h e  main d i f f e -  
rence  between t h e s e  two parameter  co i ces  i s  t h e  d i f f e r e n t  s e l e c t i v e  d isad-  
vantage of i n d i v i d u a l s  f a r  away from t h e  r idge .  



Figure Id 

Figure le 

Caption to Fiq. 1 (continued): (lc) and ( I d )  show the contourlines of the 
population's fitness landscape corresponding to Fig.(lb) (see formula (lc)) . 
In (lcl the phenotypic variances and covariances are pll =pzz= 1 and p12=0, 
in (Id) they are p1.l =p22= 1 and pl2=0.75. (le) shows the contours of the 
population's fitness landscape corresponding to (la) with pll = p22 = 1 and 
p12=0.75. The dashed lines in (lc) - (le) indicate the boundary of the indi- 
vidual's corridor, the bold lines that of the population's corridor. 



3 .  ANALYSIS AND RESULTS. 

For simplicity in the sequel we will only consider the two-dimensional 
case, although most of the results may be derived for n-dimensions. But see 
Biirger (1985) for a more general treatment. From (lc) we obtain 

am - =  -1/2 -2 
sa exp(-az2/2a) - sb 

a;, 

Thus (2) reads 

with am/a;. given above. 
1 

As the additive genetic covariance matrix G is assumed to be positive 
definite (and hence non-singular), the equilibrium points of system (2) must 
satisfy grad m =  0 .  Together with (5) we obtain the following two equilibrium - 
points : 

It can be shown easily that both equilibrium points have one positive and 
one negative eigenvalue and hence are saddle points. 

As the adaptive landscape for the population, as given by m, may 
considerably deviate from the adaptive landscape for individuals, as given 
by m, it is necessary to discern between an individual's corridor, defined 
as the region {(z ) : z1 2 0 and z$ < (2111 b) /a) , and a population's corri- 

1 lZ2 - - - 
dor, defined as {(z z ) : z 2 0 and i$< (-2a/a) ln bc~l'~) . In the first case 

1' 2 1 
this is exactly the subregion of the right half plane where individual 
fitness is positive and in the second case this is the subregion of the right 
half plane where population fitness is positve, presupposed that the cha- 
racters are uncorrelated. We denote by A1 = s ( 1-b) , AP = s (a'1/2-b) , 
BI=2(-2(ln b)/a) and BP=2 ( (-2a/a) ln ba 1/2) 1/2 resp. the ascent (along the 

axis) of the individual's and population's corridor and the width of the 
individual's and population's corridors. Note that AP is - up to the factor 
gll the evolutionary rate along the corridor axis if the characters are 
uncorrelated. 



The f i r s t  f a c t  t h a t  should be noted is t h a t  a  necessary and s u f f i c i e n t  
condit ion f o r  t h e  ex i s t ence  of a  popula t ion ' s  co r r idor  ( i . e .  AP and BP a r e  

2 2 
s t r i c t l y  p o s i t i v e )  is t h a t  b a l l 2  < 1 , o r  equivalent ly  p < ( 1-b ) /ab . Hence, 

2 2  
a  population can only move u p h i l l  along the  r idge  i n  our landscape i f  t h e r e  
i s  not too much v a r i a t i o n  i n  t h e  charac ter  t h a t  i s  under s t a b i l i z i n g  s e l e c t i -  
on ( i  .e. 2 > 0 c lose  t o  t h e  a x i s  z = 0 )  . The same phenomenon, namely t h e  

1 2 exis tence  of an upper bound of adapt iv ley  reasonable phenotypic variance f o r  
t h e  evolut ion of func t iona l ly  coupled cha rac te r shas  a l ready been observed i n  
Bdrger (1984) f o r  t h e  f i t n e s s  function defined i n  ( 4 ) .  

However, i n  t h e  p resen t  case  where s t a b i l i z i n g  s e l e c t i o n  i s  assumed t o  
be Gaussian a new phenomenon a r i s e s .  I f  b < exp (-a i n  a1/2/ap22) < 1 ,  which 
means t h a t  i f  t h e  s e l e c t i v e  disadvantage of ind iv idua l s  being f o r  away from 
t h e  co r r idor  i s  weak, then t h e  popu la t ion ' s  co r r idor  becomes wider than the  

2 i n d i v i d u a l ' s  c o r r i d o r .  Furthermore, i f  p,, < ( 1-b2e) /ab e ( e  denotes Euler ' s  
- L L  

constant )  , o r  equ iva len t ly  b a l l 2  < , then f o r  p ,  > 0 t h e  f ixed  point  
(F  1 )  l i e s  i n  t h e  l e f t  ha l f  plane and (F 2 )  i n  t h e  k igh t  ha l f  p lane ,  contra- 
r y  t o  a  q u a d r a t i c a l l y  devia t ing  f i t n e s s  funct ion  such a s  ( 4 )  o r  t o  t h e  case 

of b a 1 / 2 > e  
-1/2 . See a l s o  Fig .  1 .  

Now l e t s  t u r n  t o  t h e  dynamics of system ( 2 a ) .  Throughout we s h a l l  

assume b a l l 2  < 1,  i .e . t h e r e  e x i s t s  a  popula t ion ' s  co r r idor .  I f  t h e  two cha- 
r a c t e r s  a r e  g e n e t i c a l l y  and phenotypical ly uncorre la ted ,  so  t h a t  g = O  and 
p1 = 0 then 12 

i f  z 2 0 .  A s  ba1 /2<  1 we have 
1 

-2 2 
f o r  z  S B P / ~  Hence t h e  popula t ion ' s  corr idor  i s  p o s i t i v e l y  i n v a r i a n t  and 

2 
each population s t a r t i n g  within t h e  co r r idor  w i l l  converge t o  t h e  ax i s  and 
evolve along it. This r e s u l t  can be proved f o r  much more general  f i t n e s s  
funct ions ,  i . e .  f o r  funct ions  of t h e  form 

1 
with amo/az > o ,  m ( u )  = f(<Au,u>) and df /3x<O (Bdrger 1985). 

1 - -- - 
Next l e t  us  drop t h e  assumption p = O  and assume p > O  ( i f  p 1 2 < 0  

12 12 
symmetrical r e s u l t s  a r e  o b t a i n e d ) .  Thus the  cha rac te r s  a r e  s t i l l  gene t i ca l ly  
uncorrelated bu t  e x h i b i t  a  p o s i t i v e  phenotypic c o r r e l a t i o n .  This g ives  a l s o  
r a i s e  t o  a  change i n  t h e  adaptive landscape ( s e e  Fig .  1 and equ. ( l c ) )  and 
the re fo re  t h e  dynamical behaviour of t h e  populat ion w i l l  change, although 
t h e  f i . tness  landscape f o r  ind iv idua l s  remains t h e  same. I n  p a r t i c u l a r ,  i n  
order  t o  be ab le  t o  move u p h i l l  i n  the  co r r idor  it is  not s u f f i c i e n t  f o r  a  
populat ion t o  s t a r t  wi th in  the  popu la t ion ' s  c o r r i d o r ,  s ince  t h e r e  e x i s t s  a  
subregion from which no evolut ion i n  t h i s  d i r e c t i o n  i s  poss ib le  ( s e e  Fig.  2 ) .  



Figure 2a 

Figure 2b 

Fiqures (2a) and (2bl show the trajectories of a population in the fitness 
landscape with contours as in Fig. (Id), i.e. pll =pas= 1, pl2=0.75. The 
vast majority of individuals in the population has positive fitness, as the 
width of the individual's corridor is 2fi. In (2a) the genetic covariance 
matrix is given by gll= g22=0.25 and gl2=O, in (2b) we have gll =g22=0.25 
and gl2=0.20. The dashed area is the subregion of the corridor from which 
no evolution along the ridge can occur. 



Figure  2c 

F igu re  2d 

res ( 2 c )  and (2d)  show t h e  t r a j e c t o r i e s  of a  popula t ion  wi th  parameters  
p.11 = p z z = 1 . 5 ,  pyz=1 .125 ,  gyl  = g 2 2 = 0 . 3 7 5  and gq2=O ( r e s p .  g y 2 = 0 . 3 0 )  in 
( 2 c )  ( r e sp .  (2d)  ) . Thus r e l a t i v e  t o  F ig .  (2a)  and (2b)  t h e  covar iance  mat r i -  
c e s  have been m u l t i p l i e d  by a  f a c t o r  1 .5.  S t i l l  about  one h a l f  of  t h e  i n d i -  
v i d u a l s  h a s  p o s i t i v e  f i t n e s s .  The subregion from which no evo lu t ion  along 
t h e  r idge  can occur has  been cons iderably  inc reased  by t h i s  change i n  t h e  
covariance ma t r i ce s .  



Figure 

F''g.ure (2e) shows the  t r a j ec to r i e s  of a population i n  the f i t ne s s  landscape 
with contours a s  i n  Fig. ( l e )  with covariance matrices as i n  Fig. ( 2 a ) .  A s  
i n  t h i s  case individuals which a re  f a r  away from the corridor have only a 
s l i g h t  se lec t ive  disadvantage, no constra ints  fo r  evolving along the ridge 
OCCUT.  

However, i f  the  population is  already su f f i c i en t ly  f a r  uphi l l  the ridge it 
w i l l  evolve along it. We can show ana ly t ica l ly  t h a t  convergenceoccursif the  
population s t a r t s  within the region 

- - 2 
{ ( z  z )  : z 2 z  1 and i2 2 -  < z2  2  = BP / 4 )  

-2 2  
F i r s t  we already know t h a t  ; > 0 i f  z2 I BP /4 Moreover, we have 

1 - 

which i s  negativ i f  and only i f  

From t h i s  it follows i m e d i a t e l y  t h a t  the subregion of the corridor where - 
z 1 2  l z l l  i s  pos i t ive ly  invar iant .  Moreover, the above re la t ion  holds i f  



A s  we assume 12 1 5 BPD t h e  r i g h t  hand s i d e  t ends  t o  ze ro  i f  z t ends  t o  
2 1  

i n f i n i t y .  Thus we have shown 

- 
with l i m  C ( I  ) 0 z l + - .  Together with ; > O  f o r  1 ; 2 ( 9 ~ ~ R  t h i s  proves our  

1 1 
a s s e r t i o n .  An analogous r e s u l t  has been proved f o r  f i t n e s s  given by equ. (4 )  
(Biirger 1984).  To o b t a i n  an a n a l y t i c a l  e s t ima te  f o r  t h e  subregion of  t h e  
co r r ido r  where no convergence along the  r i d g e  can occur seems t o  be r a t h e r  
d i f f i c u l t .  The only t h i n g  t h a t  i s  obvious i s ,  t h a t  such a  r eg ion  e x i s t s  

d -2 - - - 
s i n c e  - z > o  f o r  z l  < Z l  wi th  ; = Z  and f o r  z l < Z i  with z2=Z; .  Phase 

d t  2 2 2  
p o r t r a i t s  a r e  given i n  F ig .  2 .  

Of p a r t i c u l a r  importance f o r  t h e  s i z e  of t h e  reg ion  from which no evo- 
l u t i o n  along t h e  c o r r i d o r  a x i s  i s  poss ib l e ,  is  t h e  r a t i o  of a  (desc r ib ing  
t h e  s t r e n g t h  of s t a b i l i z i n g  s e l e c t i o n )  and p12 and p I f  t h e  i n d i v i d u a l ' s  

2 2  ' 
f i t n e s s  landscape i s  he ld  cons tan t ,  and p I 2  and p22 a r e  m u l t i p l i e d  by some 
f a c t o r  l a r g e r  than 1 ,  t h e  popu la t ion ' s  c o r r i d o r  becomes narrower and t h e  
f ixed  p o i n t  (F 1)  s h i f t s  i n t o  d i r e c t i o n  of i nc reas ing  z (and decreas ing  1z21). 

A 1 
Moreover, t h e  r a t e  of evo lu t ion  zLalong t h e  r i d g e  decreases  s i g n i f i c a n t l y  
( see  Fig.  2 )  . 

I f  p a r t  of t h e  phenotypic covariance p is due t o  g e n e t i c  covariance,  
12 

i . e .  g  2 * 0 ,  it appears  t h a t  it becomes more d i f f i c u l t  t o  evolve along t h e  
r i d g e  !see F ig .  2 ) .  However we have no a n a l y t i c a l  e s t ima tes .  

F i n a l l y  we s h a l l  i n v e s t i g a t e  a  phenomenon t h a t  has been discovered by 
Rechenberg (1973).  Rechenberg assumed a f i t n e s s  func t ion  of t h e  form 

[ 0, o therwise  

and proved t h e  ex i s t ence  of  an opt imal  amount of var iance  ( t h e  covariance 
was assumed t o  be ze ro  and a l l  var iances  t o  be equal )  i n  t h e  sense  t h a t  
t h i s  var iance  l eads  t o  a  maximal evolu t ionary  r a t e .  Rechenberg's model, 
however, is  based on op t imiza t ion  theory and no t  on popula t ion  gene t i c s .  
Wagner (1984 a , b )  i n v e s t i g a t e d  t h i s  model i n  t h e  framework of q u a n t i t a t i v e  
gene t i c s  on t h e  b a s i s  of Lande 's  equat ions.  He found t h a t  a l s o  in t h i s  
context  opt imal  va r i ances  and maximal evolu t ionary  r a t e s  e x i s t ,  b u t  only i f  
a t  l e a s t  fou r  c h a r a c t e r s  a r e  involved. For t h e  f i t n e s s  func t ion  ( 4 )  t h e  same 
holds a l ready f o r  two c h a r a c t e r s .  Subsequently we s h a l l  i n v e s t i g a t e  t h i s  
problem f o r  t h e  f i t n e s s  func t ion  given by ( 3 ) .  

In s t ead  of P and G we w i l l  consider  hP and hG (where m u l t i p l i c a t i o n  
by h is componen~wise)-and look whether thg re  exi;ts an ho such t h a t  I l  i s  
maximal. For s i m p l i c i t y  l e t  us assume g = 0, i = 2 ,  . . . , n .  Denoting 

-1 -1 - 1 i 

V+ = (hP1+A - ) I mh = m ( i , h ~ )  - and p ( h )  = d e t  ( I + h A P  - we ob ta in :  - -1 



If we write 

we see that a is the (n-1-k)th coefficient of the characteristic polynomial 
of APl. As A P ~  is positive definite, a >O, k20, and in particular a = 1. -- -- 1 k 0 

It follows that p(h) and p(h) are monotonically increasing for h 2 0. 

Moreover, h -= increases monotonically (h 20) . To show this consider 
p (h) 

This shows that for G = o  - - 

has a unique zero h if n 2 2 and b > 0 and I1 has a unique maximum. This is 
0 

qualitatively the same result as that for a fitness functiop of the form (4). 
If b = 0 then such a h only exists if n 2 4, as 0 < h - plhl<d and 

0 
h p'(h) n-1 2 p(h) 2 

lim - - = - 
2 ' p(h) 2 

. This is the same as Wagner's (1984 arb) result. It seems 
h- 
to be probable that a negative fitness outside the corridor, considered by 
Wagner, leads to the existence of an optimal evolutionary rate for n22. By 
a continuity argument it can be inferred that maximal evolutionary rates 
also exist near the corridor axis. 

4. CONCLUSIONS. 

The present analysis shows that the pattern of variation and covaria- 
tion in a population plays an important role for the evolution of functio- 
nally coupled characters in an adaptive landscape with multiple peaks. 
There are three main findings which are in best accordance with the results 



derived in Bdrger (1984) . 
(i) There exists an upper bound for the adaptively reasonable amount of 

phenotypic variance of characters which are under stabilizing selection. If 
this bound is exceeded no evolution along the ridge is possible, although 
physiologically it is favourable. This bound depends on the shape and width 
of the corridor and on the fact that we have multiple peaks. 

(ii) ~n 'unfavourable' covariance pattern yields constraints on the 
possible directions of evolutionary change. We proved that if the corridor 
axis is collinear with one of the axis of the state space then each popula- 
tion with zero phenotypic and genetic covariance starting within the corridor 
converges to the axis and evolves along it. Hence the population will deve- 
lop the selectively favoured complex of functionally coupled characters. If 
the corridor is in arbitrary position the condition of zero phenotypic (resp. 
genetic) covariance has to be replaced by the condition that one eigenvector 
of the matrix P (resp. G) points into direction of the corridor axis. If an 
deviation of P-and/or G-from this 'optimal ' form occurs, there is a subre- 
gion of the corridor from which no evolution along the ridge is possible. 
Hence the complex of functionally coupled characters cannot evolve. For one 
and the same individual's fitness landscape this subregion increases in size 
if the deviation of the phenotypic and/or genetic covariances from their 
optimal values increases or if the phenotypic variances of the characters 
under stabilizing selection increase (see also (i)). In the latter case also 
the width of the corridor decreases. On the other hand if P and G as well as 
the width of the individual's corridor and the ascent along the ridge are 
held constant, the size of this subregion strongly depends (in the obvious 
way) on the parameter b, which measures the selectivedisadvantage of indi- 
viduals being for away of the corridor. 

(iii) There exists an optimal amount of overall variability resulting 
in a maximal evolutionary rate. To be precise, there is a positive number 
h such that a population with covariance matrix h P evolves at an higher 
0 0- 
rate along the ridge than any population with covariance matrix hP, h+bo. 

To sumarize, it has been shown that for the evolution of  functional^^ 
coupled quantitative traits in a fitness landscape with multiple peaks there 
exists an optimal variance-covariance pattern of a population in a twofold 
sense. Any deviation from this pattern leads both to a restriction on the 
set of initial conditions enabling the population to adapt the selectively 
favoured configuration of characters as well as to a decrease in the rate 
adaptation. The constraints arising in this manner, namely the inability of 
a population to evolve into directions which are physiologically possilbe 
and even favourable, are population genetic constraints in the intrinsic 
sense as they are caused by the genetic structure of populations. 
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