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The classical l inear  multi-state model is represented by an  equation due to 
Kolmogorov, and applied to demography by Andrei Rogers. For many purposes i t  
gives a realistic representation of phenomena, especially in problems in which the 
population is nearly homogeneous. In tha t  respec t  i t  resembles the  ordinary life 
table,  of which i t  is a generalization. But like the life table i t  a c t s  a s  though all of 
the individuals of a given category have the identical probability, s o  the statisti- 
cally observed average represen ts  each and every  individual in i ts  category. 

No demographer has  e v e r  regarded this as quite satisfactory; all recognize 
tha t  individuals within a given cell  a r e  different from one another  and the  average 
of the cell  does not apply to individuals. In a given group every couple may have 
one chance in 3 of divorcing; o r  else lj9 of couples may divorce 3 times each. The 
overall  probability tha t  a couple will divorce is the  same in the  t w o  cases ,  but the 
inference about what will happen to a random couple in the future  i s  very different 
f o r  the  two. Y e t  to take into account this  distinction involves difficulties, both of 
data  and of the model f o r  dealing with the  data.  

James Vaupel and Anatoli Yashin of this program have made g rea t  progress  in 
dealing with this question, and the i r  work will be brought together  in a volume now 
being prepared .  

The present  paper  sets out the theory of a procedure for taking account of a 
par t icular  kind of heterogeneity-that associated with the length of time in a state.  
Insofar a s  people a r e  less  likely t o  divorce the longer they have been married, and 
if divorce rates by duration a r e  known, separa te  transition matrices can be set up 
f o r  different durations. Douglas Wolf ingeniously shows how these separa te  transi- 
tion matrices can be combined in a single matrix, and the analysis car r ied  out sim- 
ply and without fu r the r  re fe rence  t o  duration. 

Thus what follows has  a special significance fo r  IIASA's population program, in 
tha t  i t  combines lines of thought tha t  go back to the multi-state model introduced 
by Rogers, and on which many IIASA papers  w e r e  based in the  period 1975-83, and 
the work on heterogenelky of Vaupel and Yashin, tha t  has  been cen t ra l  to IIASA's 
program in more recent  years.  

Nathan Keyfitz 
Leader,  Population Program 
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THE BIULTISTATE LIFE TABLE 
WITH DURATION-DEPENDENCE 

INTRODUCTION 

In recent  years  techniques fo r  constructing multistate increment-decrement 

life tables have been extensively developed, and have been fruitfully applied t o  

such demographic phenomena as migration (Rogers and Willekens, 1986), fertility 

(Suchindran and Koo, 1980) and marital-status dynamics (Espenshade, 1983; 1986). 

The approach allows one t o  present a useful tabular summary of a complex demo- 

graphic process,  one in which individual units may make a number of transitions 

among pairs  of discrete s ta tes  o r  statuses. One restr ic t ive feature of the ap- 

proach is the Markov assumption-namely tha t  agespecif ic  transition intensities 

depend only on the s tatus  current ly occupied. 

U s e r s  of the technique have recognized that the Markov assumption i s  overly 

restrictive (see, f o r  example, Wijewickrema and Alli, 1984; Espenshade, 1986), yet  

t o  date  there  appears  t o  have been no development of a method of life table con- 

struction incorporating such "duration dependencen.' 

This paper  describes a new way t o  formulate a multistate life table such that 

transition intensities vary by both age  and duration of time in status. The solution 

proposed he re  is motivated by a desire  to utilize insofar as possible the mathemat- 

ics tha t  have been developed for  the usual multistate life table case-that is, the 

case in which duration-dependence does not appear .  It  turns out to be r a t h e r  easy 

t o  incorporate the generalization, provided that  we are willing t o  introduce dura- 

tion in a very specific way: in particular,  w e  use age-specific rates that  vary by 

"duration-category a t  last  birthday". The term "duration-category" will be ex- 

plained below. There are undoubtedly other  possible solutions to the problem of 

constructing a duration-dependent life table; the virtues of the approach 

%here has, however, developed a discrete-time semi-Markov approach based upon renewal equa- 
tions, which like the present approach can handle duration-dependent transitions. See  Littman and 
Mode (1977) and Mode (1980); for some applications s e e  Hennessey (1980) and Rajulton (1985). 



described h e r e  is  t ha t  i t  uses existing mathematical tools, and requires  inversion 

of matrices no l a rge r  than those encountered in the  standard multistate case. 

The method generalizes the  l inear model whose ear ly  development is  due pri- 

marily to Rogers (1975), and in par t icular  re l ies  on what has  been termed the 

"linear integration hypothesis" (Hoem and Funck Jensen, 1982). The l inear  model 

has  been crit icised, and shown to  produce nonsensical results in s o m e  cases (see 

Hoem and Funck Jensen, 1982; Nour and Suchindran, 1983; and Keilman and Gill, 

1986). Nonetheless the  l inear  model enjoys widespread use and evidently performs 

satisfactorily in most applications, and s o  i t  seems reasonable to adopt i t  as the  

s tar t ing point f o r  a m o r e  general  model. But the shortcomings of the basic model 

no doubt pertain to the more general one described here ,  as well. 

Before proceeding, i t  i s  worthwhile to consider why one might want to incor- 

porate  duration-dependence into a life table in the  f i r s t  place. A simple answer t o  

this question is that a life table  which incorporates the duration dimension is  con- 

siderably more informative than is the  usual life table. W e  can, f o r  example, cal- 

culate the sha re  of all  person-years lived in a given s ta tus  tha t  are lived p r io r  t o  

the f i r s t  anniversary, between the f i r s t  and second anniversary, and so forth.  In 

applications such as tables of working life, this additional information has particu- 

l a r  significance: workers typically gain in firm-specific human capital  ea r ly  in 

the i r  tenure,  so the degree  of concentration of work experience at low tenures  

can be  used as an  index of resources  devoted to training costs. Also, since 

cu r r en t  age  plus cu r r en t  duration are sufficient to determine age  of most recent  

transition, a life table which disaggregates survivorship at each age by duration 

as well as status  can be  used to study intercohort  differences in survivorship. 

Another, and a more compelling, reason is  that  a duration-dependent life table 

may produce different results than the  usual approach, especially with respect to 

the s ta tus  distribution at a given age (the L(z) figures). The difference can a r i se  

when period data  are used, f o r  a population in which the cu r r en t  duration-in- 

s ta tus  distribution depar t s  from that fo r  the life table (stable) population. Infer- 

ences from a duration-dependent life table  may thus prove to  be  more accurate ,  

and even small differences can  prove t o  be  important in pract ical  applications. 

The following section descr ibes  the formulation of a duration4ependent multi- 

state life table, and provides formulas fo r  the calculation of transition probabili- 

ties. Most of the discussion i s  devoted to  the derivation of survivorship figures 

f o r  a population at a sequence of exac t  ages  0,l . .  .. . This i s  followed by a discus- 

sion of several  summary indices derived from the  survivorship figures. W e  then 



consider briefly the data  requirements of the proposed model, and conclude with 

an illustration: a simple marital s ta tus  life table based upon recent  U S  data.  

THE MODEL 

A.eLiminaries. W e  use as a starting point a standard formulation of the  multi- 

state life table (MSLT), employing essentially Keyfitz's (1979) notation. Thus, l e t  

M ( z )  b e  the matrix of transition intensities between pa i r s  of states in t he  set 

1, ..., n , between ages z and z + 1 .  The contents of M ( z )  a r e  depicted in (1); ele- 

ments mij(z) correspond to transition rates into state i f r o m  state j between ex- 

act ages z and z+ l ,  while elements m6,(z) are death rates in state j between 

these ages. 

The fundamental resul t  used in the  sequel i s  the  following: 

where L(z) is an  a r r a y  representing survivorship (numbers, or proportions) in 

states 1, .  ... n at exac t  age z .  The time unit used in this calculation i s  a single 

period. Other life-table functions of interest-such as life expectancies, and s o  

on-can be derived from the L(z) a r rays .  The derivation of (2) i s  discussed in 

severa l  sources,  including Rogers and Willekens (1986); Keyfitz (1986); and Willek- 

ens  et al .  (1982). 

Incorpora t ing  duration-dependence. W e  now consider an extension of the  

above formulation to the  case in which transition rates vary by duration of expo- 

s u r e  to r isk as w e l l  as by age.  W e  denote the model a "duration-dependent multi- 

state life table" (DDMSLT). That is, w e  suppose that  a t  each age, z ,  t he re  is a 

separa te  matrix of transition rates of the  form found in ( I ) ,  pertaining to persons 

in duration categories d = 0 , l ,  ..., z . A person of age z will be in duration 

category d if the most r ecen t  anniversary in the s ta te  current ly  occupied w a s  the 



d-th anniversary. Obviously d S z at each age z .  

Note tha t  "duration category" has a r a t h e r  special  relationship to "duration" 

in this formulation. A t  exac t  age z ,  someone in duration category d has been in 

t he i r  cu r r en t  s ta tus  at least  d ,  but less than d + l ,  time units (years). A t  age 

z +& (0 < & < I ) ,  th is  person may have passed the  d +l th  anniversary, depend- 

ing on the exact  timing of the  previous transition. Y e t  w e  classify individuals only 

with respec t  to the  duration category occupied on a given birthday. 

In view of the  way in which age- and duration-dependent transition rates are 

defined here ,  the  essence of the  proposed model i s  as follows. First, the L ( z )  ma- 

t r i x  of survivorship according to status  occupied, i s  modified to accommodate 

duration-dependent rates. Then, the  ra tes ,  suitably arranged,  are manipulated us- 

ing essentially the  s a m e  mathematics as in the usual MSLT case,  yielding L(z+l).  

Someone in state i ,  and duration category d ,  at age z ,  and who survives to age 

z +1 in state i ,  has  necessarily advanced to  duration category d +l. Thus, the ele- 

ments of L ( z  +1) are relabelled at age  z +I ,  to ref lect  the  advancement or "promo- 

tion" in duration. This process  continues until the  terminal age of the  life table 

has been reached. 

I t  should be recognized tha t  in t he  expanded formulation duration has not 

been incorporated into the state space. If duration were to be incorporated into 

the  state space,  w e  would be required to contend with quantities described as the  

"rate of movement f r o m  state i , d "-with d indexing duration categories-"to state 

i',d'". Instead, w e  are concerned h e r e  with quantities described as the "rate of 

movement f r o m  state i to i ' ,  given tha t  duration at last anniversary w a s  d at  ex- 

act age z ". The distinction i s  r a t h e r  fine-and the  verbal description of the  rates 

used he re  is  somewhat cumbersome-but the formulation adapted h e r e  greatly fa- 

cil i tates computation, as shall  be seen. 

W e  f i r s t  develop the  approach fo r  a simple case in which flows out of all states 

are governed by duration-dependent transition rates (or, m o r e  simply, all  states 

are "duration-dependent states"), with one set of rates at each duration category 

up t o  age w (the maximum attainable birthday). The model requires  tha t  at age z ,  

w e  have a sequence of matrices Md(z), Mo(z), Ml(z), ..., M, ( z ) ,  each of which is  in 

the  f o r m  of (1). The subscripts A, 0 ,  1, ... refer to duration categories.2 As noted 

before,  category d refers t o  those whose last anniversary in the cu r r en t  status 

Zlndividual elements of Md(Z) now bear three subscripts: mlld(z) i s  the rate of j + i move- 
ment between exact ages Z and Z 4-1, given that the duration category in s ta te  j at age z i s  d. 



w a s  the d th anniversary. 

Duration category A plays a special role in the model. This is the category 

entered if a transition occurs  between ages z and z + l .  In words, an off-diagonal 

element of MA(z) is  the "rate of j-to-i movement between ages z and z +1, given 

that  a k-to-j  move has taken place since exact  age  z ". Someone who has experi-  

enced a transition into s ta tus  i between ages z and z + l  will be in duration 

category 0 at exac t  age z +l. Therefore,  what we are calling duration category A 

might as easily (but not as tidily) be called category "-1". 

Calculations fo r  the DDMSLT are greatly facilitated if t he  rates are ar ranged  

in the following way. First ,  l e t  DMd ( z )  denote the matrix of Md (z ) ,  with i ts  off- 

diagonal elements replaced by zeros. Second, let CMd (z )  be the  matrix Md ( z )  with 

i ts  main diagonal elements replaced by zeros.  Then Md ( z )  = CMd ( z )  + DMd (z).  A l l  

t he  matrices aWd (z)  and CMd (z) ,  d = A,O,l, ..., z ,  a r e ,  of course,  n-by-n matrices. 

The full matrix of age- and duration-dependent ra tes ,  analogous to (1) but now 

denoted M* ( z ) ,  i s  defined as follows: 

M* ( z )  is  thus an  (nz +2n)-by-(= +2n)  matrix of rates. Moreover, i ts  diagonal is  

the duration-dependent counterpar t  to the corresponding diagonal in the usual 

MSLT case: fo r  a given duration category, d ,  the  diagonal element of M* ( z )  equals 
m 6jd ( z )  + myd (2). The matrices Mo(x), Ml(z), ..., have thus been pulled 

i f j  

apa r t ,  with the i r  off-diagonal elements appearing in a band across the top of (3), 

while their  diagonal elements appear  as the  diagonal of (3). 

In o r d e r  to conform to M* (z ) ,  t he  L ( z )  a r r a y  of survivorship figures must be 

a column vector of the  form 

the  symbol " 1 " indicating grouping by duration category; an element Ltd(x) 

represen ts  the number (or  proportion) of the  radix population in state i , duration 



category d , a t  exact  age z . The f i r s t  n elements of 1 ( z )  a r e  zeros,  correspond- 

ing to duration category A. I t  is  impossible t o  occupy category A a t  exact  age z ;  

r a the r ,  as noted above, transitions occurring between ages z and z+1 are tan- 

tamount t o  moves into category A. 

Now, let  1 * ( z )  be the result  of the following operation, analogous t o  tha t  given 

in (2): 

Since M * ( z )  i s  a matrix with ( n z + 2 n )  rows and columns, the computational 

requirements necessary to calculate I * (z )  may appear  formidable. However, this 

turns out not t o  be so. To simplify notation, let  Y = (I + - M'(z))  and 
2 

Z = ( I -  -). The patterns of ze ro  and nonzero elements in both Y and Z a r e  
2 

the same as in M *  (2). Then Y can be written in partitioned form as 

where R = MA(z); S = [CMo(z) CMl(z) - CM=(z)]; and 

S i s  thus n-by-(hz + n ) ,  while T is a diagonal ( h z  +n)-by-(hz + n )  matrix. Z can 

be similarly partitioned, and written as 

I t  can  easily be verified tha t  

%ere we consider the simple situation of a single radix state, in which case 1 ( z )  i s  a vector. 
More generally, L(Z) i s  a matrix with as many columns as there are initial statuses. 



Since T is diagonal, i ts  inverse is trivially easy t o  calculate. Thus, only fo r  R ,  an 

n-by-n matrix, is a matrix-inversion algorithm required. This matrix inversion 

problem is of the same computational o r d e r  as in the MSLT with the same state- 

space, but without duration-dependence. 

Using (6) we can rewrite (5) as 

The data-storage requirements associated with (8) a r e  admittedly much g rea t e r  

than in the usual MSLT case. However, since T  and W a r e  both diagonal, they can 

be s tored as vectors [of length nz +n] ;  the diagonal matrix product T ' W  can be 

obtained directly and similarly s tored as a vector. 

The vector I*(=) contains, in i t s  f i r s t  n elements, the a r r a y  of survivors t o  

agz  x +1 who made transitions between ages x and x + l .  These individuals neces- 

sarily a r e  in duration category 0 at age x + l .  The next n elements contain the ar- 

r a y  of survivorship t o  age x +1 of those in duration category 0 at age x ;  these in- 

dividuals have not made a transition between ages x and x +1, and thus have ad- 

vanced t o  duration category 1 ;  and s o  on. Thus, I* (x ) is of the  form 

The vector L*(x) must be manipulated into the form given by (4). in o r d e r  that 

the computation can proceed t o  the next age. In o ther  words, the f i r s t  n elements 

of L(x +1) must be zeros,  the  next n must denote survivor in duration-category 

zero,  and s o  on. To do this, we merely augment L ' ( x )  above with n zeros, and rela- 

bel the augmented vector 1 (x +I) .  The manipulation required can be expressed in 

matrix form as 

where A is an  (nz +3n )-by-(= +2n ) matrix of the form 



Combining (5) and ( lo) ,  we can represen t  the  basic DDMSLT calculation as 

IncLuding s t a t e s  whose r a t e s  a r e  not durat ion-dependent .  The previous 

section presented the  essential mathematics of the  DDMSLT, but only f o r  the case 

in which all  transition rates are durationdependent.  However, such a simple case 

is often inappropriate in practice.  For example, in a marital s ta tus  life table 

t he re  can be no independent age and duration-dependence in rates of en t ry  into 

f i r s t  union; similarly with f i r s t  employment in a working-life table. In both exam- 

ples, the  analyst would typically study a synthetic cohort  whose life begins in a 

purely age-dependent state (e .g . "never married" or "never worked"). 

In contrast ,  if the  states are geographic regions, and the  transitions of in- 

terest are migration pat terns ,  i t  is possible to be born into a durationdependent 

state. Here,  though, another special  point must be recognized. If i t  i s  possible to 

be  born into a duration-dependent s ta te ,  then at exact  age z one should expect  to 

see individuals in duration category O,l, ... , z  . Those in category d entered the i r  

cu r r en t  status between the i r  z -d -1th and z 4 t h  birthdays. In general we antici- 

pate  that  the exac t  durations of those in duration category d are distributed (ap- 

proximately evenly) on the  interval [d , d + l ) .  Y e t  those in duration category z 

have in fac t  never  moved, and their  exac t  duration in s ta tus  i s  a lso z ,  the  s a m e  as 

the i r  exac t  age. This distinction must be  born in mind, especially when preparing 

the  input data  f o r  a DDMSLT model. 

Only a slight modification of the  apparatus described above is  necessary, if 

s o m e  states are not duration-dependent. Suppose that  nl states are not duration- 

dependent, while n2 are duration-dependent. W e  simply a r r ange  the L ( z )  a r rays ,  

and the M' ( z )  matrices, such that  the non-duration-dependent states appear  first .  

Now, the Mb(z) submatrix has  the  s t ruc ture  

where Mfl)(z)-which is  nl-by-n l-represents flows within the set of non- 

duration-dependent s ta tes ,  M f 2 )  ( z  )-which i s  n l-by-n l--represents flows from 

duration-dependent to non-duration-dependent s ta tes ,  and so on. However, since 

the f i r s t  nl states do not depend on duration, there  are no corresponding subma- 

t r ices  ~ 6 l l ) ( z ) ,  - . , ~ ! ~ ~ ) ( z )  or M ~ ~ ' ) ( z ) ,  . . , Mi2')(=). Thus, M1(z), the full 



matrix of rates used in t h e  DDMSLT, changes to accommodate t h e  set of non- 

duration-dependent rates in  only t h e  following ways: across t h e  top,  we find the  

sequence Mi") ( x ) ,  Mf2) ( x ) ,  M0(12) (x) ,  - . . , M2(lZ)(x); down t h e  lef t  s ide ,  we find 

(again) hff1)(x), then  M ~ ~ ' ) ( X ) ,  and then zeros.  With t h e  rates a r r a n g e d  th i s  way, 

t h e  computational approach  descr ibed above st i l l  applies. 

m e n - e n d e d  d u r a t i o n  categories.  In some applications durat ion of exposure  

to r i sk  will be  categor ized in t h e  r e s t r i c t e d  set O, l ,  ..., u , where u i s  a n  open- 

ended uppermost ca tegory.  I t  may be ,  f o r  example, t h a t  t h e o r y  suggests t h a t  t h e  

heterogeneity within a c o h o r t  s o r t s  itself out  in the  f i r s t  few years ,  a f t e r  which 

susceptibility to r i s k  is  constant.  I t  may also be  the  case t h a t  available data  are 

insufficient t o  r e v e a l  stat ist ically significant d i f ferences  in rates of movement by 

durat ion f o r  l a rge  values of duration.  

The e f fec t  of using a n  open-ended upper  duration ca tegory  i s  t h a t  those who 

are in s t a t e  i ,  durat ion ca tegory  u ,  at a g e  z ,  and who d o  not ex i t  to some o t h e r  

state between a g e s  z and x +1, r e m a i n  in duration ca tegory  u at age  x + l ;  t h e r e  

are no f u r t h e r  "promotions". This modification obviously mat ters  only at a g e s  

z > u . For  ages  x > u , t h e  dimensions of 1 (x  +1) and 1 ( 2 )  are t h e  same, contain- 

ing nu +n elements. In a l l  o t h e r  respec t s ,  t h e  calculations descr ibed above are 

t h e  same, excep t  tha t  t h e  matrix A, now i s  a n  ( n u  +n)-by-(nu + n )  matrix of t h e  

f o m  

f o r  x > u.  In th is  form, A, causes those  newly promoted into durat ion ca tegory  u 

to b e  added t o  those  a l ready  in ca tegory  u .  

P a n s i t i o n s  w h i c h  p r e s e r v e  d u r a t i o n .  A s  a final var iant  form of the  model. 

we consider  t h e  exis tence of moves between states which do not set the  durat ion 

clock back to zero;  i.e. they d o  not change t h e  s t a tus  var iable  f o r  which t h e  dura-  

tion clock i s  running. One example of such a si tuation i s  a combined marital  s t a tus  

and fer t i l i ty  model, in which marital  s t a tus  transit ions depend upon marital  s t a tus  

durat ion (as well as age) ,  while pa r i ty  transit ions e i t h e r  depend upon marital  



status  duration (and age) or on age only. In such a model a birth,  unaccompanied 

by a marital status change, leaves marital duration unchanged. A s  another  (and 

formally equivalent) example, a table of working life might distinguish the employ- 

ment statuses "never worked", "employed", "unemployed", and "withdrawn from the  

labor  force", with rates of movement between employment and unemployment 

duration-dependent, while simultaneously keeping t rack  of the  number of job 

changes experienced; here ,  increments to the  count of job shifts function exactly 

as par i ty  in the  marital status/ferti l i ty example given above. Still a third example 

can be constructed using the  s a m e  four-state employment model, but distinguishing 

those with a single concurrent  employer from those holding a secondary job. 

Here,  transitions between the  states "single concurrent  employer" and "multiple 

jobholder" can take  place without setting the  duration-of-employment clock back 

to zero. In each of these examples, the state space i s  in s o m e  sense two- 

dimensional (marital s ta tus  plus parity;  employment status plus cumulative number 

of employers, and so on). 

Examples such as these can be f i t  into the basic framework described above, 

and complicate the  mathematics only slightly. In par t icular ,  t he  matrix M' ( z )  is  

now block-diagonal instead of diagonal, the size of each block depending on the  

number of "duration-preserving" states that  are included in t he  model. Otherwise, 

the  matrix [and the  computational approach embodied in equation (8 ) ]  is  essential- 

ly the s a m e .  A concrete  illustration is  provided in  the  appendix. 

Sammary Indicators Based on the Model 

The sequence L (O), L ( I ) ,  . . . , L ( z ) ,  . . . obtained as described above can se rve  as 

the  basis f o r  calculating an  extensive set of re la ted quantities, including generali- 

zations of the  person-years lived and expectancy calculations associated with the 

usual MSLT. 

The a r r a y  of survivorship figures at each age produced by equation (10) is  

grouped by duration r a t h e r  than by state occupied, and hence is  somewhat awk- 

ward f o r  purposes of displaying and interpreting the results.  A m o r e  convenient 

arrangement is one in which survivorship at each age i s  grouped by cu r r en t  s ta te ,  

and by duration within s ta te ,  yielding the following matrix r: 



The LiA(z) entr ies ,  which are always ze ro  and therefore  convey no r ea l  informa- 

tion, are nonetheless included in (12) because they facilitate the l a t e r  calcula- 

tions. 

In (12), age runs  from left  t o  r ight  r a t h e r  than from top to bottom in the usual 

case. Within each column of r survivorship is  shown by duration within states. 

More generally, t h e r e  would be such an  rma t r ix  f o r  each radix considered. 

CaLcuLation ofL ('z) and related quant i t i es .  In t he  usual MSLT the  L ( z )  a r r a y  

provides the person-years lived between ages z and z +1 in each state. In the 

DDMSLT, this information is  disaggregated by duration category, fo r  duration- 

dependent states. For simplicity consider a single column r ( z )  selected from r. W e  

also make use of the  corresponding column r ( z ) ,  consisting of the e n d ~ f - y e a r  

(pr ior  t o  relabelling) survivorship figures produced by equation (5), but rear- 

ranged as in (12). That is ,  the  f i r s t  row of contains liA (0). ..., liA (z), . .  . -or, 

equivalently, LlO(l) ,... , Llo(z +I),... -the a r r a y  of survivors t o  age z +1 who a r e ,  at 

age z +1, in status 1 and duration category zero. Employing the  usual l inear sur- 

1 - vivorship assumption w e  can calculate L ' ( z )  = -[L ( z )  + r* (z)]. Here,  the  aster ix  
2 

indicates tha t  L (z  ) is a provisional quantity. Now,  the  d th en t ry  in L ( z  ) gives 

the  number of person-years lived between ages z and z +1, by someone in status 1 ,  

duration category (2, at exac t  age z .  The n +d th  entry gives the  corresponding 

figure f o r  someone in s ta tus  2 ,  duration category d ; and s o  on. 



If someone is  in state i, duration category d ,  at age z ,  and survives to age 

z +I and remains in s ta te  i  then p a r t  of that  person-year of experience must be al- 

located t o  category d ,  and p a r t  t o  category d+1. In keeping with the linear sur-  

vivorship assumption, w e  allocate one-half a person-year's experience t o  each 

category. However, rows 1 ,  n +1, 2 n  +l,. . .  , of L * (2)-which equal, respectively, 

1 1 
- [ I  lA(z) + 1 1 0 ( ~  +I)], -[LzA(z) + 1 20(z +I)], ... -consist of experience lived ex- 
2 2 

clusively in duration category zero. Recall tha t  l iA(z) = 0 --one cannot occupy 

duration category A on one's birthday-while li o ( z  +1) contains the  new ar r iva ls  in 

s ta tus  i  as of the  z +lst birthday. Thus, these rows of L * ( z )  must be allocated ex- 

clusively t o  duration category zero. 

Let L ( z )  be t he  column vector  [Llo(z),Lll(z) L i d  ( z ) . .  . L ( z ) ] '  where 

Lid ( 2 )  represen ts  t he  number of person-years lived in s ta te  i ,  duration category 

d ,  between ages z and z +I. The reasoning of the  preceding paragraphs suggests 

tha t  w e  obtain L ( z )  as follows: 

and 

f o r  d > 0. A compact matrix expression f o r  (13) is  

where B is a vertical concatenation of n repetitions of the w-by-w matrix 

A matrix L containing, in  succession, the column vectors L (O),L ( I ) ,  ..., L (w -1) 

would display the distribution of the life table population's experience by state and 



duration category, yea r  by yea r  from bir th  t o  the terminal age considered, from 

the  perspective of a specified initial status.  A s  in the  MSLT, w e  can go  on to calcu- 

late Ty(z),  t he  total number of person years  lived in each status/duration 

category from exact  ages  y t o  z , using 

Of par t icular  interest  i s  To(w), the total  lifetime person-years of experience, or 

the  expectation of life at bir th ,  a lso denoted Eo. Again, all those quantities impli- 

citly condition on a single specified initial status.  

The lifetime experience of the population in state i i s  given by 

while the  proportion of this experience t ha t  is  lived in between the d t h  and d +l th  

anniversary i s  

If i is  a state which can be reentered,  and from which exi t  occurs  fairly rapidly, 

then a substantial proportion of the  total expectation of time spent in i may pre- 

cede the f i r s t  anniversary of en t ry  into i . Using (14), i t  i s  possible t o  trace out a 

frequency distribution, by duration category, of the  life-table population's lifetime 

experience in a given status. 

Addit ional  s u m m a r y  ind i ca to r s .  The information contained in the  sur- 

vivorship matrix can be used to derive fu r the r  summary indicators, unique to the  

DDMSLT. First, w e  can approximate the  average duration of cu r r en t  time-in-status 

(or ,  in renewal-theoretic language, backwards recur rence  times) at each age. A t  

age z ,  those in s ta tus  i, duration category d ,  have on average been in state i f o r  

1 approximately d +- years .  Using this assumption, w e  can compute average back- 
2 

wards recur rence  times f o r  s ta tus  i as 

the  las t  t e r m  reflecting the fac t  t ha t  those in duration category z at age z must 

have been in status i continuously since birth.  



It  is  also possible to compare the  survivorship of successive age cohorts  of 

entrants  into a given status, f o r  example those entering status i at ages al  and a 2 ,  

by simply reading along the appropriate  diagonals of r. In the f i r s t  instance, the 

survivorship is given by the  sequence Li o(al), Li , (al  + l ) ,  Li2(al + Z ) ,  - - ; in the 

second instance, i t  i s  the sequence Li 0(a2),  Li ,(a2+1), Li 2(a2+Z), ...; and so on. Fi- 

nally, the median time to ex i t  (by any reason) can be approximated, simply by find- 

1 
ing d' such that  Lid .(z +d ') w Li o(z).  

Data  Bequirements 

The input da ta  required f o r  a DDMSLT might be provided by several potential 

sources.  Retrospective event-history data,  collected in surveys with adequate 

sample sizes, can often be  used t o  estimate the  necessary rates directly. A migra- 

tion survey might, f o r  instance, collect the dates, origins, and destinations of all  

moves made during the  previous 12 months. In combination with date-of-birth data,  

age- and duration-category-specific r a t e s ,  as defined previously, can be tabulated. 

Information on second (and higher+rder) moves within the period can also provide 

d i rec t  estimates of the MA(z ) rates. 

A second potential source  of t he  necessary data  i s  a population registration 

system, such as tha t  found in s o m e  European and Scandinavian countries. In such a 

system the population can be  classified according to y e a r  of birth (yob) and yea r  

of las t  event h o e )  as of the beginning of a calendar year ,  and events experienced 

during the year  by each yob-yoe combination can be counted. From these counts, 

in combination with a suitable assumption about exposure (i.e. the  distribution of 

the midyear population) the necessary rates can be computed directly. Data of 

this sort, from Finland, has in fac t  been used to  construct a marital status/parity 

DDMSLT, some resul ts  from which are reported in Lutz and Wolf (1987). Similar 

data  are also described and utilized by Keilman and Gill (1986), who also provide a 

more elegant approach to calculating the rates. 

A third potential source  of data  is  a vital-event registration system such as 

that  found in the United States.  For example, the Standard Certificate of Divorce, 

Dissolution of Marriage or Annulment used in the U.S. Divorce Registration Area 

provides f o r  the registration of divorces according t o  each former spouse's yea r  

of bir th ,  and the y e a r  of marriage (although the published divorce data  are not ta- 

bulated according t o  both time concepts simultaneously). 



Although Vital-Event records  might se rve  a s  a source of occurrence data  f o r  

rates in the form required by the DDMSLT, the  analyst would still face the  problem 

of assembling the  requisite exposure data. This is complicated by the presence of 

a second time dimension--duration, in addition to age-to be  allocated t o  the  ap- 

propriate  units. If, f o r  instance, a midyear survey were taken in which age and 

duration-category of cu r r en t  s ta tus  were ascertained, i t  would be necessary to al- 

locate the  population in a given age/duration-category combination to four dif- 

fe ren t  yob/yoe combinations. Conversely, i t  can easily be  shown that  a given 

yob/yoe "cohort" passes through four different age (at  last  birthday)/duration (at  

last  anniversary) combination during a calendar year .  

The rates used in the  DDMSLT can be viewed a s  a finite-valued approximation 

t o  intensities defined on a continuous s e t  of ages and durations, and denoted a s  

mij(a ,d) .  The approximation embodies a simplifying assumption, namely tha t  the  

rates a r e  constant over  subregions of a-d space with unit a r ea .  The subregions 

happen t o  be  parallelograms. A more natural simplifying assumption, perhaps,  is 

that  the  r a t e s  a r e  constant over  unit subregions defined by age-at-last-birthday, 

dura t iona t - las tanniversary  integers,  tha t  is  unit squares.  Let us denote rates of 

the latter form as mijad, the  use of subscripts reflecting the  integer nature  of the  

age and duration arguments. Since in some applications rates defined on unit 

squares  may be available, o r  more easily calculated, i t  i s  worth considering how to 

translate  from them to  t he  r a t e s  w e  have denoted mijd(a)-that is, rates in the 

form required f o r  the  DDMSLT. 

The translation is  r a t h e r  straightforward. First ,  since someone who en te rs  

s t a t e  i between ages a and a +1 necessarily has a (continuous) duration-in-status 

less than 1, the  following equation holds: 

NOW, a t  exact  age a ,  people in duration category d (in the  sense used in this pa- 

pe r )  can be  assumed to be  distributed more o r  less uniformly on the [d , d  +1) inter- 

val of continuous duration-in-status. In the coming year ,  about half the i r  exposure 

will thus be lived beyond the  d +1th anniversary. Thus, fo r  d > 0, w e  can write 

If an open-ended duration interval is  used in the  DDMSLT, (15) holds only f o r  

d > u ;  fo r  d r u the two alternative approximations are again equal. 



An Example 

Several of the features  of the DDMSLT a r e  illustrated he re ,  using as an exam- 

ple an abbreviated and great ly  simplified marital s ta tus  model, employing data  f o r  

U.S. females fo r  the  1980-84 period. Only four  statuses-single (S), first-married 

(M), divorced @), and widowed (W)-are considered. Divorce and widowhood are 

t rea ted  as absorbing s ta tes .  Of the  th ree  possible marital-status transitions, only 

tha t  from married to divorced is  t rea ted  as duration-dependent.. Only experiences 

from age 15 to 50  are t rea ted .  

For two of the transitions-single to married, and married t o  divorced-rates 

were calculated from responses given to the marriage and ferti l i ty history ques- 

tionnaire appended t o  the  June 1985 Current Population Survey (CPS). True 

occurrence-exposure rates were computed, with exposure,  in integer-valued age  

and duration categories,  measured in person-months. For combinations of age and 

duration intervals with few occurrences and/or l i t t le exposure,  aggregation over  

age and duration was used to impose a modest amount of regularity on the  data.  

The DDMSLT calculations were still performed f o r  single-year-of-age/single- 

duration-category combinations, but with rates t rea ted  as constant for s o m e  

groups of age/duration categories;  f o r  example, a single r a t e  was calculated fo r  

divorce rates among women aged 30-49, in years  0-4 of marriage (the m o s t  extreme 

case of grouping used). Finally, divorce rates at a given age  were t rea ted  as con- 

s tant  at durations 15 years  and over.  

Selected duration-dependent divorce rates used in the  example are plotted in 

Figure 1. The lines show the rates f o r  duration categories 0 ,  5, and 15+. The 

th ree  lines plotted make c l e a r  the substantial variability found in age-specific di- 

vorce r a t e s ,  according to the  duration of marriage. The grouping scheme 

described above is  also ref lected in Figure 1: the  duration-zero rates ,  for exam- 

ple, behave as a step-function a f t e r  age 22. I t  should be noted that  ou r  purpose 

he re  is not to in t e rp re t  or explain such differences--as, f o r  example, period ef- 

fects ,  or age-of-marriage effects,  or pure  duration effects (for effor ts  in this 

direction s ee ,  f o r  example, Thornton and Rodgers, 1987)-but merely to recognize 

and take account of the differences, whatever the i r  origin. 

For purposes of comparison, divorce rates depending on age only. calculated 

from the  same CPS occurrence-counts and exposure data ,  a r e  plotted in Figure 2. 

No grouping or smoothing w a s  imposed on these data. The divorce rates (which 

per ta in  to f i r s t  marriages only, f o r  the period 1980-84) s e e m s  somewhat low com- 

pared t o  the U.S. Vital Statist ics data  fo r  1982 (which pertain to all marriages); 



Figure 1. Selected duration-dependent divorce rates, by age: U.S. females, 
1980-84. 

Age 

underreporting of divorces has  been noticed in previous administrations of the 

CPS Marital and Fertility History Supplement (see Espenshade and Wolf, 1985), and 

may be operating he re  as well. 

The illustrative model is  fu r ther  specified by the use of 1982 death rates fo r  

all  females (treated as constant over  marital statuses and durations) and widow- 

hood rates-using the  1982 death rate of men two years  older  than the married 

woman's cu r r en t  age-from U.S. Vital Statist ics sources.  

In Table 1 are shown the columns 320) ,  r(25),. ..,r(50) produced by the  input 

rates just described. The radix fo r  this matrix is 100000 single women aged ex- 

actly 15 years  old. The s ta tus  "married,dM means "married, in duration category 

d". A t  age 20, married women are found only in duration categories 0 ,  ..., 4; at each 

successive 5-year observation period they a r e  arranged over  5 additional dura- 

tion categories. I r regular i t ies  in the duration distribution, at ear ly  durations, be- 



Figure 2. Age-dependent divorce rates:  U .S. females, 1980-84. 

l i l j l l l l  i l l 1  j i l l  l ( l i l i / i i l i j i i i i  - 
- - 
I - 

I 

: I 
- 
3 - 
3 - - 

I - 5 
1  
'I 

- - 
(-al 3 'I 

I 
I W i r  

- - \ ,P, p\ 9 

'$ *,,{ I#--,-, . - - I - 
'I - 

r14 
'I 

l u A '? - 
5.. ..=. 

= '\. 9 

""5.. 4 
rn 3 - * L-=j-\.. - - 

! f l i J l  ! j  1 1 1  
p--=.. 

f i , l l l l ! f ! l !  1 ! 1 1 1 1 l 1 1 1  
9 

'-' 
r5 15 &J r5c 35 40 45 

L 3 

gin to appear  in t he  r(40) column, a consequence of the  unsmwthed age-at- 

marriage rates used in the calculation of the table. 

The final column of Table 1 gives the  status-specific expectation of life (times 

100000) from age 15 to 50; thus 12.70 years  (per woman) are expected to be lived 

in the s ta tus  single, 0.59 yea r s  are expected to be  lived in the  status widowed, and 

3.29 years  are expected to be lived divorced (recall  tha t  widowhood and divorce 

are t rea ted  as absorbing states).  Of the  total  expectation of life in the married 

state (17.96 years),  0.85 years-4.7 percent-is lived in duration category zero, 

0.83 years-4.6 percent-is lived in duration category one, and so on, with a declin- 

ing percentage lived in each successive duration category. This frequency pattern 

ref lects  the combined effects  of the  pat tern of age at f i r s t  marriage and the dif- 

ferential  divorce r isks  by marital duration. In a t rue  increment-decrement table, 

with re-entry into the married state a possibility, the frequency pattern of 

marital-duration experience would also ref lect  the  age pat tern of higher-order 



Table 1. Selected life table functions, duration-dependent marital status life table 
f o r  United States. 

Total 
Status l(20i l(25) l(30) 1(35) l(401 l(451 l(5Oj Person-years 

Lived 

Single ; 
Ididowed 

Divorced 
Harried,O 
Harried, 1 
Harried,2 
Harried,3 
Harried,4 
Harried,5 
Harried,& 
Harried,7 
Harried,8 
Harried,9 

Married,lO 
Harried,ll 
Harried,l2 
Harried,l3 
Harried,lS 
Harried,l5 
Harried,lb 
Harried,l7 
Harried,l8 
Harried,l9 
Harried,20 
Harried,21 
Harried, 2 2  
Harried,23 
Harried,24 
Harried,25 
Harried,26 
Married,27 
Harried,28 
Harried,23 
Harried,30 
Harried,31 
Harried,?? 
Harried,33 

marriages. 

For purposes of comparison, an  ordinary MSLT f o r  the same marital status 

model, differing only in the use of purely age-dependent divorce r a t e s  (illustrated 

in Figure 2). A t  each age, the two tables a r e  identical with respect  t o  the status 

never-married. And, f o r  the f i r s t  several  ages, the two tables a r e  identical, o r  

nearly so, in all o the r  respects  as well. Thereafter,  the proportions married and 

divorced differ, as a consequence of controlling f o r  duration of marriage. The 



propor t ion marr ied is  h igher  at all ages  in t h e  DDMSLT than in t h e  MSLT (with t h e  

exceptions of e x a c t  a g e s  1 9  and 21)-as much as 1.5 p e r c e n t  higher.  G r e a t e r  rela- 

t ive di f ferences  are found f o r  t h e  propor t ion divorced; in  t h e  DDMSLT t h e  propor-  

tion divorced i s  as much as 9.2 p e r c e n t  lower (a t  e x a c t  age  32) than t h e  MSLT. 

Differences this l a r g e  can,  of course ,  be c r i t i ca l  in some projection applications, 

suggesting the  importance of accounting f o r  duration effects  when the  requisi te 

da ta  c a n  be assembled. 

Table 2. Selected transit ion probabil i t ies (times 100) from mari ta l  status DDMSLT; 
various initial statuses. 

Initial s t a tus  

Age 15 Age 2 5  Age 35 

Subsequent s ta tus  
Age 40: S 16.0 36.9 - - 84.8 - - - 

D . 14.3 4.9 11.2 16.7 0.4 4.2 2.9 2.6 

Age 45: S 14.0 32.4 - - 74.3 - - - 
D 15.5 6.1 12.7 18.0 1.1 6.8 4.5 4.3 

Age 50: S 13.4 30.8 - - 70.8 - - - 
D 15.8 6.7 13.0 18.3 1.8 8.1 5.0 4.8 

Selected transit ion probabil i t ies from the  DDMSLT are displayed in Table 2.  

With t h e  exception of t h e  S + S probabil i t ies,  a l l  depend in  some way on the  pres-  

e n c e  of duration-dependent rates in the  analysis. The durat ion e f fec t s  are most 

pronounced f o r  t h e  M + D transi t ions  from a g e  25: newly-married women at age  2 5  

are much less  likely than 2 5 y e a r  old women in t h e i r  fifth y e a r  of marriage,  to be  

divorced at ages  40, 45. and 50. In contras t ,  newly-married women at a g e  35 are 

more likely than 35-year old women in t h e i r  fifth, or tenth,  y e a r  of marr iage,  to be 

divorced at ages  40, 45, or 50. 

Finally, we can  compute a v e r a g e  backwards r e c u r r e n c e  times, which in th is  

example is  merely t h e  a v e r a g e  duration of marr iage,  f o r  those cur ren t ly  married,  

at e v e r y  age.  The a v e r a g e s  are plotted in Figure 3 ,  which revea l s  t h a t  t h e  aver-  

age  durat ion of c u r r e n t  mar r iage  r i s e s  slowly at f i r s t ,  reaching approximately 7 

y e a r s  at age  30, and rising essentially Linearly from a g e s  30 to 50. 



Figure 3. Average durat ion of marriage,  f o r  those-current ly  marr ied.  

S-ry  

A method f o r  generalizing t h e  multistate, increment-decrement life table ,  t o  

include rates which v a r y  by duration of exposure  to r i sk  as well as by age,  h a s  

been proposed.  The method builds upon t h e  l inear  approximation or l inear  in- 

tegrat ion hypothesis developed primarily by Rogers  and his colleagues. A 

computationally-efficient arrangement  of the  necessary  rates has  been presented,  

one which r e q u i r e s  inversion of matrices no l a r g e r  than those  one  would encounter  

in t h e  corresponding multistate life table without duration-dependence. 

The proposed method hinges on the  use of rates classified according to age,  

(at  l a s t  bir thday) and duration-category-at-last-birthday, simultaneously. 

Duration-category, in tu rn ,  i s  simply a classification of t h e  continuous duration- 

in-status concept  according t o  durationat-last-anniversary. The essence of t h e  

approach  is ,  f i rs t .  tha t  given the  way in which t h e  rates are defined they are 

piecewise constant (over  unit intervals) ,  and,  second, t h a t  survivorship  in a given 



status/duration-category from one birthday t o  the  next implies advancement o r  

promotion t o  the next duration category. 

Provided tha t  the  necessary data can be assembled. the method outlined he re  

yields a considerably r i c h e r  a r r a y  of indices of lifetime experience than does the 

usual life table. This r i c h e r  a r r a y  includes an  allocation of status-specific life ex- 

pectancies according to duration category, median waiting times in each status.  

mean time-in-status (backwards recur rence  times) at every  age,  and the  ability t o  

compare the  survivorship of different groups according to the i r  ages of en t ry  into 

a given status. 

The technique w a s  i l lustrated with a simple 4-state marital-status model, only 

one transition of which (marriage t o  divorce) w a s  t rea ted  as duration-dependent. 

Even in this simple example, in which a res t r ic ted  age range  w a s  considered, the  

new method w a s  found t o  produce resul ts  at considerable variance with the  conven- 

tional approach. A t  some ages,  the  proportion divorced was as much as 9 percent  

lower with the more general model. Given the widespread use of the ordinary mul- 

t is ta te  life table in a wide range of substantive applications, the  method proposed 

h e r e  would s e e m  t o  be of considerable pract ical  importance as well. 



Appendix 

T h e  DDMSLT with Duration-Preserving States 

Consider the  c i rcu la r  pa t te rn  of possible flows in an unlabelled set of five 

s ta tes ,  depicted with 2's in Figure A.1. Suppose tha t  1 -, 2 and 5 -, 1 moves are 

duration-dependent, and tha t  all o the r  moves depend on the  duration since moving 

into state 2. In this  illustration, a 1 -, 2 move i s  like a change of marital (employ- 

ment) status,  while 2 -, 3 and 3 -, 4 moves are like parity progressions (job shifts), 

as discussed in t he  text.  

Figure A . 1  Flows in hypothetical state space. 

Origin state 

Destination 
state 

In constructing the  M a ( z )  matrix, w e  must a r r ange  the rates such tha t  2 -, 3 

and 3 -, 4 moves preserve  the duration of time since a r r i va l  in state 2. This re- 

quires arranging the  r a t e s  as in equation (A.1). To simplify, the dependence on z 

(age) has  been dropped from the notation, and the main diagonal en t r ies  are 
5 

represented in shorthand; tha t  is  f jd = mjbd (2)  + mijd (2).  The only way in 
i =l 

which M * ( z )  in (A.l) differs  from M * ( z )  shown in equation (3) of the  tex t  is  the  way 

in which the  duration-specific submatrices Mo(z), ... ,Mz (2) are "pulled apar t"  when 

forming M * (2) .  Rates of duration-preserving moves now appea r  in the diagonal 

block of M * (2 )  r a t h e r  than in the  band across  the top. Reverting t o  the notation 

f o r  the  partitioned M a  (2 )  matrix, a s  used in the  text,  the  submatrix T i s  no longer 

a simple diagonal matrix, but r a t h e r  a block-diagonal matrix. I ts  inverse must be 

computed block by block; again, however, no matrix l a rge r  than 5 - b y 3  (the 

number of s ta tes)  must be inverted. Given the slightly more complex form of T 



(and the corresponding increase in computational requirements) all the rest of the 

procedures laid out in the main text still apply. 
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