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Yu. A. Rosanov

1. Suppose we are dealing with a reservoir with a capacity
R designed to meet water demands over a long period
of time.

One realizes that the water demands Wt during the time
period (t, t + A are connected with general climatological
processes in the region concerned. Suppose these processes
can be described by a multidimensional vector (or more

abstract) function

w= W ~o < t < ®» (1)

of the time parameter t.

Because of the obvious annual cycle in a climate eval-
uation, it seems reasonable to assume that water demands
during time period t are the same as during time period ts
if u =t - to is a period of integer years and the

corresponding historical records {w'==wé,s.it} and {w==ws,

s < to} differ from each other only by a shift in time, 1i.e.
w

Wt(ug,s <t) =W, (w

A similar property seems natural for the reservoir inflow.
Say that during a period (t, t + 4) the reservoir receives an

amount of water
t+A



where the inflow velocity x, depends on the climatological

t

processes (1) in such a way that

Xelwoys < t) = x (w ys < t_) (3)

ifu=t - to is a period of integer years. One can assume,

for example, that W, and x_ are components of Equation (1);

in this case the relation (3) becomes trivial.

Let us consider a sequence of intervals (t, t + A) where
A is a time unit (year, month, etc.) and according to 4 = 1,
the parameter t runs integer numbers. A discrete time oper-
ation usually corresponds to the following description: the
release of an amount of water is Z, = W, if there is enough

t t

water in the reservoir. Otherwise the release is Zt = Vt ,

where Vt is the total amount of water available during the time

period t. Furthermore, if there is too much water and the

reservoir cannot contain it all, the amount Zt = Vt - R

overflows. Thus, we have the so-~called "Z-shaped" policy

<
A

Ve v £ =W
Zo = { W oo W, SV, S W +R , (4)
Ve - R, W_ + RV

where the operation parameter Wt has to be chosen on the basis
of the previous historical record Wer S <t -1, in order to
meet the actual water demands (see Figure 1).

The rest of the water at the end of time period t which

is allowed to be used for operation of the reservoir during

the next time period is
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t - t ’ (5)

(see Figure 2), and the total amount of water available at the

next step will be

v =Y + X ' (6)

t+1 t t+1

if Xt+1 is the new inflow.

The continuous analogue of the reservoir model (4) ~(6)
may be described as follows.

If the useful reservoir volume Yt is not zero, then in

accordance with a general climate condition, a release velocity

(a discharge) z, =Wy is a function of the corresponding historical
record w = ws, s < t. In the case of a water spill (Yt = R),

the release velocity must not be less than the inflow

velocity x, and moreover, Z, = O if Y, = 0. Thus
o , Yt =0
2, = w lug 7 s<t) , 0<Y <R , (7)
max(xt,wt) ’ Y, = R

where the "demand velocity" function W, is assumed to be of

the type described above (see (2)).
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Suppose the reservoir system evaluation in time is
considered a random process on a probability space
(2,9,P) of all possible elementary outcomes w € § where
¥ 1s an ensemble of possible events A that may occur with

probabilities
P (A) ’ AC ¢ .

One can assume that each elementary outcome w £ Q is

described by the entire historical record
wFwe o oo ~o < t < o

of the climatological processes used above (see (1)
and (3)).

As is known, most practical applications of any
stochastic reservoir model are based on the assumption that
random processes in the reservoir system will eventually reach

a so-called statistical equilibrium; this means that during

a long term operation the probability of an annual

event A becomes independent of a particular year and initial
reservoir conditions, and moreover, the frequency of

event A during a series of years N is approximately equal

to the corresponding probability P(A):

vn(A)
~ P(a) , (8)

n

where Vn(A) is a number of years in which event A occurs.



It will be shown that a statistical equilibrium

phenomenon occurs under a general assumption concerning
. . 1
climatological random processes .
Let A be an event which may or may not occur, depending

upon the behaviour of the processes

and let

PIA
w=w_, s <t
s S

be a probability of A under a fixed previous historical

record w = wgr 8 <ty up to time t,- One can realize that a

similar historical record w' = s <ty tu might occur

w
s~-u’

at the other time period to + u, and that event SuA may occur
which is similar to A but shifted in time u (see Figure 3).

We assume that if historical records w = wer S < to’

w' = w,_r 8 2 t, + u, and events A, S A differ from each

other only by a time shift over a number of years, then the

probabilities of such events are the same:

P(A‘ >= P(suAIr ) (9)
= < | J—
w wgr S < tO w Wgyr S < t, tu

where u is a period of integer years.
One supposes that Equation (9) may conform to reality
because of the obvious annual cycle in climate processes

which may be considered homogeneous over a long period of time.

1 This problem was posed by M. Fiering in a

personal communication.
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Note that for the year unit of time, Equation (9)

holds true in the case of the stationary or homogeneous Markov

process w,, -® < t < »,

Let a general process which satisfies Equation (9)
(with respect to the shift transformations Su) be called

homogeneous. It is also assumed that a non trivial event

A cannot be predicted more precisely from an infinite past
history; if one can find out by any historical record
wgr S <ty (tO + ~») the event A certainly did or did not

occur, then such an event is trivial, i.e.

P(A) =1 or O . (10)

This is the so-called regularity condition (well known in the

theory of stationary processes) which holds true particularly
for homogeneous ergodic Markov processes (see, for example,[1]).

Our purpose is to show that generally, in a regular
homogeneous case, the process (Vt,Yt,Zt) in the reservoir
system considered will reach statistical equilibrium,

i.e. the Large Numbers Low (8) is valid.

It is worthwhile to note that an error in the approximate
Equation (8) strongly depends on the time required for the
process to reach the state of statistical equilibrium.

Example. Let the inflow X t > O be a sequence of

tl

independent identically distributed random variables which

may take values 0,1 with corresponding probabilities p, 1 - p



(Bernoulli scheme). Suppose that

Wt:R=l

and an initial amount of water in the reservoir is Yo = 1.

Then after a random series of events

= 0, and V_= X

certainly occurs, a zero inflow XT £ ny

+1

Y, =0, 2, =X for all t > T (see Figure 4).

t t t’
One can say that the process (Vt,Yt,Zt) reaches
statistical equilibrium after time t. The corresponding

stationary probability distribution is such that, for example,

P{Yt=0}=l .

Therefore, a frequency of the event A = {Yt = O} by Equation
(8) should be equal to 1. However, if the probability p

of the zero inflow Xt is very small, then a long series of

non-zero inflows XO l,...,xT = 1 is very likely:

P (T >n) = (L - p®

and for a series of years n, n X 7, one hasV_(A) = 0. So

the corresponding frequency of the event A will be equal to O.
Concerning a method of the statistical equilibrium proof,

it should be mentioned that in a case of homogeneous Markov

processes the standard ergodic theorem on the convergence
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to the stationary probability distribution can be applied (see
for example, [2]-[5]). This method is quite different

and may be called a method of imbedded stationary processes.

2. Let us consider a standard probability space (Q,4,P)
of abstract functions

w—wt, - o < £t € o ,
which is invariant with respect to shift transformations

Su(u=w ’ -® < £t <, (11)

where

n = runs integer numbers ,

A = a time unit .

Suppose that w = Weg = ® < t < », as the random process of
the probability space (Q,d¢,P) is regular and homogeneous, i.e.

Equations (9) and (10) hold true. Remember that

the shifted event S A which was used in Equation (9) is

sA = {w: 5_ w€n) ,  ACY .

The regularity condition (10) means that

n o, =6 . (12)
t
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where dzm denotes a 6-algebra of events generated by
W= w,,s < t, and ¢ is a trivial 6-algebra of events
A € ¥ with probability 1 or O.

Suppose that in addition, the following property

holds:

P(Q* N SuQ*) >0 , (13)

if a set Q*¥C Q contains almost all of the elements

w € 2, Then
P(SuA) = P(A) , A €9 . (14)

One can verify this using the well-known limit relation

lim P Al )=P(A) (15)
tor—o W= ws, s <t

for almost all w € Q (see, for example, [1]); i.e. for
every fixed A€ J there is a set 0*¥C Q such that
the relation (15) holds true for all w € Q . The similar

limit relation concerned with a shift event SuA,

lim P (S A
u

to=-

w' =85 _w, s, s <t-u
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fulfils almost all &' = S_u w & Q* particulary for almost all
w € Q* N SuQ* where, according to Equation (13), one has

P(Q* N SuQ*) > 0. But the process w = w,_ is homogeneous, i.e.

t
P[S A
Uy = g

)=+ (:
s < t-u W= w

W
-u s’
and obviously has to be

P(SuA) = P(A)

Thus, one can say that the regular homogeneous process is

stationary with respect to the corresponding shift trans-

formations.
Example (non-stationary homogeneous process). Let

 be aspace of all functions
w s w, =t +0 ' ~o < t < » |,

where 0 is a real parameter, - » < 6 < =, Let Q(d0)
be a probability distribution on the real line and P(dw) be
the corresponding probability on Q. Obviously in this case,

\ ‘1 , wE€ A
P |A
( lo r W €A

and
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because
| - W
w = S S A

if and only if w € A. The probability distribution Q(d0),
-© < O < « , is not uniform and it is easy to verify that the
homogeneous random process W = wt' -©» < t < « is non-stationary.

Here the condition (10) does not hold true. Besides, if

Q0 =0, =1

for some fixed value Oo,and * is the set containing the
single function wt =t + Oo, - < t < = of the probability

1, then
P(Q*ﬂsusz*)=o , u#o

Thus, Equation (13) also is not valid.
Note that a general stationary process W = Wy, -= < t < =

is homogeneous. 1Indeed, if

¢ (w) = P(A

is a conditional probability of A € ¢ with respect to the

6-algebra 0Ew, then for any B Cafm we have

Il

P (AB) P(SuA . SuB) = f ¢ (w)P (dw)
B
J $(S_wP(d")

S B
u

i
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because in the stationary case the probability measure P {(dw)

is invariant under the shift transformations

w o> W'=8w , ueqn .
u
t
The set of allevents S B, B € 9, coincides with the
+
6-algebra 050? SO0 that Y(w') = ¢(S_uw') is a conditional
probability of S,A with respect to 0Etf:

y{w') =P (SuA

s <t+u )

w = w

sl

and

P(A' >=¢<m) = Y (S w)
w =w_, s < t u

Thus the original abstract process (1) and any random
process of type (2) or (3) are regular and stationary with
respect to the shift transformations Su.

Remember that for such processes the following phenomenon
occurs for any period u of integer years. With the

probability 1,

N
. 1
rlll_irnm = T 8(s,A) = P(a)
n=1
where 8(B)is an indicator of an event B (8§(B) = 1 if B

occurs otherwise §(B) = 0). Moreover,
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P(A) = 1lor O (16)

if an event A is invariant under the shift transformation

Syr i-e. S AC A (see, for example, [1]).

3. Let us consider the discrete time model (4) -(6).

Note that even for the very simple inflow Xt the

corresponding random process Y _ may be quite complex.

t
Example. Let X,o t > 0, be the sequence of independent

Bernoulli variables: Xt = 0 or R with probabilities p
and 1 - p.
Let the water demand function Wt be a constant
Wt =W

Then the process Y, is determined by the

t
homogeneous Markov chain of Equation (4) with the infinite

number of states

- W) or min (R,Y, + R - W)

Y 1 = max (0,Y £

t+ t

with probabilities p and 1 - p. One can verify that there
is an ergodic class of states which can be achieved from points
0 or R, and other states are non-essential. All ergodic states

may be described as
Y =mR - nW ,

where m,n are integer numbers such that
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| A
o=
| A
=)=

Thus, in the case of an irrational value W/R there is an
infinite number of ergodic states.
Generally if the process (Xt,Wt) forms a lag-(m,n)

Markov chain, that is if

(X W W, )

t,...,Xt_m; grocce W p

is a simple Markov chain, then the process

should be of a similar type. Well-known ergodic theorems
can be applied in order to establish the existence of
statistical equilibrium (in other words, the existence of
a limit stationary distribution--see, for example, [1]).

The process (Xt,W ) considered is of a much more

t
general type. Of course, it is actually observed from an
initial time moment tO = 0 but one can realize that
(Xt,W ), t > 0, is part of a regular process

(Xt,W ) ’ - o < t < ®© ’

t

which is homogeneous with respect to the time shift trans-
formations Su with period u of integer years, as was
described in Section 1.

Remember that the regular homogeneous process (see Section 2)

(Xt,Wt), -© < t < =, is stationary with respect to Su’
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Obviously, if the inflow Xt and the water demand Wt

precisely coincide:

then there is no statistical equilibrium because any
variation of initial reservoir conditions absolutely changes

the process Y Y, = Yo' t > O.

t° Tt
A similar phenomenon occurs if, for example, the
¢ is

during the previous period of time

current water demands are formed in such a way that W

equal to the inflow Xt—l

and if this inflow is less than the useful reservoir capacity

the process Y t >t_ras one can easily verify, will be

tl
of the form

Obviously, the probability distribution of the variables
Yt even for a distant future time t depends strongly on the
initial reservoir condition Yo‘

One can construct more complex examples of

nonergodic reservoir processes by considering a relationship

between X, and W, of the following type:

t
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where Et is a stationary process.

Let us assume that the relationship of the type (17)
is not valid. Roughly speaking, this means that the
differences

Xt - Wt , t >0
accumulate in such a way that their sums
t
A
s=1
become unbounded, i.e. for every R, there is a number n
for which
>
In | =R
with non-zero probability
(18)

P([n I 2R >0 .

This condition holds true, for example, for discrete

(integer) type variables if, for any historical record of

reservoir processes up to the current time t, one

can expect with non-zero probability that the inflow Xt+l

during the next time period will exceed the corresponding

water demands Wt+l' In this case, even the initially empty

reservoir will be full (nn > R) with non-zero probability

at the end of the period n, n = R.
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Now one can be sure that sooner or later the

random process

| v
]

t
n = £ (X - WS) ’ t

will exceed the upper or lower boundaries R or -R. That is,

the event

A= {]nnl > R for some n > 1}

is invariant with respect to time-shift transformations

Su’ u > 0O:

sA = {In | >R for some n > u + 1} ca ,

and (see (16) P{(A) = 1 because of Equation (18).

Moreover, P(SuA) = 1 for any u, i.e. there is certainly

a finite time T at which a sequence

o~

u,t = (Xg —Wg) 2w,

sS=u

is out of the interval (-R,R}). Let 1 = t(u) be the first

such moment (see Figure 5).
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Let it be shown that

R , n > R (19)

O
3
IA

el

According to Equation (5) this is obvious for

= ’
Yu u u ,
o , R+X < W
u-"u
and, for any t = n, follows from a relationship
< 20
Mgt S ¥ SRFEN, ¢ v wst < (20)
(this will be proved), because if n < - R, then

u,n

- <
Yn-l +<Xn Wn) > R + nu’n < 0 ’

and if n > R then
u,n -

Now let the inequalities (20) be established. In the

case where T > u we have

’

-R<X_ - W <R
u u

and obviously
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Yuz(xu-wu) ’ if Y _4+X, -W <R
Yu=R>(X-Wu>, if Y, _4+X,2W +R
Y, < R+(x -wu) , if Y 4+ X, > W,
Yu=0<R+<xu-wu),1f Yo-1 X, 2 W,

so that the inequalities (20) are valid for t = u. Suppose

they are valid for 7 > n + 1 and all t < n. Because

Yool = Y # (Xn+l - Wn+l>
if

Wn+1 < Yn + Xn+1 < wn+1 +R

in this case,

MTa,n t (xn+1 - Wn+1) = My,n+1 S ¥ + (Xn+l - Wn+l)

< -
Yn+l SR+ nu,n + <Xn+l Wn+]_)

= R + n

u,n+l °
Otherwise
Yn+1 =0 <R+ nu,n+1 ! if Yn + Xn+1 < wn+l !
= > .
Yn+l R nu,n+l ’ if Yn + Xn+l 2 Wn+l + R,

so that the inequalities (20) are valid for all t, u <t <71,
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The inflow-demand process (Xt,wt), -0 < £t < o, will be

associated with a stationary process

(VEIYEIZ;) ’ —x< t < (21)

which precisely coincides with the reservoir process defined

by (4)-(6)

(Vt,Yt,Zt) ’ t > O

for all t > t whatever the history was up time T (particularly

for every initial reservoir condition YO) where

T = min t(u) . (22)
u>0 '

The real reservoir system operates (or will operate
if not yet designed) from some moment to—-say to = 0; and
we consider the inflow-demand brocess (Xt,Wt) during the
previous time period as a part of the general climatological

processes -o< t < », in the region concerned (see

tl
Section 1). Moreover one can assume without any loss of

generality that

(.Ut= (Xt,Wt) ’ —o< t < o

Let the random variable T(u) = t(w,u) be defined as the

first moment when the random sequence

t
nlu,8) = § (X, =-wW) , t > u
s=u
is out of the interval (-R,R), and let
Tt(w) = min t(w,u) . (23)

u>t
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Obviously
T S T ’ t1 stz ’
£y t
and
th(m)= Ttl(SAUJ +A,/\=t2-‘tl)

where Su is the time-shift transformation (see (11)) .

Let us set

ot = {w:t <t} , 2% =vuaQ

and

= N ot
Q L@

(remember we are considering the integer time parameter).

Because of the relationship

Ts+u(m) -u = TS(S w , — © < g <€ o (24)
\-u
we have
t t+u t t ot <
SuQS Qs+u-ﬂs+u ’ SuQ & Q ;, u <o,

where according to Equation (18)
t
P(2;) >0 for t - s >n

so the invariant event Qt certainly occurs , as does the

*
event

*
P(R ) =1 .
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Therefore, for every time moment t there is
a random s, s < t, such that 7 < t.

For any t let the corresponding s, Ty S t (which is
not unique)be taken and define a random variable

Y* as in (5):

t
*
o , V. < W
u
* * *
Y =(V_ - W ’ W < V. < W_+R (25)

u u— u— u

*

R , W+ R< v,

for all u, Tg < u < t, with the initial condition

. R , ns,T > R
s
YT = y
S o , nS,T < =R
s
where
* *
Vu = Yu—l + Xu ' Ts <u<t . (26)
Also let
* * *
- - 27
Zy Ve Y, (27)

be defined according to Equation (4) .

Apparently, because of the relationship (19), the variables

* * * * * *

v, =V, (w) , Yt = Yt (w), Zt = Zt (w)

do not depend on our choice of the corresponding moments

s =sw , 715 =r1,(w) £t ,
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and particularly
* o) = *(w) = Y0 = 7, (w), (28)
Vt(w) = Vt(w) , Yt(w) = Yt(w) , Zt(w) =7, w),
in the case
s(w) =0 , To(m) <t '

where the variables Vt, Yt’ Zt have been defined above

(see (4)-(6)).

One can verify from (25)-(27) that because of the
relationships
T (w) = 1, (S_w) +u
t 2 tl
1 1
we have
Vi) = v (s w)
w) = W ,
) -
* *
Y, (w) =Y,  (S5_w , (29)
2 1
* ) = * _
th(w = Ztl (S_uw) , u = t2 - t1 .

Thus the random process

* * *
gr¥erZe) o Sect e

(Vv
as well as the original inflow-demand process

wtz(xt,wt) , ~ ® < £t < o '
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is regular, homogeneous and stationary with respect to the

time shift transformations Su (with a period u of integer

years).
As previously mentioned, (see (28)), the reservoir process
N z ) "  th * ¥ k%
Et = (Vt,Yt, t), coincides wit Et = (Vt,Yt,Zt),

for all t > To®

Let us consider

= >
Ep = (VoY 2) t >0
and its probability distribution P = P(B) on the space of all

possible trajectories:
P(B) = P{E < B} ’

where § = Et' t > 0, is a trajectory of our rardom process.

Let Pu = Pu(B) be a shifted probability distribution, namely
P, (B) = P{su & €8} ,

where S4 Et =g t > 0, is a trajectory shifted in

t+u’

time u > O.

Let us consider also the stationary process

* * %* *
Et = (VtrY ' 2,) ’ t

£ % o

v

. g . . . * * . .. .
and its probability distribution P = P (B) which is invariant

under shift transformations:

P:(B) = P{su E*C B} = P{c',*C B} = P*(B)
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(if u is a period of integer years).

One can verify that

*

(23).

-
T < u

O
u§

sgp |Pu(B) - P (B)] <2 P{t > u}
where To is the time moment determined by Equation
Indeed,
Pu(B) = PSuEE: B
=PgSuECB E{To<u}+PgSu€€B
T < u
* - p * } *
= Pu(B) = {SuE € B} =P SuE € B -
o
*
-P{To<u}+psg € B
4 T < u P{1_ > u}
o o

and because under the condition T < u we have

*

St4u T Etqu t20
*
P{S & € B 2 = P%S £ € B s ;
3“ T < u u T < u
o — o —
and thus
D* =
\Pu(B) = (B)‘ = |P,{S,E € B
T > au
o
*
- P%S £ € B
u
T > u
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As for any probability distribution failure,

lim P{71_ > u} =0 .
ur« o

Moreover, in the most interesting cases we have an exponential

rate of convergence

Plr > u} 2 ce™DU

for some poéitive constants C,D. For example, if apart from

Equation (18) we assume that

Piln | >R

£>p>o, (29)

then for an integer years period t

PTo>t+n <1l-p

T > t‘
o)

(remember our process is homogeneous), and

P{TO > t + n} = PiTo >t + n P{To > t}
T. >t
o
< (1 -p) Plr, > t} )
so finally we have
£
P{TO >t} < (1 - p) . (30)

E
Concerning the stationary distribution P , the following
remark may not be useless in the case when the reservoir
process &t = (Vt,Yt,Zt) is considered as a component of

some Markov process with transition probabilities Q. Namely
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*
the proper probabilities P can be uniquely determined

from the corresponding equation of the type
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