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INTRCDUCTION

Acid precipitation has raised wide concern in the last decade bcth in
Europe and in Nerth America. Several internaticnal institutions {(among which
are OECD, UNEP, WMO, IIASA) started and in some cases completed programs for
mornitcring, modeling and evaluating causes and eflfects of this modern plague.
It is widely reccgrized that ornne major impact of acid precipitation — betk dry
ard wet — is on fcrests. Recent episcdes, like the most publicized cre in the
Black Fcrest, and many others in the USA, Carnada, Germany, Poland, etc., have
throwr this issue into the political arena, while public opirion in several courn-
tries is beccming increasingly sensitive to the problem of forest damage from
"acid rain”, as the phenomenon is commonly termed.

A large body of scientific literature is ncw available with regard to the
effects cf air pcllution on forests: just as an examryple we cite the bock by Smith
(1981}, the papers by Abrahamsen and Dollard (1979), Abrahamsen (1979, 1€81),
Matzner and Ulrick (1981), Ulrich {(1984), ard many reports of the Norwegiar
Interdisciplinary Research Programme on "Acid Precipitation — Effects cn
Fcrest and Fish". This literature is mainly ccncerned with the careful! and
detailed identificaticrr of the processes that directly or indirectly affect the
vegetaticn. The emerging evidence is that there are many ways in whkich plan
growth and survival can depend upon acidic deposition and, queting from Smith
{1981), that scmetimes "fcrests are influenced by air contaminants in a subtle
manner’. This paper’s centributior is quite different frem the above apprcach
and may be considered somewhat simple-minded and crude. In fact, we con-
dense a variety of ccmplex phencmerna into a simple mathematical model cf
tree and nutrient dynamics. This simplicity itself, hcwever, allows us to
analyze the stability properties of a forest ecosystem subject to acid precipita-
tion and to pinpoint some possible key mechanisms of acid impact that deter-
mine its long-term fate and possibly its collapse. It should be clear that tke
aim of this work is basically conceptual and qualitative and that ocur mcdel is
not meant to rival, on quantitative ground, the detailed simulation models cf
forest ard/cr soil dynamics that have been and are currently being built.

The focus of this paper will be on the intrinsic nornlinear nature cf the
vegetaticn respcnse te acid precipitation, which plays a principal role in caus-
ing catastrophes in forest dynamics (a very brief account on the concept cf
catastrcphe will be given in the next section). We contemplate three possible
mechanisms cof forest disruption from acidic depositicn: (i) through direct
effects uporn vegetation (such as physical damage to tissues), (ii} through
increased scil acidity, which inter alia entails the release cf tcxic amcunts cf
aluminum and manganese, (iii) through accumulation in the tree biomass cf
excessive amounts cf nutrients, which may be harmful tc the plants. We
analyze the three corresponding modes of forest decline and demonstrate,
within the framewcrk of catastrophe theory, that the secornd and third mechan-
isms give rise tc a so-called fold catastrcphe.

THE CONCEPT OF CATASTROPHE

The description of catastrophes, surprises, discontinuities cor whatever
they might be called has recently become quite fashicrnakble in many fields cf
natural, physical and social sciences. With regard to forest dynamics a remark-
able example is the long study conducted by Helling arnd colleagues on the
interactior between the spruce budworm and the conifercus fcrest of eastern
Nerth America (Clark et al. 1978, Ludwig et al. 1978, Casti 1982).

Altkcugh a formal theory cf catastircphes was develeped mere than a
decade agec, mairnly by Them (1872), we d¢ not attempt tc give arny kiné cf
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general review of the thecry, but cnly & very simple and brief presentaticn of
what is meant by catastrophe in this specific context.

A first basic factor that needs to be introduced is the inflow of nutrient
from external sources which, for our purpcses, acts as the main driving ferce to
the fcrest ecosystem. If this input is constant over time, the state cf the sys-
tem, i.e. the variables characterizing the problem (biocmasses of differernt tree
species, nutrient ccncentrations in the scil and in the vegetation, etc.) will con-
verge tc one of the ecosystem stable equilibria. If the nutrient infiow — call it
W — is smocthly and slowly growing, e.g., due to an increase of acid precipita-
tion, alsoc these equilibria will in general vary according tc a smooth pattern.
Scemetimes, however, a small (infinitesimal) perturbation c¢f ¥ from a particular
given value W entails the appearance or disappearance of an equilibritm. In
other cases, an equilibrium_which is stable for ¥ < ¥ beccmes critical for

= ¥ and unstable fcr # > ¥, or vice versa. Now, if one imagines that a fcrest
is in a stable steady state for a nutrient inflow # < ¥ and that this equilibritm
disappears or becomes unstable for # > ¥, cre can say that a catastrophe has
occurred. Ir fact, as scon as the input exceeds the threshcid W, the state cfthe
ecosystem moves tcward a different stable regime which can be far from that
existing befcre the perturbaticn. This dynamic transiticn frcm cne tc another
equilibrium is a catastrophe. The most spectacular catastrcphes are the col-
lapse of a forest and the sudden blocm of a deforested area.

Tree Biomass T

Nutrient Inflow W

Figure 1. Hypothetical representaticn of the tree bicmass T cerresponding to
stable equilibria, as function of the nutrient infiow W. The pattern is that cfa
typical catastrophe with hysteresis.

Figure 1 gives a simple, pictoral and hypothetical representation of the
cccurrence of catastrophes with reference to the biomass 7 of 2 tree species. If
the nutrient inficw is below W, the scil is simply toc poer fer the species to
exist and the cnly stable equilibrium is 7 = 0. By increasing ¥ beyond W, the
extinction is no longer stable and the unigue stable steady state is a positive
standing biomass, but when the nutriert input exceeds W', T =0 becomes



stable again, so that twc stable equilibria are simultaneously present. The
forest, however, is not driven tc tree extinction, unless another massive pertur-
bation, like fire, wind, pest, etc., brings the state of the ecosystem to the
domain of attraction of the extincticn eguilibrium. When W increases beyond
the level W, the orly possible steady state is T = 0 and the forest is inevitably
driver. there. This catastrorhe can be reversed by reducing the nutrient inflow.
However, the decrease in ¥ must be substantial, namely below W', so that the
only possible equilibrium is the productive one and the tree bicmass is
attracted back there, giving rise to another catastrophe, to a bloom.

A MODEL OF TREE AND NUTRIENT DYNAMICS

This section is devoted to the presentation of the mathematical model
which is the basis of cour analysis. We also attempt toc make a clear statement of
the assumptions which underlie the equaticns sc as to let the reader appreciate
the limitations of the theory set forth.

The first basic hypcthesis is that the state of the tree species endangered
by acidic depositicn can be well represented by the tctal biomass T in a given
area, without detailing the age structure c¢f the plant populaticn. This amounts
tc assuming either an even-aged stand or a slow increase in biomass sc that, for
any T, a stable age distribution is reached (Begcr and Mertimer 1981). Further,
no distinction is made between fcliage and wood, assuming that both are
affected by acid precipitatior.

The second basic assumption is that the nutrient pool fcr the trees can be
described by the concentraticn N of one nutrient which is hemogeneously dis-
tributed in the soil. This hypothesis is crude, although it is well kncwn that
usually only one element limits productivity in forests. Most often in tem-
perate forests this limiting nutrient is nitregen (Cole and Rapp 1981, Agren
1883, Vitousek and Matscn 1884). Nitrogen is alsc one of the most important
cemponents of anthropogenic emissicns into the atmosphere (about one third
of sulphur emissions, Séderland 1977, OECD 1879).

We further assume that the nutrient is taken up by trees and used as a
catalyst for the processes of bicmass preduction. The rate of synthesis ¢f new
biomass is thus supposed to depend, in an increasing and saturating fashion,
upon the concentration S of nutrient in the tree biomass. On the other hard,
the nutrient contained in the dead ticmass is at least irn part returned, via
decompesition, to the nutrient pool.

If we now introduce the total amount & = 7S o¢f nutrient stored in the
standing bicmass, the basic model can be stated as follows:

ar _ N
ke mT +e(S)h(T)

%=5W—m7’5 (1)

Z—? = W—aN — BNT + nm TS

time

tree living biomass

nutrient concentration (per unit biomass) in the trees

D U3
I

amournt of nutrient stered ir the standing biocmass = 7S

n
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N= nutrient concentration in the scil

m = tree mortality

h{T) = maximum production of new biomass per unit biomass; a decreasing
function of T

e{S) = efficiency of producticn, i.e. the percentage of maximum prcducticn
which is actually achieved; an increasing function of &

g = rate of nutrient uptake by one unit of tree biomass per unit c¢f nutrient
concentration

W= input to the nutrient pool from sources other than tree decomposition

a= coeflicient of nutrient decay due to leaching losses from the forest
watershed or to uptake by vegetation other than trees

7= percentage of dying tree biomass which, through decompositior,

returns to the nutrient pool.
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Figure 2. Maximum production h cf new tree biomass per unit bicmass as a
functicn of tree biomass. The graph is actually obtained from data on balsam

fir reported by Sprugel 1984.

Model (1) contains many further assumpticns that need explanation and com-
ment. As far as the producticn ¢f new biomass is concerned, we take into
acccunt some form of density dependence, namely the fact that an increasin

tctal tree biomass entails a decreasing production of new biomass by each unit
cf standing biomass. This is obviously due tc increased shading, root cempeti-
ticn, etc., which limit the amount of energy captured frecm the surrcunding
environment by each tree unit (fcr a detailed account of these pheromena see
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Silvertown 1982). Therefcre the function h(7T) is assumed tc be decreasing with
T (as for instance in Figure 2 which is based on the elaboraticrn of data on bal-
sam fir reported by Sprugel 1984). However h(T) is the primary productivity
per unit biomass under optimal conditions of the nutrient concentration § in
the trees. If S is toc low the productivity will be less than the maximum
achievable at that given biomass 7. Thus h{T) is multiplied by an eflficiency
e (S) which is increasing from 0 and saturating to 1 when the concentration S is
above a certain threshcld.

The nutrient uptake from the soil by each tree biomass unit is considered
to increase linearly with the nutrient concentraticn (8N). This is equivalent to
assuming that the roct system is proportional to the aboveground standing
biomass and that each root pumps up a constant amount of water where the
nutrient is dissolved with concentration N¥. We therefore suppose that a tree
cannot withstand an excessive and potentially harmful quantity of nutrient by
limiting its uptake. This is at least partially unrealistic, since a tree can
develop roots in a soil layer which is temporarily free from an excessive
nutrient concentration. However, with ever-increasing nutrient loads — and
this paper is mainly concerned with the long-term ccnsequences arising from
this occurrence — the nutrient is more or less homogenecusly distributed in
the whole soil and the assumpticn cf purely passive uptake becomes less crude
under this perspective.

The dying tree biomass (m7T) contains a certair amount of nutriernt (m7S).
In the model, this is subtracted frecm the nutrient sterage in the living biomass
and a fixed fraction 7 is transferrecd back to the soil by deccmpesition. The
remainder 1 ~ 7 is not decompcsable or is washed off the forest ecosystem by
meteoric agents. We make the strong assumption that decomposition is fast,
since the flow of nutrient from the decomposable dead biomass (nm7TS) enters
the balance of the soil pool without any delay. It shculd be remarked, on the
other hand, that the components of the dead biomass which are most readily
decomposable (foliage and branches) are usually rickest in nutrient content
(see Sprugel 1984 fcr relevant data cn balsam fir). For these components
mineralization is achieved with a delay which is small when compared with tree
lifetime.

In the balance of the soil nutrient pool, besides the positive centribution of
decomposition and the negative one of tree uptake, there are two cther terms.
One is of course the external inlow ¥, which comes mairly from the atmos-
phere in the case cf nitroger and sulphur (Abrahamsen 1980); acid precipite-
tion goes together with an increased supply F cf nutrient. The other term
(—alN) is negative and takes into account both the leaching losses (which at
least for nitrogen seem to be proportional to the nutrient concentration in the
soil, Abrahamsen 1980) and the uptake by the remaining vegetaticn. This vege-
tation is assumed to be more or less constant so that its uptake is ageain proper-
tional to N and its decomposition is part of W.

The final and mcst impertant comment concerns tree mortality m. Sc far
and purposely, we have not specified any kind cf functional relaticnship for this
key factor of our model. If there were no adverse effects of acidic deposition,
only the natural mortality wculd be present and might be assumed to be 2 cer-
stant coefficient. But, of course, acid precipitation does influence the mortality
rate of trees. There are several ways in which a forest suffers from acid precipi-
tation and the different scurces of damage are in general present at the same
time. Therefore, mortality is likely to be a function cf all the variables related
to acidic deposition, notably of #, N and S. In spite of all this, we will teke into
consideration three basic mechanisms of fcrest damage that lead to three
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different types cf functional dependence foer mortality, and separately analyze
the consequences of each mechanism on the tree dynamics as though only one
mechanism at a time were operating. This procedure is limiting on one hand,
but on the other helps us to assess which of the three mechanisms is respornsi-
ble for catastrophic effects.

One type of impact is the direct, immediate effect of air contaminants on
vegetation. There can be foliar damage, infiluence on photosynthesis and
respiraticn, enhancement of microbial pathogens, increased leaching of vital
elements from the foliage, etc. (Smith 1981). In some cases there is a positive
correlation between the nutrient inflow ¥, the magnitude of this direct dam-
age, and the intensity of acid precipitation (notice that also the formation of
photooxidants, which, in addition to acid rain, seem to play a central role in
damaging crops and forests (e.g., Skéarby and Selldén 1984) is related to nitro-
gen oxides, hence possibly to nutrient inflow). Thus the first mechanism we
assume is that mortality is a function of # only. This function is roughly corn-
starnt and equal to the natural mortality up tc a certain point and then sharply
increasing.

The second mechanism is linked to the increase in scil acidity. There are
several buffering reactions in the forest scils which can partially counteract
the effect of acidic depcsition (Ulrich 1883), but when pH falls belcw S the solu-
bility of aluminum increases sharply and if pH is less than 4.2, which occurs in
many forest soils in Central Evrope, the aluminum buffer range is reached:
aluminum ions are present in high concentrations and can be toxic to bacteria
and plant roots. Simultaneously the leaching of calcium, magnesium and possi-
bly potassium, which are vital, though usually nonlimiting factors, is enhanced.
With even lower pff values most heavy metals are mobilized and can damage the
trees. As soil acidity is positively correlated with nutrient concentration in the
scil, the assumption that follows from this second mechanism is that mortality
is a function of N characterized by being constant up tc a certain value and
then very sharply increasing.

The last mechanism is another indirect effect. Acid precipitation, bringing
about an increase in the inflow #, can cause an accumulatior of nutrient in the
trees. Usually this is not harmful; on the contrary, it enhances the primary
productivity, as was already pointed out. However, whern very high levels of
concentration are reached, tissue injury can result. As for nitrogen, this thres-
hold concentration is about 2% of dry weight for cornifers (Ingestad 1979) and
about 4% fcr deciduous species (Ingestad 1981). As a conseguence, we assume
that, if this mechanism of tree damage is cperating, the mortality rate m is a
functicn ¢f the tree nutrient concentraticn S and, as usual, is ceonstant over a
wide range and then sharply increases.

THE MACHINERY OF FOREST INCREASE, DECLINE AND COLLAPSE

This section is devcted tc analyzing the tree dynamics as predicted by
medel (1) under different nutrient loads # and in the three cases above

described. Before proceeding further, it is ccnvenient to restate equations (1)
ds _1dQ SdT

by takirng intc acccunt that € = 75, hence 4 - T at T ar Thus
ST o+ e (S)R(T)IT
di
L2 = 6N —e (SIS (2)
an

= n— - +
at W—aN — BN +1m TS



-7 -

ar.d we ere left with the three state variables 7, S and N only.

Tree Biomass T

Nutrient Concentration in the Trees S

Figure 2. The two families of curves obtained from equations (3) and (4) by let-
ting W vary. Intersections of curves with equal ¥ (dots labelled as 2, ..., 8) give
values of 7 and S at nontrivial equilibrium.

Direct tree damage — In this case the mortality rate is assumed to be a functicn
of the nutrient input W only: m = m(W). It is further hypothesized that m( ¥}
is practically constant up to a certain point, after whichk it sharply increases.
Given a constant W, the corresponding steady states of model (2) car be found

by imposing the time censtancy of 7, S and N, or equivalently the simultaneous
vanishing of ﬂ as and ﬂ There are two possibilities:
dt ' di dt
i) 7 =0 and consequently N=F/a, S = S where S is the unique solution cf
the equation

- B¥_
e(S)S = *h(0)

This equilibrium corresponds tc the extinction of trees.

ii) e{(SYh(T)=m(W)=BN/S from the first and second of equaticns (2).
Herce

N=m(W)S/8

and
N TOR (3)
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where h™! is the inverse function ¢f h. Since h(7) is a decreasing functicn
of T and e(S) an increasing and saturating function of S, the right-hand
side of equation (3) is an increasing and saturating function of S. From
the last of equations (2) and substitutirg for N cne gets

4 _ a
m(W)(1-—n)S B(1-m)

If the curves given by equations (3) and (4) intersect in the first quadrant,
there is a nontrivial equilibrium characterizedby 7 >0, S >0, N > 0. This
occurrence does not cbtain for all values of ¥. In view of the assumptions
on m (W) it follows that #/m (W) is a bell-shaped function, hence the situa-
tion is as portrayed in Figure 3. When W is low (¥ = W, in figure) there is
no intersecticn. As soon as W takes on the critical value W,, intersections
start appearing and can be found for a range of intermediate W values
(Wg, W,, Ws). When W eqguals W, the curve described by equaticn (4) begins
meving leftward, so that intersections finally disappear for ¥ equal tc the
critical value W4. For very high nutrient loads (¥#,) no intersection is pes-
sible. It is worthwhile to remark the smoocth pattern — i.e., without jumps
in T or S —of intersecticn appearance-disappeararce.

T =

We can summarize by saying that when W is tco lew or too high only tree
extinction is a feasible equilibrium, while for intermediate nutrient inputs
there exists also a nontrivial equilibrium.

As for stability, it can be studied via linearization (see Appendix). It is thus
possible to show that tree extinction is stable when it is the urique steady
state, whereas, for the W values which permit the existence of a viable equili-
brium, this one becomes stable and extinction unstable.

In conclusion, when W is very low (insufficient nutrient inflow, hence poor
forest soil) or very high (heavy acid precipitation) the forest is driven to tree
extinction, while trees can survive when ¥ is intermediate. These two regimes
are smoothly joined, without any catastrephic event, as shown in Figure 4,
which displays the gualitative behavicr of 7, S and N as functions of ¥.
hhereased soil acidity — This mechanism implies that mortality is a function of
the nutrient soil concentration N cnly: m = m (/). As usual, mortality is sup-
posedly constant up to a threshold, beyond which it rapidly increases.

The equilibria corresponding tc a constant infiow ¥ can be found by setting
dr _dS _ an
dt ~ dt 4t
i) tree extincticn, namely 7T=0, N=WF/a, S=S5 with § being the unique

solution of the equation

= in equations (2). Again, there are two pcssible outcomes

_ _B¥W
e(S)S—ah(o) .

ii) e(S)hR{T)=m(N) = %‘]\i frcm the first and seccnd cf equatiens (2). It fel-

lows that the nutrient concentraticn S in the trees is related tc the one in
the scil N by

S =8N/m(N)

which, owirng to the assumptions cn the mortality rate, is a unimodal func-
tiorr of N. Substituting fer S one also obtains

T=h7[m(N)/e(BN/m(N))] . ()
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Figure 4. Pattern of variationr of the stable steady state as a function of ¥ when
the first mechanism of tree damage is operating. Points 2, ..., 6 make reference
to those in Figure 3.

Since e (£} is increasing and saturating, e (8N/ m (N)) is dome-shaped, pos-
sibly with a flat tep. Therefore, as h(T) is decreasing, the right-hand side
of equaticn (8) is unimodal, pesitive in the interval (¥;, Ng) and may heve a
fiat top (see Figure 5). Notice that it doces not depend upon ¥.
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From the last of equations (2) and replacing S by its expressicn as a func-
tion of NV it is easy tc obtain

al . (€)

8(1—n) N

Tree Biomass T

1
W-l/a( N1 W3/o( N2 W7k

Nutrient Concentration in the Soil N

Figure 5. The curve described by equation (5} and the family of curves obtained
frecm equation (6) by letting W vary. Intersections yield values of 7 and N at
nontrivial equilibrium. When double intersection occurs, distinction is made
between stable (4’ and §°) and unstable (4” and 5") equilibria.

Thus there exist nontrivial equilibria if there are intersections between the
curves described by equations (5) and (68). Figure 5 displays the mcst interest-
ing situation which arises when the curves given by equation (8) are not toc
steep (this occurs whern the leaching coefficient « is not too large). When the
nutrient inflow is low (¥ = W, in figure) no intersection cccurs. At ¥ equal to
the critical value W, = a/N; intersections begin showing up. For intermediate
values c¢f W, only one intersection is present (3 in Figure 5), but as socn as the
nutrient load reaches the critical value ¥, = aNg a secend intersection appears
and stays on fcr a range of high ¥ values (W = Ws). When W equals the critical
value Wg (the one for which the curve described by equaticn (€) is tangent to
the curve described by equation (5)) the two intersections collapse into one. At
even higher nutrient inputs nc intersection occurs.

The complex and articulate pattern emerging frocm the above analysis can
be summed up as follows. When the nutrient input is very low or very high
(W< Wor W>Wg) only tree extinction is a feasible steady state.
Intermediate-low nutrient loads (K, < W < W,) imply the existence of the trivial
ard of cne nontrivial equilibrium. For intermediate-kigh W's (W, < W < Wg)
there exist the trivial and twe nontrivial equilibria.
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It is very important to assess the stability of all these equilibria. When this
is accomplished via linearizaticn (see Appendix), the fcllcwing results are
obtained:

W< Hyor W>H, tree extinction is stable

Fo< W<H, the unique viable equilibrium is stable; tree extinc-
tion is unstable

W, < W < Wy the viable equilibrium with higher tree biomass (5' in
Figure 5) is stable; the other one (5" in Figure £) is
unstable; tree extinction is stable.

Therefore, when there is insufficient nutrient inflow or heavy acidic depesition,
trees are doomed to extinction. For intermediate-lew nutrient inputs the forest
is healthy and trees can survive, but under the burden of intermediate-high
loads the trees can be attracted either to viability or to extinction depending
on the initial conditions: if the tree bicmass is impoverished, but not toc
much, the forest can regrow; if it is severely depleted, the trees become
extinet.

It is just this flip-flocpring pattern of equilibria which occurs ir a certain W
range that determines the essentially catastrophic impact of increased soil aci-
dity. This is clarified in Figure 6 which gualitatively shows how W affects the 7,
S and N values corresponding to stable steady states. It should be remarked
that the curve of the tree biomass has exactly the same shape as in Figure 1.
Thus all the relevant discussion on catastrcphes also pertains here. Whern acid
precipitation beccmes so intense that the nutrient load evern slightly exceeds
the threshold Fg, trees inevitably collapse from an equilibrium characterized
by a normal standing biomass to extinctiorn. Moreover, the mere decrement cf
the nutrient load below #, is not sufficient to get the trees out of the extincticn
trap. Recolonization can occur only after a substantial decrease (below W¥,) of
nutirient infiow. In this case a reversed catastrophe, a blcom, takes place. This
hysteresis pattern is typical of a so-called fold catastrophe (Thom 1872).
Ezcessive nutrient accumulation — This last impact is translated into a mcrtal-
ity which is a funcitor of S only (m = m(S)), is constant up to a threshold and
thereafter rapidly increases. The analysis ¢f equilibria and their stability very
much resembles the one performed with the previcus mecharnism. Sc, we do
not go into much detail.

Besides the usual trivial extinction equilibrium, the nontrivial ones satisfy
the fcllowing relationships

N = mgﬂ;gs
Tzh-l(w) (7

/

T

= U—m(5)s ~ B(1-m) (&

If there is any intersectien in the first guadrant of the plane §—7 beiween the
curves given by eguaticns (7) and (8), then viable steady states exist. Since the
threshold a2t whick m(S) sharply increases is conceivably higher than the
threshold at whick the efficiency e(S) saturates, the functicn m(S)/e(S) is
bowl-shaped with a flat bottom. Conseguently the right-hand side of egquation
(7) is unimodal, positive in the interval (Sy, Sz) and has & flat top (see Figure 7).
Moreocever it is independent of #. The curve given by eguation (B} cbviously
decreases with S and depends on W, so that the situation is as represented in
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Figure 6. Pattern of variation of the stable steady states versus nutrient inficw
when the secend mecharism of tree damage is operating. Pcints labelled 2,..., 6
cerrespond to these in Figure 5.

Figure 7. The relevart discussion is not given, because it is tctally analcgous te
thet for the previous mecheanism (Figure §). Alsc the stability analysis leads tc
very similar results, which are summarized in Figure 8. When the nutrient
inflow is too low, only tree extinction is stable; by increasing W one obtains a
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Tree Biomass T

Nutrient Concentration in the Trees S

Figure 7. The curve described by equation (7) and the family of curves obtained
frcm equation (B) by letting W vary. Intersections give values of T and S at
nontrivial equilibrium. When double intersection occurs, distinction is made
between stable (4’ and 5') and unstable (4" and 5") equilibria.

pcsitive and increasing tree biomass. Further increments of the nutrient lcad,
leading to a harmful accumulaticn in the trees, induce first a decrease of the
standing biomass and thern a dramatic collapse, when the threshold Wg is
exceeded. As in the previous case recovery is pcssible only if the nutrient
infiow is substantially decreased (below F).

The remark that is worth making with reference to the last case is that, even if
trees are capeable of successfully withstanding the direct damage from soil aci-
dity and only the loeng term and very indirect impact from excessive nutrient
accumulation is operating, catastrophes still occur.

CONCLUSION

We have illustrated hcw three possible impacts ¢f acid precipitaticn on tree
survival and grewth affect the tempcral dynamics of tree biomass. Frem the
analysis cf equilibria and their stability twc different patterns have emerged.
The direct injuries to vegetatior, which are not only the most conspicuous, but
also the mest important impact of acidic deposition, dc nct give rise, formally
speaking, to a catastrophe, while the other two mecheanisms do. This fact
should cause no surprise since increased soil acidity and excessive nutrient
btuildup in the trees entail the accumulation in the forest ecosystem of a stress
that does not show up immediately, but explodes when a breakpoint is reached

This result should not be taken as an advice to neglect the direct impact
on vegetation. This mechanism, as we have shcwn, causes the decline and



-14_

Tree Biomass T

Tree Nutrient S

Soil Nutrient N

Nutrient Inflow W

Figure 8. Pattern of variation of the stabie equilibria as functicns of ¥ when the
third mechanism of tree damage is operating. Points labelled 2, ..., &
correspond tc those in Figure 7.

extinction of the trees subject tc increased acid precipitation irn any event. The
course of these unpleasant events can be quite fast, thus becoming a catas-
trophe in practice, though not on a mathematical basis. Therefore. if there is a
small lesson which meay emerge from this paper, is rather nct to neglect the
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other two mechanisms which, though indirect and thus given less attention,
can in the long run surprise by causing the unexpected collapse of forest
ecosystems.

Arncther caveat that we would like to give the reader is that this paper is
not meant to explain all the episodes of forest damage from air contaminants.
Attention has been restricted to acid precipitaticn and, even within this frame-
work, phenomena have been greatly simplified, but there is mounting evidence
that other causes of damage, such as ozone formation, may be egually impor-
tant. An interesting direction for future research might indeed be the con-
struction of a model of tree dynamics which takes these further impacts of air
polluticn on forests into account.
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APPENDIX

This appendix is devoted to explaining kcw the stability analysis of the
equilibria of model (2) can be performed. The method we use is called lineari-
zaticr, which consists cf replacing the dynamics of equations (2) in the neigh—
borhood of each equilibrium by the approximate_dynamics of an equivalent
linear model. More precisely, if we denote by T. S, N the values of the state
variables at equilibrium and by Az(¢{) the vector whose components are
T(t)-T, S(t) - S, N(t) — N, then the time evolution of Az is approximately
given by the vector linear differential equaticn

dAz
dat

where J is the Jacobian matrix of model (2) evaluated at T, S, N. If the matrix
J has eigenvalues with negative real parts, the corresponding equilibrium of
medel (2) is stable.

We can apply this procedure tc the analysis of the first mechanism where
the mortality is givenn by m = m (#). In this case the Jacobian matrix is

l !

= JAz

—m (W) + e (S)R(T) +e(5)TZ""—T M(T)% 0
I=| —e(S)S:h'—T —h(T)(S%+ «(sN B |
‘ —BN + mS nmT — — BT}

By evaluating J at the trivial equilibrium

T=0 S:S N=VW/a

one gets

—

—m(¥) + e (S)h(0) 0 ol
T=| =@ & sies) 6

—5 ¥ +nm(W)8 ¢ —-a
L a J
Sirce the eigenvalues of J are, in this case, the elements on the diagcnal, the
trivial equilibrium is stable if m(#) > e(S5)h(0). It is easy to understand that
this last condition is equivalent to the non-existence cf the viable eguilibrium.
In fact, nontrivial steady states exist orly when the intersection Sy of the curve
giver. by equation (3} with the S axis lies on the right cf the intersection S, c¢f
the curve given by equation (4) (see Figure 3). Since

-3

95 = & m (W)
e(s9) = Jadd
e(5)8 = _é_ah((}\

it turns out that
e(S.)S,=e(5)§ .

Therqfore, from the fact that e(S) is increasing, it follows that either
5355S540r5455553.
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On the other hand, the inequality
m (W) >e(S)h(0)

is equivalent to
e(S,) >e(S) ,
hence to

S.>5>855 .

The procedure is more complex when dealing with the nontrivial equili-
brium. In this case the Jacobian matrix is

= dh(T) = de(5). = = |
e(S)—(—)—dT 7 J—Lds h(T)T 0 '

- = zdh(T) =y, 8e(S) = =
7=| (557 R(THTEZES +e(5)) 8 ZJ
=1 —m)m(#)S nm(W)T —a - 87]

and the eigenvalues cannot explicitly be computed. However, there exists a
condition on the elements of J which guarantees the negativity of the eigen-
values’ real parts. If we indicate the trace of J by trJ, the determinant by det
and the sum of the second order leading mincrs by %, then this conditicn is

trJ <0, detJ <0, ZtrJ <detJ
As for the trace, it results
tr] = e(E)QéFT)—T —h(T)(%(gLE‘ +e(5) —a-pT

and, since h(T) is a decreasing functiocn and e{S) an increasing cone, the first
inequality is satisfied. As for the determinant, one has

det7 = & (5) LU T(am (#) + (1 = m)pm (M) T) -
(2L (M Ta( —mym (1

Since h(T) is decreasing, e(S) increasing and 5 < 1, also the negativity of the
determinant is verified. The proof of the third inequality is straightforward but
cumbersome and is not reported Lere.

The linearization procedure can also be applied tc the stability analysis for
the second and third mechanisms cof tree damage. The relevant computations
are standard algebra, though leng and boring, and are nct given here.



