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A Group Cut  f o r  t h e  T r a v e l i n g  S a l e s m a n  P rob l em 

David  E.  B e l l *  

A b s t r a c t  

He ld  a n d  Karp h a v e  shown how t h e  good  minimum s p a r l n i r ~ g  
t r e e  a l g o r i t h m  may be  u s e d  i n  s o l v i n g  t h e  T r a v e l i n g  S a l e s m a n  
p r o b l e m  by means o f  a  g e n e r a l i z e d  l i n e a r  p r o g r a m  i n v o l v i n g  
1 - t r e e s .  The s i z e  and  s t r u c t u r e  o f  t h e i r  d u a l  p r o b l e m  a r e  
i n t r o d u c e d .  From t h i s  a n a l y s i s  a g r o u p  c u t  i s  p r o d u c e d  a n d  
me thods  by which  t h i s  may r e s o l v e  any  d u a l i t y  g a p  a r e  p r e s e n t e d .  

1 .  I n t r o d u c t i o n  

I n  two p a p e r s  He ld  and  Karp [6,7] showed how t h e  f a s t  a l g o -  

r i t h m  f o r  c a l c u l a t i n g  t h e  minimum s p a n n i n g  t r e e  o f  a  g r a p h  

( t h e  g r e e d y  a l g o r i t h m ,  s e e ,  f o r  e x a m p l e ,  Edmonds [3] ) c o u l d  b e  

i n c o r p o r a t e d  i n  a n  a p p r o a c h  f o r  s o l v i n g  t h e  T r a v e l i n g  S a l e s m a n  

p r o b l e m .  I n  t h e  s e c o n d  o f  t h e s e  p a p e r s ,  t h e y  e x h i b i t  some 

g r a p h s  f o r  wh ich  t h i s  a p p r o a c h  h a s  a g a p ,  t h a t  i s ,  t h e i r  l o w e r  

bound i s  s t r i c t l y  l e s s  t h a n  t h e  v a l u e  o f  t h e  o p t i m a l  s o l u t i o n .  

He re  i t  i s  i n t e n d e d  t o  p r o p o s e  me thods  o f  r e s o l v i n g  any  g a p  

w h i c h  may o c c u r ,  by c o n s i d e r i n g  e q d i v a l e n c e  p r o p e r t i e s  o f  1 - t r e e s .  

S t a n d a r d  g r a p h  t h e o r y  t e r m i n o l o g y  w i l l  b e  u s e d  t h r o u g h o u t  I 

I 
( f o r  e x a m p l e ,  H a r a r y  [5] ) . i 

The n e x t  s e c t i o n  is a b r i e f  s t a t e m e n t  o f  t h e  p r o b l e m  and 

o f  t h e  Held  a n d  Karp a p p r o a c h .  S e c t i o n  3 e x a m i n e s  t h e  s i z e  a n d  

s t r u c t u r e  o f  t h e i r  d u a l  p rob l em,  c h a r a c t e r i z i n g  t h e  s m a l l  number  

o f  1 - t r e e s  which  n e e d  e v e r  be  e x p l i c i t l y  g e n e r a t e d  by t h e i r  me thod .  

* T h i s  r e s e a r c h  was p a r t  o f  a d i s s e r t a t i o n  s u p e r v i s e d  by 
P r o f e s s o r  J .  G .  S h a p i r o  a t  t h e  O p e r a t i o n s  R e s e a r c h  C e n t e r ,  
M.I .T . ,  U.S.A. 



S e c t i o n  4 p r e s e n t s  a way o f  r e s o l v i n g  any d u a l i t y  g a p  by 

c o n s i d e r a t i o n  o f  t h e  g r o u p  f o r m u l a t i o n  o f  i n t e g e r  p rog rams  

i n t r o d u c e d  by Gomory [ 4 ] .  

2 .  The P rob l em 

Given  a g r a p h  h a v i n g  n o d e s  and  e d g e s ,  a s u b s e t  o f  

e d g e s  i s  c o n n e c t e d  i f  e v e r y  p a i r  o f  e d g e s  i n  t h e  s u b s e t  

h a s  a  p a t h  o f  s u b s e t  e d g e s  be tween  them.  The d e g r e e  o f  a  

node  w i t h  r e s p e c t  t o  t h e  s u b s e t  i s  t h e  number o f  e d g e s  i n  

t h e  s u b s e t  i n c i d e n t  t o  i t .  I f  e a c h  e d g e  i s  g i v e n  a  w e i g h t  

o r  c o s t ,  t h e  t r a v e l i n g  s a l e s m a n  p r o b l e m  i s  t o  f i n d  a  

minimum w e i g h t  c o n n e c t e d  s u b s e t  o f  e d g e s  h a v i n g  d e g r e e  two 

a t  e a c h  n o d e .  Thus  t h e  two r e q u i r e m e n t s  f o r  a  f e a s i b l e  

s o l u t i o n  o r  tour, a r e  

( i )  c o n n e c t e d n e s s  

( i i )  r e g u l a r i t y  o f  d e g r e e .  

Whereas  D a n t z i g  e t  a l .  [2] c h o s e  t o  r e l a x  t h e  c o n n e c t e d n e s s  

c o n s t r a i n t  a n d  s o l v e  t h e  s i m p l e r  p r o b l e m  wh ich  r e s u l t e d ,  

H e l d  and  Karp  t o o k  t h e  complemen ta ry  a p p r o a c h  by e n f o r c i n g  

c o n n e c t e d n e s s  b u t  r e l a x i n g  t h e  r e g u l a r i t y  o f  d e g r e e .  

A t r e e  i s  a c o n n e c t e d  s u b s e t  o f  e d g e s  f o r  w h i c h . t h e  

p a t h  j o i n i n g  two e d g e s  i s  u n i q u e .  A s p a n n i n g  t r e e  i s  a  

t r e e  wh ich  i s  a  p r o p e r  s u b s e t  o f  no  o t h e r ,  a minimum 

s p a n n i n g  t r e e  b e i n g  o n e  w i t h  minimum w e i g h t .  F o r  examp le  

t h e  r e m o v a l  o f  any  e d g e  f r o m  a t o u r  g i v e s  a  s p a n n i n g  t r e e .  

It i s  w e l l  known t h a t  f o r  a  c o n n e c t e d  g r a p h  h a v i n g  n  n o d e s ,  

a l l  s p a n n i n g  trees h a v e  n - 1 e d g e s .  C o n s i d e r  a  s p a n n i n g  

t r e e  w i t h  o n e  e x t r a  e d g e .  It c o u l d  b e  a  t o u r  i f  t h e  



r e g u l a r i t y  c o n d i t i o n  i s  me t .  C o n s i d e r  a  g r a p h  w i t h  d i f f e r e n t  

e d g e  w e i g h t s ,  e d g e  ( i , j )  h a v i n g  i t s  w e i g h t  i n c r e a s e d  by an  

amount  Il + n .  f o r  some r e a l  v e c t o r  n = ( i l l ,  . . . ,  n n ) .  
i J 

Lemma 1. The minimum t o u r  f o r  t h e  new e d g e  w e i g h t s  i s  t h e  

same a s  t h a t  f o r  t h e  o l d  e d g e  w e i g h t s .  

P r o o f .  F o r  any  s u b s e t  o f  e d g e s  o f  t h e  g r a p h ,  l e t  d  = ( d l ,  ..., a n )  

r e p r e s e n t  t h e  d e g r e e  a t  e a c h  n o d e .  Thus i f  t h e  e d g e  w e i g h t  o f  
n  

t h e  s u b s e t  was c  i t  i s  now c  + L din,. C o n s i d e r  two t o u r s  w i t h  
i;l ' ' 

w e i g h t s  c l , c 2  wne re  c l  < c 2 ,  s a y .  I f  c i , c i  a r e  t l ~ e i r  new 

w e i g h t s  

c i  = c l +  Z dilli = c1 + 2  Z 9 < c 2 +  2  L "  = c C ;  . 
Thus  t h e  o r d e r i n g  o f  t n e  t o u r s  w i t h  r e s p e c t  t o  t h e  w e i g h t s  i s  

u n a l t e r e d  and  t h e  minimum t o u r  i s  i n v a r i a n t .  I 1 

The p u r p o s e  o f  t h i s  t r a n s f o r m a t i o n  o f  t h e  e d g e  w e i g h t s  

i s  t h a t  a l t h o u g h  t h e  minimum t o u r  i s  i n v a r i a n t ,  t h e  minimum 

s p a n n i n g  t r e e  i s  n o t .  D e f i n e  a  1 - t r e e  a s  a  s p a n n i n g  t r e e  on  

n o d e s  { 2 ,  ...., n }  t o g e t h e r  w i t h  two e d g e s  i n c i d e n t  t o  node  1. 

T h i s  i s  a n  example  o f  a  s p a n n i n g  t r e e  o n  { 1 , 2 ,  ..., nJ p l u s  

a n  e d g e .  L e t  t h e  w e i g h t  o f  a  minimum 1 - t r e e  w i t h  node  w e i g h t s  
I 

il b e  w ( n )  + 2  Z n i .  The  d e f i n i t i o n  o f  w ( n )  i s  made s o  t h a t  i f  

e v e r  t h e  minimum 1 - t r e e  i s  a  t o u r  ( a n d  t h u s  t h e  minimum t o u r )  

w ( n )  w i l l  g i v e  i t s  c o r r e c t  w e i g h t .  



Lemma 2 .  I f  t h e  minimum t o u r  h a s  w e i g h t  c *  t h e n  w ( n )  - < c *  for 

P r o o f .  The o p t i m a l  t o u r  w i t h  w e i g h t  c *  + 2 C i t i  i s  a n  e x a m p l e  

o f  a 1 - t r e e .  I I 
Hence  w ( n )  r e p r e s e n t s  a l o w e r  bound  f o r  c * .  T h i s  l e a d s  t o  a 

d u a l  p r o b l e m  o f  f i n d i n g  a b e s t  l o w e r  b o u n d  w* f o r  c * :  

I t  w o u l d  b e  d e s i r a b l e  t o  f i n d  t h a t  w* = c *  f o r  a l l  g r a p h s ,  

h o w e v e r  H e l d  a n d  Karp [7] e x h i b i t  some g r a p h s  w h i c h  d o  h a v e  a 

d u a l i t y  g a p  a n d  w* < c * .  They u s e  b r a n c h  a n d  bound  t o  c l o s e  

t h e  g a p .  

P r o b l e m  ( 1 )  may b e  r e w r i t t e n  as 

rnax w 

w h e r e  t h e  i n d e x  k  r u n s  o v e r  t h e  s e t  o f  a l l  1-trees a n d  d  
i k  

i s  t h e  d e g r e e  o f  n o d e  i i n  1-tree k .  N o t e  t h a t  s i n c e  dlk i s  

c o n s t a n t  w i t h  v a l u e  2  t h e r e  i s  n o t h i n g  t o  b e  g a i n e d  by  v a r y i n g  

5. L e t t i n g  vik = dik - 2  a n d  I l l  = 0,  ( 2 )  becomes  

max w 

n  



The d u a l  o f  t h i s  L.P.  i s  

T  
min I: ckXk 

k = l  

T  
3 . t .  I: vikXk = 0  , i = 2 , .  . . , n  - 1 

k  = 1 

T ( 3 )  
1 X k Z 1  , 

k = l  

X k ' 0  ¶ K = 1,. . . , T .  

No te  t h a t  t h e  e q u a t i o n  f o r  i = n  h a s  b e e n  o m i t t e d .  S i n c e  
n  
1 vik = 0 f o r  a l l  k ,  o n e  o f  t h e  c o n s t r a i n t s  was r e d u n d a n t .  

i = 2 

I f  t h e  c o n d i t i o n  " A k  i n t e g r a l "  w e r e  added  t o  ( 3 )  i t  wou ld  b e  

a n  e x a c t  f o r m u l a t i o n  o f  t h e  t r a v e l i n g  s a l e s m a n  p r o b l e m .  It 

i s  t h e  r e m o v a l  o f  t h i s  c o n s t r a i n t  t h a t  i s  t h e  r e l a x a t i o n  u s e d  

by He ld  a n d  Karp .  

F o r m u l a t i o n  ( 3 )  may b e  s o l v e d  by co lumn g e n e r a t i o n  a l t h o u g h  

d u a l  a s c e n t  p r o c e d u r e s  a r e  r e q u i r e d  t o  s p e e d  t h e  c o m p u t a t i o n .  

F o r  any  L.P.  b a s i s  B a shadow p r i c e  v e c t o r  ll = c g ~ - l  is 

o b t a i n e d  w h i c h  i s  u s e d  t o  f i n d  a n  improved  1-tree u n t i l  

o p t i m a l i t y  i s  r e a c h e d .  I f  a t  any  t i m e  a g e n e r a t e d  1 - t r e e  

i s  a t o u r  t h e  p r o c e d u r e  may b e  s t o p p e d .  

3 .  The S i z e  a n d  S t r u c t u r e  o f  t h e  Dua l  P rob l em 

I n  t h e  f o l l o w i n g  i t  w i l l  b e  assumed t h a t  t h e  g r a p h  u n d e r  

c o n s i d e r a t i o n  h a s  n  n o d e s  and  a l l  An(n - 1 )  p o s s i b l e  e d g e s ,  

t h a t  i s ,  e v e r y  node  i s  a d j a c e n t  t o  e v e r y  o t h e r  n o d e .  

The  f o l l o w i n g  r e s u l t ,  a l t h o u g h  w e l l  known, i s  i n c l u d e d  



because  t h e  r e l a t i o n  o u t l i n e d  i n  t h e  p r o o f  w i l l  be i m p o r t a n t  l a t e r .  

Lemma 3. The number o f  d i s t i n c t  l a b e l l e d  s p a n n i n g  t r e e s  o f  

t h e  g raph  i s  nn-2,  

P roof  The proof  w i l l  s e t  up a  one t o  one r e l a t i o n  between 

t h e  s p a n n i n g  t r e e s  o f  t h e  g raph  and t h e  s e t  o f  n  - 2  v e c t o r s  

h a v i n g  e l e m e n t s  from t h e  s e t  { 1 , 2 ,  ..., n )  o f  which t h e r e  

a r e  c l e a r l y  nn-2. See  P r i i f e r  [g] . 
Every t r e e  must have a t  l e a s t  one end node ( h a v i n g  

d e g r e e  o n e ) .  The end node w i t h  s m a l l e s t  i n d e x  i s  t h u s  w e l l  

d e f i n e d  and un ique .  For  example,  i n  F i g u r e  1 i t  i s  node 1. 

F i g u r e  1 



L e t  t h e  f irst  e l e m e n t  o f  t h e  n  - 2  v e c t o r  ( t h e  t r e e  v e c t o r )  

b e  t h e  i n d e x  o f  t h e  u n i q u e  n o d e  t o  w h i c h  t h i s  n o d e  i s  a d j a c e n t .  

F o r  t h e  e x a m p l e ,  t h e  t r e e  v e c t o r  ( n l ,  ... , n 5 )  h a s  nl  = 2 .  

A f t e r  r e m o v i n g  t h e  e d g e  b e t w e e n  t h e s e  two n n d e s  a new t r e e  

r e s u l t s .  The a b o v e  s t e p  may b e  r e p e a t e d  u i l t i l  o n l y  o n e  e d g e  

r e m a i n s ,  g i v i n g  n  = 5 ,  n 3  = 3 ,  n,, = 5 ,  n5 = 7 o r  2 

n  = ( 2 , 5 , 3 , 5 , 7 )  as t h e  t r e e  v e c t o r  f o r  t h e  e x a m p l e .  

T h i s  p r o d u c e s  a map f r o m  t h e  s e t  o f  s p a n n i n g  t r e e s  t o  

t h e  s e t  o f  n  - 2 v e c t o r s .  I t  r e m a i n s  t o  show t h a t  f r o m  a n y  n  - 2  

v e c t o r  a  s p a n n i n g  t r e e  c a n  b e  c o n s t r u c t e d  whose t r e e  v e c t o r  

i s  t h e  g i v e n  v e c t o r .  T h e  i d e a ,  g i v e n  a n  a r b i t r a r y  n  - 2  v e c t o r  

w i t h  e l e m e n t s  i n  { 1 , 2 ,  ..., n )  i s  t o  r e v e r s e  t h e  a l g o r i t h m  

g i v e n  p r e v i o u s l y .  C o n s i d e r  t h e  e n d  n o d e  w i t h  s m a l l e s t  i n d e x .  

S i n c e  i t  h a s  d e g r e e  z e r o  when t h e  e d g e  i n c i d e n t  t o  i t  i s  

r e m o v e d ,  i t  c a n n o t  a p p e a r  as a  c o e f f i c i e n t  i n  t h e  t r e e  v e c t o r .  

C o n v e r s e l y  a n y  i n d e x  n o t  a p p e a r i n g  i n  t h e  t r e e  v e c t o r  m u s t  

h a v e  b e e n  a n  e n d  n o d e .  F i n d  t h e  s m a l l e s t  i n d e x  k ,  n o t  a p p e a r -  

i n g  i n  t h e  n  - 2  v e c t o r .  S u c h  a n  i n d e x  must  e x i s t .  T h i s  n o d e  

m u s t  h a v e  b e e n  a d j a c e n t  t o  n o d e  nl  s o  t h i s  e d g e  ( k , n l )  may 

b e  e n t e r e d  i n  t h e  s p a n n i n g  t r e e  t o  b e  c o n s t r u c t e d .  Now 

c o n s i d e r  t h e  v e c t o r  ( n 2 , .  . . , n  ) a s  a  t r e e  v e c t o r  f o r  t h e  n- 2  

g r a p h  o n  n o d e s  { 1 , 2 ,  ..., n }  - { k ) .  The p r o c e s s  may b e  

r e p e a t e d  u n t i l  n  - 2 e d g e s  n a v e  b e e n  i n c l u d e d  i n  t h e  s p a n n i n g  

t r e e .  T h e  m i s s i n g  e d g e  i s  t h a t  b e t w e e n  t h e  u n i q u e  t w o  n o d e s  

w h i c h  a t  n o  t i m e  i n  t h e  c o n s t r u c t i o n  w e r e  e n d  n o d e s .  T h i s  

c a n  b e  s e e n  t o  r e v e r s e  t h e  p r o c e s s  u s e d  t o  c o n s t r u c t  t h e  t r e e  



v e c t o r ,  hence t h e  spann ing  t r e e  c r e a t e d  from t h e  n  - 2  v e c t o r  

h a s  t h e  n  - 2  v e c t o r  a s  i t s  t r e e  v e c t o r .  

The n  - 2 v e c t o r  ( 2 , 5 , 3 , 5 , 7 )  would y i e l d :  

1) S m a l l e s t  m i s s i n g  e lement  from {1 ,2 ,3 ,4 ,5 ,6 ,7 )  

i s  1. E n t e r  edge ( 1 , 2 ) .  

2 )  S m a l l e s t  m i s s i n g  e lement  from {2 ,3 ,4 ,5 ,6 ,7 )  i n  

( 5 , 3 , 5 , 7 )  i s  2 .  E n t e r  edge ( 2 , 5 ) .  

3 )  S m a l l e s t  m i s s i n g  e lement  from {3 ,4 ,5 ,6 ,71  i n  

( 3 , 5 , 7 )  i s  4. E n t e r  edge ( 4 , 3 ) .  

4 )  S m a l l e s t  m i s s i n g  e lement  from {3,5 ,6 ,7)  i n  ( 5 , 7 )  

i s  3. E n t e r  edge ( 3 , 5 ) .  

5 )  S m a l l e s t  m i s s i n g  e lement  from t 5 , 6 , 7 1  i n  ( 7 )  i s  5 .  

E n t e r  ( 5 , 7 ) .  

6 )  The remain ing  nodes a r e  I 6 , 7 l .  E n t e r  edge ( 6 , 7 ) .  

T h i s  r e c o n s t r u c t s  F i g u r e  1. I I 

C o r o l l a r y .  The number of  d i s t i n c t  1 - t r e e s  is 4(n - 1)n '2 (n  - 2 ) .  

Proof .  The number of s p a n n i n g  t r e e s  on {2, ..., n l  i s  

( n  - 1)n-3 t o g e t h e r  w i t h  I ( n  - 1 )  ( n  - 2 )  ways t o  s e l e c t  two edges  

t o  be  i n c i d e n t  t o  node 1. I I 

T h i s  c o r o l l a r y  r e v e a l s  t h a t  even  f o r  a g raph  w i t h  on ly  

9 11 nodes t h e r e  a r e  4 . 5  x 10 p o s s i b l e  1 - t r e e s .  It w i l l  be  

shown however t h a t  on ly  a small p r o p o r t i o n  o f  t h e s e  c o u l d  

e v e r  be  g e n e r a t e d  by t h e  minimum s p a n n i n g  t r e e  a l g o r i t h m ,  



s o  t h a t  by u s e  o f  d u a l  a s c e n t  methods even  f e w e r  w i l l  a c t u a l l y  

be  c o n s i d e r e d .  The number o f  a c t i v e  1 - t r e e s  i s  reduced  t o  

92,368 i n  t h e  11 c i t y  c a s e  and a p p r o x i m a t e l y  7 .74 x  i n  

t h e  42 c i t y  c a s e ,  o f  which e x a c t l y  one i s  a  t o u r .  

Lemma 4 ,  Let  d .  be  t h e  number o f  t i m e s  i n d e x  i a p p e a r s  i n  a 
1 

g i v e n  t r e e  v e c t o r ,  t h e n  node i h a s  d e g r e e  di + 1 i n  t h e  

c o r r e s p o n d i n g  s p a n n i n g  t r e e .  

P r o o f ,  A g i v e n  node canno t  be  a n  e n d  node u n t i l  i t  h a s  

d e g r e e  one a t  which t i m e  i t  must have  had a l l  b u t  o n e  o f  i t s  

e d g e s  removed and  t h u s  a p p e a r e d  t h a t  many t i m e s  i n  t h e  t r e e  

v e c t o r .  The p r o c e s s  does  n o t  s t o p  u n t i l  e v e r y  node h a s  

r e a c h e d  d e g r e e  one o r  l e s s .  

D e f i n i t i o n .  C a l l  two 1 - t r e e s  e q u i v a l e n t  i f  t h e y  have  t h e  

same. d e g r e e  a t  each  node.  

The f o l l o w i n g  1 - t r e e s  a r e  e q u i v a l e n t .  

Figure  2 



T h i s  d e f i n i t i o n  d i v i d e s  t h e  s e t  o f  1 - t r e e s  i n t o  e q u i v a l e n c e  

c l a s s e s .  N o t i c e  t h a t  a l l  t o u r s  a r e  i n  t h e  same e q u i v a l e n c e  

c l a s s  s i n c e  t h e y  a l l  have  t h e  same d e g r e e  v e c t o r .  

D e f i n i t i o n  A 1 - t r e e  v e c t o r  i s  q = ( n l , .  . . , n  ) where n-1 

n i ~ { 2 ,  ..., n ) ,  (n l ,  ..., rl ) i s  t h e  t r e e  v e c t o r  f o r  t h e  n-7 

s p a n n i n g  t r e e  on nodes  ( 2 , .  . . , n )  , < n  a r e  t h e  nodes  
"n-2 n-1 

t o  which node 1 i s  a d j a c e n t .  

For  example ,  t h e  1 - t r e e  v e c t o r s  f o r  t h e  two g r a p h s  o f  

F i g u r e  2  a r e  (2524)  and ( 4 2 2 5 ) .  

Theorem 5 .  Two 1 - t r e e s  a r e  e q u i v a l e n t  i f  and  o n l y  i f  t h e i r  

1 - t r e e  v e c t o r s  a r e  p e r m u t a t i o n s  o f  e a c h  o t h e r .  

P r o o f .  The d e f i n i t i o n  o f  a  1 - t r e e  v e c t o r  i n h e r i t s  t h e  t r e e  

v e c t o r  p r o p = r t y  g i v e n  by Lemma 4.  The p r o o f  f o l l o w s  immedia te ly .  1 I 

Lemma 6 ,  The o r d e r i n g  by we igh t  o f  each  e q u i v a l e n c e  c l a s s  i s  

u n a f f e c t e d  by t h e  edge  weight  t r a n s f o r m a t i o n  

P r o o f .  A s  i n  Lemma 1, 

c; = c1 + Z dini < c 2  + Z dilli = C; . I I 

Hence o n l y  t h e  minimum 1 - t r e e  i n  e a c h  e q u i v a l e n c e  c l a s s  w i l l  

e v e r  be  g e n e r a t e d  by t h e  d u a l  problem. An u p p e r  bound f o r  

f o r  t h e  number o f  1 - t r e e s  which c o u l d  be  g e n e r a t e d  by v a r y i n g  

t h e  node we igh t  v e c t o r  ll i s  t h u s  t h e  number o f  e q u i v a l e n c e  

c l a s s e s .  



Theorem 7 .  The number o f  e q u i v a l e n c e  c l a s s e s  i s  

P r o o f .  The s e t  o f  1 - t r e e s  h a s  a  one t o  one cor respondence  w i t h  

t h e  s e t  o f  a l l  n  - 1 v e c t o r s  hav ing  e l e m e n t s  from { 2 ,  ..., n) 
w i t h  t h e  l a s t  two c o e f f i c i e n t s  s a t i s f y i n g  n  n-2 < n  n-1' What 

i s  r e q u i r e d  i s  t h e  maximum number o f  such  v e c t o r s  none of 

which i s  a  p e r m u t a t i o n  o f  any o t h e r .  I g n o r i n g  t h e  c o n d i t i o n  

on t h e  l a s t  two c o e f f i c i e n t s  f o r  t h e  moment, t h i s  i s  t h e  

number o f  d i s t i n c t  non-negat ive  i n t e g e r  s o l u t i o n s  t o  

where di i s  t h e  number o f  t i m e s  i a p p e a r s  i n  t h e  v e c t o r .  T h i s  

i s  t h e  same a s  t h e  c o m b i n a t o r i a l  problem o f  a s s i g n i n g  n  - 1 

u n l a b e l l e d  o b j e c t s  ( t h e  R . H . S .  o f  ( 4 ) )  t o  n  - 1 l a b e l l e d  boxes 

( t h e  d i ) ,  which i s  w e l l  s o l v e d  w i t h  s o l u t i o n  

I n  g e n e r a l ,  A u n l a b e l l e d  o b j e c t s  t o  B l a b e l l e d  boxes h a s  i 

I 
d i s t i n c t  s o l u t i o n s ,  s e e  f o r  example Riordan [lo] . 

Now a  v e c t o r  which cannot  be permuted t o  a  v e c t o r  which 

s a t i s f i e s  nn-2 < n  i s  n o t  a  v a l i d  s o l u t i o n .  But t h i s  n-1 

o n l y  o c c u r s  i f  e v e r y  e lement  o f  t h e  v e c t o r  i s  t h e  same, o f  

which t h e r e  a r e  n  - 1 c a s e s .  

Hence t h e  number o f  c l a s s e s  i s  



F o r  t h e  c a s e  n  = 4 t h e r e  a r e  - 3 = 7 c a s e s :  6)  

The r a t i o  o f  1 - t r e e s  t o  e q u i v a l e n c e  c l a s s e s  i s  approx imate ly  

20(+) u s i n g  S t i r l i n g ' s  fo rmula .  

4 .  The Dual Problem Cons ide red  a s  an  I n t e g e r  Program 

It h a s  a l r e a d y  been n o t e d  t h a t  i f  t h e  s o l u t i o n  t o  ( 3 )  

i s  i n t e g r a l  t h e n  i t  r e p r e s e n t s  t h e  o p t i m a l  s o l u t i o n  t o  t h e  

t r a v e l i n g  sa lesman problem,  s o  r e g a r d i n g  it a s  an  i n t e g e r  

program and a p p l y i n g  t h e  group r e f o r m u l a t i o n  o f  Gomory [4] 

w i t h  r e s p e c t  t o  an o p t i m a l  L.P. b a s i s  B ,  w i t h  Il = -cB8-l t h e  

s e t  o f  m u l t i p l i e r s ,  t h e n  ( 3 )  i s  e q u i v a l e n t  t o  

min C (clc + n v k )  X k  
kc n  

-1 -1 
B N A N  ' B en-l 

8 - l ~ ~ ~  I ~ - ~ e ~ - ~  (mod 1 )  

A N  > 0  and i n t e g e r  , - 
Q 

where en-l i s  t h e  n  - 1 v e c t o r  and N is  t h e  m a t r i x  o f  non- 
I, 
I 

b a s i c  1 - t r e e s .  Note t h a t  i f  two 1 - t r e e s  have d e g r e e s  s a t i s f y i n g  

B - l ( l )  - 1  (mod 1 )  , 



t h e n  t h e i r  c o n t r i b u t i o n  t o  t h e  group e q u a t i o n  i n  ( 5 )  i s  e q u a l .  

Thus t h e  s e t  of  1 - t r e e s  may be  decomposed a c c o r d i n g  t o  t h e  

v a l u e  o f  B  ) (mod 1 ) .  To a v o i d  c o n f u s i o n  w i t h  t h e  e a r l i e r  

d e f i n i t i o n  o f  e q u i v a l e n c e  amongst 1 - t r e e s ,  t h i s  decompos i t ion  

w i l l  be c a l l e d  g roup  e q u i v a l e n c e .  

Lemma 8 .  I f  two 1 - t r e e s  a r e  e q u i v a l e n t  t h e n  t h e y  a r e  group 

e q u i v a l e n t .  

P r o o f .  The d e f i n i t i o n  o f  group e q u i v a l e n c e  r e l i e s  on ly  on t h e  

v a l u e  o f  v  which i s  e q u a l  f o r  e lements  o f  t h e  same e q u i v a l e n c e  

c l a s s .  I' I 

T h i s  lemma s e r v e s  t o  conf i rm t h a t  t h e  s o l u t i o n  i s  n o t  

a f f e c t e d  by t h e  e x c l u s i o n  o f  a l l  b u t  t h e  minimum 1 - t r e e  i n  

each  e q u i v a l e n c e  c l a s s .  

Theorem 9 .  A l l  t h e  1 - t r e e s  i n  t h e  b a s i s  a r e  i n  t h e  same group  

e q u i v a l e n c e  c l a s s .  Moreover, t h i s  c l a s s  c o n t a i n s  no t o u r s .  

P r o o f .  S i n c e  a l l  t h e  b a s i c  1 - t r e e s  a r e  columns o f  B t h e y  

must a l l  s a t i s f y  

B-l(;)E 0 (mod 1 )  

s i n c e  e a c h  i s  a  - u n i t  v e c t o r .  Each t o u r  t r i v i a l l y  s a t i s f i e s  

s o  t h a t  i t  o n l y  need be shown t h a t  

(mod 1 )  . 
But B - ' e )  b o d  1 )  i s  t h e  r i g h t  hand s i d e  o f  t h e  g roup  

e q u a t i o n  i n  ( 5 )  and t h u s  i s  z e r o  i f  and o n l y  i f  t h e  L.P. I 
s o l u t i o n  i s  i n t e g r a l .  T h i s  h a s  been assumed n o t  t o  be t h e  c a s e .  I 1 I 



T h i s  theorem a p p l i e s  e q u a l l y  w e l l  t o  any problem w i t h  c o n s t r a i n t s  

o f  t h e  form 

AX = b  

1 X  = 1 

X > O  , - 
t h a t  i s ,  problems hav ing  a  convex i ty  row and no s l a c k s .  

Theorem 9 p r o v i d e s  a  group r e s t r i c t i o n  which may be 

a p p l i e d  t o  f u t u r e  s e l e c t i o n s  o f  1 - t r e e s ,  s i n c e  they  s h o u l d  

now be chosen t o  s a t i s f y  e i t h e r  

B-l(;)E 0 (mod 1 )  
o r  

B-l(;)i 0 (mod 1 )  , 
e a c h  o f  which makes a l l  t h e  e x i s t i n g  b a s i c  v a r i a b l e s  i n f e a s i b l e  

w i t h o u t  a f f e c t i n g  t h e  f e a s i b i l i t y  o f  any t o u r .  It i s  p o s s i b l e  

t o  c o n v e r t  i t  t o  an o r d i n a r y  c u t t i n g  p l a n e  i n  t h e  f o l l o w i n g  manner. 

Let B i  be t h e  ith row o f  8-1 and l e t  c i  t -0 e  i n-1 (mod 1 )  

w i t h  0 E ,  i = 1 , .  n  - 1 Since  E f 0 ,  E > 0 f o r  some 
j 

p a r t i c u l a r  j s o  t h a t  t h e  c o n s t r a i n t  

a l s o  e x c l u d e s  a l l  t h e  b a s i c  1 - t r e e s .  

Def ine  0 ak < 1 by 

f o r  e a c h  1 - t r e e ;  t h e n  t h e  c o n s t r a i n t  
T 

i s  a  v a l i d  c u t  f o r  any 0 ( 0 < E s i n c e  t h e  e x i s t i n g  o p t i m a l  
j 

L.P. s o l u t i o n  A* s a t i s f i e s  



The c u t  ( 6 )  i s  r e l a t e d  t o  t h e  u s u a l  Gomory c u t .  Let  

A k  z ak - E t h e n  t h e  Gomory c u t  i s  
j 

which i s  v a l i d  s i n c e  A*y - 0. The c u t  ( 6 )  w i t h  0 = 0 i s  much 

s t r o n g e r  t h a n  ( 7 )  s i n c e  i t  removes a l l  t h e  1 - t r e e s  n o t  i n  t h e  

c o r r e c t  c l a s s ,  i n s t e a d  o f  merely  making A* i n f e a s i b l e .  

I t  would be p r e f e r a b l e  i f  t h e  group c o n s t r a i n t  

c o u l d  be  i n c o r p o r a t e d  i n t o  t h e  subproblem which g e n e r a t e s  t h e  

1 - t r e e s ,  t h a t  i s ,  t h e  minimum s p a n n i n g  t r e e  a l g o r i t h m .  

A group weight  gi E Bjei (mod 1 )  i s  a s s i g n e d  t o  node i 

o f  t h e  g raph  f o r  i = 2,.. . ,n  - 1 w i t h  group weight  ze ro  f o r  

nodes 1 , n .  Now each  edge ( i , j )  may be c o n s i d e r e d  t o  have a 

group weight  gi + g j  (mod 1 ) .  F i g u r e  4 shows a  graph i n  which 

each  edge h a s  a  r e a l  weight  a s  w e l l  a s  a group weight  from 

{0 ,1 ] ,  t h e  modulo 2 croup .  

The minimum spann ing  t r e e  h a s  group weight  z e r o ,  b u t  it 

may be t h a t  ( 8 )  r e q u i r e s  t h e  minimum spann ing  t r e e  w i t h  group 
1, 

weight  1 t o  be  found.  T h i s  would be a  s imple  m a t t e r  i f  t h e r e  ~ 
e x i s t e d  an e f f i c i e n t  dynamic programming f o r m u l a t i o n  o f  t h e  I 
minimum s p a n n i n g  t r e e  problem s i n c e  t h e  s t a t e  space  c o u l d  be 

ex tended  t o  i n c l u d e  t h e  group ( s e e  s e c t i o n  2 . 2  i n  [l] ) .  

Without s u c h  a  f o r m u l a t i o n  t h e  o n l y  d i r e c t  p rocedure  f o r  

f i n d i n g  a minimum spann ing  t r e e  o f  a  g i v e n  group e q u i v a l e n c e  

c l a s s  i s  by a kth b e s t  s o l u t i o n  p rocedure  ( s e e  Lawler [8]) 



Figure  4 

by which s u c c e s s i v e  b e s t  s o l u t i o n s  a r e  g e n e r a t e d  u n t i l  one 

s a t i s f i e s  t h e  s i d e  c o n s t r a i n t .  

I n  t h e  on ly  problem f o r  which any computa t ion  was t r i e d  

a  s i x  node problem had an o p t i m a l  L.P. b a s i s  w i t h  d e t e r m i n a n t  4 ,  

o p t i m a l  v a l u e  473. The g roup  c o n s t r a i n t  ( 6 )  w i t h  8 = 0 gave  

a  bound of 508 which was indeed  t h e  c o s t  o f  t h e  o p t i m a l  t o u r .  
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