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Abstract

This article generalizes the Nash equilibrium approach to linear programming to the
saddle point problem. The problem is shown to be equivalent to a non-zero sum game
in which objectives of the players are obtained by partial regularization of the original
function. Based on that, a solution method is developed in which the players improve
their decisions while anticipating the steps of their opponents. Strong convergence of
the method is proved and application to convex optimization is discussed.
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1. Introduction

Let L : R* x R™ — R be a finite convex-concave function and let X C R* and Y C R™
be closed convex sets. The objective of this paper is to develop a method for finding a
saddle point of L over X x Y, i.e., a point (£,3) € X x Y such that

L(3,y) < L(#,§) < L(z,§), Yz € X, Vy €Y. (1.1)

This is one of fundamental problems of convex programming and game theory (for a
thorough treatment of the theory of saddle functions we refer the reader to [8]). There
were many attempts to develop saddle point seeking procedures; the simplest algorithm
(see, e.g., [1]) has the form

S - Iy (xk _ TkLz(xk’yk)) :
y = Hx (v + nely(ah b)), k=12,

where L (z*,y*) and L,(z*,y*) are some subgradients of L at (z*,y*) with respect
to z and y, and IIx(-) and Ily(-) denote orthogonal projections on X and Y, respec-
tively. Such methods are convergent only under special conditions (like strict convexity-
concavity) and with special stepsizes for primal and dual updates: 7, — 0, Y327 =
oo (cf. [7]).

One possibility to overcome these difficulties is the use of the prozimal point method
[6, 10]. Itsidea is to replace (1.1) by a sequence of saddle-point problems for regularized
functions

Aw(,m) = L(E ) + 5 lle = 2* 2 = Elln — " (1-2)

A saddle point (£%,7*) of Ai is substituted for (z*+!,y**!) at the next iteration, etc.
A variation of this approach is the alternating direction method [3, 2].

We are going to develop an iterative method for (1.1) which does not have saddle-
point subproblems. The key idea, which generalizes and simplifies the concept used for
linear programming in a recent work [4] of Kallio and ours, is to replace the regularized
function (1.2) by two convex-concave functions: a primal and a dual one, and to make
steps in ¢ and in y using subgradients of these functions. We shall develop the basic
concept in section 2, and in section 3 we describe the method. Next, in section 4 we
prove its strong convergence to a saddle point of L. Finally, in section 5 we discuss the
application of this approach to some convex optimization problems of special structure.

For a convex set X C R", the cone of feasible directions at ¢ € X is denoted
by Kx(z) = {d € R* : 3(r > 0) z + rd € X}. The conjugate (negative of the
polar) of a cone K C R" is defined to be K* = {d € R* : V(z € K) (d,z) > 0}.
For a convex-concave function L : R* x R™ — R we use 0;L(z,y) and 0,L(z,y) to
denote its subdifferentials with respect to £ and y. Elements of these subdifferentials

(subgradients) will be denoted by L,(z,y) and L,(z,y).




2. The game

Let us define a non-cooperative game with two players: P and D. The objective of P
is to minimize in the variables ¢ € X the regularized primal function:

P(z,y) = max [L(a, 1) = £lln = vl (2.1)

where p > 0 is some parameter. The objective of D is to maximize with respect to the
variables y € Y the regularized dual function:

D(z,y) = mip [L(E.v) + 5ll¢ — =[] 22)

A Nash equilibrium of the game is defined as a point (£,7) € X x Y such that

& € arg min P(z,3), (2.3)
and
y € argmax D(2,y). (2.4)
yeY

We define the proximal mappings £(z,y) and n(z, y) as the solutions of the subproblems
in (2.2) and (2.1). We also introduce the error functions

E 3 == 9 - - I h) - )
(z,y) geé??(’é,y)<g‘” £) heé?i&n)< y—1)

and
Az, y) =€ —z|* + [In — 9l
where £ = £(z,y) and 5 = 5(x,y). They satisfy the following relations.

Lemma 1. Forallz € X andy €Y,
pA(z,y) < E(z,y) < L(z,7(z, y)) — L(£(z,9),y).
Proof. By the definition of ¢ = £(z,y), there exists a subgradient L (£,y) such that
Lo(§,9) + p(§ — z) € Kx(€)- (2.5)

Asz — £ € Kx(£), we have

L(:C,y) - L(é’y) 2 geg:g()g,y)<g’x - 6) 2 (Ll‘(éay)am - §> > P“f - m”Z

In a symmetric way, from the definition of = n(z,y) it follows that

L(:Z‘,y) - L(man) S A min <h,y - 7]> S <Ly(1‘,7]),y - 77) S —p”T] - y“2
€dyL(zm)
Subtracting the last two inequalities, we obtain the required result. O

We can now prove the equivalence of (1.1) and our game.
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Theorem 1. The following three statements are equivalent:
(a) (Z,9) is a Nash equilibrium of the game (2.3)-(2.4);

(b) E(£,9)) =0;
(¢) (2,9) is a saddle point of L over X x Y.

Proof. We denote ¢ = £(2,7) and 7 = 5(£, 7).

(a)=>(b). Since p > 0, the function n(z,y) is continuous. Therefore d,P(z,y) =
0.L(z,n(z,y)). Using this equality in the optimality conditions for (2.3), we deduce
that there exists a subgradient L;(z,%) € Kx(Z). Thus

£
Analogously, optimality conditions for (2.4) yield —Ly(é, §) € K3 (y) for some subgra-

dient L,(£,7), so . A

By Lemma 1,

A~

Adding the last three inequalities, we obtain (b).

(b)=>(c). Lemma 1 implies that A(%,§) = 0, so é = # and 4 = §. By (2.5), L.(%,9) €
K% (%) for some L,(Z,9). This is equivalent to the right inequality in (1.1). Similarly,
—L,(%,9) € K; () for some L,(z,), which completes the proof of (c).

(c)=>(a). The left inequality in (1.1) implies

L(3,§) = max L(#,7) = max | L(z,1) - £lln - 91| = P(,9).

ney ney

On the other hand, for every z € X, from the right inequality in (1.1) we get

L(z,

2

) < L(z.§) < max | Lz, ) = 2l - 1) = Pa,9)
ney 2

Consequently, P(Z,9) < P(z,g) for all z € X. In the same manner we prove D(z,3) >
D(z,y)forally e Y. O

3. The method

Let us now describe in detail a method for finding a saddle point of L. It is, in fact,
an algorithm for solving the game (2.3)-(2.4). It can also be interpreted as a method
in which both players try to predict the moves of their opponents to calculate the best
response.




Initialization. Choose z° € X, y° € Y and v € (0,2). Set k = 0.
Prediction. Calculate ¥ = n(z*,y*) and £* = £(z*, y¥).

Stopping test. If E; = E(z*,y*) = 0, then stop.

Direction finding. Find subgradients L.(z*,7*) and L,(¢*,y*) and define

di = Tg (~La(a*7Y),
df = To (L,(€5,9Y),

where C% and Cf are closed convex cones such that C% D Kx(z¥) and C¥ D
Ky (y*).

Stepsize calculation. Determine

7Ek
= 1
™= (3:1)

Step. Update the points

Ft = IIx (:z:k—}-rkdf),
Yt = Ty (v + ndf)

increase k£ by one and go to Prediction.

Our method resembles in some way the eztragradient method of [5], but our prediction
step uses proximal operators, not just a linear Jacobi step. Owing to that, we can solve
nonsmooth problems. We also have a constructive stepsize rule, although calculation
of directions and stepsizes is somewhat unusual. Still, the use of C% = cl Kx(z*),
Ct = cl Ky(y*) and of (3.1) is easy in some clases of problems (like polyhedral ones)
and yields larger stepsizes. If such choices are not implementable, we may set C% = R"
and CE£ = R™ and replace Ey with L(z*,n*) — L(&*,y*) or pA(z*,y*) (see the remarks
after the proof of convergence).

4. Convergence

To avoid obscuring the main idea, we shall now prove convergence of the method in
its basic form, presented in the previous section. Various modifications and extensions
will be discussed after the proof.

Theorem 2. Assume that a saddle point of L on X x Y exists. Then the method
generates a sequence {(:z:k,y")}k_o convergent to a saddle point of L on X x Y.

Proof. Let (z*,y*) be a saddle point of L on X x Y. We define

Wi = llz* — 2" + lg* - y"II". (4.1)




Since the projection on X is non-expansive,

= [lz* — 2| + 2 (dy, 2* — 2%) + | dg | (4.2)

Iz = 2*|? < la® + iy — 27|

Using the formula A = Ig(k) + H_¢+(k), which holds for any closed convex cone C'
(cf. [12]), with h = —L.(z*,n*) and C = C%, we obtain

—Lo(z*,0*) = & + T_(ox)- (Lo(a%,7Y)) -
Multiplying both sides of this equation by z*—z* € Kx(z*) C C% we get the inequality
(g, 2" — 2¥) 2 (La(a®,0*), 2% — %) 2 L(z",n") = L(z",n").
Substituting the above estimate into (4.2) yields
4! = 2" |? < lla* = 27" — 27k [L(2*,0*) = L(z",n")] + rE| ]
Likewise, by obvious symmetry, we obtain
gt — oI < lly* — o7I17 + 27 [L(&F, 5%) — L(€%, )] + 72117
Adding the last two inequalities we conclude that
Wiar < Wi — 2m [L(e*, 1) — L(z, 1) — L(E*, o) + L(€h, 7)) + 2Id¥l12. (4.3)

The saddle point conditions imply that L(z*, p*) < L(¢*,y*). By Lemma 1, L(z*,7*)—
L(¢*,y*) > E. Therefore (4.3) can be rewritten as follows:

Wi < W, — 21 E; + T:”dkl'z (44)
Substituting (3.1) we get
2 —y)E}
Wip < Wi — %—k (4.5)
Thus the sequence {W,} is non-increasing and

Since W is bounded, the sequence {(z*,y*)} has an accumulation point (%, ). Thus
{d*} is bounded and, by (4.6), lims_., Ex = 0. Therefore E(z,3) = 0. By Theorem 1,
(Z,9) is a saddle point of L and we can use it instead of (z*,y*) in (4.1). Then, from
(4.5) we see that the distance to (Z,§) is non-increasing. Consequently, (£,9) is the
only accumulation point of the sequence {(z*,y*)}. O

It is clear from the proof that we may replace the stepsize rule (3.1) with a more flexible
requirement,
A k kY _ T(tk .k
Apk b < v(L(z",n )k QL(é Y )),
]| [|a¥]]




with A = A(z*,y*) and 0 < A <4 < 2. Indeed, (4.3) implies

A2 —v)p*A}

Wher = W=

(4.7)

The rest of the proof is the same, but with A instead of Ex. We can also have iteration-
dependent parameters py > 0 and 0 < Ax < 4% < 2, provided that 3325 Ae(2 — &) p: =
00, because (4.7) still implies liminfy_,oo Ax = 0.

5. Application to decomposable problems

Let us consider a convex programming problem of the form

min ) fi(z;) (5.1)

J=1
Zg,J(z y<b, i=1,...,m, (5.2)
ijXj,j=1,...,n. (53)

We assume that the functions f; and g;; are convex and the sets X, are convex and
closed. As usual, we introduce multipliers y € R} and the Lagrangian

n

Z $J+z—:y1(2gumj )

Under the constraint qualification condition (see, e.g., [8]), problem (5.1)-(5.3) is equiv-
alent to finding a saddle point of L on the product of X = X; x--- x X, and Y = RT.
Our method, when applied to this problem, takes a rather simple form.

Indeed, the prediction step in the dual variables can be carried out analytically,
separately for each constraint:

1
n¥ = max (0 ;(Zgw b,-) +yf), i=1,...,m. (5.4)
1=1
The resulting regularized primal function (2.1) is the augmented Lagrangian (cf. [9])
for (5.1)-(5.3):

2

P(z,y) = X:fj(-’fj) + gi [max (U,% (égzj(%) b) +y1)

Ml‘b

Consequently, the update of primal variables is a projected subgradient step for the
augmented Lagrangian function. It is clearly decomposable. Note that in a related
work [11] of ours, we used here a whole sequence of nonlinear Jacobi-type steps.




The prediction step in primal variables is decomposable into subproblems

mig |56+ St + fle— ot i =1m 69)
i=1

£EX;

Their results f;‘ are then used in the dual update, which is just an under-relaxed step
of the multiplier method, very similar to (5.4):

yF*! = max (O,Ipli (Zg;j(ﬁf)—be) +yf) yi=1...,m
1=1

In some cases, subproblems (5.5) can be quite easy to solve. The simplest example
is the standard linear programming problem with f;(z;) = ¢;z;, gij(z;) = aijz; and
X; = [lj,u;]. Then (5.5) has a closed-form solution, which can be calculated in parallel
for each y = 1,...,n. It is worth noting that the regularized dual function D(z,y)
becomes the augmented Lagrangian function for the dual problem. Properties of our
method in the case of linear programming are analyzed in detail in [4], with limit
properties of the stepsizes 7x, with the analysis of the rate of convergence, and with
some numerical results. In fact, the highly encouraging properties discovered in [4]
motivated the research reported in the present paper.
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