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Summary 

Catastrophe theory is a new field in mathematical 
topology that allows the formulation of comprehensive 
qualitative systems models which have previously eluded 
rigorous mathematical formulation. Because the models 
have a topological foundation, many seemingly dissimilar 
phenomena can be related to a common underlying topological 
structure. The properties of that structure can then be 
studied in a convenient form and the conclusions related 
back to the original problem. This paper provides an 
introduction to catastrophe theory and defines the 
principal conditions required for its application. 
The basic properties of bimodality, discontinuity 
(catastrophe), hysteresis, and divergence are defined 
and illustrated using the simplest structures of the 
theory. 

The application of catastrophe theory to ecology is 
illustrated with the spruce budworm system of eastern 
Canada. With a minimum of descriptive information about 
the budworm system, a qualitative catastrophe theory model 
is hypothesized. This model is rich in its ability to 
provide predictions on the global behavior of the system. 
To further check and refine the assumptions of this 
qualitative model, an existing detailed simulation model 
is analyzed from the perspective of catastrophe theory. 
The simulation indeed exhibits a basic underlying structure 
in agreement with the previously hypothesized model. In 
this instance catastrophe theory provides a consistent 
framework with which to analyze and interpret the results 
of the simulation. These interpretations are not at 
variance with the first rough qualitative model based 
only on a small set of descriptive information. 





The A p p l i c a t i o n  of C a t a s t r o p h e  ÿ he or^ t o  E c o l o g i c a l  Systems* 

* * 
Dixon D. J o n e s  

I. I n t r o d u c t i o n  

~ e n k  Thom [ 5 , 6 , 7  1 has  developed an  e l e g a n t  t h e o r y  i n  t h e  

mathemat ica l  f i e l d  of topology t h a t  a l l o w s  t h e  f o r m u l a t i o n  o f  

sys tem models which a r e  r i c h  i n  t h e i r  a b i l i t y  t o  c a p t u r e  

i n h e r e n t  s t r u c t u r e  and g l o b a l ,  q u a l i t a t i v e  p r o p e r t i e s .  H e  has  

c a l l e d  t h i s  t h e  t h e o r y  of c a t a s t r o p h e s .  The powerful  a s p e c t  

of  topology compared wi th  t h e  t r a d i t i o n a l l y  used l i n e s  of  mathematics 

i s  t h a t ,  by u s i n g  a b s t r a c t  p r i n c i p l e s  of  " t o p o l o g i c a l  equiv-  

a l e n c e , "  many seemingly d i s s i m i l a r  phenomena c a n  be  r e l a t e d  t o  

t h e  same u n d e r l y i n g  t o p o l o g i c a l  s t r u c t u r e .  P r o p e r t i e s  o f  t h a t  

s t r u c t u r e  can  b e  s t u d i e d  i n  a  ma themat ica l ly  conven ien t  form 

and t h e  c o n c l u s i o n s  r e l a t e d  back t o  t h e  o r i g i n a l  problem. 

F o r t u n a t e l y ,  a l t h o u g h  t h e  theorem p r o o f s  and d e r i v a t i o n s  a r e  

ve ry  a b s t r a c t  and o u t  of  r each  f o r  most n o n - s p e c i a l i s t s ,  t h e  

theorems themselves  a r e  o f t e n  ve ry  c l e a r  and s imply  s t a t e d .  

Thom's p r i n c i p a l  i n t e r e s t  i n  b io logy  concerns  embryology 

and developmenta l  morphology. H i s  work is i l l u s t r a t e d  geo- 

m e t r i c a l l y ,  a s  i s  n a t u r a l  f o r  a  t o p o l . o g i s t .  Ilowever, geometry 

i n  more t h a n  t h r e e  dimensions o f t e n  s t r a i n s  o u r  i n t u i t i v e  

v i s u a l i z a t i o n .  Among h i s  many f a s c i n a t i n g  o b s e r v a t i o n s  i s  

t h a t  t h e  pen tagona l  symmetry o f  a n  a d u l t  s e a  anemone i s  q u i t e  

s imply  r e l a t e d  t o  a  geometr ic  s t r u c t u r e  t h a t  deve lops  n a t u r a l l y  

* 
T h i s  paper  was p r e s e n t e d  a t  t h e  Systems Ecology Conference ,  

Loqan, Utah, 2 0 - 2 3  February  1975. I t  w i l l  be  pub l i shed  i n  
s i m u l a t i o n  i n  Systems Ecology, George S .  I n n i s ,  e d i t o r ,  i n  t h e  
S imula t ion  Counc i l s  Proceedings  series. 
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I n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems A n a l y s i s ,  

Laxenburg, A u s t r i a ,  and t h e  I n s t i t u t e  of  Resource Ecology,  
U n i v e r s i t y  of B r i t i s h  Columbia, Vancouver, Canada. 



from t h e  b i l a t e r a l  symmetry of t h e  l a r v a e  [ 5 ] .  

E.C. Zeeman [ 8 , 1 0 , 1 1 ]  h a s  t a k e n  t h e  t o p o l o g i c a l  s t r u c t u r e s  

from Thom's c a t a s t r o p h e  t h e o r y  and a p p l i e d  them t o  a  wide r a n g e  

o f  dynamic sys tems .  Using t h e s e  s t r u c t u r e s ,  he  h a s  developed 

models f o r  h e a r t b e a t  and ne rve  impulse  [ 9 1 .  The l a t t e r  model 

i s  s i m p l e r  t h a n  t h e  Hodgkin-Huxley e q u a t i o n s ,  u s e s  f ewer  ad hoc -- 

e q u a t i o n s ,  and i s  a  b e t t e r  p r e d i c t o r  of b e h a v i o r .  

Zeeman h a s  a l s o  c r e a t e d  a  wide  r a n g e  o f  i n s i g h t f u l  models 

f o r  a p p l i c a t i o n  i n  t h e  s o c i a l  s c i e n c e s  [ 2 1 .  H i s  examples c o v e r  

a g g r e s s i o n ,  economic growth,  s t o c k  market  c r a s h e s ,  t h e  arms 

r a c e ,  p r i s o n  r i o t s ,  and n a t i o n a l  war-making p o l i c y .  

To d a t e  t h e r e  h a s  been ve ry  l i t t l e  e f f o r t  t o  a p p l y  t h i s  

body of  t h e o r y  t o  eco logy  d e s p i t e  t h e  a p p a r e n t  need f o r  models 

t h a t  a r e  g l o b a l  and q u a l i t a t i v e .  H o l l i n g  c a l l s  f o r  t h i s  view- 

p o i n t  i n  h i s  development of  t h e  c o n c e p t  of  e c o l o g i c a l  r e s i l i e n c e  

[ l ] .  H e  s p e a k s  o f  p e r t u r b a t i o n s  t h a t  " f l i p M  a  sys tem from one 

e q u i l i b r i u m  r e g i o n  t o  a n o t h e r .  A b e t t e r  comprehension o f  how 

and why t h i s  happens i s  c r i t i c a l  t o  u n d e r s t a n d i n g  a n d c o p i n q  

w i t h  e c o l o g i c a l  sys tems .  Our l e v e l  o f  i n f o r m a t i o n  and percep-  

t i o n  o f t e n  c o n s t r a i n s  u s  t o  q u a l i t a t i v e  models.  Topology and 

c a t a s t r o p h e  t h e o r y  can  p r o v i d e  u s  w i t h  such  models t h a t  a r e  

s t r u c t u r a l l y  " r o b u s t "  -- t h a t  accommodate r e f i n e m e n t  of  d e t a i l e d  

knowledge. The purpose  of  t h i s  paper  i s  t o  i n t r o d u c e  c a t a s t r o p h e  

t h e o r y  t o  t h e  e c o l o g i c a l  l i t e r a t u r e .  

P a r t  I1 c o n t a i n s  a  n o n - t e c h n i c a l  d e s c r i p t i o n  o f  c a t a s t r o p h e  

t h e o r y  a s  it p e r t a i n s  t o  dynamical  sys tems .  The b a s i c  e l e m e n t s  



and p r o p e r t i e s  of t h e  t h e o r y  a r e  i n t r o d u c e d  and i l l u s t r a t e d  

w i t h  some o f  t h e  s i m p l e r  t o p o l o g i c a l  s t r u c t u r e s .  I n  t h i s  

s e c t i o n ,  I f o l l o w  c l o s e l y  t h e  development  used by Zeeman; it 

would b e  presumptuous t o  t r y  t o  o u t d o  h i s  l u c i d  e x p l a n a t o r y  

s t y l e .  

I n  P a r t  I11 a  s i m p l e ,  b u t  n o n t r i v i a l ,  e c o l o g i c a l  example 

i s  f o r m u l a t e d  i n t o  a  model based  on c a t a s t r o p h e  t h e o r y .  

I n  P a r t  I V  t h i s  model i s  compared w i t h  a  d e t a i l e d  s imula-  

t i o n  model o f  t h e  same s i t u a t i o n .  I t  s h o u l d  b e  borne  i n  mind 

t h a t  i n  t h i s  i n s t a n c e  t h e  s i m u l a t i o n  model was deve loped  

i n d e p e n d e n t l y  o f  o u r  p r e s e n t  purpose  and had no a  p r i o r i  con- - 

n e c t i o n  w i t h  c a t a s t r o p h e  t h e o r y .  

11. Elementa ry  C a t a s t r o p h e  Theory 

There  a r e  f o u r  b a s i c  sys tem p r o p e r t i e s  o f  e l e m e n t a r y  c a t a s -  

t r o p h e  s t r u c t u r e s .  Whenever o b s e r v a t i o n s  r e v e a l  one  o r  more of  

t h e s e  p r o p e r t i e s ,  it would b e  f r u i t f u l  t o  look  f o r  o t h e r s  and 

f o r  a n  u n d e r l y i n g  c a t a s t r o p h e  topo logy .  I f  such  a  s t r u c t u r e  c a n  

be  found o r  h y p o t h e s i z e d ,  t h e  whole body of  Thom's t h e o r y  can  

b e  b r o u g h t  t o  b e a r .  

The b a s i c  p r o p e r t i e s  a r e :  

1. Bimoda l i ty  

2 .  D i s c o n t i n u i t y  ( c a t a s t r o p h e )  

3 .  H y s t e r e s i s  ( d e l a y e d  r e s p o n s e )  

4 .  Divergence .  

These p r o p e r t i e s  r e f e r  t o  s e l e c t e d  sys tem b e h a v i o r .  They may 

n o t  a l l  be  f e a s i b l e  under  n a t u r a l l y  o c c u r r i n g  s i t u a t i o n s ,  b u t  



we s h o u l d  b e  fo rewarned  t h a t ,  i f  c o n d i t i o n s  a r e  p e r t u r b e d ,  t h e  

4 s y s t e m  may move t o  a  c o n f i g u r a t i o n  t h a t  e x h i b i t s  a d d i t i o n a l  

p r o p e r t i e s  i n  t h e  above  l i s t .  

B i m o d a l i t y  - r e f e r s  t o  s i t u a t i o n s  whe re  o b s e r v a t i o n s  t e n d  t o  

c l u s t e r  a r o u n d  two ( o r  more) s t a t i s t i c a l  measu re s .  Fo r  example ,  

t h e  w e i g h t  d i f f e r e n c e  be tween  ma le s  and  f e m a l e s  o f  a  s p e c i e s  

h a s  s t r o n g  e c o l o g i c a l  i m p l i c a t i o n s  f o r  i n t r a s p e c i f i c  c o m p e t i t i o n  

and n i c h e  s e p a r a t i o n .  B i m o d a l i t y  i s  a  s t a t i c  p r o p e r t y  and  w i l l  

n o t  b e  p u r s u e d  h e r e .  

D i s c o n t i n u i t y  r e f e r s  t o  any  l a r g e  c h a n g e  i n  b e h a v i o r  a s s o -  

c i a t e d  w i t h  a  s m a l l  c h a n g e  i n  some o t h e r  v a r i a b l e  ( i n c l u d i n g  

t i m e ) .  T h i s  d i s c o n t i n u o u s  b e h a v i o r ,  o r  c a t a s t r o p h i c  jumps, 

i n s p i r e d  t h e  name f o r  Thom's t h e o r y .  "Big  e f f e c t s  f rom s m a l l  

c a u s e s "  i s  p a r t  o f  t h e  e c o l o g i c a l  e x p e r i e n c e  and  may b e  a p p l i c -  

a b l e  h e r e .  

H y s t e r e s i s  o c c u r s  when a  s y s t e m  h a s  a  d e l a y e d  r e s p o n s e  t o  

a  chang ing  s t i m u l u s .  Thus a  p l o t  o f  r e s p o n s e  a g a i n s t  s t i m u l u s  

w i l l  f o l l o w  o n e  p a t h  when t h e  s t i m u l u s  i n c r e a s e s  and  a n o t h e r  

when it d e c r e a s e s .  H y s t e r e s i s  i s  b e s t  i l l u s t r a t e d  g r a p h i c a l l y  

i n  l a t e r  examples .  

D i v e r g e n c e  o c c u r s  when n e a r b y  s t a r t i n g  c o n d i t i o n s  e v o l v e  

t o  w i d e l y  s e p a r a t e d  f i n a l  s t a t e s .  Thom i s  i n t e r e s t e d  i n  t h e  

d i v e r g e n c e  o f  a d j a c e n t  embryonic  c e l l s  i n t o  s e p a r a t e  t i s s u e s .  

S p e c i a t i o n  i s  l i k e l y  a n  e v o l u t i o n a r y  example .  I n  p o p u l a t i o n  

dynamics  i n i t i a l  c o n d i t i o n s  j u s t  above  a n d  j u s t  be low a n  " e x t i n c -  

t i o n  t h r e s h o l d "  w i l l  d i v e r g e  t o  v e r y  d i f f e r e n t  f i n a l  s t a t e s .  



We shall return to these properties after constructing 

illustrations for the simplest catastrophes. 

In Zeeman's work with the heartbeat and nerve impulse [9Ir 

he began with only three axioms of observed behavior. These 

were: (1) there exists a stable equilibrium condition, ( 2 )  there 

is a threshold of a stimulating factor that triggers a fast 

action away from equilibrium, and (3) there is a subsequent 

return to the original equilibrium. He further subdivided the 

return phase (3) into (3a) , a fast "jump" return (as with the 
heartbeat), and (3b), a smooth return (as with the nerve). 

Starting with these axioms he developed the simplest model 

possible that could exhibit the necessary dynamic behavior. The 

important distinction is that he set out to model the overall 

dynamics rather than (say) the physiochemistry. After develop- 

ing qualitative dynamic models, he was then able to identify the 

necessary measurable attributes and variables to transform his 

models to quantitative ones. 

Many applications of catastrophe theory to real situations 

are at the stage of metaphoror simile. This in itself can be a 

very useful first step because a large number of global, qualita- 

tive characteristics can be carried in a simple, easily under- 

stood format. The interested reader is encouraged to read 

Zeeman's work on heartbeat and nerve impulse [9] as it exhibits 

the full spectrum of development from the above three axioms 

to a quantitative, predictive model. 

We shall not follow the axiomatic approach, but shall 



d e s c r i b e  t h e  r e s u l t i n g  c o n d i t i o n s  t h a t  a r e  a p p l i c a b l e .  Many o f  

t h e  v u l g a r  s i m p l i f i c a t i o n s  and t h e  l a c k  o f  r i g o r  w i l l  d i s t u r b  

t h e  p u r e  ma themat i c i an ,  b u t  a s  we a r e  i n t e r e s t e d  i n  mode l l ing  

r e a l ,  e x i s t i n g  s i t u a t i o n s  having  a  h i g h  d e g r e e  o f  u n c e r t a i n t y  

and n o i s e ,  we s h a l l  d i s m i s s  d i s c u s s i o n  o f  t h e  r a z o r - t h i n  excep- 

t i o n a l  c a s e s .  The r i g o r o u s  r o u t e  h a s  been  fo l lowed  by Thom, 

Zeeman, and  o t h e r s ;  t h e  f i n a l  d e s c r i p t i o n  i s  c o n s i s t e n t  w i t h  

t h e i r  work even  i f  it a v o i d s  some o f  t h e  p r e c i s i o n  a l o n g  t h e  

way. 

The d e s c r i p t i o n  " c a t a s t r o p h e "  and t h e  p r o p e r t y  of  c a t a s -  

t r o p h i c  jumps and f a s t - a c t i n g  b e h a v i o r  p o i n t  t o  t h e  t y p e s  o f  

s i t u a t i o n s  t h a t  a r e  o f  i n t e r e s t .  Namely, t h e  u n d e r l y i n g  dynamic 

o f  o u r  sys tem must b e  c a p a b l e  of  making f a s t  changes .  " F a s t "  

i s  of  c o u r s e  o n l y  r e l a t i v e  and w e  b e g i n  by c a t e g o r i z i n g  t h e  

v a r i a b l e s  o f  o u r  sys t em i n t o  f a s t  v a r i a b l e s  and s low v a r i a b l e s .  

The g r e a t e r  t h e  s e p a r a t i o n  i n  t h e  speed ,  t h e  c l e a r e r  t h e  d i s -  

t i n c t i o n  between t y p e s .  I f  t h e  speeds  a r e  more un i fo rmly  d i s -  

t r i b u t e d ,  t h e  r e s u l t i n g  b e h a v i o r  w i l l  d e v i a t e  from t h e  i d e a l i z e d  

t y p e  t h a t  w e  d e s c r i b e  h e r e .  

To h e l p  g e n e r a l i z e ,  t h e  c o l l e c t i o n  o f  s low v a r i a b l e s  c a n  

b e  a l t e r n a t i v e l y  c o n s i d e r e d  a s  p a r a m e t e r s ,  e x t e r n a l  v a r i a b l e s ,  

d r i v i n g  v a r i a b l e s ,  i n p u t s ,  c o n t r o l s  o r  c a u s e s ,  depending  upon 

t h e  c o n t e x t .  The f a s t  v a r i a b l e s  c a n  t h e n  b e  c o n s i d e r e d  a s  s t a t e  

v a r i a b l e s ,  i n t e r n a l  v a r i a b l e s ,  o u t p u t s ,  b e h a v i o r  o r  e f f e c t s .  

Any p a r t i c u l a r  d i s c i p l i n e  w i l l  f i n d  some ambigu i ty  i n  t h e s e  

l i s t s .  They a r e  meant t o  s e r v e  o n l y  a s  a  g u i d e .  The ma themat i ca l  



e c o l o g i s t  p e r h a p s  w i l l  be  most c o m f o r t a b l e  w i t h  t h e  s t a t e  

v a r i a b l e / p a r a m e t e r  combinat ion .  Decomposi t ion i n t o  f a s t  and  

s low v a r i a b l e s  has  seldom been used e x p l i c i t l y  a l t h o u g h  p r o c e s s e s  

t h a t  a r e  f a s t e r  o r  s lower  t h a n  a n  " e c o l o g i c a l  t i m e  s c a l e "  have 

o f t e n  been  o m i t t e d  t o  r e d u c e  complex i ty .  Any dynamic v a r i a b l e  

can  b e  c o n s i d e r e d  a s  s low i f  u n d e r s t a n d i n g  i s  i n c r e a s e d  by 

do ing  s o .  W e  may o f t e n  b e g i n  by h o l d i n g  t h e  s low v a r i a b l e s  

f i x e d  and s t u d y i n g  t h e  b e h a v i o r  o f  t h i s  r e s t r i c t e d  sys tem.  Ca tas -  

t r o p h e  t h e o r y  a l l o w s  u s  t o  t r a n s l a t e  t h i s  c o n s t r a i n e d  b e h a v i o r  

i n t o  t h e  b e h a v i o r  o f  t h e  u n c o n s t r a i n e d  sys tem.  The d i s t i n c t i o n  

between f a s t  and s low v a r i a b l e s  must  b e  p r a g m a t i c a l l y  d e f i n e d ,  

b u t  w e  w i l l  f i n d  i n  t h e  example of  P a r t  I V  t h a t ,  even  when t h i s  

s e p a r a t i o n  b r e a k s  down, we c a n  s t i l l  g a i n  u s e f u l  i n f o r m a t i o n .  

W e  s y m b o l i c a l l y  r e p r e s e n t  t h e  c o l l e c t i o n  o f  f a s t  v a r i a b l e s  

by x  and t h e  s low o n e s  by p. The s p a c e  of  f a s t  v a r i a b l e s ,  x ,  

i s  t a k e n  t o  be  o f  d imens ion  n  w h i l e  t h e  s low v a r i a b l e s ,  p ,  have 

d imens ion  k .  The e n t i r e  sys tem t h e n  h a s  d imens ion  n+k. 

The major  r e q u i r e m e n t  f o r  t h e  sys t em i s  t h e  e x i s t e n c e  of  

some f u n c t i o n  V ( x ; p ) ,  s u c h  t h a t  when p  i s  h e l d  f i x e d ,  V ( x ; p )  i s  

minimized a s  t h e  sys tem e v o l v e s .  A t  f i r s t  g l a n c e  t h i s  a p p e a r s  

t o  be  a  h i g h l y  r e s t r i c t i v e  c o n d i t i o n ,  e s p e c i a l l y  i f  w e  a r e  

d e a l i n g  w i t h  a  sys t em t h a t  i s  p o o r l y  unde r s tood .  The i n t e r e s t -  

i n g  and i m p o r t a n t  f e a t u r e  of  t h i s  t h e o r y  i s  t h a t  we neve r  have 

t o  know e x p l i c i t l y  what  t h i s  f u n c t i o n  i s ,  o r  what  i t  r e p r e s e n t s .  

I t  may be i n t e r e s t i n g  and i n s t r u c t i v e  t o  l o o k  f o r  t h i s  f u n c t i o n ,  

b u t  i t s  d i s c o v e r y  i s  n o t  a  n e c e s s i t y .  



V(x;p) can be thought of as a potential function, an energy 

function, an entropy function, a cost function,.or a probability 

function. (In cases where it is natural to think of a V function 

that is maximize'd, we need only replace V by -V to obtain the 

required minimization.) If these interpretations are objection- 

able because they imply some internal "purposefulness" for the 

system, V(x;p) can be thought of as a Lyapunov function for the 

set of describing equations. There are thus two complementary 

perspectives available. The first is direct information about 

the existence of some V(x;p) function. This implies an equilib- 

rium directed trajectory for x. On the other hand, trajectories 

that are known to evolve to equilibrium states imply the existence 

of V(x;p). 

The effect of the minimization of V(x;p) is that for any 

fixed p, the system will move to some equilibrium x*. In general 

there may be more than one such equilibrium. In terms of familiar 

differential equations, for fixed p, the system evolves according 

to 

to some state x* where f (x*;p) = 0 . In many applications f (x; p) 

can be equated with the negative of the gradient of V(x;p) with 

respect to x. 

We are interested in how the various x* equilibrium points 

change as we move p throughout the range of its k-dimensional 

space. We call the set of equilibrium points (the points that 



satisfy f(x;p) = 0) the manifold Mf. In situations of interest 

M is a "k-dimensional" surface. That is, if k = 1 (i.e. if we f 

consider only one parameter or slow variable), Mf is a line 

traversing our n+l dimensional state space. If k = 2, Mf is 

some surface. When k - > 2, we have a higher dimensional "surface" 

which is not as easy to visualize from common experience. 

We want to find the changes in system behavior when we 

change p, or when the slow variables evolve. To aid this search 

we construct the projection nf of the equilibrium manifold Mf 

onto the space of p. The projection locates the parameter values 

corresponding to important features of Mf. 

Let us pause and review graphically what we have done thus 

far. In Fig. la is a two-dimensional space with one fast vari- 

able x (a population density, say) and one parameter p (e.g. a 

carrying capacity). With the conditions that we have imposed, 

we assume for some fixed p = p and initial x = xl that the value 1 

of x moves "quickly" to an equilibrium point x* according to 1 

some function k = f(x;pl). For another p = p2 and another x = x2 

the system goes to x* The collection of points connecting all 2 ' 

equilibrium points is the manifold (line) Mf in Fig. lb. The 

projection n is just the p-axis. f 

The reason for and effect of making the fast/slow distinction 

in our state variables can be seen in this figure. If p is at 

pl, x will be at x;. Now if p moves to p2, either by external 

manipulation or by its own dynamic process, x will go from xf 

to x* along the manifold Mf. In the idealized case where the 
2 



ratio of fast to slow speeds is infinite, trajectories would 

follow the manifold Mf exactly. When the fast/slow separation 

becomes blurred, trajectories will be displaced from the mani- 

fold. However, even then the trajectories will be "organized" 

around the manifold. 

As we noted previously, for any fixed p there can be more 

than one equilibrium. Fig. lc shows several trajectories to 

final equilibria. The complete manifold is shown in Fig. Id. 

This manifold differs fundamentally from that in Fig. lb. First, 

the sequence of equilibria is broken between T1 and T2. The 

broken line is part of the manifold since it satisfies the 

condition that A = f(x;p) = 0. It represents the locus of 

unstable equilibria separating the upper and lower attracting 

surfaces. In any.real system there will always be a certain 

amount of noise which will carry x off any such unstable equilib- 

rium. The segment T1- T then acts as a repellor for trajectories; 
2 

the solid branches are attractors. 

The second major feature 2f Fig. Id is that the projective 

map nf is no longer one-to-one onto the p-axis. Between T1 and 

T2 three branches of Mf correspond to the same section of the 

p-axis. At both T1 and T2 the vertical mapping projection coin- 

cides tangentially with the manifold Mf. The projections of T1 

and T2 appear at the parameter values S and S2. These points 
1 

are called singularities of the projection Tif. 

The manifold in Fig. Id schematically represents the first 

principal type of catastrophe -- the fold catastrophe. The 



simplest (lowest degree) polynomial that is equivalent and 

representative of the fold catastrophe is 

The singularities occur whenever 

In the above polynomial case 

Substitution gives the singularities at 

The fold is the simplest catastrophe. With it we can 

demonstrate three of the four basic properties that we presented 

at the start of this section. First, bimodality: this is a 

consequence of the double equilibria for a portion of the param- 

eter range. Repeated observations can detect the system on 

the upper attractor at some times and on the lower at others. 

To visualize catastrophic jumps, consult the folded mani- 

fold in Fig. 2. Initially p = p and the system is at A. As 
0 

we increase p to p the system moves along the manifold to B. 1' 

But when p crosses beyond the singularity S1, the system is 

forced off the manifold at T1 and makes a catastrophic, "fast" 

jump to the upper branch at C. Continued increase carries the 



system a g a i n  smoothly a long  t h e  manifo ld  t o  D .  I t  i s  t h i s  

behav io r  t h a t  g i v e s  t h e  t h e o r y  i t s  name. The s i g n i f i c a n t  f a c t  

i s  t h a t  t h e  s p e c i f i c  form of f ( x ; p )  i s  n o t  i m p o r t a n t  f o r  t h i s  

b e h a v i o r ,  b u t  o n l y  t h e  e x i s t e n c e  of  t h e  f o l d  s i n g u l a r i t y  i n  t h e  

p r o j e c t i o n  o n t o  t h e  slow v a r i a b l e  a x i s .  

H y s t e r e s i s  i s  e a s i l y  shown w i t h  t h i s  same manifo ld .  W e  

beg in  w i t h  t h e  sys tem a t  D (F ig .  3 )  and r e t r a c e  o u r  s t e p s .  A t  

C w e  do  n o t  make a  jump r e t u r n  t o  T1 b u t  r a t h e r  c o n t i n u e  a long  

t h e  manifo ld  t o  T 2  above t h e  o t h e r  s i n g u l a r i t y  S2. Now a t  

t h i s  p o i n t  t h e r e  i s  a  jump r e t u r n  t o  t h e  lower a t t r a c t o r  and 

t h e  system proceeds  on t o  A. The p r o p e r t y  of  f o l l o w i n g  a  d i f -  

f e r e n t  r e t u r n  p a t h  a f t e r  a  r e v e r s a l  of i n p u t  i s  c a l l e d  h y s t e r e s i s .  

Why w e  do n o t  jump from C down t o  T1 r e q u i r e s  an  explana-  

t i o n .  When p  = S1 bo th  C and T1 a r e  p o s s i b l e  e q u i l i b r i a  and 

t h e r e f o r e  bo th  a r e  minima of V ( x ; p ) .  The v a l u e  o f  V a t  T1 cou ld  

a c t u a l l y  be  less t h a n  V a t  C ,  b u t  t h e  t r a n s i t i o n  would n o t  be  

a l lowed a s  it would r e q u i r e  a  temporary i n c r e a s e  i n  V when w e  

move away from t h e  manifo ld  a t  C.  I n  o t h e r  words,  t h e  system i s  

f o l l o w i n g  t h e  l o c a l  minimum. The t h e o r y  can  be  adap ted  t o  

sys tems t h a t  seek  a  g l o b a l  r a t h e r  t h a n  l o c a l  min imiza t ion  b u t  

t h e  e c o l o g i c a l  a p p l i c a b i l i t y  would be l i m i t e d .  

An example of  d ive rgence  i s  n o t  p o s s i b l e  on t h e  f o l d  c a t a s -  

t r o p h e .  To i n c l u d e  it we must u s e  a  minimum of  two slow dimensions  

and i n t r o d u c e  t h e  cusp  c a t a s t r o p h e .  

Consider  one f a s t  v a r i a b l e  x  and two slow ones  p  and q .  The 

s i m p l e s t  polynomial  r e p r e s e n t a t i o n  of  t h e  cusp  c a t a s t r o p h e  i s  



3 2 = f ( x ; p , q )  = - ( x  + qx + p') . 
The manifo ld  i s  t h e  s u r f a c e  g e n e r a t e d  by f ( x ; p , q )  = 0. The 

two-dimensional  s h e e t  co r respond ing  t o  t h i s  f u n c t i o n  i s  

embedded i n  o u r  th ree -d imens iona l  s t a t e  s p a c e .  I t  i s  i l l u -  

s t r a t e d  i n  F ig .  4 .  

I n  t h i s  example when q  > 0,  Mf i s  s i n g l e  s h e e t e d ;  when 

q  < 0, it i s  t r i p l e  s h e e t e d .  Note t h a t  f o r  a  f i x e d  n e g a t i v e  

q ,  w e  have t h e  f o l d  c a t a s t r o p h e  a s  a  s p e c i a l  c a s e .  I f  p  goes  

from pl t o  p 2 ,  t h e  s t a t e  t r a j e c t o r y  f o l l o w s  t h e  manifo ld  smoothly 

from A u n t i l  it becomes t a n g e n t  t o  t h e  x -ax i s ,  a t  which p o i n t  

t h e r e  i s  a  c a t a s t r o p h i c  jump t o  t h e  lower a t t r a c t o r  b e f o r e  

c o n t i n u i n g  t o  B. A p a t h  w i t h  f i x e d  p o s i t i v e  q  (C t o  D) does  

n o t  c r o s s  a  s i n g u l a r i t y  i n  t h e  p r o j e c t i o n  map n and t h u s  f  

a v o i d s  t h e  f a s t  jump. 

The c r i t i c a l  f e a t u r e  i s  t h e  mapping of  t h e  man i fo ld  o n t o  

t h e  space  of t h e  pa ramete r s  ( p , q ) .  The o u t e r  edges  of t h e  f o l d s  

p r o j e c t  down t o  t h e  curved b i f u r c a t i o n  l i n e s .  The p o i n t  where 

t h e  manifo ld  changes  from t r i p l e  t o  s i n g l e  s h e e t e d  ( t h e  o r i g i n  

i n  t h i s  example) i s  a  cusp  -- g i v i n g  t h e  name t o  t h i s  c o n f i g u r a -  

t i o n .  The e n t i r e  s i t u a t i o n  d e p i c t e d  by F i g .  4 w e  c a l l  a  cusp  

c a t a s t r o p h e .  I t  i n v o l v e s  t h e  f o l d  s i n g u l a r i t y  d i s c u s s e d  above 

and t h e  cusp  s i n g u l a r i t y  where t h e  b i f u r c a t i o n  l i n e s  j o i n .  

To i l l u s t r a t e  t h e  f o u r t h  p r o p e r t y ,  d i v e r g e n c e ,  c o n s i d e r  

two nearby s t a t e s  E and F  i n  F ig .  5. I f  t h e  pa ramete r  q  i s  

reduced t o  a  n e g a t i v e  v a l u e ,  t h e  two s t a t e s  w i l l  move s t e a d i l y  

t o  p o i n t s  G and H I  r e s p e c t i v e l y .  Thus, even though b o t h  p a t h s  

s t a r t  a r b i t r a r i l y  c l o s e ,  and b o t h  e x p e r i e n c e  t h e  same parameter  



change ,  t h e y  end up a t  w ide ly  s e p a r a t e d  f i n a l  s t a t e s .  The 

r e a s o n ,  o f  c o u r s e ,  i s  t h a t  t h e i r  p a t h s  t a k e  them on e i t h e r  

s i d e  o f  t h e  c u s p ,  and  EG e n d s  on t h e  upper  s h e e t  w h i l e  FH 

i s  on t h e  lower .  

B e s i d e s  d i v e r g e n c e  t h e r e  is  a n o t h e r  i m p o r t a n t  p o i n t  which 

i s  c h a r a c t e r i s t i c  of  t h e  cusp  c a t a s t r o p h e  b u t  n o t  o f  t h e  f o l d .  

I n  F i g .  2 ,  movement from A t o  D i s  accompanied by a  jump a t  T1. 

The o n l y  way t o  r e t u r n  from D t o  A i s  a s  shown i n  F i g .  3 -- 
t h a t  i s ,  by r e t u r n  jump a t  T2. T h i s  jump r e t u r n  i s  a l s o  shown 

on t h e  c u s p  m a n i f o l d  i n  F i g .  6 .  However, t h e r e  i s  now a  way t o  

o b t a i n  a smooth r e t u r n  by going  around t h e  c u s p  on t h e  r e t u r n  

from D t o  A. A s  a  f i r s t  approx ima t ion  Zeeman used  t h e  f o l d  

c a t a s t r o p h e  a s  i n  F i g s .  2  and 3 t o  model t h e  h e a r t b e a t ,  b u t  was 

r e q u i r e d  t o  u s e  t h e  cusp  c a t a s t r o p h e  t o  produce  t h e  smooth 

r e t u r n  o f  t h e  n e r v e  impulse .  

Now t h a t  two e l emen ta ry  c a t a s t r o p h e s  have been  d e s c r i b e d ,  

w e  a r e  i n  a  p o s i t i o n  t o  s t a t e  Thom's theorem ( i n  a  c a s u a l  b u t  

u s a b l e  manner) and  t o  comment on  i t s  fundamenta l  impor t ance .  

R e c a l l  t h e  c o n d i t i o n s  t h a t  we have s e t  o u t .  The f a s t  

v a r i a b l e s  form a  v e c t o r  x  w i t h  d imens ion  n. The s low v a r i a b l e s  

( o r  p a r a m e t e r s ,  o r  wha teve r )  c o n s i s t  o f  a  s p a c e  o f  d imens ion  k ,  

t h e  whole sys t em b e i n g  of d imens ion  n+k. Next,  t h e  f a s t  v a r i -  

a b l e s  obey a dynamic f low S = f ( x ; p )  t h a t  p l a c e s  t h e  s t a t e  some- 

where on t h e  man i fo ld  Mf g i v e n  by 



~ d d i t i o n a l i ~  t h e r e  i s  a  p r o j e c t i o n  11 of  Mf o n t o  t h e  s p a c e  of f  

s l ow  v a r i a b l e s .  

Theorem ( e x t r a c t e d  f r e e l y  from Zeeman) 

I f  k < 5 and  f  i s  g e n e r i c  ( a n  a b s t r a c t  m a t h e m a t i c a l  con- - 

d i t i o n  e x p e c t e d  i n  a l m o s t  a l l  

r e a l  s i t u a t i o n s )  , 
t h e n  

1) Mf i s  a  m a n i f o l d  w i t h  d imens ion  k ,  

2)  The p r o j e c t i o n  Il i s  s t a b l e  unde r  s m a l l  
f  

p e r t u r b a t i o n s  o f  t h e  f u n c t i o n  f ,  

3 )  Any s i n g u l a r i t y  o f  JIf i s  e q u i v a l e n t  t o  

one  o f  a  f i n i t e  number o f  e l e m e n t a r y  

c a t a s t r o p h e s .  

The number of  e l e m e n t a r y  c a t a s t r o p h e s  f o r  e a c h  k - < 5  i s  

Number o f  
e l e m e n t a r y  - - 1 2 5 7 1 1 .  
c a t a s t r o p h e s  

F i r s t  n o t e  t h a t  n ,  t h e  d imens ion  o f  t h e  f a s t  v a r i a b l e s ,  

d o e s  n o t  a p p e a r  anywhere i n  t h e  theorem.  I n  t h e  s i m p l e  examples  

u s e d  above ,  we l e t  n  = 1, b u t  we c o u l d  j u s t  a s  w e l l  have  l e t  

n  = 10 ,000 .  T h i s  f e a t u r e  makes it p o s s i b l e  t o  a p p l y  c a t a s t r o p h e  

models  t o  embryology where t h e r e  a r e  a  s t a g g e r i n g l y  l a r g e  number 

of  v a r i a b l e s  a s s o c i a t e d  w i t h  t h e  p h y s i c a l  and  c h e m i c a l  s t a t e s  

i n  a l l  t h e  cel ls .  The p o t e n t i a l  f o r  e c o l o g y  i s  o b v i o u s .  



The second  p o i n t  t o  n o t e  i s  t h a t  t h e r e  a r e  o n l y  a  f i n i t e  

(and  s m a l l )  number of  e l e m e n t a r y  c a t a s t r o p h e s  ( f o r  k - < 5 ) .  I n  

f a c t ,  w h i l e  c o n s i d e r i n g  o u r  f i r s t  example w i t h  k = 1, w e  found 

t h e  o n l y  t y p e  - -  t h e  f o l d  c a t a s t r o p h e .  L i k e w i s e ,  when k = 2 

we found a l l  p o s s i b l e  c a s e s  w i t h  t h e  combina t ion  o f  t h e  f o l d  

and  t h e  cusp .  The c l a s s i f i c a t i o n  o f  c a t a s t r o p h e s  becomes con- 

t i n u o u s  r a t h e r  t h a n  d i s c r e t e  when k  e x c e e d s  f i v e .  I n  many p r a c t i c a l  

s i t u a t i o n s ,  t h e  a s s e s s m e n t  o f  f i v e  s i m u l t a n e o u s l y  chang ing  param- 

e t e r s  w i l l  b e  r i c h  enough. 

W e  have  proposed  

ancl 

a s  t h e  s i m p l e s t  r e p r e s e n t a t i o n s  of  t h e  f i r s t  two c a t a s t r o p h e s .  

But i n  t h e  p h r a s e  of Zeeman, t h e s e  a r e  t h e  most  c o m p l i c a t e d  

r e p r e s e n t a t i o n s  a s  w e l l .  Tha t  i s ,  t h e  g e n e r a t e d  c a t a s t r o p h e s  

a r e  t h e  o n l y  o n e s  f o r  k  = 1 and k = 2. By g a i n i n g  a n  u n d e r s t a n d -  

i n g  o f  t h e  p r o p e r t i e s  of  t h e s e  e l e m e n t a r y  c a t a s t r o p h e s ,  w e  w i l l  

know i n  advance  a  g r e a t  d e a l  a b o u t  t h e  g l o b a l  p r o p e r t i e s  o f  any  

s i t u a t i o n  t h a t  f i t s  t h e  r e q u i r e m e n t s .  

P r i m a r i l y  t h e  models  of c a t a s t r o p h e  t h e o r y  s e r v e  a s  hypo- 

t h e s e s  f o r  f u r t h e r  t e s t i n g .  The models  a l s o  show t h a t  t h e r e  c a n  

b e  a  sound,  d e t e r m i n i s t i c  ma thema t i ca l  f o u n d a t i o n  u n d e r l y i n g  

some p e r v e r s e  phenomena t h a t  would o t h e r w i s e  p r e v e n t  a n a l y t i c  

i n v e s t i g a t i o n .  F i n a l l y ,  f o r  t h e  manager of e c o l o g i c a l  s y s t e m s ,  



c a t a s t r o p h e  t h e o r y  p r o v i d e s  a  warning t h a t  c o n t i n u o u s  changes 

and p e r t u r b a t i o n s .  of  a  system may l e a d  t o  v e r y  d i s c o n t i n u o u s  

outcomes. And recovery  may r e q u i r e  much more t h a n  s imply  

r e s t o r i n g  t h e  system t o  t h e  c o n d i t i o n s  t h a t  p r e v a i l e d  p r i o r  

t o  t h e  change. 

Most d i s c u s s i o n  t o  t h i s  p o i n t  has  t a l k e d  a b o u t  dynamic 

sys tems i n  g e n e r a l  and v e r y  l i t t l e  s p e c i f i c a l l y  a b o u t  ecology.  

I n  t h e  n e x t  s e c t i o n  we c o n s i d e r  t h e  c l a s s i c  s i t u a t i o n  of  t h e  

s p r u c e  budworm of e a s t e r n  Canada. I t  c l e a r l y  e x h i b i t s  c a t a -  

s t r o p h i c  jumps i n  abundance. A v e r y  q u a l i t a t i v e  model i s  proposed 

u s i n g  t h e  f o l d  and c u s p  c a t a s t r o p h e s .  T h i s  model c a r r i e s  w i t h  

it a l l  t h e  p r o p e r t i e s  t h a t  a r e  i n h e r e n t  i n  t h a t  f o r m u l a t i o n .  I t  

s u g g e s t s  some q u a l i t a t i v e  f e a t u r e s  t h a t  shou ld  e x i s t  even though 

they  have n o t  y e t  been recogn ized .  F i n a l l y ,  a s  t h i s  c a s e  i s  of 

s e r i o u s  economic and manager ia l  impor tance ,  we can c a l l  on t h e  

q u a l i t a t i v e  f e a t u r e s  of t h e  cusp  c a t a s t r o p h e  f o r  p r e l i m i n a r y  

p o l i c y .  

I n  S e c t i o n  I V ,  a s  a  t e s t  of  o u r  q u a l i t a t i v e  model, we s h a l l  

examine a  d e t a i l e d  budworm system s i m u l a t i o n  model c o n s t r u c t e d  

p r e v i o u s l y  f o r  q u i t e  d i f f e r e n t  purposes .  I f  t h e  s i m u l a t i o n  has  

a  comparable c a t a s t r o p h e  s t r u c t u r e ,  we w i l l  be i n  p a r t i a l  f u l f i l l -  

ment o f  demons t ra t ing  a  ha rd  example of an  e c o l o g i c a l  sys tem 

f i t t i n g  t h e  c h a r a c t e r i s t i c s  of t h e  t h e o r y .  



111. A Qualitative Ecological Model 

The spruce budworm of eastern North America serves as a 

specific example. Details of this intensively and extensively 

studied insect can be found in Morris [ 3 1 .  We present only a 

very brief summary of the budworm system here, but from a small 

amount of information, we can propose a richly predictive model 

of the global dynamic structure of this ecosystem. 

In the maritime provinces of eastern Canada the budworm 

strongly favors balsam fir as a host. Balsam has a large geo- 

graphic distribution and in many regions well over half the 

land area is forested with this species. As a first approxima- 

tion, we consider this as a two-species herbivore/plant system. 

The budworm is characterized by long periods (40-70 years) 

when it is extremelyrare, but at a seemingly stable density 

level. Following this period of low endemic population, the bud- 

worm enters an outbreak phase where in three to four years its 

density increases by upwards of five orders of magnitude. At this 

population density all of the newly produced foliage, and some 

of the older, is completely consumed over vast areas of forest. 

After four or five years of such heavy defoliation, tree 

mortality becomes nearly complete. The understory is primarily 

young balsam fir that are effectively immune to budworm attack. 

They are "released" to grow by the removal of the older parental 

overstory. Meanwhile, the budworm is faced with an increasing 

threat of predators, parasites and disease as well as a very 

diminished food and oviposition resource. The population quite 

rapidly returns to the endemic state -- the whole outbreak cycle 



l a s t i n g  o n l y  seven t o  f o u r t e e n  y e a r s .  

A g r e a t  d e a l  was known a b o u t  t h i s  c y c l e  i n  a n e c d o t a l  form 

long b e f o r e  any s c i e n t i f i c  i n v e s t i g a t i o n s  were begun. W e  

h y p o t h e s i z e  t h a t ' t h e  o u t b r e a k s  (and pe rhaps  t h e  d e c l i n e s )  a r e  

c a t a s t r o p h e  jumps and f i t  t h e  budworm/forest sys tem t o  t h e  

c a t a s t r o p h e  framework. Even a t  t h i s  l e v e l  of d e t a i l  some 

i n t e r e s t i n g  c o n c l u s i o n s  c a n  be  drawn. 

Our f a s t  v a r i a b l e  i s  t h e  d e n s i t y  of d e f o l i a t i n g  budworm 

l a r v a e ,  NL. W e  b e g i n  w i t h  o n l y  one slow v a r i a b l e  which w e  c a l l  

F. T h i s  i s  a  q u a l i t a t i v e  measure of  t h e  a v a i l a b l e  f o l i a g e  i n  

t h e  f o r e s t ;  t h e  e x a c t  i n t e r p r e t a t i o n  i s  n o t  i m p o r t a n t  a t  t h i s  

s t a g e .  W e  r e c o g n i z e  t h a t  t h e  i n t r i n s i c  growth r a t e  o f  NL c a n  

b e  much f a s t e r  t h a n  t h a t  o f  F. W e  a r e  i n  a  c a s e  w i t h  k  = 1, 

and t h e r e f o r e  u s e  t h e  f o l d  c a t a s t r o p h e  a s  o u r  model (F ig .  7 ) .  

W e  b e g i n  w i t h  t h e  system a t  p o i n t  A: The f o r e s t  i s  young 

and t h e  budworm a r e  a t  t h e  endemic l e v e l  NLO. AS t h e  f o r e s t  

matures ,  w e  move t o  p o i n t  B, s t i l l  w i t h  NL = NLO. A t  T1 t h e  

budworm a r e  f o r c e d  o f f  t h e  lower e q u i l i b r i u m  l e v e l  and r i s e  

q u i c k l y  t o  t h e  upper a t t r a c t i n g  l i n e .  The p a t h  i s  n o t  e x a c t l y  

v e r t i c a l  because  t h e  f o r e s t  c o n t i n u e s  t o  grow d u r i n g  t h e  two 

o r  s o  y e a r s  r e q u i r e d  t o  r e a c h  t h i s  upper l e v e l .  With t h i s  t i m e  

l a g  imposed by a  f i n i t e  ( y e a r l y )  g e n e r a t i o n  t i m e ,  w e  might  e x p e c t  

some over-shoot .  

Almost no mention h a s  been made of t h e  dynamic p r o c e s s e s  

t h a t  govern  t h e  movement of t h e  slow v a r i a b l e s  on t h e  f a s t  mani- 

f o l d  M f .  The f u n c t i o n s  t h a t  d e s c r i b e  t h i s  s low f low a r e  under  

no r e s t r i c t i o n s  o t h e r  t h a n  r e l a t i v e  speed.  However, it i s  t h e  



s p e c i f i c s  of t h e  s low f l o w  t h a t  d e t e r m i n e  t h e  sys t em r e s p o n s e  -- 
it i s  t h e  s low f l o w  t h a t  c a r r i e s  t h e  sys t em o v e r  o r  a round  t h e  

c a t a s t r o p h e  s i n g u l a r i t i e s .  

T y p i c a l l y  t h e  p reponde rance  o f  a n  i n v e s t i g a t i o n  i s  c e n t e r e d  

on  t h e  dynamics  of  t h e  f a s t  v a r i a b l e s  w h i l e  o n l y  minor  c o n s i d e r -  

a t i o n  i s  g i v e n  t o  t h e  dynamics o f  t h e  s l o w  o n e s .  This is cer ta in ly  

t h e  c a s e  w i t h  t h e  s p r u c e  budworm. R e s e a r c h  on  t h e  p o p u l a t i o n  

dynamics  o f  t h e  i n s e c t  f a r  ou twe ighs  t h a t  done  on  f o r e s t  r e s p o n s e .  

R e t u r n i n g  t o  F i g .  7 ,  w e  p r o p o s e  a  r e a s o n a b l e  f e e d b a c k  r e l a -  

t i o n s h i p  of t h e  budworm on  t h e  f o r e s t .  A t  h i g h  l e v e l s  of  NL, 

d e f o l i a t i o n  by t h e  i n s e c t  d e c r e a s e s  F  u n t i l  T2 i s  r e a c h e d ,  where- 

upon t h e r e  is  a  jump r e t u r n  t o  t h e  endemic l e v e l  a t  C. The 

accumula t ed  stress on  t h e  trees c o n t i n u e s  t o  d e c r e a s e  F  a s  t h e  

a f f e c t e d  trees d i e .  A t  A t h e  c y c l e  b e g i n s  anew. 

A s i m p l e ,  d e s c r i p t i v e  f e e d b a c k  dynamic f o r  t h e  f o r e s t  

v a r i a b l e  c o u l d  b e  

When NL i s  s m a l l ( N L 0 ) ,  t h e  f o r e s t  grows toward  F  = K a c c o r d i n g  

t o  t h e  l o g i s t i c  g rowth  c u r v e .  The t e r m  m.NL*F i s  t h e  " m o r t a l i t y "  

o f  F  d u e  t o  budworm consumpt ion .  When NL i s  on  t h e  uppe r  

a t t r a c t o r ,  w e  have  

and  F  b e g i n s  an  e x p o n e n t i a l  d e c l i n e .  To i n c o r p o r a t e  t h e  d e l a y e d  



e f f e c t  of  accumulated stress, w e  cou ld  r e p l a c e  NL by NL( t )  + 

NL(t - r )  t o  g i v e  

- dF = .r.F. (1 - 
d t  F/K) - m-F. (NL( t )  + NL(t  - r ) )  . 

T h i s  e q u a t i o n  i s m e a n t  t o  be o n l y  d e s c r i p t i v e .  I ts e x a c t  

form i s  n o t  i m p o r t a n t  h e r e .  What i s  r e q u i r e d  i s  t h a t  F  respond 

t o  NL s o  t h a t  t h e  f low moves t o  t h e  r i g h t  on t h e  lower branch 

and t o  t h e  l e f t  on t h e  upper .  The o v e r r i d i n g  f e a t u r e  of  impor- 

t a n c e  i s  t h a t  Mf i s  shaped i n t o  a  f o l d  c a t a s t r o p h e  a s  we have 

hypo thes ized .  

The f o l d e d  Mf c a r r i e s  w i t h  it some i m p o r t a n t  i m p l i c a t i o n s  

f o r  t h i s  system. (Refe r  t o  Fig .  8. )  F i r s t ,  i f  t h e  f o l i a g e ,  F ,  

can  grow toward a n  upper asymptote ,  K t  t h a t  l i e s  beyond T1, an 

o u t b r e a k  i s  i n e v i t a b l e .  I f ,  however, t h i s  l e v e l  is  reduced t o  

K ' ,  below T1 (by t ree t h i n n i n g  o r  logg ing ,  f o r  i n s t a n c e ) ,  t h e  

sys tem i s  h e l d  on t h e  lower a t t r a c t o r  a t  endemic p o p u l a t i o n  

l e v e l s .  

With K a t  K ' ,  w e  a r e  a t  t h e  s t a b l e  e q u i l i b r i u m  p o i n t  A ' .  

But even t h e n  a n  a d d i t i o n  o f  a  (pe rhaps  s m a l l )  number of  i n -  

m i g r a t i n g  budworm i s  enough t o  move t h e  p o p u l a t i o n  from A '  t o  B. 

An o u t b r e a k  i s  t r i g g e r e d .  

I f  d u r i n g  an o u t b r e a k  ( p o i n t  C )  i n s e c t i c i d e  c o n t r o l  i s  

used ( a s  i s  t h e  p r e s e n t  p o l i c y  i n  Canada) ,  t h e  sys tem w i l l  move 

t o  some new p o i n t  D.  T h i s  p o i n t  w i l l  be  t o  t h e  l e f t  of  C because  

of  t h e  d e c r e a s e  i n  F  due t o  c u r r e n t  and p a s t  d e f o l i a t i o n .  Unless  

D i s  below t h e  T1 - T2 branch,  t h e  sys tem w i l l  r e t u r n  a g a i n  t o  



t h e  uppe r  a t t r a c t o r .  The same d i s p l a c e m e n t  a t  C '  w i l l  c a r r y  NL 

a c r o s s  t h e  T1 - T  boundary.  A c o l l a p s e  w i l l  o c c u r  even  though 2 

D' is  s t i l l  t o  t h e  r i g h t  of  T1. Note t h a t  t h e  e a r l i e r  i n  t h e  

o u t b r e a k ,  t h e  l a r g e r  must  b e  t h e  downward d i s p l a c e m e n t  t o  e f f e c t  

c o n t r o l .  

Through c o n t i n u a l  i n s e c t i c i d e  a p p l i c a t i o n ,  we may b e  a b l e  

t o  h o l d  t h e  s y s t e m  a t  some p o i n t  E where i n t r i n s i c  growth  of  F 

i s  j u s t  b a l a n c e d  by d e f o l i a t i o n  l o s s e s  due  t o  NL. The conse-  

quences  of  any r e l a x a t i o n  of  c o n t r o l  a r e  obv ious .  I n  f a c t ,  t h i s  

s i t u a t i o n  a p p e a r s  t o  b e  what  i s  a t  p r e s e n t  o c c u r r i n g  i n  many p a r t s  

of  e a s t e r n  Canada. 

So f a r  w e  have  used  o n l y  one  s low v a r i a b l e  which n e c e s s a r i l y  

r e q u i r e s  a  jump r e t u r n  t o  t h e  lower  l e v e l .  A s  a  t r a n s i t i o n  t o  

t h e  n e x t  s e c t i o n ,  we d e v e l o p  a n  a l t e r n a t e  model u s i n g  t h e  c u s p  

c a t a s t r o p h e .  S i n c e  t h e  f o l d  i s  a  s p e c i a l  c a s e  of  t h e  c u s p ,  we 

r e t a i n  t h e  f a s t  r e t u r n  i n  o u r  r e p e r t o i r e  and add  t h e  p o s s i b i l i t y  

of a  smooth r e t u r n .  W e  a l s o  add t h e  p o s s i b i l i t y  of  e l i m i n a t i n g  

t h e  c a t a s t r o p h i c  jumps a l t o g e t h e r .  

I n  t h e  above  d i s c u s s i o n  t h e  v a r i a b l e  F was o n l y  vague ly  

d e f i n e d .  We now s p l i t  t h i s  s low v a r i a b l e  i n t o  i t s  two p r imary  

components.  The f i r s t  i s  t h e  amount o f  h a b i t a t  a v a i l a b l e  t o  

t h e  budworm p e r  u n i t  o f  l a n d  a r e a .  The normal  f i e l d  measure  i s  

i n  u n i t s  o f  b r a n c h  s u r f a c e  a r e a ,  SA. The re  i s  a  n e a r l y  monotonic 

i n c r e a s i n g  r e l a t i o n s h i p  between SA and a v e r a g e  t r e e  a g e ,  SO w e  

have  SA i n c r e a s i n g  w i t h  t ime  i f  we b e g i n  w i t h  a  young f o r e s t .  

The o t h e r  s low component i s  t h e  t o t a l  amount of  f o l i a g e  



a v a i l a b l e  on each  u n i t  of  branch a r e a ,  FT. A s  a  f i r s t  approxima- 

t i o n  w e  assume t h i s  t o  be independent  of t r e e  age  and l a r g e l y  

s u b j e c t  t o  d e c r e a s e  by d e f o l i a t i o n .  SA i s  t h e n  a  measure of  

a v a i l a b l e  r e a l  e s t a t e ,  and FT i s  a  measure of  a v a i l a b l e  food 

r e s o u r c e .  

F ig .  9a shows a  p o s s i b l e  c o n f i g u r a t i o n  of  a  cusp  manifo ld  

w i t h  k  = 2.  The s u r f a c e  has  been r o t a t e d  180" and d i s t o r t e d  

s l i g h t l y ,  b u t  i t  s t i l l  m a i n t a i n s  t h e  f e a t u r e s  of  t h e  cusp .  

A t y p i c a l  p a t h  beg ins  a t  A w i t h  f u l l  f o l i a g e  and a  low 

branch a r e a .  A s  t ime p a s s e s ,  SA i n c r e a s e s  u n t i l  t h e  t r a j e c t o r y  

i n t e r s e c t s  t h e  f o l d  cu rve  a t  T 
1 ' 

T h i s  co r responds  t o  t h e  p o i n t  

where t h e  t r a j e c t o r y  p a s s e s  o u t  of  t h e  cusp  r e g i o n  i n  t h e  SA-FT 

p l a n e .  The sys tem i s  q u i c k l y  drawn t o  t h e  upper  a t t r a c t i n g  

s h e e t .  Again w e  a l l o w  f o r  some over - shoo t .  The p a t h  from h e r e  

has  two d i s t i n c t l y  d i f f e r e n t  p o s s i b i l i t i e s .  I n  ( a ) ,  FT i s  reduced 

and t h e  r e s u l t i n g  food s h o r t a g e  q u i c k l y ,  b u t  smoothly ,  r e t u r n s  

t h e  budworm t o  endemic l e v e l s .  The dynamic f low on t h e  manifo ld  

i s  such t h a t  t h e  reduced f o l i a g e  c a u s e s  i n c r e a s e d  t r e e  m o r t a l i t y  

and a  lower ing  of a v e r a g e  tree age  and branch a r e a .  F o l i a g e  

t h e n  r e c o v e r s  a s  young trees b e g i n  t o  grow i n t o  t h e  p o p u l a t i o n .  

Pa th  ( b )  d i f f e r s  from ( a )  i n  t h a t  tree m o r t a l i t y  b e g i n s  a t  

a  lower l e v e l  of d e f o l i a t i o n  ( h i g h e r  FT) .  The f low on t h e  mani- 

f o l d  bends s o o n e r  t h a n  i n  ( a )  and i s  c a r r i e d  back o v e r  t h e  cusp,  

g i v i n g  a  jump r e t u r n  t o  endemic l e v e l s .  

W e  emphasize a g a i n  t h a t  it i s  t h e  slow f low e q u a t i o n s  t h a t  

s e p a r a t e  p a t h  ( a )  from ( b )  and de te rmine  when and where t h e  



c a t a s t r o p h i c  jumps w i l l  occur .  

I n  F i g s .  9b and c  a r e  two a l t e r n a t e  c o n f i g u r a t i o n s  of  t h e  

manifo ld .  I n  3b t h e r e  a r e  two cusps  i n  t h e  (SA, FT) p lane .  I n  

t h i s  c a s e  t h e  re ' turn t o  endemic i s  a  jump e x c e p t  f o r  a  v e r y  

narrow p a t h  between t h e  cusp  p o i n t s .  I n  9c t h e  c u s p  l i e s  ou t -  

s i d e  t h e  r e g i o n  of p o s s i b l e  v a l u e s  of SA and FT and t h u s  we have 

r e t u r n e d  t o  t h e  f o l d  c a t a s t r o p h e .  

I t  i s  n o t  p o s s i b l e  t o  d i s t i n g u i s h  between t h e s e  v a r i o u s  

manifo ld  c o n f i g u r a t i o n s  simply from t h e  d e s c r i p t i o n  i n  t h e  open- 

i n g  summary. These a r e  a l t e r n a t e s  from which t o  l aunch  f u r t h e r  

i n v e s t i g a t i o n s .  I n  t h e  n e x t  s e c t i o n  w e  s h a l l  examine a  s u r r o g a t e  

f o r  t h e  r e a l  s i t u a t i o n  u s i n g  a  p r e v i o u s l y  c o n s t r u c t e d  s i m u l a t i o n  

model of t h e  budworm/forest system. That  model was n o t  c r e a t e d  

w i t h  any mind t o  c a t a s t r o p h e  theory .  I t  was p a r t  of  a  program 

w i t h  q u i t e  d i f f e r e n t  g o a l s .  The s i m u l a t i o n  was des igned  t o  

m i r r o r  e x p l i c i t l y  t h e  f u n c t i o n a l  r e l a t i o n s h i p s  of t h e  u n d e r l y i n g  

p o p u l a t i o n  p r o c e s s e s .  I n  o t h e r  words, t h e  s i m u l a t i o n  models t h e  

b io logy  w h i l e  c a t a s t r o p h e  t h e o r y  models t h e  dynamics. 

A s  a  model, i t s  mathemat ica l  s t r u c t u r e  can  be  p r e c i s e l y  

examined. W e  s h a l l  s e e  t h a t  t h i s  model c o n t a i n s  t h e  fundamental  

f e a t u r e s  r e q u i r e d  by c a t a s t r o p h e  theory .  We w i l l  b e  a b l e  t o  

l o c a t e  t h e  c a t a s t r o p h e  manifo ld  Mf and t h e  s i n g u l a r i t i e s  of  t h e  

p r o j e c t i o n  n f '  Even i n  t h o s e  p l a c e s  where t h e  f i t  w i t h  t h e o r y  

i s  n o t  c l o s e ,  t h e  g l o b a l ,  s t r u c t u r a l  v iewpoin t  of c a t a s t r o p h e  

t h e o r y  w i l l  l e a d  t o  some c o n c l u s i o n s  and unders t and ing  t h a t  were 

n o t  a p p r e c i a t e d  p r e v i o u s l y .  



I V .  The C a t a s t r o p h e s  of  a  Budworm Model 

I n  t h i s  s e c t i o n  w e  s h a l l  examine t h e  s t r u c t u r e  of a  d e t a i l e d  

budworm s i m u l a t i o n  model t o  see whether  w e  can  i d e n t i f y  any o f  t h e  

g e n e r a l  c a t a s t r o p h e  s t r u c t u r e  t h a t  w e  have hypo thes ized .  There 

a r e  s e v e r a l  good r e a s o n s  f o r  t a k i n g  t h i s  approach.  F i r s t ,  t h e  

s i m u l a t i o n  i n c o r p o r a t e s  b i o l o g i c a l l y  r e a l i s t i c  f u n c t i o n a l  r e l a -  

t i o n s h i p s  t h a t  a c c u r a t e l y  p o r t r a y  t h e  q u a l i t a t i v e  a s p e c t s  o f  t h e  

r e a l  s i t u a t i o n .  I t  i s  based on an  i n t e n s i v e  s e t  of d a t a  c o v e r i n g  

more t h a n  2 5  y e a r s  of s t u d y  a s  w e l l  a s  t h e  c o l l e c t i v e  e x p e r i e n c e  

and judgment of  many of  t h e  p r i n c i p a l  i n v e s t i g a t o r s .  There i s  

c o n s i d e r a b l e  r e a s o n  t o  b e l i e v e  t h a t  t h i s  i s  a  r e a s o n a b l e  approx i -  

mation t o  r e a l i t y .  

Second, t h e  s i m u l a t i o n  was c o n s t r u c t e d  w i t h  no i n t e n t  t o  

"map" it o n t o  c a t a s t r o p h e  t h e o r y .  I f  we f i n d  a  correspondence  

w i t h  t h a t  t h e o r y  when t h e r e  should  be  none,  it w i l l  be  c o i n c i d e n c e  

and n o t  an unconscious  b i a s  of  t h e  model. 

T h i r d ,  t h e  s i m u l a t i o n  i s  a  c o n c r e t e  set  of mathemat ica l  

e q u a t i o n s  and a s  such w i l l  y i e l d  a  p r e c i s e  s e t  of c h a r a c t e r i s t i c s  

w i t h o u t  t h e  d i s t r a c t i o n s  of random n o i s e  and s t a t i s t i c a l  uncer-  

t a i n t y .  

F o u r t h ,  and n o t  t h e  l e a s t  compe l l ing ,  i s  t h e  f o l l o w i n g :  

we have made v a r i o u s  c l a i m s  t h a t  when a  sys tem d i s p l a y s  one o r  

more of  t h e  b a s i c  c a t a s t r o p h e  p r o p e r t i e s ,  we have r e a s o n  t o  

s u s p e c t  t h a t  it f i t s  i n t o  t h e  c a t a s t r o p h e  t h e o r y  framework. Once 

b u i l t ,  t h e  budworm s i m u l a t i o n ,  a s  a  dynamic system i t s e l f ,  

e x h i b i t s  some o f  t h e s e  p r o p e r t i e s  independent  o f  t h e  e c o l o g i c a l  



p r o c e s s  i t  was meant t o  i m i t a t e .  I t  w i l l  add c redence  t o  t h o s e  

c l a i m s  i f  we can  show t h a t  t h e  s i m u l a t i o n ,  a s  a  dynamic mathe- 

m a t i c a l  e n t i t y ,  has  a c a t a s t r o p h e  s t r u c t u r e .  

The s i m u l a t i o n  was t h e  c o r e  o f  a  program t o  deve lop  and t e s t  

a  r ange  of  i n t e g r a t e d  t e c h n i q u e s  and methodologies  f o r  r e s o u r c e  

management and p o l i c y  a n a l y s i s .  An o u t l i n e  of t h a t  program i s  

i n  [ 4 ] ;  a  d e t a i l e d  monograph i s  i n  p r e p a r a t i o n .  

We s h a l l  n o t  t r a c e  through t h e  i n n e r  workings of t h a t  model 

h e r e ,  b u t  some comment should  be  made on t h e  s t a t e  v a r i a b l e s  

used.  The budworm g e n e r a t i o n s  do n o t  o v e r l a p ,  s o  t h e  d e n s i t y  of 

any one  of  i t s  l i f e  s t a g e s  w i l l  s e r v e  a s  a  s i n g l e  v a r i a b l e  f o r  

t h e  i n s e c t .  The d e n s i t y  of l a r g e  l a r v a e  ( i n s t a r  111) i s  chosen 

f o r  convenience  and d e s i g n a t e d  NL. ~ e n s i t y  i s  s c a l e d  t o  t h a t  

used i n  f i e l d  measurements -- number of i n d i v i d u a l s  p e r  t e n  s q u a r e  

f e e t  of f o l i a g e  s u r f a c e  a r e a .  

The age  s t r u c t u r e  of t h e  trees i s  c o n t a i n e d  i n  twen ty - f ive  

t h r e e - y e a r  age  groups .  Group 25 a l s o  ho lds  a l l  ages  g r e a t e r  t h a n  75 

y e a r s .  The c o n t r i b u t i o n  of  branch s u r f a c e  a r e a  by each  group i s  

summed t o  g i v e  t h e  t o t a l  s u r f a c e  a r e a  SA. T h i s  q u a n t i t y  i s  t h e n  

s c a l e d  between 0 and 1 and shown a s  SAR i n  t h e  f o l l o w i n g  f i g u r e s .  

Although t h e  t i m e  c o u r s e  of SAR w i l l  depend on t h e  p a r t i c u l a r  age  

d i s t r i b u t i o n  of trees,  we s h a l l  c o n s i d e r  it a s  a  p roper  slow 

s t a t e  v a r i a b l e  i n  t h i s  d i s c u s s i o n .  SARI and n o t  t h e  a g e  d i s t r i b u -  

t i o n  i t s e l f ,  a f f e c t s  budworm s u r v i v a l .  

Balsam f i r  r e t a i n s  i t s  n e e d l e s  f o r  an  ave rage  of e i g h t  y e a r s .  

I n  t h e  s i m u l a t i o n ,  f o l i a g e  i s  aggrega ted  i n t o  new growth and o l d  



( >  1 y e a r ) ,  and ave raged  f o r  a l l  t ree a g e  c l a s s e s .  I n  t h e  

f o l l o w i n g  d i s c u s s i o n  t h e  v a r i a b l e  used  i s  t h e  t o t a l  f o l i a g e  

a v a i l a b l e  ( p e r  u n i t  o f  s u r f a c e  a r e a )  i n  t h e  s p r i n g  p r i o r  t o  

d e f o l i a t i o n .  W e  s c a l e  t h i s  a l s o  between 0  and 1 and c a l l  i t  

FTS. 

A s t o c h a s t i c  y e a r l y  i n d e x  o f  w e a t h e r  was a n  a d d i t i o n a l  

e l emen t  i n  t h e  s i m u l a t i o n .  Weighted measures  o f  accumula ted  

h e a t  u n i t s  and p r e c i p i t a t i o n  were combined i n t o  a  t h r e e - l e v e l  

i ndex :  "poor"  (w = 1) , "ave rage"  ( w  = 2)  , and "good" (w  = 3 )  

wea the r .  A s t a t i s t i c a l  model was c o n s t r u c t e d  t o  p r o v i d e  a  

s y n t h e t i c  w e a t h e r  t r a c e  comparable  t o  a n  h i s t o r i c a l  one.  W e  

w i l l  n o t  c o n s i d e r  t h i s  e l emen t  a t  t h e  moment b u t  w i l l  r e t u r n  

t o  it a f t e r  l o o k i n g  a t  t h e  model w i t h  t h e  wea the r  h e l d  c o n s t a n t  

a t  i t s  a v e r a g e  v a l u e  (w = 2 )  . 
I n  t h e  f o l l o w i n g  f i g u r e s  NL ( t h e  d e n s i t y  o f  l a r v a e )  i s  

t h e  f a s t  v a r i a b l e  and SAR ( s u r f a c e  a r e a )  and  FTS ( f o l i a g e )  a r e  

t h e  s low ones .  During t h e  endemic phase  t h e  f o r e s t  i s  young 

(SAR < 0.1)  and t h e  trees have f u l l  f o l i a g e  (FTS = 1 . 0 )  . Because 

t h e  budworm i s  s o  r a r e  a t  t h i s  t i m e ,  v e r y  l i t t l e  i s  known a b o u t  

t h e  p o p u l a t i o n  c o n t r o l s  i n  e f f e c t  a t  t h i s  d e n s i t y .  A s  a  prag-  

m a t i c  move, a n  a b s o l u t e  f l o o r  of  NL = l o m 5  was b u i l t  i n t o  t h e  

model t o  r e p r e s e n t  t h e  endemic d e n s i t y .  

The e q u i l i b r i u m  man i fo ld  M was found by h o l d i n g  SAR and f  

FTS f i x e d  and s e a r c h i n g  f o r  NL v a l u e s  t h a t  d i d  n o t  i n c r e a s e  o r  

d e c l i n e  t h r o u g h  one  i t e r a t i o n  of  t h e  model.  A c r o s s - s e c t i o n  o f  

t h e  budworm man i fo ld  f o r  FTS = 1 .0  i s  shown i n  F i g .  10 .  The 



Il + ll t r a c e s  t h e  a t t r a c t o r  s u r f a c e  and t h e  "x" t h e  r e p e l l o r .  T h i s  

i s  e a s i l y  r e c o g n i z e d  a s  e q u i v a l e n t  t o  t h e  f o l d  c a t a s t r o p h e .  The 

lower  a t t r a c t o r  i s  a t  NL = though it a p p e a r s  a s  z e r o  on 

an  a r i t h m e t i c  s c a l e .  The u s u a l  f o l d  p o i n t s  a r e  marked a t  

1 
: SAR = 0.260 

and 

T 2  : SAR = 0.175 . 

A series of  FTS = c o n s t a n t  c r o s s - s e c t i o n s  was made and 

assembled  i n t o  t h e  p e r s p e c t i v e  p l o t  i n  F i g .  11. Note t h a t  t h e  

upper-back c u r v e d  l i n e  i s  t h e  same a s  t h e  c r o s s - s e c t i o n  i n  F i g .  1 0 .  

The f l a t  a r e a  i n  t h e  lower  l e f t  o f  t h e  FTS - SAR p l a n e  i s  t h e  

-5 endemic l e v e l  NL = 10  . The upper  f o l d  c u r v e  (dashed  l i n e )  

goes  from T2 ( a s  b e f o r e )  t o  t h e  c u s p  p o i n t  a t  

FTS = 0.60 , 

The shaded a r e a  i s  t h e  p r o j e c t i o n  Il of t h e  f o l d  o n t o  t h e  p l a n e  f  

of  t h e  s low v a r i a b l e s .  

F i g .  11 c l e a r l y  shows t h a t  f o r  a v e r a g e  wea the r  c o n d i t i o n s ,  

t h e  budworm m a n i f o l d  i s  formed i n t o  a  c u s p  c a t a s t r o p h e .  Given 

t h a t  such  i s  t h e  c a s e ,  w e  would e x p e c t  t h e  sys t em t o  p r o g r e s s  i n  

a manner s i m i l a r  t o  F i g .  9a .  W e  now f o l l o w  t h e  c o u r s e  of  a  

t y p i c a l  c y c l e .  



I n  t h e  a b s e n c e  o f  budworm t h e  f o r e s t  w i l l  p r o g r e s s  t o  a  

s t e a d y - s t a t e  a g e  d i s t r i b u t i o n  w i t h  a  s u r f a c e  a r e a  v a l u e  of  

SAR = 0.65.  A s  t h i s  i s  beyond t h e  f o l d  p o i n t  T1 o f  F i g .  1 0 ,  a t  

l e a s t  one  o u t b r e a k  i s  i n e v i t a b l e .  Con t inued  p e r i o d i c  o u t b r e a k s  

r e q u i r e  t h e  s low f l o w  t o  c a r r y  t h e  sys t em o f f  t h e  uppe r  s u r f a c e  

and o n t o  t h e  l o w e r .  W e  a g a i n  c a l l  a t t e n t i o n  t o  t h e  i m p o r t a n c e  

o f  t h e  dynamics o f  t h e  s low f low.  

I n  F i g .  12  w e  r e p e a t  t h e  f o l d  c u r v e  a t  FTS = 1.0  and  p r o j e c t  

t h e  f i r s t  few c y c l e s  o n t o  t h e  p l a n e  o f  FTS = 1.0 .  The f i r s t  

c y c l e  b e g i n s  a t  p o i n t  A and  moves h o r i z o n t a l l y  t o  t h e  r i g h t .  The 

f a s t - r i s i n g  s e c t i o n  i s  s t i l l  i n  t h e  p l a n e  o f  FTS = 1 . 0 ,  b u t  t h e  

d i a g o n a l  d e c l i n e  moves up o u t  o f  t h e  f i g u r e  t o  a  p o i n t  n e a r  

FTS = 0.3.  

Al though t h e  v e r t i c a l  r ise i s  r a p i d ,  it d o e s  n o t  o c c u r  a t  

T1. 
The r e a s o n  f o r  t h i s  d i s c r e p a n c y  w i l l  p o i n t  u s  t o  a  s p e c i a l  

c o n s i d e r a t i o n  f o r  e c o l o g i c a l  s y s t e m s .  F i g .  1 3  i s  e x a c t l y  l i k e  

12  b u t  w i t h  NL o n  a  l o g - s c a l e .  The c u r v e  d o e s  i n d e e d  s t a r t  i t s  

a s c e n t  a t  T1 b u t ,  b e c a u s e  t h e  f a s t  dynamic i s  p r o p o r t i o n a l  t o  

t h e  p o p u l a t i o n ,  w e  f i n d  t h a t  it i s  s l o w  when NL is low. W e  s h o u l d  

b e a r  t h i s  i n  mind whenever  t h e  f a s t  v a r i a b l e  i s  a  s p e c i e s  popu la -  

t i o n .  

To c o m p l e t e  t h e  p i c t u r e ,  F i g .  1 4  shows t h e  same c y c l e s  

p r o j e c t e d  o n t o  t h e  p l a n e  o f  SAR = 1 . 0 .  When log (NL)  i s  u s e d ,  t h e  

m a n i f o l d  a p p e a r s  a s  shown -- though n o t  q u i t e  a  f o l d ,  it i s  v e r y  

s t e e p .  F i g .  1 5  i s  a  v iew of  t h e  t r a j e c t o r i e s  o n  t h e  FTS - SAR 

p l a n e  showing t h e  p o r t r a i t  o f  t h e  s l o w  dynamic.  



We find that, even though NL is not particularly "fast" at 

low levels, the general conclusions of catastrophe theory are 

still upheld. A second discrepancy with our idealized require- 

ments is the spe'ed with which FTS drops during defoliation. 

However, this does not eliminate the catastrophe framework as 

a useful model. 

Consider the following: foliage has a stable equilibrium 

at FTS = 1.0. Periodically it drops quickly to a low level and 

then slowly recovers to 1.0 again. Can we find an elementary 

catastrophe in this situation? The answer is yes. 

If we temporarily think of FTS as the fast variable and SAR 

and NL as the slow ones, it is possible to construct the corre- 

sponding manifold. A cross-section at' SAR = 0.8 is shown in 

Fig. 16. As NL increases, defoliation carries FTS past T1 where, 

due to reduced photosynthetic ability, the foliage is unable to 

replace its losses, and it drops to the "lower" attracting surface. 

This surface is not at zero because new foliage is being added as 

young trees grow into the tree population. Once the budworm 

density drops below T2, the foliage recovers again. Thus, a 

seeming fault in our formulation has led to additional, but 

consistent, understanding about our system. 

The conclusions that we reach from this look at the catas- 

trophe structure of the simulation model are not qualitatively 

different from those discussed in relation to Fig. 8, which was 

based only on limited descriptive information. This says a great 

deal for the potential of the catastrophe viewpoint. 



A l l  e c o l o g i c a l  systems a r e  c o n t i n u a l l y  s u b j e c t e d  t o  random 

p e r t u r b a t i o n s  and n o i s e .  The g l o b a l  p e r s p e c t i v e  w e  have p r e s e n t e d  

h e r e  makes it p o s s i b l e  t o  q u a l i t a t i v e l y  p r e d i c t  t h e  outcome o f  

s h i f t s  i n  s t a t e  l o c a t i o n .  One need on ly  know where t h e  new p o i n t  

i s  i n  r e l a t i o n  t o  t h e  f a s t  mainfold .  But what of p e r t u r b a t i o n s  

t h a t  change t h e  s t r u c t u r e  of t h e  manifold  i t s e l f ?  The budworm 

s i m u l a t i o n  g i v e s  us  a  f i r s t  look a t  t h i s  problem. 

A s  was mentioned above, t h e  s i m u l a t i o n  c o n t a i n s  an aggrega ted  

s t o c h a s t i c  weather  index.  I t  e n t e r s  t h e  model dynamics by chang- 

i n g  t h e  r a t e  of s u r v i v a l  from t h e  l a r v a e  t o  t h e  pupae s t a g e .  

R e l a t i v e  t o  t h e  average  (w = 2 ) ,  weather  c l a s s  1 lowers  s u r v i v a l  

w h i l e  c l a s s  3 promotes it. 

F i r s t ,  w e  look a t  t h e  manifold  f o r  t h e s e  o t h e r  two c o n d i t i o n s .  

The c a s e  when w = 1 i s  shown i n  F ig .  17 .  Note t h a t  t h e  f o l d  i s  

deeper  t h a n  b e f o r e  and t h a t  t h e  cusp  h a s  moved o u t s i d e  t h e  r e g i o n  

of f e a s i b l e  (SAR, FTS) v a l u e s .  The upper f o l d  c u r v e  i s  t h e  dashed 

l i n e  ending a t  T 2 .  The shaded r e g i o n  i s  t h e  v i s i b l e  p o r t i o n  of 

t h e  f o l d  p r o j e c t i o n .  R e c a l l  t h a t  i n  t h e  absence  of t h e  budworm, 

t h e  f low on t h e  lower a t t r a c t o r  w i l l  b r i n g  t h e  s t a t e  t o  FTS = 1.0 

and SAR = 0.65. Th i s  p o i n t  i s  a t  t h e  i n t e r s e c t i o n  of  t h e  two 

heavy arrows.  (The a c t u a l  p o i n t  i s  hidden by t h e  f o l d  i n  t h i s  

p r o j e c t i o n .  ) 

I f  t h e  weather  were c o n s t a n t l y  "bad" ,  it would be p o s s i b l e  

t o  p l a c e  t h e  system a t  t h a t  p o i n t  and it would remain t h e r e ,  and 

an  ou tb reak  would no l o n g e r  be i n e v i t a b l e .  However, i f  t h e  bud- 

worm d e n s i t y  w e r e  e v e r  t o  f l u c t u a t e  above NL = 10 ,  t h e  r e p e l l i n g  



s u r f a c e  would b e  c r o s s e d  and a n  o u t b r e a k  would o c c u r .  T e s t s  

w i t h  t h e  s i m u l a t i o n  a t  c o n s t a n t  w = 1 c o n f i r m  t h e s e  o b s e r v a t i o n s  

and  f u r t h e r  show t h a t  t h e  s low f l o w  is  u n a b l e  t o  s u s t a i n  a  

s equence  o f  o u t b r e a k s .  

I n  F i g .  1 8  i s  t h e  m a n i f o l d  when w  = 3. I t  h a s  l o s t  i t s  

c a t a s t r o p h e  c o n f i g u r a t i o n  -- and  w i t h  it t h e  a b i l i t y  t o  e x h i b i t  

o u t b r e a k s !  The s y s t e m  o s c i l l a t e s  r a p i d l y  w i t h  a  p e r i o d  o f  s i x -  

s e v e n  y e a r s .  The  l o c a t i o n  o f  t h e  a c t i v i t y  i s  shown on t h e  FTS - SAR 

p l a n e  i n  F i g .  1 9 .  

To o b s e r v e  what  t h e  budworm i s  d o i n g ,  w e  l o o k  a t  t h e  c r o s s -  

s e c t i o n  A - A ( F i g .  2 0 ) .  The sys t em i s  hang ing  v e r y  n e a r  t h e  

c l i f f  e d g e ,  b e i n g  c o n t i n u a l l y  drawn unde r  t h e  m a n i f o l d  by t h e  

i n c r e a s e  i n  SAR. 

The s e c t i o n  o f  F i g .  19 t h r o u g h  B - B i s  shown i n  F i g .  21. 

The f l u c t u a t i o n s  a l o n g  t h e  FTS d imens ion  a r e  much l a r g e r .  W e  c a n  

see f rom t h i s  t h a t ,  even  though we l o s e  t h e  f o l d  i n  t h e  budworm 

m a n i f o l d ,  t h e  s y s t e m  s t i l l  o p e r a t e s  back  and  f o r t h  on  t h e  f o l i a g e  

c a t a s t r o p h e  shown i n  F i g .  16 .  

I n  t o t a l ,  t h e  s y s t e m  o p e r a t e s  by t h r e e  d i f f e r e n t  modes. 

When w = 3,  t h e  f i n a l  s t a t e  i s  a n  o s c i l l a t i o n  a round  t h e  FTS f o l d  

c a t a s t r o p h e .  When w = 2 ,  t h e  budworm c u s p  c a t a s t r o p h e  i s  added  

and  a n  a p p r o x i m a t e  l i m i t  c y c l e  r e s u l t s .  When w = 1, t h e  c u s p  

becomes a  f o l d  which  i s  l o c a t e d  s o  a s  t o  a l l o w  a  s t a t i o n a r y  f i n a l  

s t a t e .  

What happens  when t h e s e  t h r e e  forms i n t e r m i x  i s  n o t  c l e a r  

a  p r i o r i .  I f  budworm d e n s i t i e s  w e r e  t o  r i se  q u i c k l y  f rom endemic - 



l e v e l s  whenever a  lower f o l d  s i n g u l a r i t y  (T1) was c r o s s e d ,  we 

would e x p e c t  good weather  t o  have a  s u b s t a n t i a l  t r i g g e r i n g  

e f f e c t .  However, because  t h e  r i s e  b e g i n s  s o  s lowly ,  weather  

t r i g g e r i n g  i s  much diminished.  Indeed,  s i m u l a t i o n s  w i t h  h i s t o r -  

i c a l l y  r e a l i s t i c  weather  index sequences  produce t r a j e c t o r i e s  

t h a t  d i f f e r  o n l y  s l i g h t l y  from t h o s e  w i t h  weather  h e l d  c o n s t a n t  

a t  2 .  

T h i s  l a s t  c o n c l u s i o n  i s  a t  odds w i t h  t h e  a c c e p t e d  ev idence  

[ 3 ] .  Tree  r i n g  d a t a  have i d e n t i f i e d  a  s t r o n g  a s s o c i a t i o n  between 

sequences  of "good" weather  and o u t b r e a k s .  The s i m u l a t i o n  shows 

o n l y  a  v e r y  weak a s s o c i a t i o n .  I s u g g e s t  t h a t  i n t e r s i t e  m i g r a t i o n  

i s  t h e  key t o  r e s o l v i n g  t h i s  i s s u e .  

The i n i t i a l  r i s e  i s  slow because  p o p u l a t i o n  growth i s  

p r o p o r t i o n a l  t o  p o p u l a t i o n .  However, a d d i t i o n s  t o  t h e  p o p u l a t i o n  

th rough  m i g r a t i o n  w i l l  n o t  i n  g e n e r a l  be  h i g h l y  c o r r e l a t e d  w i t h  

t h e  d e n s i t y  on s i t e .  These p o p u l a t i o n  inc rements  a r e  i n  a b s o l u t e  

t e r m s  r a t h e r  t h a n  r e l a t i v e  ones  and w i l l  have a  g r e a t  e f f e c t  i n  

c a r r y i n g  t h e  p o p u l a t i o n  up i n t o  t h e  fas ter -moving r e g i o n s .  We 

t h e r e f o r e  e x p e c t  t h a t  f l u c t u a t i n g  weather  and i n t e r s i t e  m i g r a t i o n  

w i l l  mix s y n e r g i s t i c a l l y  and a f f e c t  t h e  o u t b r e a k  dynamics pro- 

foundly .  S imula t ion  exper iments  w i t h  a  c o n s t a n t  l e v e l  of  i n -  

m i g r a t i o n  conf i rm t h i s  c o n c l u s i o n .  



V.  Conclus ion 

The a p p l i c a t i o n  of c a t a s t r o p h e  t h e o r y  t o  e c o l o g i c a l  s i t u a -  

t i o n s  w i l l  have t o  deve lop  a s  an a r t  b e f o r e  it becomes a  s c i e n c e .  

Exper ience  i n  bo th  s u c c e s s  and f a i l u r e  w i l l  h e l p  i n  t h a t  t r a n s i -  

t i o n .  A s  a  t e c h n i q u e  o r  " s t y l e "  f o r  a n a l y z i n g  a n  e x i s t i n g  model,  

it has  been v e r y  s u c c e s s f u l .  I t  p r o v i d e s  a  r i g o r o u s l y  based 

v iewpoin t  from which an o rgan ized  s e t  of c o n c l u s i o n s  can be  

drawn. W e  have o n l y  begun t o  probe  i t s  s i g n i f i c a n c e  f o r  ecolog-  

i c a l  management. With it,  a  sound model can o f t e n  b e  proposed 

where none was t h o u g h t  p o s s i b l e .  Being g l o b a l ,  it a d d r e s s e s  

i s s u e s  where new e v e n t s  may t a k e  a  system t o  unexplored  ground.  

Being q u a l i t a t i v e ,  it p r o v i d e s  gu idance  a s  w e  l i v e  and o p e r a t e  

i n  a  wor ld  of  whose n a t u r e  w e  a r e  g r o s s l y  i g n o r a n t .  

H o l l i n g ' s  development of  e c o l o g i c a l  r e s i l i e n c e  [ l l  sought  

g e n e r a l i z a t i o n s  from observed c a s e s .  C a t a s t r o p h e  t h e o r y  p r o v i d e s  

a  model upon which some of t h o s e  c a s e s  can  b e  framed.  I t  

s a t i s f i e s  t h e  c a l l  f o r  an  o r i e n t a t i o n  t h a t  i s  q u a l i t a t i v e ,  

s t r u c t u r a l ,  and g l o b a l ,  and it p r o v i d e s  a  s t a r t i n g  p o i n t  f o r  

g e n e r a t i n g  hypo theses  when answers a r e  needed and i n f o r m a t i o n  

s c a r c e .  
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Table of Symbols 

x A general vector for variables with a fast dynamic 
behavior. 

PI q Parameyers or slow variables. 

n The dimension of x (the number of components). 

k The number of parameters under consideration. 

x* An equilibrium of x for fixed p. 

j, dx The time derivative of x (=-) . 
dt 

f(x;p) The dynamic function that determines the behavior 
of x for fixed p. ( 2  = f (x;p)) . 

V(x;p) An unspecified function, minimized as x approaches x*. 

Mf Catastrophe manifold defined by f (x; p) = 0. 

f The projection of Mf onto the parameter space. 

T1 T2 Locations of folds on the manifold Mf. 

S1'S2 Locations of the projections of T in the parameter 
space. 

NL The population density of budworm larvae. 

N L ~  The endemic level of NL. 

F A general measure of forest resource availability. 

K The upper asymptote of F. 

r "Intrinsic growth rate" of F. 

m "Mortality rate" of F due to budworm. 

T Time delay for mortality of F. 

S A A unit of branch surface area. 

SAR SA scaled between 0 and 1. 

FT Total foliage (needles) per unit of SA. 

FTS FT scaled between 0 and 1. 

w An index of weather. 
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