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Abstract

The nonlinear model of economic growth involving production, technology stock and their
rates is considered. Two trends - growth and decline, in interaction between production
and R&D investment are examined in the balance dynamics. The optimal control problem
of R&D investment is studied for the balance dynamics and discounted utility function
of consumption index. Pontryagin’s optimality principle is applied for designing optimal
nonlinear dynamics. The existence and uniqueness result is proved for the saddle type
equilibrium and the convergence property of optimal trajectories is shown. Quasioptimal
feedbacks of the rational type for balancing the dynamical system are proposed. Growth
properties of production rate, R&D intensity and technology intensity are examined on
generated trajectories. In the test example explicit formulas for the optimal feedback and
the value function are obtained.
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Optimal Control of R&D Investment
in a Techno-Metabolic System

Alezander Tarasyev ™ (tarasiev@iiasa.ac.at)
Chihiro Watanabe (watanabe@iiasa.ac.at, chihiro@me.titech.ac.jp)

Introduction

We consider a dynamical model which is connected with the problem of optimal R&D
investment in a techno-metabolic system. The key idea of the model consists in the fact
that there are two trends which describe interaction between manufacturing and R&D
investment. On one hand growth of the firms output (deflated sales) is affected by the
accumulated R&D investment. On the other hand the current R&D investment demands
resources which are taken out from the manufacturing process. The first trend provides
the stable effect of the sustainable growth. The second one introduces the risky factor
of the R&D innovation. The model includes the integral utility function which correlates
the amount of sales and production diversity. The amount of sales is determined by the
production growth and production diversity depends on the accumulated and current R&D
investment. The problem is to find the optimal R&D investment policy which maximizes
the utility function in presence of two trends — “growth” and “decline” in dynamics of
manufacturing and R&D investment.

In this research we deal with the classical problems of economic growth and optimal
allocation of resources (see [Arrow, 1985], [Arrow, Kurz, 1970]). In our analysis we refer to
the endogenous growth theory (see [Grossman, Helpman, 1991]) in which control models
for optimal allocation of resources into manufacturing are studied and discounted utility
functions with the consumption index of logarithmic type and equal elasticity of substitu-
tion of invented products are introduced. As a result they obtain dynamical systems which
describe the optimal (equilibrium) growth of the knowledge stock — the accumulated R&D
investment. The generalized model of the endogenous growth for countries with absorptive
capacities and the asymptotic behavior of the ensuing non-linear dynamics were analyzed
in [Hutschenreiter, Kaniovski, Kryazhimskii, 1995]. Unlike these models we are basing our
analysis on dynamics which describes growth of sales with respect to R&D investment.
Let us note that the origin of this dynamics can be found in the research [Watanabe,
1992] on substitution of the production factors to technology. We also use basic elements
for constructing the model of R&D investment proposed in [Intriligator, 1971], [Griliches,
1984], [Arrow, 1985].

We compose the optimal control problem and solve it using the principle maximum
of Pontryagin (see [Pontryagin, Boltyanskii, Gamkrelidze, Mishchenko, 1962]). For anal-
ysis of optimal solutions: value functions, optimal feedback and its approximations, we
apply optimality principles of the theory of Hamilton-Jacobi equations [Crandall, Lions,
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1983], [Subbotin, 1995] and differential games [Krasovskii A.N., Krasovskii N.N., 1995].
Let us mention also approximate solutions for value functions and optimal feedbacks in
control problems with discounted payoff integrals [Dolcetta, 1983] and differential games
[Tarasyev, 1995], [Mel’nikova, Tarasyev, 1997].

We obtain the nonlinear system of differential equations which describes the dynamics
of the optimal R&D investment policy, manufacturing and corresponding prices. We find
the first integral for this system and reduce it to the system of the second order. Further
we derive the following results for the reduced dynamics. The existence and uniqueness
result for equilibrium is proved for the indicated range of parameters. Eigenvalues and
eigenvectors of the Jacobi matrix are estimated and the saddle type of equilibrium is
indicated. The existence of optimal trajectories leading to equilibrium is established. The
growth properties of optimal trajectories are shown.

The optimal feedback is given implicitly and can’t be expressed through explicit formu-
las. To approximate optimal feedback we propose several explicit formulas of the rational
type — quasioptimal feedbacks. For these quasioptimal feedbacks we demonstrate the
convergence of generated trajectories to equilibrium of the optimal control system. Qual-
itatively quasioptimal feedbacks are parametrized by tangent slopes of R&D intensities.
Properties of quasioptimal regimes are analyzed and growth results for production rates,
R&D intensities and technology intensity are proved.

For explicit analysis in one test example we reduce the dynamical model to the non-
stationary balance equation. We obtain analytic solutions in this test model for optimal
feedback, production rate, R&D intensity and technology intensity. Our explicit anal-
ysis shows that the optimal policy provides the proportional growth of manufacturing
and R&D investment and explains the dependence of R&D intensity with respect to the
parameter of substitution, the discount rate, the cost of R&D investment and the rate
of return to R&D investment. For the value function of the test model we compose the
Hamilton-Jacobi equation and evaluate its solution. We indicate the decomposition prop-
erty of the value function: it consists of two terms, one of which presents the logarithmic
dependence on initial level of production, another one introduces the aggregated influence
of dynamics.

Part I. Control Design Problem for Dynamical Model

1 Dynamical Model of R&D Investment

For constructing the dynamical model of manufacturing and R&D investment we use the
following variables:

y = y(t) - manufacturing, production;

T =T(t) - accumulated R&D investment, technology;

T = r = r(t) - change in technology T, the technology rate;

r¢ - R&D investment;

T(t—m) = (1 = 0)r + 0T - R&D investment in initial stage;

y/y - production rate;

r/y - R&D intensity;

T (t—m) /y - R&D intensity in initial stage;

T/y - technology intensity, y/T - technology productivity;

L - labor, K - capital, M - materials, E/ - energy, involved in manufacturing and R&D;

L - the labor input, K7 - the capital input, M7 - the materials input, E7 - the energy
input, directed to R&D.



1 = 1(t) - the ”price” of production;

1o = 1a(t) - the "price” of accumulated R&D investment;

1y - the ”cost” of production;

T - the ”cost” of technology;

n = n(t) - measure of invented products;

x = y/n - quantity of production of each brand.

For constructing dynamics we use the classical production function (see, for example,
[Arrow, Kurz, 1970], [Intriligator, 1971], [Griliches, 1984], [Watanabe, 1992)])

y=F(t,(L—-Lr),(K—Kr),(M— Mr),(E—Er),T) (1.1)

For example, one can take the production function as the exponential function of
Cobb-Douglas type

F = AeM(L — L) (K — K1) (M — M7)%(E — E)b T (1.2)

We assume that the functional dependence between the labor Ly, capital K, materials
My, energy Er inputs and the accumulated R&D investment 7' is given by the function
of the substitution type

T= T(LT, KT, MT, ET) = min{hl(LT), hQ(KT), hg(MT), h4(ET)} (13)
and the inverse relations exist

Ly = Lr(T) = hy(T), Kr=Kr(T)=hy'(T)
Mr = Mp(T) = h3'(T), Er = Ep(T) =h; (T) (1.4)

For example, one can accept the exponential structure of the R&D objectives function
T (1.3)
L3 K7 72 My F Ef
T = min{—L I (1.5)
vk M v

and inverse maps also have the form of exponential functions

1 1 1 1
Lr = (yT)r, Kr=(kT)2, Mp=(yuT)s, Er=(yeT)“ (1.6)

Differentiating the production function (1.1) by time ¢ and taking into account (1.4)
we obtain the following equation

y OF1 OFLL OFKK OFMM OFEE

vy oty OLyL OKyK oM yM OEyE
OF 0Ly T OF 0Ky T OF OMyT OFOErT

OL 0T v OK 0T y oM 0T y OE 0T y
OF T

1.7
aT (1.7)
Let us rewrite equation (1.7) in the form
Y r r
==f-p-+q- (1.8)
Y Y Y

where terms related to the production factors L, K, M, FE, learning and scale effects A
are combined into function f

Fead a_Fgg' aFKK aFMM OFEFE (1.9)
N OL y L aKyK aMyM O0Ey E ‘



decrease in manufacturing due to R&D spending L7, K7, Mr, Er is collected into function

p
_OFOLy OF 0Ky OF OMr OF OEr

9L aT 90K oT oM oT | 0E oT
increase of R&D knowledge stock is described by function ¢ which coincides with the
marginal productivity of technology

p=p(t) (1.10)

OF
=q(t) = — 1.11
¢=4q(t) = 55 (1.11)
the control parameter r stands for the current change 7' in technology T
T=r (1.12)

Remark 1.1 Change T = r in technology T is derived from RED investment ry, however,
due to time lag m and obsolescence effect o in technology, RED investment r; is not
precisely equal to change in technology T = r, but could be treated as its approximation

re~r=1T

Such approximation could be supported by the following concept. Assume that contri-
bution 7, to the current change T' = r in technology T' is specified by the time lag m
and the rate coefficient of obsolescence of technology o according to the formula

. 1
For small enough values of parameters m, o we can derive from equation (1.13) the
approximate relation
TRITE AT (1)

Relation (1.13) means that a part of contribution 7;_.,) to R&D at time (t —m) is
spent for compensation of obsolescence 1" of technology 7" and the rest (r(t_m) —oT)>0
affects on the current change of technology T = r with the time lag m.

Differential equation (1.13) is a continuous analogue of the finite difference formula
with the time step A = 1 for dynamics of technology 7} depending on the knowledge stock
T(;—1) in the previous year with the effect of obsolescence given by the rate coefficient o
and R&D investment in initial stage r;_,,) with the time lag m

Ty =r@m+(1—-0)Tt-1), 0<0<1 (1.14)

For the given knowledge stock T' = T'(t) and known current change r = r(¢) the
contribution r(;_,,) is expressed by relation

Tt—m) = (L —o)r +oT (1.15)

The last relation shows that for the given knowledge stock T' and its current change
7 contribution 7(;_,) is their convex combination with coefficients o1 = (1 — 0), 02 = 0,
014+ 09 =1, 01 >0, 09 > 0. If the value of knowledge stock T is strictly larger than
its velocity r, T > r, then contribution 7;_,,) should be larger the greater is the rate
coefficient of obsolescence o.
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Collecting the terms (r/y)p, (r/y)q which depend on the control parameter r into the
net contribution by R&D intensity (r/y)g we obtain the first equation for the dynamical
control process

Y r
B_po gt (1.16)
Y Y
Let us assume in (1.16) that
9 =9(t) =p(t) —q(t) >0 (1.17)

In the general case function f depends on the accumulated R&D investment 7. Let
us assume that this dependence is given by the formula

f—f1+fz<§>7, fi= A, fo=f) (1.18)

The exponential structure of the growth function f (1.18) is rather reasonable since the
production function F' (1.1) and the R&D objectives function 7' (1.5) are of the exponential
type.

Combining formulas (1.12), (1.16), (1.18) we obtain the dynamic process described by
the system of differential equations

=hH+fa <§>w_g§ (1.19)

N e

r

One can consider dynamic process (1.19) as balance equations of spending resources
between the productivity rate y/y and R&D intensity r/y. The term fo77 shows the
growth effect of the accumulated R&D investment 7" on production y. Function f; presents
the non-R&D contribution. The negative sign (—g(t)) of the net contribution by R&D
means that in the short-run spending p(t) into R&D prevales on the rate of return ¢(¢) to
R&D and provides the decline and risky factor of R&D investment.

The production y and the accumulated R&D investment 7" stand for the phase param-
eters in dynamics (1.19). The current change r in technology 7' is the control parameter.
The control parameter r = r(t) is not fixed and can be chosen for obtaining ”good”
properties of trajectories of dynamics (1.19).

2  Utility Function for R&D Investment Process

Now we need to formalize the goal for designing the control parameter r = r(¢) and
indicate the profit of R&D investment in the long-run. For this purpose we consider the
utility function represented by the integral with the discount coefficient p (see, for example,
[Arrow, 1985], [Arrow, Kurz, 1970}, [Grossman, Helpman, 1991])

o0
Ut :/ e P57 In D(s)ds (2.1)
t
Here consumption index D(s) represents an utility of products (technologies) at time
s, p is the discount rate, s is the running time, ¢ is the fixed (initial time).

For D we choose a specification that imposes a constant and equal elasticity of substi-
tution between every pair of products

D=D(s) = ([ a*()d)"*, n=n(s) (2.2)



—6—

Here j is the current index of invented products, z(j) is the quantity of production of
the brand with index j, n is the quantity of available (invented) products, o, 0 < o < 1,
is the parameter of elasticity, € — elasticity of substitution between any two products,

e=1/1-a)>1 (2.3)

Let us make the following assumptions. Assume that quantities z(j) are equal for each
index j

.CC(j) = Y= y(s)a n= n(s) (2'4)

and the quantity of invented products n depends on the accumulated R&D investment 7’
and change in technology r according to the exponential rule

n=n(s) =beToP2 T =T(s), r=r(s) (2.5)

Formulas (2.4), (2.5) means that innovation n depends upon the forefront R&D activ-
ities demonstrated by the technology rate r. At the same time it owed accumulation of
past R&D activity given by technology stock T'. In addition innovation n has such general
tendency to decaying nature which can be expressed by term e°. All three effects lead to
decrease in the respective brand production  and imply diversification.

Combining equations (2.1)-(2.5) we obtain the following expression for the utility func-
tion

W, = / e P (Iny(s) + a1 InT(s) + az Inr(s))ds +
t

/ e P57 (ks + Inb)ds
t

Here
(1-a)

(07

ap = AP, ay=AB, A=

Let us note that the second term e~*(s~%) (ks +1nbd) in the utility function Uy does not
depend on main variables y, T', 7 and, hence, one can consider the utility function U

o
U = / e PG (Iny(s) + a1 InT(s) + agInr(s))ds (2.6)
t
instead of the utility function W; taking in mind relation

o0 1 1
W, = U, +/ e P~ (ks + Inb)ds = Uy + ~(t+ =) + = Inb
t P PP
The structure of the utility function U; (2.6) means that investors (governments, finan-
cial groups) are interested in growth of production y as well as in growth of the accumu-
lated R&D investment T" and the current change of technology r (new goods, technologies,
etc.).

3 Optimality Principles for Investment Dynamics

The problem is to find such level of the technology rate r® = 7(¢) (optimal investment
or optimal control) in the class of piecewise-constant functions r(t), the corresponding
optimal production y° = 3°(¢) and the optimal accumulated R&D investment T° = TO(t)
subject to dynamics (1.19) which maximize the utility function (2.6).



—7—

Let us note that problem (1.19), (2.6) is a classical problem of the optimal control
theory. For its solution one can use the maximum principle of L.S. Pontryagin (see [Pon-
tryagin, Boltyanskii, Gamkrelidze, Mishchenko, 1962]). Applications of this optimality
principle to problems of economic growth were developed in [Arrow, 1985], [Arrow, Kurz,
1970].

According to this principle it is necessary to compose the system of the following
equations. The first two equations are given by dynamic process (1.19). We rewrite them
as follows

g=fiy+ LT —gr (3.1)
T=r

Let us compose the Hamiltonian of the problem (1.19), (2.6)

H(ya T,r, ¢1, ¢2) = lny +a1InT +azlnr+
vi(fiy + sz”’y(l_"’) —gr) + Yor (3.2)

The Hamiltonian H (3.2) is the current flow of utility from all sources. The current
control r = r(¢) is chosen to maximize this flow. Calculating maximum of the Hamiltonian
(3.2) by parameter r we obtain the following relations

0H 1
W:az;—g% +92=0 (3.3)

So the maximum value is attained at the optimal technology rate 7°
0 1

T oy

For dynamics of the conjugate (adjoint) variables 17, ¥ which can be interpreted
as ”price” of production y and ”price” of the accumulated R&D investment T one can
compose the adjoint equations

Y1 = p1 — %—IZ = pip1 — 5 - (1- 7)¢1f2T7yi7 —Y1fi (3.5)

: 0H 1 1-
Vo= o= g = s — i — W fy' T

Prices 11, 12 measure the marginal contribution of variables y, T" to the utility function.
Differential equations (3.5), (3.6) for prices 1, ¥2 can be interpreted as an equilibrium
condition: the increment in flow plus the change in price should be zero.

Combining equations (3.1)-(3.6) we obtain the following closed system of differential
equations (3.7)-(3.10)

(3.6)

v _ N oo 1
y fit 1 <y> R P m——— (3.7)
. 1
ST P— (3:8)
b1 T\ _
ot el 7)fz<y> fi (3.9)



¢2 B 1 Y1y
n ”‘“lw—T”ﬁwT( ) (3:10)

We need to find a solution of the system (3.7)-(3.10) which meet the transversality
condition of the maximum principle

lim e #2(t) =0 (3.11)

t—o00

Here function z is the cost of production y and the accumulated R&D investment T’
z =1y + T (3.12)

Transversality condition (3.11) means that the total cost z = z(¢) (3.12) should not
grow rapidly than exponent e”’. In fact we will show below that the total cost z(t) should
be constant in the optimal regime.

Let us introduce the value function (¢,y,7T) — w(t,y,T) which assigns the optimal
result w of the utility function (2.6) along the optimal process (y°,T° r%) to an initial
position (¢,y,T)

wlt.y. ) = mise [ e Iny(s) + an T (s) + oz lnr(s))ds =
r(- t

[ e 0y (6) + @i TOs) + oz nr(s))ds, (3.13)
t

L) =y, T'()=T

Assuming that the value function w is a differentiable one we can compose for it the
Hamilton-Jacobi equation

%U + (Z_wa + Z_Zsz” 0 4 e (lny + a1 InT) +
mgx{(—g—wg + g;)r +e Paglnr} =0 (3.14)

For the differentiable value function w adjoint variables v;, i = 1,2 are defined as its
impulses

ow 8w

Let us note that the theory of nondifferentiable solutions of Hamilton-Jacobi equations
was developed in [Crandall, Lions, 1983], [Subbotin, 1995]. Special results for Hamilton-
Jacobi equations in control problems with discount were obtained in [Dolcetta, 1983].
The method of stochastic programming maximin (see [Krasovskii, A.N., Krasovskii, N.N.,
1995]) provides the instrument for estimating adjoint variables 1);, at points of nondifferen-
tiability of the value function w (3.13). The grid schemes for constructing nondifferentiable
solutions of Hamilton-Jacobi equations and optimal feedbacks were proposed in [Tarasyev,
1995], [Mel’'nikova, Tarasyev, 1997].

We will be looking for the value function w in the following form

¢1 =Pt — (315)

w(t,y, T) = e P (uly, T) + v(t)) (3.16)

Taking into account expression (3.4) for the optimal control % and the fact that prices
11, o are the impulse variables

, Ow B ou 8w ou

Py = e 3y oy Yo = 8T78T (3.17)
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we obtain from (3.14) the Hamilton-Jacobi equation for components u(y,T"), v(¢)

ou ou
_ : e ve v,,(1-7)
p(u(y, T) +v(t)) + o(t) + 8yfler 8ysz y +

0 0
(Iny + a1 InT) + ax(—1 —i—lnag—ln(ga—Z— 8_;)) =0 (3.18)
Dividing equation (3.18) into two parts with respect to functions v = v(¢t), u = u(y, T')
we obtain two differential equations

0(t) = pv(t) + ag — aglnag (3.19)

ou ou
_ T) + — Y ()
pu(y, T) + 8yf1y+ 8yf2 Yy +

ou Ou

Y 8_y - 8_T)

Our task is to analyze the system (3.7)-(3.10) for the optimal dynamics of production
y, the accumulated R&D investment 7', the current technology rate r, prices 91, 12 of
production and the accumulated R&D investment together with the transversality con-
ditions (3.11), (3.12) for cost z. In parallel in Section 4 we calculate analytically for the
test control problem the value function w as the solution of the Hamilton-Jacobi equation
(3.14).

We prove the following qualitative results for the system (3.7)-(3.10). We determine
its first integral expressed in terms of the cost function

a1 +as +1
z=thy+ T =p° = 121

p
We introduce new variables

(Iny+ a1 InT) + ag In( =0 (3.20)

(3.21)

r] = T2 = Y1y, w3= x4 = YT (3.22)

Y 1
T T
where x1 — technology productivity, s — the cost of production, 3 — the inverse technology,
x4 — the cost of technology.

Taking into account the first integral (3.21) we obtain in Section 5 the equivalent
reduced system with separable variables 1, 2 in one block and x3 in another. Further we
establish the existence and uniqueness result for the equilibrium z° of the reduced system.
Then in Section 6 we estimate eigenvalues and eigenvectors of the linearized system and
show that equilibrium is the saddle point. This fact means that there exist trajectories of
the optimal dynamics (3.7)-(3.10) which lead to the equilibrium.

In the general case optimal control r® which provides convergence to equilibrium z
has very complicated structure. To substitute optimal control 7 we propose in Section 7
a series of quasioptimal feedbacks depending on parameter w with the rational structure

,r*

0

a2y
)= @ G+ R (/) — )+ (/T — 207

We prove the convergence result for trajectories of the controlled process (3.7), (3.8)
generated by feedbacks r* (3.23). We indicate parameter wy connected with the slope of
eigenvector of the linearized system with the negative eigenvalue. The rational feedback
r* = r*(wp) with the slope wy can be interpreted as the linear approximation of the optimal
control 0.

In Section 8 we study the behavior of R&D intensities r/y, 7;_p,)/y and show that
there exist intervals for parameter w which give different combinations of growing and
declining properties. Especially we analyze these properties for feedback r* = r*(wp) with
the “optimal” slope wy.

r*=r*(y, T (3.23)
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4  Analytic Solution of the Test Optimal Control Problem

Let us note that the nonlinear system (3.7)-(3.10) for the optimal process (y°, T, rY) is
rather complicated and at the first glance does not have the analytic solution expressed in
the explicit functions. In the further sections we will give analysis of the system behavior
based on implicit formulas. In order to obtain explicit solutions we consider now the
reduced version — the test optimal control problem, as the first approximation of the
nonlinear system (3.7)-(3.10).

For obtaining the simplified dynamics assume that v = 0 in (1.16) and, hence, function
f does not depend on the technology parameter T'

f=f+f

So we deal with the following dynamics

L= -t (4.1)

r
Y
Let us assume in (4.1) that

g(t) =p(t) —q(t) >0 (4.2)

Unlike the implicit analysis given in the next sections we consider here a nonstationary
model with the time dependent functions f = f(t), g = g(t).

We consider equation (4.1) as a balance equation of spending resources between the
productivity rate ¢/y and R&D intensity r/y. The negative sign (—g(t)) of the net con-
tribution by R&D means that in the short-run technology consumption p(t) exceeds the
rate ¢(t) of return to R&D.

Let us assume that the utility function U; (2.6) does not depend on the accumulated
R&D investment 7" and so 51 =0, B2 =1

(1-«a)

Ui = /OO e P (Iny(s) + Alnr(s))ds, A= - (4.3)
t

We consider the optimal control problem for dynamics (4.1) and the utility function
(4.3) as a reduction of the nonlinear system (3.7)-(3.10). The structure of the utility
function (4.3) means that investors are interested as in growth of production y as in growth
of new products which is provided by the technology rate r (or by R&D investment r).
The balance equation (4.1) describes the dynamical relation between production y and
the technology rate r, and gives restrictions on the growth of the technology rate r.

The problem is to find such technology rate 7% = r%(¢) in the class of piecewise-constant
functions 7(t) and the corresponding optimal production y° = y°(¢) subject to dynamics
(4.1) which maximize the utility function (4.3).

Applying the Pontryagin principle of maximum to the reduced control problem (4.1),
(4.3) we obtain the following system of equations. The first equation is the balance dy-
namics (4.1)

y="Jfy—gr (4-4)
Let us compose the Hamiltonian of the problem (4.1), (4.3)
(1-a)
H(y,r,¢):lny+Tlnr+¢(fy—gr) (4.5)

Its maximum by parameter r is determined by the formula

O _(1-a)1
or a T

—gy=0 (4.6)
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So its maximum value is attained at the optimal R&D investment 7-°

07(1—04)i
r=— o (4.7)

For dynamics of the conjugate variable ¥ which can be interpreted as ”price” of pro-
duction y one can compose the adjoint equation

. OH 1
¢—P¢—a—y—[)¢—§—f¢ (4'8)

Combining equations (4.6)-(4.8) we obtain the following closed system of differential
equations

y— — N
y—f p—— (4.9)
v 1
w—p f -~ (4.10)

Introducing notation z = yw for the production cost and summarizing equations (4.9),
(4.10) we obtain the differential equation

1
s = pz— — 4.11
i=pr- (4.11)

The general solution of equation (4.11) has the following form
z(t) = Ce + L (4.12)
po

The unique solution which meets the transversality condition of the maximum principle
is the steady state solution
lim e ”2(t) =0 (4.13)

—00

For the steady state solution we obtain the following formula

1

z:z(t):p—a

(4.14)

Substituting solution (4.14) into equations (4.9), (4.10) we obtain dynamics of the
optimal process

=f-(0-a)p (4.15)

—(1-a)p—f (4.16)

<. < e

Let us formulate properties of solution.
Assuming that function f = f(¢) is a nondecreasing one f’(t) > 0 with positive value
of the difference (f — (1 — a)p) > 0 and introducing notations

Q) = [ (5~ (1 @)p)ar > (1(to) ~ (1~ @)p)(t ~ to) (1.17)

to

we get the optimal model with the exponentially growing production y

y=y(t) = 90e®?,  ylto) = vo (4.18)
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and the exponentially decreasing price ¥

¥ =P(t) = oe W, (ty) = o (4.19)

The production rate y/y is determined by difference (f —(1—a)p) (4.15) and is growing
with the growth of function f = f(t).

Substituting (4.14) into the optimal control (4.7) we obtain relations between the
optimal investment r and the optimal production y

R ) (4.20)

g
Equation (4.20) means that the optimal R&D investment r increases proportionally to
the growth of the optimal production y with coefficient ((1 — ap)/g).
For R&D intensity r/y we have the following formula

r_(A-a)p (A-ap (4.21)

Y g (r—aq)

which describes the dependence of the optimal R&D intensity on the substitution pa-
rameter «, the subjective discount rate p and the discounted marginal productivity of
technology (—g). When the cost p for sustaining the accumulated R&D investment T is
high, then the research intensity r/y is low. Vice versa, increase of the rate of return
to R&D ¢ leads to the growth of the research intensity r/y. Assuming that the positive
function g = ¢(t) is nonincreasing over time ¢, ¢'(t) < 0 we get the growth property of
the research intensity r/y. Let us note that the similar properties of R&D intensity were
obtained for the empirical data of Japanese manufacturing industry (see [Watanabe, 1997,
1998]).

The scaled R&D intensity (r/y)g is a constant value and depends only on parameters
a, p which are universal in the model

Sg=(1-a) (4.22)
Y
According to formula (4.20) the optimal R&D investment 7(¢) has more complicated
dependence than R&D intensity. Besides the dependence on parameters «, p it directly
depends on parameter g and indirectly - on parameter f via the optimal production y.
Let us remind that parameters f = f(¢) and g = g(t) are determined by the specific
economical conditions of the given country.
Taking into account relation (4.20) for optimal R&D investment r with growing coeffi-
cient 1/g and solution (4.18) for optimal growth of production y we can derive the growth
process for technology

t oQ(T)
T=Ty+ (1 — a)pyo/ dr, T(t()) =Ty (4.23)

tom

For technology intensity P = T'/y one can derive the following differential equation

M:_gp_i_f:
y? Y Y

(I—a)p

—(f(t) — (1—Q)P)P+W

P:

(4.24)
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and its solution according to the Cauchy formula

! e(-QO+Q()
P(t) = Poe @0 4 (1 a)p / T 4 Plto) =P (4.25)

to g(T)

Technology intensity P has the zero velocity on the curve

(L—a)p
g@)(ft) — (1 —a)p)

If the initial position (tg, Pp) is situated below the curve P° (4.26), Py < P%(to), then
technology intensity P(t) is growing. If the initial position (¢o, Py) is situated beyond the
curve P (4.26), Py > P°(ty), then technology intensity P(t) is declining over time t¢.

Finally we consider the value function (¢,y) — ¢(t,y) which assigns the optimal result
¢ of the utility function (4.3) along the optimal process (y°,7°) to an initial position (¢, y).
The value function ¢ is the solution of the Hamilton-Jacobi equation for the reduced
control problem

PO(t) =

(4.26)

8@ 8@ —pt
ge 7 1
Bt + 8yfy+e ny +

0
m;jzx{—a—gypgr +e P Alnr} =0 (4.27)
Let us find the value function ¢ in the class of the following structure

o(t,y) = e " (u(y) + v(t)) (4.28)

Substituting the optimal control 7% (4.7) into the Hamilton-Jacobi equation (4.27) and
considering price ¥ as the the impulse variable

Ou
= = 4.29
v (129)
we derive from (4.27) the Hamilton-Jacobi equation for components p(y), v(t)
. Ou
—p(p+v)+v+ 8—yfy+lny

Ou
—A—i—A(lnA—lng—lna—) =0 (4.30)

Y

Using an indeterminate coefficient in the expression for function p

u(y) = Blny (4.31)

we obtain after substituting (4.31) into the Hamilton-Jacobi equation (4.30) the explicit
expression for parameter B

A+1 1
p-A4Fh _ 1 (4.32)

p pa

and the linear differential equation for function v
v(t) = pv(t) + h(t), h(t) =Alng— Bf —A(In(l—a) —lnp—1) (4.33)
The general solution of equation (4.33) has the following form

t

V(t) = CePt + F(t), F(t) = / e P p(s)ds (4.34)
0
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The transversality condition for component v

lim e "'v(t) = 0 (4.35)

t—o0
provides the explicit expression for parameter C

c—— /0 T e (s)ds (4.36)

Finally we obtain the following explicit expressions for functions p and v

1
=—1 4.37
1(y) o Y (4.37)
+o00o
V() = — / P p(s)ds (4.38)
t

In particular, if h is a constant, then v is also a constant determined by the formula

h
v=—— (4.39)

o

According to the explicit expressions for the value function ¢ (4.28), (4.37), (4.38)
we can conclude that in the considered model the optimal result has the decomposition
property. The first term p depends only on the discount parameter p, the elasticity of
substitution o and in the logarithmic way (not very intensively) on the initial production
y and does not depend on the specific characters — functions f and g, of the dynamical
system (4.1). On the contrary the second term v is determined mainly by dynamics (4.1)
aggregated in function h (4.33) and does not depend on the initial production y.

Part 1I. Equilibrium Solution of Optimal Growth

5 Existence of Equilibrium and Optimal Solution
We begin with finding the first integral for the optimal dynamics (3.7)-(3.10).
Proposition 5.1 The optimal dynamics (3.7)-(3.10) has the first integral (3.21).

Proof. Differentiating the cost function z = 91y + ¥oT along system (3.7)-(3.10) we
obtain differential equation
2:pz—(a1+a2+1) (5.1)

Its general solution is given by formula

1
z2(t) = Ce” + mratl

(5.2)
The unique solution of the type (5.2) which meets the transversality condition (3.11)
is the constant function z = (a1 + a2 + 1)/p when the exponential part is canceled C = 0.
a
Introducing new variables (3.22) we obtain the following statement.
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Proposition 5.2 Change of variables (3.22) leads to the system with the separable struc-
ture

(1—y) a2(z1+g)21

1 = fizi+ foxry V-
(gz2 — 2174)
. 1 a29T2
Ty = P$2+’)’f2962—7—1—$
] (gz2 — 2174)
. 2173
i3 = ——
(gz2 — 1174)
. 1 ag2x1T4
By = prg—vforo— —ar+—~ (5.3)
xq (g2 — x124)

Proof. Let us derive for example the first equation in the system (5.3). We have

. yT — yT ( (1— ) gas ) 1

€rT1 = ——— = + T’Y v) - J72 —
! T2 hy+ [Ty (g —¢2)) T

Yy 1 as (1_7) a2($1 + g)xl

TT (g¢1 —¥2) frer  Jaiy (g2 — x124)

Other equations in system (5.3) are obtained analogously. O
Taking into account the first integral (3.21) we reduce system with four variables (5.3)
to the three dimensional system with the block structure

— (-7 a1 +g)n _r
) 1 2972
Ty = pro+ To— —1— = Fh(x1, 29,
2 pr2 + 7 f2 2. (21 + 9)w2 — p1) b(T1, T2, T3)
.ng = — 42¥1Ts = F3($1,$2,$3) (5.4)

((z1 + g)z2 — pP21)
In our further analysis in this section we assume that functions fi, f2, g have constant
values and the following inequalities hold

0<~y<1 (5.5)

fi—p=v>0 (5.6)

Condition (5.5) indicates the moderate influence of growth of the technology stock 7" on

the production rate §. Condition (5.6) means that the main rate f; of production growth

is strictly greater than the discount rate p. Only under these conditions we may find

further stationary points of system (5.4) and indicate the corresponding growth properties
in the original dynamics (3.1).

One can prove that system (5.4) and, hence, system (5.3) has stationary points z

(x(l)a '7"(2)5 .T,‘g, -752)

0:

_ az (2§ + g)a?
fraf+ fae)) 7 = 2L = o
' ' (92§ — 29x])
1 asgxy
0 0 29T5
pTy + 7 fox —-1- =0
2 2 () (92§ — 29x])
_ agx(l)xg _ 0
(92§ — 29x])
1 ayz929
0 0 2L1%4
pry —Vforg—F——a1+—F—F+ = 0 (5.7)
! 2 (9) (92§ — 29x])

More precisely the following statement is valid.
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Proposition 5.3 Assume that the growth conditions (5.5), (5.6) hold. Then systems
(5.8), (5.4) have stationary points z° with the following properties

0<r <a¥ <z (5.8)
0<ra< xg < 29 (5.9)

(29 + g)2d — p°2 > 0 (5.10)

3 =0 (5.11)

0<% <p® a+a28=p° (5.12)

Here parameters r1, z1 are unique positive solutions of the following equations

(ri+g)  (fir] + f2)
Py ___wr (5.14)

(z1+9)  (fiz] + fo)

respectively.
Parameters ro and zo are defined by relations
0. : ai

ro =p min{l —v, 1 — ————— 5.15
2 p { Y (flpo + 1)} ( )
2y = p° (5.16)

If the growth rate v and the corresponding transition coefficient fo are sufficiently small

1
foy? < ;% min{1, M} (5.17)

a2
then point z° is unique.

Proof. Let us consider the system of nonlinear algebraic equations for stationary
points of system (5.4)

(1—7) az(z1+ g)z1 B
121 + f2o — = 0
Nt 2 G+ gyas — o)
1 az29x9
Ty + Y foxo— — 1 — =0
pr2 it ] ((z1 + g)w2 — pPz1)
as2x1x3

- (($1 + g)$2 — poxl) =0 (518)

Resolving the first equation with respect to variable x5 we obtain the formula for the
monotonically growing hyperbola

0 v
b T a2
To = 5.19
@ t9) " Gl + o (549
since its derivative is strictly positive
/ g vasfa ,, 5 2
Ty = + (fiz] + f2)" >0 (5.20)

(@ +9)? L0
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Hyperbola (5.19) has the horizontal asymptote

a
z9 =p° + = (5.21)
fi
Expressing the ratio 1/((z1 + g)z2 — p°x1) from the first equation, substituting it to
the second equation and resolving the obtained relation with respect to variable zo we
obtain the formula for the hyperbola
(z1 +g)z]

Z2 = ((pz] +vf2)(z1+ g) — (fiz] + f2)9) (5.22)

On the interval

z1>7r1,  (pr] +vf2)(r1+9g) — (fir] + f2)g=0 (5.23)

hyperbola (5.22) is strictly positive, has the vertical asymptote

1 =T1 (5.24)
and the horizontal asymptote
1
o = — (5.25)
p

It is clear that hyperbolas (5.21), (5.25) have points of intersection (z9,z9) on the
interval (5.23). Really, hyperbola (5.19) grows to infinity when z; | 71 while hyperbola
(5.22) is finite at 71, then hyperbola (5.19) tends to the upper asymptote (5.21) and
hyperbola (5.22) tends to the lower asymptote (5.25) when z; — +oo. Obviously the
second coordinate of a stationary point satisfies inequalities

as
f

Let us prove that indeed relation (5.9) takes place. Expressing the ratio g/(z1 + g)
from the first hyperbola (5.19) and substituting it to the second one (5.22) we obtain the
following relation

0<ad<p’+ (5.26)

pO

(p*p° —az — f*(p° — x2))’

which is equivalent to the quadratic equation

Ty = p*=p+fox”, [r=fi+ fox” (5.27)

fray = (1% = p*p’ — az)wy — p° = (22 = °)(f*22 + 1) + (09" — (a2 + 1))z = 0 (5.28)

Since p*p® — (ag +1) > 0 and z2 > 0 then relation (5.28) evidently implies the second
part of inequalities (5.9)
2§ < p’

Let us derive the first part of inequalities (5.9). To this end we rewrite relation (5.28)
as follows

o _ (PP = (a2 +1))xs

To=p — Froat 1) > (5.29)
U (p*p° — (a2 +1))p° — 01— ((p* = p)p° + a1) _
(f*p°+1) (f°+1)
ofy_ _ (0fep® +ara]) 0 (] o 1 Ty
p (1 ((f1x1’+f2)p0+x1')> >p {1-7,1 (f1p0+1)}—r2
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Inequalities (5.9) are thus proved. In order to obtain relations (5.8) it is necessary to
mention only that hyperbola (5.19) is a monotonically increasing function and therefore

x8§p0 = x(l)SZl

Combining all inequalities we obtain that coordinates of points x° satisfy the necessary
relations (5.8), (5.9).

Inequality (5.10) follows from the fact that all points of the first hyperbola (5.19)
including point z° satisfy relations

0
poxl azxY p T

(x1+9)  (hz]+f2) = (z1+9)

To = 1 >0 (5.30)

To complete verification of inequalities (5.8) - (5.12) let us note that conditions (5.7),
(5.8), (5.10) imply relation (5.11) and conditions (3.21), (5.9) imply relation (5.12).

Let us pass now to the question of uniqueness of solution z°. In this connection we
examine the first derivative of hyperbola (5.22)

2 = (fo(z1 4+ 9)*7? — fag(z1 + 9)y — 9(frz] + fo)z1)
2 (p2] + 7 f2) (@1 + 9) — (] + f2)g)

(5.31)

For v = 0 this derivative is strictly negative zf, < 0. When 0 < v < 1 derivative x5
(5.31) changes sign from — to + while x; grows from r; to +o0o. Hence hyperbola (5.22)
does not have monotone properties and in the general case several points of intersection
of hyperbola (5.19) and hyperbola (5.22) may exist. If derivative a5 (5.31) is nonpositive
at point z; (5.14) then hyperbola (5.22) is a monotonically decreasing function on the
interval (r1,21] and stationary solution z° is unique. Let us estimate the numerator of
derivative zf (5.31) at point z; (5.14)

V2 fo(z1 + 9)2 — vfag(z1 + 9) — (f12] + fa)gz1 =

.
asz
(21 +9)(fogy(v = 1) + 21 (27 = p01 ) (5.32)
It is clear that inequality
asz
foy? < 2L (5.33)
p
together with relations (5.32) imply the desired condition
xh(21) <0 (5.34)
Let us estimate coordinate z; from below
az(z1 +9) = p’g(fr + for; ") > 1’9 fa (5.35)
Inequality (5.35) implies the estimate
0
— 1
o> P —a)  glatl) (5.36)

az az

Combining inequalities (5.33), (5.36) we obtain that condition (5.17) implies the desired
relation (5.34) and the uniqueness result consequently. O
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Remark 5.1 For parameter r1 (5.13) the following estimate takes place
(h=p) (=7,

r1 > gmin{ , (5.37)
Y
Proof. Rewriting relation (5.13) as a ratio
”
rit+g= glhri +/2) (5.38)

(pr] +f2)

and taking into account that hyperbolic function in the right hand side of equation (5.38)
is a monotone one we obtain the following estimate

1
r+g> gmin{%a ;} (5.39)

The last inequality implies the necessary estimate (5.37). O

6 Qualitative Properties of Optimal Investment

In order to describe properties of the optimal control 7° (3.4) we analyze stability of
the stationary point z° (5.7). More precisely, we indicate the saddle character of this
equilibrium and show the existence of optimal trajectories which converge to it. To this
end we calculate the Jacobi matrix of the right hand side of system (5.4)

(9F1/(9.CC1 (9F1/(9.CC2 (9F1/(9.CC3
DF = (9F2/(9.CC1 (9F2/(9.CC2 (9F2/(9.CC3 (6.1)
(9F3/(9.CC1 (9F3/(9.CC2 (9F3/(9.CC3

For partial derivatives 0F;/0x;, i, j = 1,2, 3 we have the following relations

az(z1((x1 + g) — p°x1) + gaa(w1 + g))
((x1+ g)z2 — pOxq)?

OF1/0z1 = fi+(1—7)fox;’ —

as(z1 + g)%x1

OF,/0xy =
1/ ’ ((xl + g)x2 —poxl)Z
OF1/0z3 = 0
0F;/0x1 = —72f2x2x1—(1+7) _ azgra(p® — x2)

((z1 + g)xo — pOz1)?
a29p0$1
x1 + g)xe — pVa1)

(9F2/(9.CC2 = p+’yf2x1_7+(( B}

(9F2/(9.CC3 = 0
a2gT2X3
O0F3/0x1 = —
/01 ((z1 + g)z2 — pOz1)
asz(z1 + g)r123
((z1 + g)zo — pOu1)?
as

(9F3/(9.CC3 = — ((.CCl i g)xg — poxl) (6.2)

2

(9F3/(9.CC2 =

We indicate signs of coefficients 0F;/0z; in the following statement.
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Proposition 6.1 Coefficients OF;/0x; of the Jacobi matriz DF' at the stationary point
20 are determined as follows

gpoxl(fle + f2)?
a2$1 T(x1+9g)?
OFy(2°) )0z — z1(71 +9)2(f1$1 + f2)? -0
axay’ (z1 + g)?

OF(2°)/0x1 = —vfox;" —

OF(a°)/0z3 = 0
0 _ v 2
OFy(2°)/0z1 = —~2fomaz; TV — gra(p xg)(flxl + f2)

<0
a2$1 T(x1+g)?
OFy(20)/dzs = p+yfory” + 22 x1<f1x1 +f2)°
apxy! (21 + g)?

OFy(2")/0xs =

OF3(2°)/0x1 =

OF3(2°)/0zy =

(1
o) e — TGl h) 65

(1 +9g)

Hereacz—x 1=1,2,3.

Proof. Expressing the ratio 1/((z1 + g)z2 — p°z1) from hyperbolic equation (5.19),
substituting it to formulas for partial derivatives (6.2) and taking into account Proposition
(5.3) for the stationary point z° we obtain relations (6.3) with definite signs. O

Taking into account Proposition (6.1) one can formulate the following statements with
respect to eigenvalues of the Jacobi matrix DF.

Proposition 6.2 The Jacobi matrix DF has at least one eigenvalue with positive real
part and hence the stationary point 20 is unstable.

Proof. Let us consider the matrix of the second order

(9F1(.7:0)/(9.CC1 (9F1(.7:0)/(9.CC2
D= ( OFy(20) 0z OFy(x0) /0 ) (6-4)

The block structure of matrix DF (6.3) at the stationary point 2° imply that eigen-
values of matrix D are eigenvalues of matrix DF.
According to relations (6.3) the trace of matrix D (6.4) is positive

TR = 0F,(2°)/0x1 + 0F3(2°)/0xze = p > 0 (6.5)

The positiveness of the trace TR (6.5) means that at least one eigenvalue of matrix D
and hence of matrix DF has positive real part. O

We will prove now that for the small enough rates of growth v the Jacobi matrix DF
has real eigenvalues one of which is positive and two others are negative. We introduce
the following assumption for parameter a;

a; <1 (6.6)
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and restrictions on growth rates

v<a 0= min(g, £, minfe(p)}) (67
e =e(p) =2p(1 —p)
P = paz

(a1 4+ a2 + 1)(f1 + f2)

pazg(as + 1)

P2 = (a1 +az +1)(fig(ar + 1) + faaz)
p3 = 1
fi

Proposition 6.3 Assume that conditions (5.5), (5.6), (5.17), (6.6), (6.7) hold. Then
the Jacobi matrix DF' has real eigenvalues: one - positive, and two - negative. Hence the
stationary point 0 is a saddle point.

Proof. The block structure of the Jacobi matrix DF' and negative sign of the diagonal
element OF3(x)/0z3 imply that at least one eigenvalue u3 is real and negative

(1-) ¥
oz V(fir] + )

and the corresponding eigenvector hg is the unit vector
hs =(0,0,1) (6.9)
Let us turn our attention to matrix D of the second order. It has real eigenvalues: one
- positive, and one - negative, if and only if its discriminant DI

OF, 0Fy; OF; OF;
DI = — 1
(9.281 (9.282 (9.282 (9.281 (6 0)

is negative.

Let us show that under conditions (5.5), (5.6), (5.17), (6.6), (6.7) discriminant DI is
negative and this completes the proof.

In the expression for discriminant DI we combine terms with common denominators

0. z) + 2 0. )+ 2
Df__<7f2x;+9p el 4 PPN (e, gtmlhal & f)")
azzy" (21 + g)? azay (1 + g)?

z1(z1 +g)2(f1xY + f2)? ) ( 2 f mpay () gz2(p° — x2) (fra] + fo)? )

aszy (w1 + g)? agzy (z1 + g)2

_ (xz __P'm ) (xz _ vy ) gp’(fiz] + fo)*
(z1+9) (z1+9) a%xl (z1+ g)?
_ng%l(flﬁ + f2)?

a2$1 T(x1+g)?
gpofzfcl(fl% + f2)2 | o fora(frz] + fo)?

a2$1 (961 + g)? a2

- —2
—ypfory T — P faa Y —

—2y (6.11)

Let us consider the first term in relation (6.11). According to property (5.10) the first
multiplier is positive
Py

o Pl
2T (@1 +9)
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Let us prove that under conditions (6.6), (6.7) the second multiplier is also positive.
Taking into account equation (5.19) and estimate (5.29) we obtain the following chain of
inequalities

0 Y
pg 0 a2y
Tg— ——— =209 —p — —F——— >
(1 +g) (frz] + f2)
2L 1- 2(vfor’ +ara]) axx] >
((fix] + fo) +2])  (fiz] + f2)p°

0 (1 _ 29fop° + (2a1 + a2)$¥> S

(fiz] + f2)p° -

(2a1 + a2)
fip°

It is clear that under conditions (6.6), (6.7), namely,

} (6.13)

P’ min{l —2v, 1 —

1
< = <1
QRS 9’ ar >
expression (6.13) is positive
P’y (6.14)
Tg———>0 6.14
(z1+9)

Combining inequalities (6.12), (6.14) we obtain that the first term in relation for dis-
criminant (6.11) is negative.

The next three terms in relation (6.11) are also negative.

Finally let us prove that under condition (6.7) the sum of the last two terms in relation
(6.11) is negative. We have the following inequality

o faxa(frx] + fo)?

0
x x| +
27919 fo 1(f1 1+ f2)? +y

agxl (z1 + g)? agxi’"' -
L’ (frz] + fo 2921
~ ( 137 ) v — 5 (6.15)
asx] (x1+9)
Introducing notations
g
p=px)=-——=, ep)=2p(1-p 6.16

we estimate the second multiplier in relation (6.15)

291 g g _
Ttor ) m >O‘ m1+m>
v = 2p(x1)(1 = p(w1)) = v —e(p(z1)) <

v — min{e(p(r1)), e(p(z1))} (6.17)

Here the following relations take place
0<ri<z <z <400, 0<p(z1) <p(z1) <p(r) <1 (6.18)

Using definition of the lower bound 71 (5.13) we estimate value p(r1) from above

p(’l’ ) _ (pr’ly—i_’Yf?) < <

v
NGE R (619

»
h
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Taking into account definition of the upper bound z; (5.14) and its estimate (5.36) we
evaluate quantity p(z1) from below

azz] az azg(a1 +1)
PO(f1z] + f2) PO(fi + f2)" P°(frglar + 1) + faaz)

Combining condition (6.7) and estimates (6.15) - (6.20) we derive that the sum of
the last two terms in relation (6.11) is negative. Taking into account negative signs of
all previous terms in relation for discriminant DI (6.11) we conclude that discriminant
DI is negative. The last property implies the existence of one positive and one negative
eigenvalues of the Jacobi matrix D. O

Let us indicate properties of eigenvalues and eigenvectors of the Jacobi matrix D.

p(z1) = > min{ (6.20)

Remark 6.1 If discriminant DI (6.11) of the Jacobi matriz is negative then the positive
eigenvalue py provides the greater growth rate for trajectories of system (5.4) than the
growth rate p

1 >p>0 (6.21)

and the negative eigenvalue ps can be presented through the positive one

p2=—(p —p) <0 (6.22)

Proof. Since trace TR (6.5) is equal to the growth rate p and discriminant DI is
negative then the positive eigenvalue is determined by formula

) ? 1/2
== — +|DI >
=g+ ( 7 \) p
and the negative eigenvalue satisfies equality

M1+ p2 = p
which imply conditions (6.21), (6.22). O

Remark 6.2 FEigenvectors hi, ho corresponding to eigenvalues p1, ps have positive coor-
dinates

1

= —(ba+m,0), m= (b + (a+ pup)?)Y/? (6.23)
1
1

hy = n—(a—i—ul,c, 0), ng=(+ (a+u1)2)1/2 (6.24)
2

Here
a = ‘(9F1/(9.CC1‘, b:8F1/8x2, Cc = ‘(9F2/(9.CC1‘ (6.25)

If discriminant DI is negative then arguments
h2
p; = arctan h—i, 1=1,2 (6.26)
i
of eigenvectors h;, i = 1,2 are connected by inequality

0<@p2<p1< g (6.27)
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Proof. Substituting the positive eigenvalue p; (6.21) into equation for eigenvectors

+a —b At
(“c M_(Ha))(hg)_ (6.28)

and considering its first line with components of eigenvector hy
(11 +a)h} —bh3 =0 (6.29)

we obtain expression (6.23).
Analogously substituting the negative eigenvalue po (6.22) into equation for eigenvec-
tors (6.28), and considering its second line with components of eigenvector hy

chy + (p2 — (p + a))h3 = chg — (1 + a)h3 = 0 (6.30)

we derive relation (6.24).
Taking into account that discriminant DI is negative

DI = —a(p+a)+bc<0
we obtain the following chain of inequalities
0> —a(p+a)+bc>—(p+a)*+be>—(u1 +a)*+be

The last inequality provides relation

(11 + a) R

t =
e b (11 + a)

= tan g (6.31)
which in turn implies the necessary condition for arguments ¢;, i = 1,2 (6.27). O
Let us consider the linearization for nonlinear system (5.4) at stationary point z° =

(29, 23,0)

Do (9F1(.CC0) (9F1(.7:0)

.0 Yo\ .0
T 921 (x1 — 1) + 9zs (2 — x3)
B2 = g @) (w2 — o)
. (9F3(.CC0)
= —2 6.32
3 Doy 8 (6.32)

Summarizing properties of the Jacobi matrix indicated in Propositions 6.1 - 6.3 and
Remarks 6.1 - 6.2 one can formulate properties of linear system (6.32).

Proposition 6.4 Under conditions (5.5), (5.6), (5.17), (6.6), (6.7) linear system (6.32)
has the following properties.

1. Equilibrium z° is the unique saddle point.

2. For any pair x7, x5 there exists the unique component x5 such that initial position
= (z%, %, x3) is situated on the plane generated by eigenvectors ha, hs corresponding
to negative eigenvalues pz, us. Trajectory x*(-) of linear system (6.32) starting at initial
position x* tends to equilibrium xC.

3. If initial value x5 is a proper one

*

X

0<ah<p° (6.33)
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then trajectory x*(-) meets the necessary condition
0<a3(t)<p’ V t (6.34)

4. The second component x2(-) of other trajectories x(-) starting at points x = (x7, x2, x3),
xo # x5 tends to infinity with the exponential growth rate p; > p

xa(t) = 00, t— 00 (6.35)

Proof. Property 1 follows immediately from Propositions 5.3, 6.3.

Property 2 follows from the fact that the first coordinate hi of eigenvector ho and the
third coordinate h3 of eigenvector hg are strictly positive and hence the coordinate plain
generated by the first and third components x1, 3 can be orthogonally projected on the
plane generated by eigenvectors hg, hs.

Property 3 is deduced from the fact that eigenvalues ps, us are negative and initial
position x* is situated on the plane generated by eigenvectors hs, hs.

Property 4 is derived from the nonstable character of the saddle point z° and the
property of the positive eigenvalue p; > p (6.21). O

Let us indicate the sense of properties 1-4 of linear system (6.32) for optimality of
trajectories of nonlinear system (5.4).

According to the Grobman-Hartman theorem (see [Hartman, 1964]) nonlinear system
(5.4) admits a trajectory as well as linear system (6.32) which converges to equilibrium
z0.

Proposition 6.5 Nonlinear system (5.4) inherits the convergence property of linear sys-
tem (6.32):
there exists a trajectory x°(-) which leads nonlinear system (5.4) from initial position xz*
to equilibrium z°

lim 29(t) = 29, 20(tg) =2, i=1,2,3 (6.36)

t—o00

Let us make more strong assumption about the uniqueness of a convergent trajectory.

Hypothesis 6.1 Assume that nonlinear system (5.4) inherits the uniqueness properties
2,4 of linear system (6.32) for a convergent trajectory. It means that a trajectory z°(-)
of nonlinear system (5.4) which tends to equilibrium x° and hence satisfies the necessary
conditions (3.7)-(3.10) of the Pontryagin’s mazimum principle as well as the transversality
condition (3.11) is unique. Due to concavity of the integrand in the utility function (2.6)
trajectory x°(-) is optimal since the mazimum principle is sufficient in this case.

We indicate now the growth properties of the optimal trajectory xO(-) which tends to
equilibrium x° of nonlinear system (5.4).

Remark 6.3 The third component x3(-) = 1/T° converges to zero 3 = 0 (5.11) with
negative velocity (5.4). It means that optimal technology stock T® = T°(t) monotonically
grows to infinity.

The first component x9(-) = y°/T° converges to the positive equilibrium value 29 > 0
(5.8). It shows that optimal production y° = y°(t) also grows to infinity with the same
growth rate as technology T°. In particular, this growth property of production y° means
that its derivative in dynamics (3.7) is strictly positive §°(t) >0, t > t.

If the initial ratio % = y°(to)/T%(to) is greater than at equilibrium z9, 29 < x%, then
the optimal ratio x3(t) = y°(t)/T°(t) is decreasing from the initial state x3 to equilibrium
2Y. It indicates that optimal technology stock T° is growing rapidly than production y°.
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7 Quasioptimal Feedback of R&D Investment

It should be noted that the problem of searching the optimal trajectory x°(-) which leads
system (5.4) to the saddle point x° is very complicated due to the unstable properties of
this equilibrium. Let us consider several constructive procedures for finding a quasioptimal
feedback which leads coordinates z1(-), x3(-) of the system to equilibrium 9, z3. To this
end we consider the linear regime for the second coordinate zo(-)

zy =23 +w(z—2}), w20 (7.1)
A (1—) as(z1 + g)m1 .
- _ oy
! Juot fa (d+ k(w)(z1 — 29) + w(z1 —29)?)’ z1(to) = 21
. as2x1x3 .
- to) = 7.2
" (d+ k(w)(z1 — 29) + w(z — 29)2)’ z3(to) = 3 (7.2)

Here parameters d, k are determined by relations
d=gzd — (p° —a3)2}, k=k(w)=kw+k, k=249, k=-0"-23) (7.3)

and initial conditions z7, =3 should satisfy conditions
) <zt <2+ 7 (W), 23>0 (7.4)

Here parameter Z; is defined by relations

71(w) = { 24/ ([k(w)| + (k2 (w) — 4wd)2), k2(w) — dwd > 0 .

400, otherwise

Bearing in mind formulas for new variables (3.22) we extract the expression for feedback
r =r(y,T) from system (7.2)

r3 a1

o} as(d+ k(w)(e1 — a9) + w(w —2?)?)
agy

(d+EwW)((y/T) - 29) + w((y/T) — 2%)?)

Let us formulate the convergence result for dynamics (7.2).

T*:T:—

(7.6)

Proposition 7.1 Assume that the slope coefficient w of the second coordinate xo (7.1)

satisfies conditions
0

gp
I<w<———-=w 7.7
SO g 0
Then the quasioptimal rational feedback r* (7.6) leads trajectories x*(-) of system (7.2)

from initial conditions %, x5 (7.4) to equilibrium z9, x3.

Proof. Since the first equation in system (7.2) is independent of the second one then
convergence of component z%(-) to the equilibrium value z9 follows from the property of
asymptotic stability - the corresponding partial derivative should have the negative sign

dF1 (.CCO)
d.%‘l

<0 (7.8)
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Taking into account relations (6.3) for partial derivatives OF;/0z; and linear depen-
dence (7.1) of coordinates z;, i = 1, 2 we obtain the following formula for the full derivative
dF 1/ d.%‘l

dFy(z°)  OF,  OF _ 1 2
1(@7) _oF  OF A f T — 561(]23561 + f2)
d.%‘l (9.281 (9.282 axTy (,7;1 + 9)2

(9p° — (21 + g)*w) (7.9)

Definitely under conditions (7.7) the derivative dF}/dz; is negative and this provides
the necessary asymptotic stability.
Relations Oy () Oy ()

5’7; —0, agixj <0 (7.10)
imply properties of asymptotic stability for the third equation of system (7.2) and provide
the convergence of the third component z5(-) to zero. O

Finally let us indicate properties of quasioptimal trajectories x*(-) which converge to
equilibrium 0.
Remark 7.1 The third component z5(-) = 1/T* converges to zero in the quasioptimal
regime (7.2) with the negative velocity (7.10). It means that technology stock T™* mono-
tonically grows to infinity with the asymptotic growth rate |us| > (f1 —p) >0 (6.8).

The first component x%(-) = y* /T* converges to the positive equilibrium value x9 > 0.
It shows that quasioptimal production y* also grows to infinity with the same growth rate
as technology T*.

If the initial ratio x7 of production y* to technology T™* is greater than the corresponding

value at equilibrium z9

0
0 * gxs
¥ <z < L2 (7.11)
(p° —=5)
then the quasioptimal ratio xi(-) = y*/T* is decreasing from the initial state z7 to equi-

librium x9. It indicates that in this case technology stock T* is growing rapidly than

production y*.

Let us consider properties of quasioptimal feedback 7* (7.6) which generates trajectories

Remark 7.2 In the expression for quasioptimal control r* (7.6) denominator tends to the
positive constant value

y*

(922 — (0° = @) ) = (922 — (0 — 2B)2]) >0, t— o0 (7.12)
and numerator asy™ is linear with respect to production y*. It demonstrates that the value
of quasioptimal control r* (7.6) is also growing to infinity with the same asymptotic growth
rate as production y* and technology T*.

8 Behavior of R&D Intensities

In this section we examine the question about the evolutionary behavior of R&D intensities
which is expressed by ratios r/y, T (t—m) /y on quasioptimal trajectories.
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Proposition 8.1 There exists the interval of slopes

0 0_ .0

) 2
(9 +9)° (9 + 9)
such that quasioptimal feedback r* = r*(w) (7.6) leads trajectories x*(-) from initial po-
sition x5, x% (7.4) to equilibrium %, z9 with evolutionary decline of ratio x1 = y/T and
growth of ratio r/y.

Proof.
Let us prove first the inequality

0 <wy <wi (8.2)

Really taking into account relation (5.19) we have the chain of inequalities

R as] U
(x14+9)? " (z1+9)? (m+g)(fir] +f) (z1+9) -

According to Proposition 7.1 for slopes 0 < w < wq trajectories z*(-) generated by
feedbacks 7*(w) from initial position z}, x% (7.4) converge to equilibrium 9, z3. From
Remark 7.1 it follows that the ratio z1 = y/T is declining to 2. Let us consider the ratio

r/y in the quasioptimal regime (7.6)

T a9

v~ @+ k) — ) + oo — D7) (83)

The derivative of feedback (8.3) with respect to x1 at point ¥ is determined by formula

d(r/y) agk(w)
dr, m= T T @ (8-4)
If parameter k = k(w) is nonnegative and hence we have relation
0_,0
> mm) (8.5)
(27 +9)

then derivative (8.5) is nonpositive and ratio r/y is growing while ratio 1 = y/T is
declining.

In the opposite case when 0 < w < wq ratio r/y is declining when ratio ;1 = y/T is
declining. O

Let us consider the natural candidate for the slope of the quasioptimal feedback (7.6)
— the slope wy of eigenvector hg (6.24) of the Jacobi matrix D (6.4) which corresponds to
the negative eigenvalue g (6.22)

(atpy) (atp—pm) ¢
b b (a+ p1)

Wy = (8.6)

Proposition 8.2 The slopewy (8.6) of eigenvector hy (6.24) corresponding to the negative
eigenvalue py (6.22) satisfies relations

0 <wo<w (8.7)

and, hence, the quasioptimal feedback r* = r*(wg) (7.6) with slope wy leads trajectories

x*(-) from initial position x}, x3§ to equilibrium x9, 3.
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Proof. Taking into account relation (6.21) we have the following chain of inequalities

m=p) _(atp—p)

a
b b b O a+m)

w1 = >

Sl B

O
Let us make comparison of the quasioptimal slope wy (8.6) with the slope ws (8.5)
which is responsible for the growing property of ratio r/y.

Proposition 8.3 There exists a threshold v* > 0 such that for parameters 0 < v < %,
a1 > 0 the quasioptimal slope wy satisfies inequalities

0 S wo S w2 (8'8)
If the strict inequalities 0 < v < ~v* or a1 > 0 take place then the strict relations
0 <wy<wo (8.9)

are valid.
Inequality (8.9) means that the quasioptimal control r* = r*(wgy) (7.6) with slope wy
provides the declining property of ratio r/y.

Proof. Let us estimate the difference

(P —m) (a+p—m)

Wy — Wy = — =
T (it b
1 — agb .
b(ﬂl_P_Vfol - ($1+g)F) -
1, p? P _ 1 F
;G Hala+p) - be)'/? — (5 +vfery T + m)) =
(a—e)(a+e+p)—bc
bS

Here parameters a, b, ¢ are the absolute values of elements of the Jacobian matrix
(6.25) and parameters F, e, S are determined by relations

.CC1F

F=ff +f2x1_7a €= ’)’f2$1_7 + m

P P
S:(Z+a(a+p)—bc)1/2+(§+e)

Taking into account expression for the difference
x1 F? ng as x1 F? 0
az(z14+9) (x1+9) F°  a(z1+g9)

we obtain the following relation

Wy — wp = (P° —z2)2vfor, " +p+ Flz1 —g) /(@1 +9)
(z1+9)S

V2 faza(xy + 9)951_(1”)

(x1+9)S
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Finally substituting instead of ratio F'(x1 —g)/(x1+¢) its expression through parameter
(p° — z2) we get formula

s ot P 2ag+ PG —wa)/pY)
2 0 (r1+9)S

V2 fazo(xy + g)x;(lﬂ)

(@1 1 9)8 (8.10)

We need to estimate difference (ws — wp) (8.10) in the neighborhood of point (§,7n) =
(z1(7),z2(7y)), v = 0. In order to calculate the Taylor expansion of the first order for
difference (p° — z2(y)) we need to estimate the value x5 and its derivative dzs/dy at the
origin v = 0.

Assuming v = 0 in the system (5.18) which defines the equilibrium z° and resolving
the first two equations with respect to 7 = 22(0) we obtain the following relation

Fon? — (f°° + a2 — pp°)n — p° = FOn(n — p°) + (pp° — az)n —p° =0 (8.11)
Here

fO=f+r

Using relation (8.11) and estimating difference (p° — 1) from above we obtain the
following chain

(pr°—az)  p° _(am+1) 1’ _a

O fop 0 oy = 0

Let us estimate difference (p® —n) from below. To this end we consider the tangent
line to parabola (8.11) at point (p°, a;p°)

0<(p’—n) = (8.12)

y = (f°p° + (a1 + 1)) (z2 — p°) + a1p” (8.13)

Due to convexity of parabola (8.11) we obtain the low bound for (p° —7) by the zero
point (p° —7) of the tangent line (8.13)

alpo
foP° + (a1 + 1))

@ =n =@ -7n = ( (8.14)

Let us calculate derivative dxa/dy of function xo = xo(y) with respect to parameter -y
at point v = 0. To this end let us differentiate two first equations of system (5.18) with
respect to vy

OF dvy | OFydvy | OF
Oxi1 dy  Oxzo dv 0y
(9F2 d.%‘l (9F2 d.%‘g 8F2

it S A Tt Rtk Ttk ey | 1
Oxi1 dy  Oxzo dv 0y (8.15)

To resolve system (8.15) with respect to derivatives dx/dy, dzo/dy we need to find
the inverse matrix D=1 to the Jacobian matrix D (6.4)

D! = ( (a Jcr /’Z’%DI :Z% ) (8.16)
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and calculate partial derivatives

%—Zl = /60 gl = — ot Iné
)
0i72 = (fan€™" — v fan€ T Iné)|y=0 = fon (8.17)

Taking into account relations (8.16), (8.17) we find derivatives dz;/dy, dxs/dy

dzi _ ((a+p)fIn€ +bn)fo

dry DI
@ _ (c{lnf + an)fQ (8 18)
dry DI ’

Substituting relations (6.3), (6.25) for derivatives a, b, ¢ to formula (8.18) we obtain
the expression for derivative dzy/dy

d 0
B B0~ e+ (819

Expanding expressions (p® — x2(7)), F(v) into Taylor series in the neighborhood of
point v = 0 we get formulas

0 = 2a0) = 0° = 1) + 2 + o) (8.20)
F) = fi+ (@) o = £+ S o) (3.21)
dF 1 dr;

— = - T fa(l 1
&y~ ~ @) (@) + v es o = —f2Ing
Here o(7y) is the infinitesimal value of high order

o(7) = v¢(7), ygé (v)=0 (8.22)

Let us estimate numerator NU in the right hand side of relation (8.10) for difference
(w2 — wo)

2(a2 + fo(po —n))

NU =" —=n)(p+ f° - o0 )+
0
100 - meh+ 22 2D e e -
0 —
A2+ 1 <“2+fp§p n)))+0(7) (3.23)

Let us consider two cases. In the first case assume a; > 0. Taking into account
inequalities (8.12), (8.14) for difference (p° — 1) we obtain the following estimate for the
first term in relation (8.23)

2(az + f°(p° —n))
pO

@ —n)(p+ f° - ) >
(pop; n) 2+ fs p) > a1

(fop° + (a1 + 1))

2+f°-p) >0 (8.24)



_392-

Since according to inequality (8.24) the first term in relation (8.23) is strictly positive
then there exists threshold v* > 0 such that for parameters v, 0 < vy < * numerator NU
and, hence, difference (we — wy) is strictly positive.

In the second case, when a; = 0, estimates (8.12), (8.14) imply equality (p° — ) = 0.
For numerator NU we have the following relations

d.%‘g 0 2&2
NU = —~v—= et} —
de(’”rf p0)+0(7)

&nfag(f°)>

m(QJrfo —p)+ (7)) (8.25)

Since the first term in relation (8.25) is strictly positive then there exists threshold
~* > 0 such that for parameters v, 0 < 7 < v* numerator NU and, hence, difference
(we — wy) is strictly positive. O

Let us consider two important modifications of quasioptimal strategy R* (7.6) which
are characterized by preserving constant values of coordinates x1, xs.

Remark 8.1 Assuming w = 0 in formula (7.6) for the quasioptimal control r* one can

obtain the quasioptimal process with the constant value for the cost of production xo = x9

azy
(d— (p° = 29)((y/T) — 27))

In the quasioptimal process (8.26) ratio y/r is growing while ratio y/T is declining.
Setting the constant value for coordinate x1 = y/T = 9 in formula (8.26) one can
derive the quasioptimal process

— (8.26)

r:%ﬁ (8.27)
with the fized second coordinate xo = x3 and the constant ratio
5:% (8.28)

Both quasioptimal feedbacks (8.26), (8.27) lead trajectories x*(-) of system (7.2) from
0 .0

initial conditions x3, x% (7.4) to equilibrium x3, z3.

Let us examine the behavior of ratio 7(;_,)/y of R&D investment in initial stage 7(;_,)
(1.15) to production y — R&D intensity in initial stage, in the quasioptimal regime (7.6).
According to (1.15), (7.6) we have relations
T (1-0)ay o

T'(t—m) r
) gyl 4ot = + 2 8.29
y T k@) — ) T =P (8.29)

For nonpositive derivative

d(r(t—m) /y)
d.%‘l

loyeg = — Uc)ls M) <£§>z <0 (8.30)

ratio r(;_p,)/y is growing while ratio z; = y/T is declining. Resolving inequality (8.30)
with respect to parameter w we find conditions for parameters w and o which provide the
growth property of ratio T (t—m) /Y

°2 G @ e 3
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Remark 8.2 Summarizing previous results one can derive the following properties of the
quasioptimal control r* = r*(w) (7.6):
1. if 0 < w < max{0,ws} then both ratios r_p,)/y and r/y are declining;
2. if max{0,ws} < w < wa then ratio r(4_m)/y is growing and ratio r/y is declining.
3. if wg <w < wi then both ratios r_p)/y and r/y are growing;
while ratio y/T is declining.

Finally let us analyze properties of production rate y/y (3.7) in the quasioptimal regime
r* = r*(w) (7.6). Differentiating production rate y/y with respect to parameter x; = y/T

at equilibrium 29 we obtain the following formula,
d(y/y) - gaz((2} + g)w — (p° — 23))
dmym=ey = ~1fa(a) () 4 s 2 (8.32)

Remark 8.3 If slope w satisfies inequality

0_ .0 0\—(1+7) 72
(P° —z3) | 2fa(a}) L (8.33)

(2 +9) asg

then production rate §/y is growing while parameter x1 = y/T characterizing technology

intensity is decreasing to equilibrium x?.

Conclusion

In this paper we examine the nonlinear model of optimal allocation of resources - R&D
investment in a techno-metabolic system, which describes behavior of production and
technology rates with respect to R&D investment. The growth and decline trends in in-
teraction between production and R&D investment are described in the balance dynamics.
The growth property is expressed by the exponential term of technology intensity. Invest-
ment to R&D leads to the redistribution of resources between production and technology
stock and provides the risky factor of innovation. The discounted utility function corre-
lates the amount of sales and production diversity. Qualitatively it expresses preferences of
investors in the simultaneous growth of production, technology stock and technology rate.
We apply the Pontryagin’s optimality principle to the problem of optimal control design.
Optimality principles are expressed in the nonlinear system of differential equations of the
fourth order. Its equilibrium is connected with optimal solutions. We prove the existence
and uniqueness of the saddle type equilibrium and show that optimal trajectories should
converge to it. Since the optimal feedback which generates optimal trajectories is given
implicitly we provide several explicit approximations of the rational type — quasioptimal
feedbacks. We examine properties of quasioptimal feedbacks for different tangent slopes
generated by possible R&D intensities. We study the particular case when the tangent
slope is determined by the optimal solution of the linearized system — the slope of eigen-
vector corresponding to the negative eigenvalue of the Jacobi matrix. Growth properties
of production rate, R&D intensity and technology intensity for quasioptimal feedbacks as
functions of slopes are indicated on generated trajectories. In the test example we make
an accent on the nonstationary character of the reduced dynamics. We obtain explicit
solutions for optimal feedback, production rate, R&D intensity and technology intensity.
The value function of the reduced control problem is calculated analytically by the method
of indeterminate coefficients for the Hamilton-Jacobi equation. Algebraic expressions for
the value function have the decomposition property: the first term depends in the loga-
rithmic way on the initial production, the second one depends in the aggregated form on
functions of nonstationary dynamics.
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