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Abstract

Recently [9] we analyzed important classes of nonsmooth and nonconvex risk control
problems which can not be solved by standard optimization techniques. The aim of this
article is to develop computational procedures enabling us to bypass some of the obstacles
identified in this paper. We illustrate this by using insurance risk processes with insolvency
(stopping time).

Key words: Discrete event system, stochastic gradient method, generalized differen-
tiable function, risk processes, insurance.
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Stochastic generalized gradient method with
application to insurance risk management!

Yuri M. Ermoliev (ermoliev@iiasa.ac.at)
Viadimir I. Norkin (norkin@umc.kiev.ua)

1 Introduction

In a rather general form the problems analyzed in [9] can be formulated in the following
way:
minimize[F(z) = Ef(z, 6)] (1)

subject to
x e X CR", (2)

where z is a vector of decision (variable), 6 is a random parameter, defined on a prob-
ability space (0,%,P), f(x,0) is a random performance function, F(z) is the expected
performance function, X is a feasible set. The essential feature of the problems is the
lack of the analytical structure of f(-,#), in particular its highly discontinuous character,
which makes the deterministic approximation meaningless:

N
o 1
minimize[F(z) = N Z:lf(:n, 0;)] (3)
subject to
x e X CR", (4)
where 6;, i = 1,..., N, are i.i.d. observations of 6, since Fy(x) lacks analytical struc-

ture. Nonconvex and nonsmooth character of random function f, leads to a highly multi-
extremal nonsmooth and even discontinuous function Fy(z) with local minimums having
nothing in common with local minimums of F'(x), which can be a continuously differen-
tiable and even convex function. In such a case random search procedures based on direct
estimation of F'(x) and its derivatives are required. The case of continuously differentiable
expectation functions F(z) was considered by Glynn [14], Ho and Cao [17], Suri [26],
Gaivoronski [13], Rubinstein and Shapiro [24].

In the case of nonsmooth stochastic systems an important factor is the concept of
Lipschitz expectation functions (see Gupal [15], Ermoliev and Gaivoronski [8], Gaivoron-
ski [13]). Moreover, as it was shown in [9] we often deal not with a general class of
Lipschitz functions but with a subclass generated from some basic (continuously differen-
tiable) functions by means of maximum, minimum or smooth transformation operations.
These functions belong to the class of so-called generalized differentiable functions. In
Section 2 we briefly discuss important insurance risk control problems with such func-
tions. Section 3 introduces formally the class of generalized differentiable functions. In
Sections 4, 5 we prove convergence of the deterministic and stochastic generalized gradient
methods with orthogonal projection on nonconvex feasible sets. Section 6 concludes.

!We would like to thank Gordon MacDonald and Joanne Linnerooth-Bayer for their helpful comments.
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2 Insurance risk control processes

Even a simple situation illustrates the complexity of insurance risk control problems.
Assume that an insurer has the initial capital 1. Claims arrive at random time moments
T1, T2, ... with random sizes Lj, Lg, .... The risk reserve R(t) at time ¢ is the difference
between accumulated premium P(t), initial capital 1 and aggregated claim C(¢):

R(z,t) = x1 + P(xo,t) — C(x3,t), 0<t<T,
where the premium income is P(z9,t) = xot. The aggregated claim

N()
C(zs,t) = Z min{ Ly, x3} ,
k=1

where N (¢) is the random number of claims in [0, ¢), z3 is the variable defined by excess-
of-loss reinsurance. The ruin occurs at the random stopping time 7(z) = min{0 < t <
T : R(z,t) < 0}; if R(z,t) > 0 for all ¢ € [0,7] then by convention 7(z) = T + 1.
The ruin can be mitigated by the choice of policy variables z = (z1, z2, z3) from a
feasible set. Assume that 71, 7, ... and Lq, Lo, ... are defined on some probability space
(©,%,P). An important performance indicator of this process is the following risk function
F(z) = Ef(z,0), where 6 denotes all random variables involved in the problem and

f(x,0) = R(z, 7).

The function f(z,0) is defined by means of min and -min operations. It becomes more
evident from further simplification of the problem. Consider the case of two time epochs:
current time moment and the future. For a fixed current policy variable z = (x1, x2, x3)
the future risk reserve

R(x) = 21 + 2 — min{L, 23},

where L is a random claim. The risk function
F(z) =Ef(z,0), f(x,0) = min{0, z1 + xo — min[L, z3]}

is nonconvex and nonsmooth. The random function f(x, ) is generated by min and -min
operations from linear functions.

Assume now that Prob{R(z,t) = 0} = 0 for all z and ¢ (we can always achieve
this by adding some independent small random noise with density to R(x,t)). Then
with probability 1 function f(x,6) is generalized differentiable (see next section) with
generalized gradients:

1
gz, 0) = - ((Z)g) , T(z) < T,
0 € R3, () > T,

where n(z3) is the number of cases when L; > x3, 0 <t < 7(z).

Stochastic jumping process R(x,t) has a rather complicated structure and purely ana-
lytical analysis of its characteristics and appropriate policy variables z is only possible in
special cases. In realistic situations parameters of these processes may be time dependent
and there may be a variety of policy variables interconnecting different lines of insurance
industry. Extreme and catastrophic events such as fires, floods, windstorms, human-made
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accidents and disasters produce highly correlated claims, which should be properly diver-
sified in time and space. All these require the analysis of multidimensional interdependent
insurance risk processes that is formally often equivalent to the analysis of large num-
ber integro-differential equations with “trajectories” depending on policy variables. These
equations are analytically tractable only in very special cases. Of course, it is possible to
use Monte-Carlo simulation techniques in a straightforward manner for any given collection
of policy variables, but unfortunately the number of possible combinations exponentially
approaches infinity. For example for 10 policy alternatives (say, levels of contracts with
reinsurance) and 10 scenarios the number of combinations is 10!°. Procedure (35)-(37)
confronts this complexity. It allows us to simulate stochastic processes directly without
solving differential equations and generate feedbacks to policy variables after each random
simulation forcing these variables to converge towards better values, for example such that
decrease insolvencies of companies, increase their profits and satisfactions of individuals.
We analyze these aspects in [12].

Let us discuss a simple example. Consider process R(z,t) and assume for the sake of
simplicity that variables z1, x5 are fixed say x1 = Ry, z2 = a. Hence the policy variable is
the level of contract with reinsurance x3 = x and let ¢(x) be related cost. A decrease in z
reduces the chance of insolvency but at the same time it increases the cost c¢(x). Consider
the following risk function

F(z) = ¢(x) + rER(x, 7(z)),

where the expectation is taken with respect to the randomness involved in 7 and r is a risk
parameter. The function F'(z) reflects in a sense a trade-off between the risk of insolvency
and costs on the risk reduction measure z. It is possible to show that for a given r > 0 the
minimization of F(z) can be viewed as the minimization of ¢(z) subject to constraint: the
probability of insolvency does not exceed a given level. The minimization of F(x) is not
in general possible by using standard techniques. Thus deterministic approximation (3) is
impossible because 7(x) is an implicit random function of z. Procedure (35)-(37) starts
with a given initial values of reinsurance contract z° and sequentially updates this value
after each simulation run. Assume z* is the value of z° after k simulations. New value
zF*1 is calculated as the following. For given x* the random process R(z*,t),0 <t < T,

is simulated and 7(z¥) is observed. The value z* is adjusted according to the feedback:

k+1 _ { min{0, z* — =) [(a*) = n(z*]}, 7(a") <T, }
min{0, =¥ — Sn ] d(z")}, 7(z?) > T,

where c is a positive constant. Since the situation 7(z*) < T may be rather rare for some
levels 2", special measures are required to increase the frequency of cases 7(z*) < T. We
discuss it with more details in [12]. After a finite number of adjustments k the value z*
is stabilized around the desirable value. It is important that the number of simulations
required for such type adaptive adjustments usually has the same order of magnitude as

the estimation of F(z) at a given initial value 0.

3 Generalized differentiable functions

Let us introduce a class of functions that is closed under operations min and maz ( -min)
and smooth transformations. Continuous differentiable functions belong to this class. As
we can see in section 4, 5 there is simple gradient type procedure for the optimization of
such functions.
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Definition 3.1 (Norkin [21]) Function f : R® — R is called generalized differentiable
£ GD) at x € R™ if in a vicinity of x theﬁe exists upper semicontinuous multivalued mapping
Of with closed convex compact values 0f(x) such that

fy) = fx)+ < g,y — x> +o(z,y,9), (5)

where < -,- > denotes the inner product of two vectors in R", g € df(y) and

i 10 y*, %))

=0 6
P =l (6)

for any sequences y* — x, g* — g, g* € Of(y¥). The function f is Ealled generalized
differentiable if it is generalized differentiable at each point x € R™; 0f(x) is called a
subdifferential of f at x.

Example 3.1 Function |z|, x € R, is generalized differentiable with

B +1, z >0,
dlz| =4q [-1,+1] z=0,
-1, z <0

Its expansion (5) at x = 0 has the form
lyl = 10| + sign(y) - (y — 0) + 0.

Generalized differentiable (GD) functions possess the following properties (see Norkin [21],
Mikhalevich, Gupal and Norkin [19]):

They are locally Lipschitzian, but generally not directionally differentiable; continu-
ously differentiable, convex and concave functions are generalized differentiable, gradients
and subgradients of these functions can be taken as generalized gradients; class GD-
functions is closed with respect to finite maz, min operations and superpositions;

dmax(fi(x), f2(x)) = co{0fi(z)| fi(z) = max(f1(z), fo(z))}, (7)

and subdifferential dfy(f1,..., fm) of a composite function fo(f1,..., fm) is calculated
by the chain rule; class of GD-functions is closed with respect to taking expectation:
OF(z) = E0f(z,w) for F(z) = Ef(z,w), where f(-,w) is a generalized differentiable
function. Thus the expectation functions discussed in Section 2 are indeed generalized
differentiable; the subdifferential f(x) is defined not uniquely, but Clarke subdifferential
Of (x) always satisfy Definition 3.1, and df(z) C df(z) for any 0 f(z) and f(z) is a single-
ton almost everywhere in R"™; some elements of 9 f(z) for a composite function f(z) such as
f(z) = max(fi(z), fa(x)), f(z) = min(f1(2), fo(z)), and f(z) = fo(f1(2), ..., fm(z)) can
be calculated by the lexicographic method (Nesterov [20]); there is the following analog of
Newton-Leibnitz formula

1
ﬂw—fuazé < g((1— Dz +ty),y— > dt,

where g((1—t)z +ty) € Af((1 —t)z + ty).
These properties of generalized differentiable functions make them suitable for model-
ing various nonsmooth stochastic systems.
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4 Deterministic generalized gradient method with projec-
tion on a nonconvex feasible set

Let us first analyze the deterministic procedure to demonstrate the convergence analysis
technique. Consider a problem:

f(z) — mig, (8)
where
X ={z € R"|¢y(z) <0}, 9)

f(z) and 9 (x) are generalized differentiable functions. Let df(z) and 9 (z) be subdif-
ferentials of f(z) and ¢ (z), in particular they may coincide with Clarke’s subdifferentials
Of(x) and 0v(x). Assume that

p(0,¢(z)) = inf lg|| >0 (10)
g€ (x))
for all = such that ¢(z) = 0.
The necessary optimality condition for this problem has the form [19]:

0 € 9f(z) + Nx(),

where B
Ny(a) = { DFH@IX2 0}, v() =0,

Let X* = {z € X| 0 € 0f(x) + Nx(x)} and f* = {f(z)] = € X*}. Consider the
following conceptual iterative search procedure:

Al

2 ¢ X, (11)
e Ty (2* - prg®), (12)
g e 9f=") k=o0,1,..., (13)

where IIx is a (multivalued) projection operator on the set X, i.e. z € lIx(y) iff y — 2z €
Nx(z); nonnegative numbers pj, satisfy conditions

o0
lim pp = — 0. 14
Jim pj =0, g_:opk 00 (14)

Remark 4.1 Method (11)-(13) is an extension of the projection subgradient method by
Shor, Ermoliev, Polyak (see further references in [1], pp.143-144) for nonconvex problems.
Dorofeev [4], [5] studied a similar method for the class of subdifferentially reqular (quasid-
ifferentiable) functions, which do not cover important applications (for instance, this class
includes convex, weakly convez [22] and maz- functions, but does not include concave and
min- functions).

Theorem 4.1 Sequence {x*} generated by method (11)-(18) converges to the solution of
problem (8): minimal in function f cluster points of {x*} belong to X* and all cluster
points of {f(x*} constitute an interval in f*. If the set f* does not contain intervals (for

instance, f* is finite or countable), then all cluster points of {x*} belong to a connected
subset of X* and {f(z*)} has a limit in f*.
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The proof of convergence is based on using nonsmooth nonconvex Lyapunov functions
and techniques developed by Nurminski [22], Ermoliev [7], Dorofeev [5], Mikhalevich,
Gupal and Norkin [19].

Lemma 4.1 Assume that lim,_ oo 2 = yEX*. Then for any € > 0 there must exist
indices ls > kg such that ||z* — y|| < € for all k € [k, 1s) and

limsup f(a*) > f(y) = lim f(z"). (15)

+1

Proof. Denote ZF! = zF — pkgk and represent

= Ty (28 — prg®) = 2 — pr(g® + BF) = 2% — ppQ¥,

where
Q" = g" + 1%,
1
hk — hk(fk—i-l) — E(fk—kl _ Hx(fk—i_l)) c Nx($k+1), (16)
Then: 1 1
IR¥]| = —kllfk+1 ~Ix ()| < —kllf'“+1 —a* = llg"l,

1 _
1Q*) = allﬂﬂ’“+1 —a¥| < =g — 2| = |Ig"|.

|
Pk

We have to consider two cases: ¥(y) < 0 and ¥ (y) = 0. In the first case for k > ks
method (12) operates in a sufficiently small vicinity of y as an unconstrained subgradient
method and the statement of the lemma is known (see [21],[19]). In what follows we
consider a new case ¥ (y) = 0 ( the case ¥(x) < 0 may be considered as a simplification of
the case 1(y) = 0 ). For y = lim, z** define

1= p(0,0(y)) = int{llglll g € 0y(y)}, (17)
v =p(0,0f(y) + Nx(y)) = inf{llglll g € (Of(y) + Nx(y)}; (18)
vzsgp{llglllg € df(y)}. (19)

Due to upper semicontinuity of f, Oy(z) there exists e;-vicinity of y such that

Sguf{llglllgegf(Z), lz =yl < e} <2y =T; (20)
Sgllf{llg|||965¢(Z), |z =yl < e} <2y =T; (21)
Define _
N(z) ={g € Nx(2)| [lgll < T},
G(z) =0f(z) + N(2).
Obviously,

p(0,Gly)) = mf{llgll g € G(y)} = v

Due to upper semicontinuity of 9 and G(y) there exists ez-vicinity (e2 < €1) of y such
that for all z, ||z — y|| < €2,

p(OY(2), (y)) < /2, (22)
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where p(-, ) is the Hausdorff distance between sets.

Due to generalized differentiability of f and i for ¢ = ) there exists €3 < €

2
GAT(L2T /i
such that for ||z — y|| < es:

f2) < f)+<g,z2—y > +cllz —yl|, (23)

P(z) < Y+ <dz—y>+cllz -yl
= <dz—y>+dz—yl, (24)

for all g € Of(2), d € O1(z). Now set € = €3 and fix some ¢ < €. Set p; = ¢/(3T'). Let
lly* — y|| <€/3, and ps < p; for s > S. Denote

mg = sup{m| ||z* —y|| < 2¢/3 Yk € [ks, m)}.

We now show that m, < oo for s > S. Indeed, if for all k ||z¥ — y|| < 2¢/3 then we obtain
the contradiction:

k—1
2¢/3 > |Ja* —y|| > ||a* — 2P| - |a* —yl| > v/2 )Y pp—€/3— o0
r=ks

as k — oo. Furthermore

lz™ =yl < [lz™ 7" =yl + pm, 1 |QT T < e

Since
ms—1 ms—1
/3D QI <T Y i,
k=ks k=ks
then
ms—1
> o>
Pl 3F
For k € [ks,ms], s € S, z¥ and ¢g*F € 9f(2*) from (23) follows that:
f@*) < fly+ < gt v +efa® —y|
< fly)+<gt a2t >+C||90 —a™|| + (T +¢)|lz™ — y||
= fly)+<g* +h'“ ah > — < hF gk — gk > 4
cl|z® — 2™ || +(F+C)||1Eks —yll, (25)
where h* is defined by (16), and let us estimate the term u, = — < hF, zF — ks >, If

¥ (ZF) < 0 then h* = 0 and ug, = 0. Consider the case 1 (Z*) > 0, i.e. h¥ # 0. Since
W' € Nx(a") = {Agl g € B(a"), A > 0},

then
RF = Md, d¥ € Dp(aF), A >0,

and
0 < A = [|B*||/l|d¥|| <T/(p/2) = 2T'/p.

Substitute 2* = IIx (Z*) and d* into (24):

0= y(a") << d", " —y > +cfa® —y]|. (26)



Now multiplying (26) by A\, we obtain:

Arella® —yll < (2¢0/p)|z* — y
(2eT/p)llz" — 2| + (2¢T/p)|2* —y]|. (27)

—<haF—y> <
<

Using inequality (27) we can rewrite (25) in the following form:

FEh) < f)+ <g® 4k ab—abo>
(1+20/pclla® — 2™ + (T + e+ 2T /p)|l=* — . (28)

Now we have to estimate scalar products

k—1
< g+ hE ok — gk >=< gk + BE, Z(gi + ') >
i=ks
Lemma 4.2 (see Mikhalevich, Gupal and Norkin [19]). Let P be a conver set in R™

such that 0 < v9 < ||p|]| < Ty < 400 for all p € P. Then for an arbitrary collection of

vectors {p” € P|r =k,...,m} and any collection of non-negative numbers {p, € R'| r =
k,...,m—1} such that

m—1 0.0,)/2
ZpTZUO>0a sup pr < 1—\20a
rek k<r<m 6
there ezists index | € (k, m] such that
7B & 7070
<p, Zprp/Zpr>> LN >
r=k 4" r=k 3F0

Proof. For completeness we give the proof of the lemma. Let

t—1 m/—1 m’
ZPT 3F _Zpra Z pr<0§2pr- (29)
r=k r=k r=k

Suppose the opposite to the statement of the lemma is true, i.e. for all [ € (¢, m/]

-1 -1 2
v
(pl, o /Y pr> < (30)
r=k r=k

We have
2 2 -1
+2p1 (pl, > prp’”> + ot Ip')1?
r=k
and

2

+2 Z Pl (p Zprp ) + > Al (31)

I=t+1 I=t+1

m’ t
dopp| = ‘ > "
r=k r=k

Substituting (29), (30) into (31), we obtain:

2 2 / 1— /
7202 < T2 Zr k PrD ) 7 230 t+1 Pl P ipr +17? SUPg<r<m’ Pr Z;Zt—i-l pi
< 2 (Gh+ ) ot La + 122080 < Uy202,



This contradiction proves the lemma. O
Now let us come back to the proof of Lemma 4.1. Set

P =co{G(2)| |z —y| <,
pr=g"+h", k=ks <r<m=mg,
Yo :I//Q, FO =TI.

We have .
ms— k
IIZB’”S ]
E Pk > E o> > =0 > 0,
k=ks k=ks r 3F

lim sup px = 0.

S—00 E>ks

By Lemma 4.2 for all sufficiently large s there exist indices I, ks < [ < mg, such that

ls—1 ls—1 2
1%
<ng + 05 pr(gt+ 1) > pk> > 16

k=ks k=ks
lo—1
D k=
Pl 18F
Substituting these estimates for k = [ into inequality (28), we obtain the final estimate
X 2
with ¢ = 641"(1121"/#):
2 ls—1 ls—1
f@) < f)— = > o +TA+20/p)e > pr
16
k=ks k=ks
+(T + ¢+ 2¢0/p) ||z — y)|
2
< Fy) — goopmer + (0 + e+ 2 /w) e —y. (32)

Thus we have proved that for all sufficiently small ¢ < € and sufficiently large s there exist
indices I, such that ||2* — y|| < € for k € [k, [s) and f(x!*) satisfies (32). From here the
statement of the lemma follows.O

Proof of Theorem 4.1. The proof is based on Lemma 4.1.

19. Obviously, the sequence {z*} belongs to a compact set X.

20, By boundedness of subgradients df(z) on a compact set X we obtain

lim [ @)~ F@)| < sup gl lim p = 0.
k=00 gegf(z), zeX k—o0

From here it follows that cluster points of {x*} constitute a connected set in X.

30. Sequence {z*} from compact set X has a closed set of limit points X’. The
continuous function f(z) achieves its minimum on X', say, at some point z’. The point
z' = lim,_,o0 " belongs to X* because otherwise due to Lemma 4.1 it is not minimal in
the above sense. Thus lim infy_,o f(z¥) € f*.

4%, Now prove that limit points of the sequence {f(z*)} constitute an interval in f*.
If lim supy,_, o, f(2*) = liminfy_, f(2*) then the statement follows from 3°. Suppose

lim sup f(z*) > likminff(mk) =foef’.
—00

k—o0
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Assume the opposite to the statement of the theorem. Then there exists some number
fLEf* such that fi < limsupy_,.. f(2F(w)). Let us choose number f, such that

liminf f(2%) = f* < f1 < fo < limsup f(z).

k—o0 k—o0

Sequence {f(z*)} intersects interval (fi, fo) from below infinitely many times, so there
exist subsequences {z*s} and {z"} such that

f(xF) < f1 < f(2F) < fo < f@™), ks <k < ns. (33)

Without loss of generality we can consider that 2 — 2/. Due to 2° and continuity of f
we have

lim f(z*) = f(«') = fiES*.

S—00

Hence lim,_,o0 2% = 2/€X*. Now we can apply Lemma 4.1 to subsequences {mk}z":ks
Choose € such that

sup — f(y) < fa.
{:lly—a'||<c}

Then (15) contradicts to inequalities (33). Hence

[liminff(mk),limsupf(:nk)- C fr.

k—o0 k—o0

Since X* and f* are closed sets then

[likrginff(mk),limsupf(:nk)- C fr.

k—o0

5°. Suppose now that f* does not contain intervals, for instance, f* is finite or count-
able. From statement 4° we have

Jim f(z*) = fg € [ (34)

If a cluster point 2’ = lim,_,s z*s does not belong to X*, then due to Lemma 4.1 we
would have a contradiction {f(z*)} stated in (34). O

Remark 4.2 The convergence result of Theorem 4.1 remains true for generalized gradient
method (11), (12), where

gt e af(E"), ||z* - 2F| < 6, liindk =0.

In this case the basic Lemma 4.1 follows from the stability result of Lemma 5.4. If points &*
are taken at random then with probability one Of(&*) = 0f(&*) and the method converges
to X* ={z|0 € 0f(x) + Nx(z)}. In the last case we can use formula (7) and the chain
rule to calculate gF € Of (i*). The use of Of(Z*) resembles the concept of mollifier gradient

[9]
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5 Stochastic generalized gradient method

Consider now stochastic optimization problem (1), (2), where the objective function F(x)
is generalized differentiable, the set X = {z| ¥(x) < 0} is given by a generalized dif-
ferentiable function ¢ (z), satisfying regularity condition (10). Define X* = {z| 0 €
OF(z) + Nx(z)} and F* = {F(x)| x € X*}.

Consider the following procedure

© € X, (35)
(W) e Ox(af — ppstw)), k=0,1,..., (36)
1 &
sf(w) = v Y &(w), me=k—rr+1>0, (37)
1=Tp

where all random quantities z*(w),
ability space (Q,%,P), &(w), i =
gradients) such that

E{¢'(w)] 2°(W),...,2'(w)} = ¢'(w) € Bf (2"(w)),

€ (W) < € < +oo; (38)

IIx is a (multivalued) projection operator on the set X, i.e. z € lIx(y) iff y — z € Nx(z2);
non-negative numbers r, ng and pg satisfy conditions

€F(w), s¥(w), k =0,1,..., are defined on some prob-
0,1,..., are random vectors (stochastic generalized

ng=k+1—rry<m < +oc; (39)
oo oo
D k=400, > pi < +00. (40)
k=0 k=0

Remark 5.1 Method (35)-(37) combines ideas of projection stochastic quasigradient method
by Ermoliev (see details and further references in [11], pp. 142-185) and stochastic gra-
dient averaging method [1], [5], [7], [15], [19], It is easy to gemeralize the convergence
analysis to biased estimates of generalized gradients — stochastic quasigradients.

Theorem 5.1 Let f(z) and 1 (z) be generalized differentiable functions, sequence x*(w)
is generated by method (35)-(87), where i, nk, pr satisfy (39), (40). Then minimal (in
function F) cluster points of {x*(w)} a.s. belong to X* and all cluster points of {F(xz*(w)}
a.s. constitute an interval in F*. If the set F* does not contain intervals (for instance, F*

is finite or countable) then all cluster points of {z¥(w)} a.s. belong to a connected subset
of X* and {F(z*(w))} has a limit in F*.

Proof. Denote ZF! = 2% — p;s* and represent

aF T =TIx (2% — prs®) = & — pu(s* + BF) = 2F — pQ,

where

Qk:Sk+hk,

h hk( k—i—l) pl (jk—i-l HX( k—l—l)) c Nx($k+1),
k

k —k —k —k k
[R* = || Tk (T +1)II< || b I

= |Is



—12—

1
Q%) = —kllﬂck+1 — k|| <~ II:JC'“+1 2| = [Is"].

Now fix a subsequence {z*s(w)}. For k > ki

k
M) = M) - Y QW)
t:ks
= ZPtQ — G (W)
t=ks
= @) - W) (a)
where
i) = ) (42)
B = X W) =1 )~ @) k> (43)
k=ks
—k 1 &
QW = o YT W), (14)
T = BEWIa20). o)} € Ifa"(w), (15)
W) = (@) - Ix(7(w) € Nx(@™ o) (16)
m—1 t
G = X p €@ —7 W) (a7)

Instead of {z*(w)} we shall study the behavior of the close sequence {yf (w)}i>k,, s =
0,1,..., generated by deterministic (under fixed w) procedure (43)-(47). This procedure
uses subgradients g”(w) of function F' taken not at points y;,_(w) but at close points z"(w).

Besides, the vector h"(w) is normal to X not at the point yTH( ), but at a close point
2"t (w). We have an estimate:

Ik, (W) — (W)l = IG5, (W] < Sup 16k (@) = O, (w).
Let us show (Lemma 5.1) that lims_,. 0, (w) = 0 a.s. Notice that

(@ (@) = f(yk, ()] < Lgllz®(w) = v, (@)l = Lo, (w), (48)

where Ly is a Lipschitz constraint of function f over set X. Then the difference | f(z*(w))—
f (y,’is (w))], k > ks, is arbitrary small for s sufficiently large. The remaining part of the
proof we subdivide into several separate lemmas.

Lemma 5.1 Random sequence {Ck(w)}32,,

k—1 t
G =Y o D E@ -7 @), m<m, (49)
t=0

T=r¢

a.s. has a limit.
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Proof. Denote

NS T e 2
tr 0, otherwise.

Then
G o= S m Y, M€ —T) = S (U M) (67— F7)
= o (082, Mepe) (€ —T7) — g (82 Aerpt) (€7 = F7).
Sequence
—k k—1 oo
Co=>_O Arp)(€ =7 (50)
t=0 t=r

is a martingale with respect to o-field generated by {z*(w)}32,. Denote
I =sup{|glll g € 0f(z), = € X} < +o0.
Then

T+ C)P? 220 (2, Aerpt)? < (T + C)? 222 (15" pr)?
(T + C)*m? 02 p} < +oo

E||Cq (w)]?

and . .
E||(o(w)]| < 1+ E[|{5(w)]|? < +oo.

Hence the martingale (50) a.s. has a finite limit. For the remainder term

k—1

oF(w)=>" 0" Mepe) (€ —7")

t=0 t=k

the following estimates hold true:

af(w) < RSS2k Ao (€711 + 1171)

(T +C) Shd (52 Arpr) = (T4 C) 22 pe(hg Aer)
(T +C) X2k pe (S, Mr)

T+0)Skmp — 0 as k — oo.

IA A A

Hence the sequence {¢4(w) = Zg(w) + of(w)} a.s. has a limit.O
Corollary 5.1 For any subsequence of indices {ks} — 0o
Ok, (w) = sup ||C,’§S(w)|| — 0 a.s. as s — oo.
k>ks
Remark 5.2 Lemma 5.1 and Corollary 5.1 remain true if v, = k in (37) and (38) is

replaced by '
E|[¢'(w)||* < +oo.

Lemma 5.2 Let w be such that {(§(w)}32, has a limit. Assume that limy_,o0 2%+ (W) =
z(w)EX™*. Denote

ms(e,w) = sup{m)| ||z*(w) — z(w)|| < € for ke {ks,m}.

Then a.s. there ezists €(w) such that for any € € (0,€ there ezist indices ls(w) €
[ks(w), ms(e,w)], and

f(z(w)) = lim f(2*(w)) > limsup (2" (w)). (51)

§—00 $—00
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Lemma 5.2 due to (41), (48) and Corollary 5.1 follow from the similar property of the
sequences {y (w)}r>k,, generated by (43)-(45). We formulate this property as a separate
lemma.

Lemma 5.3 Let w be such that {(§(w)}, has a limit. Assume that
lim,_,o0 2% (w) = z(w)EX*. Denote

ms(e,w) = sup{m| |yi, (W) —z(W)|| <€ for k € [ks,m)}.

Then a.s. there ezists €w) such that for any € € (0,€ there ezist indices ls(w) €
[ks(w), ms(e,w)], and

Flalw)) = Jim f(*(w)) > limsup (sl (@), (52)
Lemma 5.3 follows from the following stability property of the deterministic subgradi-
ent method.

Lemma 5.4 Let some sequence of starting points {y*} converge to y = limg_,o y*. For
each s consider a sequence {y,’is Yoty such that

ks _ ,,8
ys _y 9
ystt =k — prl(gh + h%), s <k <ng;
g% € Goe(yF) = co{g € f ()| ly — y&| < 6¥},

hk e (W) — gk < gk,
Ur = yk — phgk.

Denote
ns—1
k k k
Ps = Sup - Pg, 68 = sup 5sa Os = Z Ps-
ks<k<ng ks<k<ns k=ks

If0E0f(y) + Nx(y) and o5 > o > 0 then for any sufficiently small € there exist p = p(y, €)
and & = 0(y, €) such that for {yf}zszks with 6% < 0 and p¥ < 7 there exist indices l; such
that ||y* — y|| < € for k € [ks,ls) and

fly) = Jlim f(y*) > limsup £(y}).

Proof. The proof is similar to the proof of Lemma 4.1. We have to consider again two
cases: ¥(y) < 0 and ¥(y) = 0. In the first case the subgradient method operates in
a sufficiently small vicinity of y as an unconstrained method and the statement of the
lemma is known (see [19]). In what follows we consider a new case ¥ (y) = 0 (the case
¥(z) < 0 may also be considered as a simple repetition of the case ¥(y) = 0). As in
proof of Lemma 4.1 for y = lim, y* define u, v, v by (17)- (19) and €1, €2, €3, ¢ such that
(20)-(24) hold.
Now set
€ = min{es, ov/2}

and fix some € < € Set 0; = €/4, p; = ¢/(4T). Let for ||y* —y|| < €/4, 6, < 1, ps < Py for
s> 8.
Define the index

ms = sup{m| |lys —yl| < €/2 Vr € [ks,m)}.
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We now show that €/2 < ||ly* — y|| < 3e¢/4. Firstly we shall prove the left inequality.
If |y — y|| < €/2 then ms = ns and we obtain a contradiction:

€2 > 3e/4 = [lyg — ys| = ov/2.

Furthermore
Iy —yll < [y = yll + p= g~ + he | < 3e/4
Ys Yl < 1lYs Y Ps 9s s = o€/ 4.
Since
ms—1 ms—1
k/ k k k
/A< || D pEgE+RDIST Y pk,
k=ks k=ks
then
ms—1 €
k
Z Ps > .
P 41
Let g* € Gisx (y¥), then
n+1 n+1

gy =D Mg, YA =1
=1 =1

gy € Df(WE), llus' — vill < ok

If |ly* —yll < e/4, 65 < €/4, ks <k <my, 1 <i<n+1, then
5 — yll < Iy — ol + 11k — yll < 6% +3€e/4 < e < es.
For 3% we can use (23):
P < F)+ < gy —y° > +ellyd =yl + (T +9)lly” — yll-

If we replace y* (1 <i < n+ 1) by a close point y*, then

fh < fly)+<ghyf—y' >
+ +cllyf —yll+ 2L +¢)ds + (T + o)[ly* — y].

Multiplying these inequalities by A** and summing in 4, we obtain

fE < f)+<gfyf -y >
+ellyf — y¥|| + (2T + ¢)ds + (T + o) ||y — v

= f)+<gF+niyf—y > — <hE byt >+
+elly® — y¥|| + (2T + ¢)ds + (T + o) |ly* — vl (53)

where
hy = (Js —2)/P5 1ITs —Tall 0%, 25 = x(45)-
Let us evaluete the term u* = — < h¥ y* —y* > If o (y¥) < 0 then h¥ = 0 and u* = 0.
Consider the case ¥(y¥) > 0, i.e. u¥ # 0. Since
hy € Nx(23) = {Mgl g € (=), A > 0},

then
hE = NEdk,  dE e ap(zl), AF>o.
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We have
0 < AF = ||RE|/lldE]| <T/(p/2) = 2T/p.

Substitute z¥ and d¥ into expansion (24):

(k) << db, 2~y > ez -yl (54)
Since
vt =7k — pkhk =gk — gf + 2,
then

lys — =21l = g5 — 951l < 6%
Replacing 2 in (54) by a close point y¥, we obtain:
0 =1(ys) << di,yk —y > +cllys —yl + (20 + ¢)dy. (55)
Now multiply (55) by A\¥ < 2I'/pu:
0 << hy,ys —y° > +20e/w)lys — y°ll + (T + 2eT/w)ly° — yll + 202 + ¢)é5 /.

i.e.

— < RS yk —y° >< (20e/p)|lyk — v°l + (1 + 2¢/p)lly° — yl| + 20(2T + )65 /. (56)
Using inequality (56) we can rewrite (53) in the following form:

Fl) < )+ <gh+hEyk =y > +(c+20e/p)llyl — v°||
+(2T + ¢+ 20¢/p)||y* — yl| + (20 + ¢)(1 + 2Tc/u)d¥. (57)

Now we evaluate scalar products

k—1
<gF+nb ok -y =< b+ RE N (gl ) >
i=ks

by means of Lemma 4.2. Set

P = co{G(2)| ||z —yll <,

T

pr=gl+hl, k=ks <r <m=ms,
’70:7//2a Ty = 2T,

then
. e
Zps_Zp 71_‘2520'0>0f01‘325,
k=ks k=ks
sll)rgc):;l}c)p = hm os =0.

By Lemma 4.2 for all sufficiently large s there exist indices I, ks < [ < mg, such that

ls—1 ls—1

14

(st 40, 3 sty 3 ) =
k=ks k=ks

ls—1

g% Ps = 48r2
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Substituting these values for k = Is into inequality (57), we obtain finally for ¢ =

v

6AT(1+2T/p)
2 ls—1 ls—1
FUe) < f) =3 20 AE+20(A+20/me Y pg
k ks k=ks

+(2T" + c)(l +2T¢c/p)ds + (2T + ¢+ 2Tc/p)||y° — y|

2
fly) — Te00r2 + +(2T' 4+ ¢)(1 + 2Ic/ ) ds

+(2r + ¢+ 2T¢/p) |ly° — y||- (58)

IN

Hence we have proved that for all sufficiently small ¢ < € and sufficiently large s there
exist indices I, such that ||y* — y|| < e for k € [ks, ls) and f(yl*) satisfies (58). From here
the statement of the Lemma follows.O

Lemma 5.5 In method (35)-(37)

kli)m |z (w) — zF(W)| =0 a.s.
Proof.
lz** (W) — 2 ()] < ||S( )l
< pullng Srer, 97 @)+ okl i, (€7(w) — g7 ()]
< pkllnlk Yo, 9 ")l + prllc @),

where

9" (w) = E{&’"(wn 2O(w), . .., 2% (W)},
(W)= = Xr, (W) = g"(w)), me=Fk—rp+1.
)

Here ¢g" € 0f (2" (w)) are uniformly bounded and hence

hm pk||— Z g (

TTk

By Lemma 5.1 sequence {¢%(w)} (see (49)) a.s. has a limit, hence limg 00 pr(¥(w) = 0
a.s. U

Now we can complete the proof of Theorem 5.1. Consider the set ' C Q such that
the sequence {¢f(w)}?, defined by (49) converges. By Lemma 5.1 P(Q') = 1. Let us fix
some w € V. The remaining part of the proof repeats steps 1° — 59 of Theorem 4.1 and
uses Lemma 5.2 instead of Lemma 4.1.

6 Concluding Remarks

In this paper we developed easy implementable computational procedures which may
naturally incorporate fast Monte Carlo simulation and thus deal with nonsmooth and
nonconvex problems analyzed in our recent paper [9]. These techniques aim at specific
classes of problems with so-called generalized differentiable performance functions that do
not require the concept of stochastic mollifier gradients introduced in [9] primarily in the
connection with discontinuous performance functions. As we illustrated in Section 2 mod-
els with such performance functions cover important area of risk control involving stopping
time (ruin) problems. Interesting enough that proposed search procedures may incorpo-
rate (see Remark 4, 2) random mechanisms of stochastic mollifiers with their additional
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power to bypass local solutions without joint constraints on step-sizes of the procedure and
the ”stochasticity” of mollifiers. The estimates of generalized gradients in (35) — (37) may
also be biased and called stochastic quasigradient similar to how this notion is used in such
situations for other (i.e. convex) functions. The convergence requirements are the same as
for stochastic quasigradient procedures with convex functions and constraints, although
the technique of proofs is essentially different and it is based on stopping time arguments
(Lemma 4, 1). The stochastic optimization procedure (35)-(37) is based on (see Remark
5,1) averaging operation. This type of operations were introduced by Ermoliev (see [6]
and discussions in [11] p.150) for so-called compound stochastic optimization problems.
Averaging stochastic gradients as a particular case was firstly studied by Bagenov and
Gupal [1], Chepurnoi [2], Ermoliev [7] (pp.214-215), Ruszczynski and Syski [25].

This paper deals only with the analysis of conceptual (basic) procedure that can be
modified correspondingly for a particular case of problem. For example, in cases of insur-
ance risk processes (as we showed in Section 2) there exist simple algorithms for the cal-
culation of stochastic generalized gradients that can be easily embedded into Monte Carlo
scenario simulation techniques. This algorithm provides feedbacks to policy variables in
such a way that drives them towards improvements with respect to given collections of
performance indicators. Let us also notice that proposed procedures have also been mo-
tivated by the study of the stochastic tdtonnement process [10] where the question of
convergence plays an essential role. The use of (35) — (37) type procedures combined with
fast Monte Carlo simulations show a rather fast improvement of initial policy variables
(see, for example [23]).
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