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Foreword

In this paper the authors study the Bolza problem arising in nonlinear op-
timal control and investigate under what circumstances the necessary con-
ditions for optimality of Pontryagin’s type are also sufficient. This leads to
the question when shocks do not occur in the method of characteristics ap-
plied to the associated Hamilton-Jacobi-Bellman equation. In this case the
value function is its (unique) continuously differentiable solution and can be
obtained from the canonical equations. In optimal control this corresponds
to the case when the optimal trajectory of the Bolza problem is unique
for every initial state and the optimal feedback is an upper semicontinuous
set-valued map with convex, compact images.



1 Introduction

This paper is concerned with the Hamilton-Jacobi equation

ov ov
-G+ H(2-5) =0, VT = 0 (1)
associated to the Bolza type problem in optimal control:
T
minimize/ L(z(t),u(t))dt + »(z(T)) (2)
to
over solution-control pairs (z,u) of control system
() = flz(t)) +g(z(t))u(t), u(t)eU (3)
.’E(to) = X0

where U is a finite dimensional space and
H(z,p) = sup (p. f(z) + 9()u) — L(z, )

In general H is not differentiable, but here we shall restrict our attention
only to problems with smooth Hamiltonians.

The characteristics of the Hamilton-Jacobi-Bellman equation (1) are so-
lutions to the Hamiltonian system

2() = GEOH0), (D)=
- (4)
20 = Law,p0), pT)= ~Vler)

Such system is also called “canonical equations” or “equations of the ex-
tremals” in optimal control theory, since the Pontryagin maximum principle
claims that if z : [to,T] — R" is optimal for problem (2), (3), then there
exists p : [to,T] — R™ such that (z,p) solves (4) with zr = z(T'). This is
not however a sufficient condition for optimality because it may happen that
to a given zo € R" corresponds a solution (z, p) of (4) with z(tp) = z¢ and
z is not optimal. If such is the case and the optimal solution to (2), (3) does
exist, then by the maximum principle, we can find another solution (z;,p;)
of (4) with z,(t0) = zo and p1(to) # p(to). The situation when there are two
solutions (z;,p;), + = 1,2 of (4) satisfying z;(t0) = zo and p;(to) # p2(to) is
called shock arising in the method of characteristics.



If shocks never occur on the time interval [0, T], then the solution of (1)
can be constructed by considering all trajectories (z, p) of (4) and setting

T
V(to, 2(t0)) = (z(T)) + / L(=(t), u(t))dt
where u(t) € U is such that

H(z(t), p(t)) = (p(t), f(2(1)) + g(2(1))u(?)) — L(2(2), u(t)) a-e. in [to,T]

Then, by [3], V is continuously differentiable,

O (2() = —p(0) & S (12(1) = H(z(0),p(0)

Furthermore V is the so called value function of our optimal control problem.
In summary if we can guarantee that on some time interval [to, 7] there is
no shocks, then the value function would be the continuously differentiable
on [tp, T] x R™ solution to (1).

It is well known that (unfortunately) shocks do happen. This is the very
reason why the value function is nonsmooth and why one should not expect
to have smooth solutions. Also it was shown in [5] and [3] that the value
function is not regularly differentiable at some point (%o, zo) if and only if
the optimal trajectory of the control problem (2), (3) is not unique.

Thus if we provide conditions that guarantee the absence of shocks in
the same time we get the useful information about uniqueness of optimal
solutions. Furthermore, under the same assumptions as in [3] we get the
optimal feedback low on [tg, T] X R™:

U(t,2) = {u € U | Hiz,~ 3 (t,2)) = (~5(6,2), J(2) + 9(z)u) = Lz, )

with the set-valued map U(-) being upper semicontinuous with convex com-
pact images. In this case there exists also exactly one solution of

z' = f(z) + g(z)u(t, ), u(t,z) € U(t,z), z(to) = zo

and it is optimal for problem (2), (3).
It was proved in [3] that the shocks would not occur till time tg if for



every (z,p) solving (4) on [to, T] the matrix Riccati equation

¢ 2 2
Pt oG0P + Py (a(t),p(0)+

2 2
+ P2 a0.p00P + P ey =0 O

| P(T) = —¢"(2(T))

has a solution on [to, T].

In this paper we provide some sufficient conditions for global solvability
of the above Riccati equation for all (z, p) verifying (4).

In Section 2 we recall some results from [3]. Section 3 is devoted to few
useful informations about the matrix Riccati equations. In particular (5) is
reduced to the equation

S'+5%+D(t) = 0, §(T) = St

where D(t), St are defined from the coefficients of (5) and which is much
simpler to investigate. In Section 4 we provide some applications to the
optimal control problem mentioned above.

2 Matrix Riccati Equations and Shocks

In this section we recall some results concerning differentiability of the value
function and shocks of the Hamilton-Jacobi-Bellman equation (1).
Consider the Bolza problem in the nonlinear optimal control setting:

T
(P)  min [ L=(t), u(t)dt + o(a(T))
0
over solution-control pairs (z,u) of control system

(1) fz(@®)+ g(z())u(t), u(-) € L'(to, T;R™) (6)
z(to) = =zo

where o € [0,T), z0 € R*, f : R®" » R*, g : R » L(R™,R"), L :
R*"xR™"— R, ¢:R"— R,
We associate to these data the Hamiltonian H defined on R™ X R"™ by

H(z,p)= sup (p, f(z) + g(z)u) — L(z,u)
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If H is differentiable, then the Hamiltonian system

, _ 0H
#(t) = (e pn)
. (7)
-P(t) = 5 (z(),p(1)
is called complete if for all to € [0,T], zo, po € R™ it has a solution (z,p)

defined on [0, T] and satisfying z(tp) = zo, p(to) = Po-
We impose the following assumptions:

H,) f and g are differentiable, locally Lipschitz and have linear growth:
IM20,VzeR", |If(2)l+llg(z)ll < M(l=]l + 1)

Hy) p € C, lim inf||z)|— 00 p(2) = 00,

Hj) L(z,-)is continuous, convex,3 ¢ > 0,V (z,u) € R*xXR™, L(z,u) >
cfulf?.

Furthermore for all » > 0, there exists k, > 0 such that

Vué€eR™, L(-,u) is differentiable and k, — Lipschitz on B,(0)

H,) The Hamiltonian H is differentiable, its gradient VH(-,-) is locally
Lipschitz
and the Hamiltonian system (7) is complete.

We denote by z(-;to, Zo,u) the solution to (6) starting at time #o from
the initial state z¢ and corresponding to the control u(-).
The value function associated to this problem is given by

T
V(to,20) = infueps o) jt L(2(t; to, 20, u), u(t))dt + (2(T; to, 2o, u))
0

where (1o, zo) range over [0,T] x R™. It is well known that whenever V is
differentiable, it satisfies the Hamilton-Jacobi-Bellman equation (1). The
following result was proved in [3]:

Theorem 2.1 Assume that Hy) — H,) hold true. Then the following three
statements are equivalent:

i) The value function V is continuously differentiable
ii) V (1o, z0) € [0,T] x R" the optimal trajectory to problem (P) is unique
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i11) The system (4) does not ezhibit shocks on [0,T].

Furthermore, if one of the above (equivalent) statements holds true, then
any solution (z,p) to (4) satisfies:
for allt € [0,T], p(t) = —§%(t,2(t)) and z restricted to [to,T] is optimal
for problem (P) with z¢ = z(tg).

The above implies that whenever shocks do not occur on [tg,T], then the
Pontryagin’s necessary conditions for optimality of a solution Z(-) to (6):
there exists p : [to,T] — R™ such that (Z,p) solves (4) on [to,T] with
zr = Z(T) are also sufficient.

It was observed in [3] that if ¢, H are twice continuously differentiable
and H" is locally Lipschitz, then V(¢,-) € C? for all t € [0,T] if and only
if for every (z,p) solving (4) on [0,T] the equation (5) has a solution on
[0,T]. Since (5) describes the evolution of the tangent space to the set
Graph(—%—:(t, -)) at (z(t),p(t)) in the sense that Graph(P(t)) is tangent to
this set at (z(t), p(t)), -—%‘{-(t,z(t)) solves the Riccati differential equation
(5) on [0, T].

3 Properties of Solutions to Riccati Equations
We investigate here the matrix differential equations of the following type
P'+ A(t)*P+ PA(t)+ PE()P+ D(t) =0, P(T)= Pr (8)

By the classical theory of Riccati equations if for all (z,p) € R* x R",
%ﬁ’—(z,p) < 0 and ¢" > 0 (i.e. ¢ is convex), then the solution P(:) to (8)
exists on [0, T] for every choice of continuous (z(-), p(-)).

3.1 Comparison Theorems

The aim of this section is to provide two comparison properties for solutions
of Riccati equations. Results of a similar nature can be found in [2], [8], [6].

Theorem 3.1 Let A, E;, D; : [0,T] —» L(R™,R"), i = 1, 2 be integrable.
We assume that E1(t) and Dy(t) are self-adjoint for almost every t € [0,T]

and
Ds(t) < Da(t), Ex(1) < Es(t) ae. in [0,T] (9)



Consider self-adjoint operators Pir € L(R",R"™) such that Pi < Por and
solutions P;(+) : [to, T] — L(R",R") to the matriz equations

P' 4+ A(t)*P + PA(t) + PE(t)P + Di(t) =0, P(T)=P, (10)
fori=1,2. If P; is self-adjoint, then P, < P, on [to, T).

Proof — From uniqueness of solution to (10), using that Fy(t) and D;(t)
are self-adjoint, it is not difficult to deduce that P, is self-adjoint. For all

t € [to,T), set
Z = P-P, Al)=AQl)+ %El(z)(ﬁ(z) + Py(1))
Then
A Z(1)+Z(1)A(t) = A1) Z(t)+ Z(1)A(t)- Pr(t) Er(D) Po(2)+ Po(t) Ex (1) Po(2)
Therefore Z solves the Riccati equation
Z'+ A()'Z + ZA(t) + Po(t)(Ex(2) — Ex(1))Pa(t) + Da(t) — D1(t) = 0
Denote by X(-,?) the solution to
X'=-A(s)*X, X(t,t)=1Id
A direct verification yields

Z(t) = X(t,T)(Pr — PiT)X(t,T)* +

+[TX(t, $)(Da(s) — Di(s) + Po(s)(Eqs) — Ea(s))Pa(s)) X (1, s)"ds

This and assumptions (9) imply Z > 0 on [tp,T]. O

Theorem 3.2 Let A,E;, D; : [0,T] —» L(R™",R"™), i = 1,2 be integrable.
We assume that Ey(t), Dy(t) are self-adjoint for almost all t € [0,T] and

Dy(t) < Dy(t), 0< Ey(t) < Ey(t) a.e. in [0,T]

Consider self-adjoint operators Pir € L(R™,R") such that PiT < Pt and
solutions Pi(+) : [t;,T] —» L(R™,R"™), i = 1,2 to the matriz equations

P’ + A(1)*P + PA(t) + PE(Y)P + Di(t) =0, P(T)= P

If P, is self-adjoint, then the solution P, is defined at least on [t;,T] and
P <P



Proof — Consider the square root B(t) of E,(t), i.e. for almost every
t € [0,T], E1(t) = B(t)B(t)* and set
o = tei[IclJfT] {Py is defined on [t,T]}

Thus either the solution P exists on [0,7T] or ||Py(t)|] = oo when t — to+.
It is enough to check that if ¢; < g, then P is bounded on ]t, T]. So let us
assume that ¢, < to. By Theorem 3.1 for every to < t < T, Pi(t) < P(t).
Since P, = Py for every z € R” of norm one and all g < t < T

ST |1B(s)* Py(s)z|* ds <

IA

— T < Pi(s)z,z > +2 [T | A |1 Pr(s)ll ds + | Dl .1

IA

(Pi(t)z,2) + 1Pzl + 2 [T AP ()]l ds + 1| Dl o,y

IA

IP(0)I| +2 [T AN IPy(s)l ds + | Pzl + |1 Dall s e,

<c+ 2 [T AGNIPi(s)l| ds

for some ¢ independent from ¢, because P, is bounded on [t,, T).
On the other hand for any y € R" of norm one

- (A@)z,y) = (A@)B@)B(t)*P(t)z,y) + (A{) A(t)z,y)+

+ (Pl(t)A(t)z, y) + (Dl(t)z, y)

Integrating on ¢, T)] and using the latter inequality and the Hélder inequality,
we obtain

(A(t)z,y) < | Pl + | B*() P2l g2 o,y 1 B* () Pl 2o, 1y +

+2 [T AN 1P (s)]l ds + (| D1l 1 o,

1 2
< o+ 2TIADIIPE] ds + [(c+2 1A AN ) "]

for some ¢; independent from t. Since this holds true for all z, y € R™ of
norm one,

T
Vio<t<T, [|[A@| < cta +4/t lAC)I (| Pr(s)l] ds

9



Applying the Gronwall lemma we deduce that ||P(t)|| is bounded on ]tp, T]

by a constant independent from ¢. O

3.2 Reduction to a Simpler Form

Our next aim is to associate to the Riccati equation (8) a new equation
S'— A)S+ SA(t)+ S*+D(t) = 0, S(T)=Sr (11)

where A(t)* = —A(t), in such way that the existence of solution to (11) on
[to, T] implies that of (8).

Theorem 3.3 Consider E : [0,T] — L(R",R") such that for some w > 0
and a.e. t € [0,T], E(t) > wl and is self-adjoint. We assume that the
square root of E(t), denoted by B(t), is twice differentiable. Let A :[0,T] —
L(R™,R") be absolutely continuous, D : [0,T] — L(R",R"™) be integrable,
Pr € L(R™,R™).

Then the solution to (8) exists on [to, T] if and only if so does the solution
to

{ S'— A(t)S + SA(t) + S+ D(t) = 0
(12)

S(T) = 3(A(T) + A«(T)*) + B(T)*PrB(T)
where

Ai(t) = B(t)YA(t)B(t) - B(t)™'B'(t) & D,(t) = B(t)*D(t)B(t)
Al = S(A() = A1) & AW = S(Ar(0) + Ar(2))

D(t) = Dy(t) + A()A(1) — A(t)A(t) — A (t) — A(1)?

Proof — Let P solves (8) on [to, T]. Set R(t) = B(t)* P(t)B(t). Differen-
tiating this relation we obtain

R'(t) = B'(t)*P(1)B(t) + B(t)* P() B'(1)-

—B(t)* (A(t)*P(t) + P()A(t) + P()E(t)P(t) + D(1)) B(t)

= B'(ty"B(t)* R(t) + R(1)B(t)™ B'(t) - B()*A()*B(t)* R(t)-
—R(t)B(t)7' A(t) B(t) — R(1)? — Dy(t)

10



and conclude that R is the solution to the Riccati equation
R + A)(t)*R+ RA,(t)+ R* + D1(t) =0, R(T)= B(T)*PrB(T) (13)

Conversely, if R solves (13), then P(t) := B(t)*~ R(t)B(t)~! is the solution
to (8). We rewrite the equation (13) in the following form

R'+(A(t)-A(t))R+R(A(t)+A(t))+R*+Dy(t) =0, R(T)= B(T)*PrB(T)
and define S(t) = A(t) + R(t). Then,

§'(t) = A'(t) - (A(t) - A(t)R(t) - R(t)(A(t) + A(t)) — R(1)* - Di(1)

= A1) - (A(t) + R(t))* + A(t)* + A(t)R(t) — R(t)A(1) — Dy(t)

= A(t) — S(t)2 — D1(t) + A(t)S(t) — S(t).A(t) — A()A(t) + A(t)A(t) + A(t)? O

Under some additional assumptions Theorem 3.3 can be improved in the
following way.

Theorem 3.4 Let us consider an integrable D : [0,T] — L(R",R"), an
absolutely continuous A : [0,T] » L(R*,R"), E, Pr € L(R",R") and
to € [0,T]. We assume that for for almost every t € [0,T], A(t)E is self-
adjoint. Then the solution to the matriz equation

P'+ A(t)*P+ PA(t)+ PEP+D(t) = 0, P(T) = Pr (14)
ezists on [to, T if and only if so does the solution to
§'"+S24+ ED(t)- A'(t)- A(t)*) = 0, S(T)= A(T)+ EPr (15)

Furthermore, solutions of (14) and (15) are related by S(-) = A(-) + EP(-).
If in addition E is invertible, then the solution to (14) exists on [ty,T] if
and only if so does the solution to

Q' +QE'Q+ EDGt)E- A(t)E - A(t)*E =0, S(T)= A(T)E+ EPrE

(16)
and @ is self-adjoint whenever E, Pr and D(t) are self-adjoint for all t €
[0,T].

11



Proof — Let P solve (14) on [to,T]. Set S(t) = A(t) + EP(t). Differen-
tiating this expression we obtain

S'(t) = A'(t)— E(A(t)*P(t) + P(t)A(t) + P(t)EP(t) + D(t))

= —(A(t) + EP@) + A(t) + A'(t) - ED()
Thus S solves (15). Conversely let

th = tei[I(lJfT]{ The solution P to (14) is defined on [t,T]}

and S solves (15) on [tg,T]. It is enough to prove that if {5 < t;, then P is
bounded on ]t;,T], that is it can happen only if 5 = t; = 0. So let #5 < t,.
From the first part of the proof and uniqueness of solution we know that
for every t € ]t1,T], S(t) = A(t) + EP(t). Hence sup,¢,, 77[|EP(1)]l < oo.
Integrating (14) we deduce that for all z € R® with ||z|| < 1land ?, <t <T

T T
IP@zl < 1P+ [ ID)Ids+ [ @IAW®I+ IEPOI PO d

Since z is an arbitrary element of the unit ball we proved that for some ¢ > 0
independent from t € }t,T], ||[P(?)|| < ¢+ ftTCIIP(t)”dt. This and the
Gronwall lemma yield sup,¢,, 77/|P(t)|| < co. To prove the last statement
it is enough to multiply (15) by E from the right and toset @ = SE. O

Qur next result is similar to Theorem 3.3.

Theorem 3.5 Under all the assumptions of Theorem 3.3, the solution to
(8) ezists on [to, T] if and only if so does the solution to

§'+ S24D(t) = 0, S(T) = %(AI(T) + A(T)*) + B(TY* PrB(T)
where A, ts defined as in Theorem 3.3,

D)= FX(AF (AOAQ ~ A1) - A0)7) X ()

+ X (t)* (Bt D(£)B(t) - $43(1) — 341 (1)" - 3A1(0)* Au(2)) X (2)
and X(-) denotes the matriz solution to

X' = %(Al(t)—Al(t)*)X, X(T) = Id

12



Proof — Let P solve (8) on [to,T]. By the proof of Theorem 3.3, R(-) :=
B(+)*P(-)B(-) solves (13). Define A, A, D, as in Theorem 3.3 and observe
that A(t)* = —A(t). Therefore

X(t)*X(t) = Id (17)

Set S(t) = X(¢)*(A(t)+ R(t))X (). Then, differentiating this equality, using
(17) and the proof of Theorem 3.3, we obtain

§'(t) = X (¢ A(t)*(A(t) + R(£)X (1) + X(O*CA) + R AR X ()+

+X (&A1) - (A(t) + R(1)) + At + AR)R(E) - R(E)AR) - Di()X (1)
= —X(O)"At)(A(t) + R®)X () + X () (A(t) + R())AD)X (2) - S(1)*+
+X (A () + A1) + AWR(L) — R()A() - Di())X (1) =

—8(t)* + X(t) (A (1) - Di(t) — A()A(t) + A(DA(2) + A(1)*) X (1) ©

3.3 Existence of Solutions

We deduce from the previous section sufficient conditions for existence of
solutions to the matrix Riccati equations.

Theorem 3.6 Let A,E,D :[0,T] — L(R",R") be integrable. We assume
that E(t), D(t) are self-adjoint and E(t) > 0 for almost every t € [0,T].
Consider a self-adjoint operator Pr € L(R",R") and assume that there
ezists an absolutely continuous P : [to,T] —» L(R",R"™) such that for every
t € [to,T), P(t) is self-adjoint, Pr < P(T) and

P'(t) + A(t)*P(t) + P(t)A(t) + P)E(t)P(t)+ D(t) <0 a.e. in [to, T]
Then the solution P to (8) is defined at least on [ty,T] and P < P.
Proof — Set

[(t) = P'(t) + A(t)*P(t) + P(t)A(t) + P()E(t)P(t) + D(t)
Then T'(t) < 0 is self-adjoint and P solves the Riccati equation
P'+ A(t)*P + PA(t)+ PE(t)P+ D(t)-T(t) =0
where D(t) — T'(t) 2 D(t). By Theorem 3.2, P is defined at least on [to, T]
and P<P. O

13



Corollary 3.7 Under all assumptions on A, E, D of Theorem 3.6 con-
sider a self-adjoint nonpositive Pr € L(R™,R"). If for almost all t €
[0,T], D(t) < 0, then the solution P to the matriz Riccati equation (8)
is well defined on [0,T) and P < 0.

Theorem 3.8 Under all the assumptions of Theorem 3.3, let D, S(T) be
defined as in Theorem 3.3. Assume that for some A > 0 and all t €
[0,T], D(t) < =A% and S(T) < M. Then the solution to (8) is defined
on [0,T].

Proof — By Theorem 3.3 we have to check that (12) has a solution on
[0,T). Set S(-) = AI. Then for every t € [0,T],

5'(t) — A@t)S(t) + S()A() + 5(1)* + D(t) < 0
Theorem 3.6 ends the proof. O

Theorem 3.9 Under all the assumptions of Theorem 3.4, suppose that
E, D(t), Pr and A(T) + E Pr are self-adjoint, E > 0 and

A'(t) + A(t)? — ED(t) is self-adjoint for almost every t € [0, T]
If there exists a € R such that
A'(t)+ A(t)? — ED(t) > a*I forae. t€[0,T] & A(T)+ EPr<al
then the solution to the Riccati equation (14) is defined on [0,T).

Proof — By Theorem 3.4 it is enough to show that the problem (15) has
a solution on [0,T). For all t € [0,T], set S(t) = al. Then

S't)+ S@A)?+ ED(t)- A'(t) - A(t)? < 0, S(T)=al
By Theorem 3.6 the solution to
§'+ S*+ ED(t) - A'(t) - A(t)’ =0, S(T)= A(T)+ EP(T)
is defined on [0,T]. O

Theorem 3.10 Under the assumptions of Theorem 3.4, suppose that E, D(t), Pr
are self-adjoint and E > 0. If there exists a € R such that

A'(t)E+A()’E-ED(t)E > a®E forae. t€[0,T] & A(T)E+EPrE<aE
then the solution to the Riccati equation (14) is defined on [0, T].

Proof — By Theorem 3.4 we have to verify that the problem (16) has a
solution on [0,T]. For all t € [0,T], set Q(t) = aE. The proof ends by the
same arguments as the one of Theorem 3.9. O
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4 Applications to the Bolza Problem

We apply the previous results to the problem treated in Section 2.

4.1 Linear with Respect to Controls System

Consider the problem

T
V(to,.’to) = mm/

to

(Ha®) + FRu(), u(0)) dt + p(a(T))
over solution-control pairs (z,u) of the control system

z'(t) = f(z(t)) + Bu(t), z(to) =20, u(t)€R™
where to € [0,T], zo € R",

f:(fl,...,fn)ZRnl—)Rn, I:R"~ R, LP;R"HR

(18)

(19)

B e L(R™,R") and R € L(R™,R™) is a self-adjoint operator such that for

some w > 0 and all u € R™, (Ru,u) > w||u/*.
The associated Hamiltonian system is

2 = f(z)+ BR'B'p, (T)=zr

—? = fle)yp-Vi(z), p(T)=-Ve(zr)
We impose the following assumptions:

hy)3IM >0,VzeR", [[f(z)] <M(||z]| +1)
h2) liminf) || ¢(z) = 400

h3) The functions f,l,¢p € C?

h4) The Hamiltonian system (20) is complete
hs) f/(z)BR™!B* is self-adjoint

Observe that hj) yields that

Vi=1,..,n, f_,I'I(Z)BR_lB* = BR_IB*f;-'(z).

(20)

Linear convex problems in general do not satisfy hs), but we treat this

case separately, in the next subsection.
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Theorem 4.1 Assume hy) — hs) and that at least one of the following two
assumptions is verified
i) B is surjective and there ezists a € R such that for every z € R"

n
BR7'B*!"(z)BR™'B* + (% I f||2) (z)BR™'B* > o*BR7'B*

f'(z)BR™'B* - BR™'B*¢"(z)BR™'B* < aBR™'B*
i1) For every z € R", I"(z)BR™'B*, f'(z) — BR™!'B*¢"(z) are self-
adjoint and there ezists a € R such that for every z € R™

R (e + (2F) @) > @1 & 1)~ BRBG) <

Then
a) V is continuously differentiable and V(t,-) € C?
b) the optimal control problem (18), (19) has the unique optimal control
for any initial condition (to,z¢) € [0,T] x R
¢) for every solution (z,p) to the system (20) and every ty € [0,T], z(-)
restricted to [to, T'] is optimal for the problem (18), (19) with zo = z(to)
and p(t) = - 3% (t,z(t))
d) The map t — f'(z(t)) — BR'IB*%E;-(t,z(t)) solves the equation

P+ P2 = (§111F)" (=(1)) - BRT1B*"(2(t)) = 0
P(T) = f'(z(T)) - BR™'B*¢"(2(T))

Furthermore the optimal feedback low u : [0,T] X R™ — R" is given by
V(t,z)€[0,T]xR", u(t,z)= —R_lB*Z—:(t,z)

Corollary 4.2 Assume that U = R*, R = B = Id, that the map z —
I(z)+1 |f(2)||? is convez and

VzeR" fl(z)-¢"(z) <0

If hy) — hy) hold true and f'(z) is self-adjoint for all z, then all the conclu-
stons of Theorem 4.1 are valid.
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We observe first that the Hamiltonian corresponding to the problem (18),
(19) is given by

Ve,p € R, H(z,p) = (5, f(2)) = (z)+ 5 (BR™ B*p,p)

Thus,
Ll@p) = F@p-1a) & Fo@p) = f(z)+ BRB'
and
0’H 82H n "
g s7)= 1), e = BRVB, Grran) = Lok H()1'e)

Proof of Theorem 4.1 — It is not difficult to check, using h;) — hy),
that for all (o, zo) there exists an optimal solution of our problem and the
value function is locally Lipschitz (see [3]). From our assumptions we know
that if for every solution (z,p) to (20) the matrix Riccati equation

{ P'+ f'(z(t))*P + Pf'(z(t)) + PBR™'B*P + ) _ pi fi((z) = I"(2(1)) = 0
k=1
P(T) = —¢(2(T))

(21)
has a solution on [0, T], then the conclusion a) of our theorem is valid. On
the other hand, if (Z,%) is optimal and p(-) is the corresponding co-state,
then

H(z(t), p(1)) = (p(1), F(Z(t)) + Bu(t)) - 1(Z(2)) — (Ru(t), &(t)) a.e.

Thus
u(t) = R™'B*p(t) = —R“B*a—v(t z(t))

which yields b) and ¢). Set
2
A = F=) & D(t) = S (z(),p(0)

Differentiating A we get

n 2
') = (Zaa S et fa) + < Yk (a(t), BR” IB*p(t)>)

1,7
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Let e,, denote the elements of the (symmetric) matrix BR~1B*. By hs),

Vir=1,..n, Za’f' —Zaj' ,=z:e,-,gi
s=1 Zs
and therefore

e A Yy,
2 e "81,8:1:, z_: “8z;0z,

=1

< af:( ) BR lB* >_<BR—1B*V6L( ), >_

Thus

n n 62 . n n 2 - .
oS st (a)er, = 3 DI il (z)e,,—zp,BR LB f1()
r=1 s=1 8:1:,6:, r=1 1
Consequently,

BR™1'B*D(t) — A'(t) — A(1)?

= —BR™' B*"((t)) - (i 8 (z(t))fk(z(t))) - fi(z(1))? =

1 i,J

= —BR'BU((t) - (R IFOIP)” (2(1)

Theorems 3.9 and 3.10 imply that the solution to the matrix Riccati equation
(21) is defined on [0,T]. Finally, the conclusion d) follows from Theorem
34.

4.2 Linear Convex Bolza Problem

We consider the problem
T 1
minimize / (l(t, 2(1)) + (R, u)) it + o=(T)  (22)
to
over solution-control pairs (z,u) of the linear control system

' = A(t)z + B(t)u(t), z(to) = zo, u(t) € R™ (23)
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where ¢y € [0,T], zo € R",
1:[0,T]xR*"—R,;, ¢:R"-R

A(t) € L(R*,R"), B(t) € L(R™,R") and R(t) € L(R™,R™) is a self-
adjoint operator such that for some w > 0 and all ¢ € [0, T,

VueR™, (R(t)u,u)>wlul?

We assume that ¢ € C?, limjz|_ 00 ¢(2) = +00, that A(:), R(:), I(-,"), -é'j—:-fr(-, 4
and B(-) are continuous,

ke '0T), |5

< k(8)(1 + [|=][)

and that I(¢,-) and ¢ are convex. Then

N 1) o2l o
V(.’E,p)GR xR y M(t’z’p) = A(t)’ W(t,-’t,])) = _W(tv"r)

0’H _ R
By (b®p) = B)E(Y) 'B(t)
Since s
VzeR", w(t,z)zo & $"(z)>0

by Corollary 3.7, the solution P(-) to the corresponding matrix Riccati equa-
tion is defined on [0, T] for every choice of continuous (z(-), p(-)). Hence the
conclusions a) - ¢) of Theorem 4.1 are valid. Furthermore, by Corollary 3.7,
&Y (t,2(t)) = —P(t) > 0. Thus V(t,-) is convex.

4.3 Local Regularity of the Value Function

In the general case we do not have existence of solutions to the matrix
Riccati equations for all the extremals (z, p). However from a priori bounds
on the data, it is possible to estimate the interval of time [tg, T'] during which
there is no shocks and so the value function is continuously differentiable on
[to, T] x R".

Consider the problem

(P) minimize/t: (I(z(t)) + %(Ru,u)) dt + ¢(z(T))
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over solution-control pairs (z,u) of the control system
(1) = f(z(1)) + 9(z())u(t), =(to) = zo, u(t) €R™ (24)
where to € [0,T], zo € R™,
f:R"->R" g:R"—» L(R™",R"),l:R"—~ R, p:R" =R

are twice continuously differentiable and R € L(R™,R™) is a self-adjoint
operator such that for some w > 0 and all w € R™, (Ru,u) > w|ju|*.
We assume that

f, g, fl, gl, II, 99', f”, gu’ l”, (,0” are bounded (25)

The Hamiltonian H of this problem is given by
H(z,p) = (p, f(z)) + %(R“y(z)*p,y(z)*P> - l(z)
and for C € L(R™,R™) such that CC* = R
%—f(z,p) = f’(r)*p+%(C*y*(-)p)(z)—l'(z) & %—g(z,p) = f(z)+9(z)R™"g(z)*p
So the Hamiltonian system is
(1) = f(z(1)+9(z(t))Rg(z())*p(t)
—p'(t) = f=)pt) + £(C*g*()p)((t) - Vi(2(1)) (26)

p(T) = -Vo(z(T))

By (25) the norms of the co-states p(:) are bounded by a constant indepen-
dent of z(T'). Thus there exists ¢ > 0 such that every solution (z,p) of (26)
satisfies

[z’C)lee + POl + [Pl < €
Fix £ > 0 and set

2
D(t) = ‘Z,Tf(t,z(t),p(t)) el

20



Then D(t) > ¢I. By Theorem 3.5 and our assumptions we may reduce the
matrix Riccati equation

P+ L (20 p0)P + P o (t,2(0),5(0) +

0’H 0’H
P ( 5 (1,2(1),p(1)) + 61) P+ (t z(t),p(t)) = 0, P(T) = —¢"(z(T))
(27)
to the new Riccati equation
§'+ 5%+ Qe()pn®) = 0, S(T) = S(()p0) (28)
with Q(z()p())(t) and S(T') = S(z(.),p()) self-adjoint and such that
Vi€ [0,T], Qe < AL S@eyp) < M

where A is independent from the solution (z, p) of (26), because of the bound-
edness assumption (25). Setting

S(t) = M+ (T —-t)yI
and choosing v large enough we prove that for some tg € [0, T[ and
Vtelto,T], S'(t)+ S*(t)+ Q) p()(t) < O

for all (z, p) solving (26). By Theorem 3.6 the solution to (28) is defined at
least on [to,T]. By the comparison Theorem 3.2, also the solution of (27)
with ¢ = 0 is defined on [tg, T] for all (z, p) solving (26). Thus V € C! on
[to,T] x R"™,
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