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Preface 

Interest in human settlement systems and policies has been 
a critical part of urban-related work at IIASA since its incep- 
tion. Recently this interest has given rise to a concentrated 
research effort focusing on migration dynamics and settlement 
patterns. Four sub-tasks form the core of this research effort: 

I. the study of spatial population dynamics; 

11. the definition and elaboration of a new research 
area called demometrics and its application to 
migration analysis and spatial population 
forecasting; 

111. the analysis and design of migration and settle- 
ment policy; 

IV. a comparative study of national migration and 
settlement patterns and policies. 

This paper, the eighth in the spatial population dynamics 
series, examines the dynamics of structural change in spatial 
demographic systems by extending the single-region formulas of 
mathematical demographers such as Goodman and Keyfitz to the 
multiregional case. It was written here at IIASA this past 
year as part of a doctoral dissertation submitted to Northwestern 
University and was financially supported by a research fellow- 
ship awarded to Willekens by the Institute. 

Willeken's study illuminates an important aspect of our 
work in migration processes and settlement patterns. He uses 
matrix differentiation techniques to develop sensitivity func- 
tions which link changes in various age-specific rates to 
corresponding changes in important multiregional demographic 
parameters. In this way he is able to develop a uniform proce- 
dure for tracing through the impacts of changes in fertility, 
mortality, and migration. 

Related papers in the spatial population dynamics series 
and other publications of the migration and settlement study 
are listed on the back page of this report. 

A. Rogers 
June 1976 



This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 



A b s t r a c t  

T h i s  p a p e r  s t u d i e s  t h e  impact  on  ma jo r  popu- 
l a t i o n  c h a r a c t e r i s t i c s  o f  changes  i n  s t r u c t u r a l  
demographic pa rame te r s .  The pa rame te r s  c o n s i d e r e d  
a r e  a g e - s p e c i f i c  f e r t i l i t y ,  m o r t a l i t y  and m i g r a t i o n  
r a t e s .  Applying t h e  t e c h n i q u e  o f  m a t r i x  d i f f e r e n -  
t i a t i o n ,  s e n s i t i v i t y  f u n c t i o n s  a r e  d e r i v e d  which 
l i n k  changes i n  i m p o r t a n t  m u l t i r e g i o n a l  demographic 
s t a t i s t i c s ,  such  a s  l i f e - t a b l e  s t a t i s t i c s  and 
p o p u l a t i o n  growth and s t a b l e  p o p u l a t i o n  c h a r a c t e r -  
i s t i cs ,  t o  changes i n  a g e - s p e c i f i c  r a t e s .  I n  
a d d i t i o n  it i s  shown how t h e  d i s c r e t e  and con t inuous  
models o f  p o p u l a t i o n  growth may be  r e c o n c i l e d .  
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CHAPTER 1 

INTRODUCTION 

The f i e l d  o f  mathemat ica l  demography i s  concerned w i t h  

t h e  mathemat ica l  d e s c r i p t i o n  of how f e r t i l i t y  and m o r t a l i t y  

combine t o  de te rmine  t h e  c h a r a c t e r i s t i c s  o f  p o p u l a t i o n ,  

and t o  shape  t h e i r  growth. T r a d i t i o n a l l y ,  demographers 

[ e . g . ,  K e y f i t z  (1968) and Coale (1972) 1 have r e s t r i c t e d  t h e i r  

a t t e n t i o n  t o  f e r t i l i t y  and m o r t a l i t y ,  assuming i n  f a c t  t h a t  

p o p u l a t i o n s  a r e  " c l o s e d "  t o  m i g r a t i o n ,  i . e . ,  p o p u l a t i o n s  

u n d i s t u r b e d  by i n -  and o u t m i g r a t i o n .  T h i s  i s  a n  u n r e a l i s t i c  

assumpt ion ,  e s p e c i a l l y  i n  p o p u l a t i o n  a n a l y s i s  a t  t h e  sub- 

n a t i o n a l  l e v e l .  The i n t r o d u c t i o n  of  m i g r a t i o n  i n t o  mathe- 

m a t i c a l  demography has  been p ioneered  by Rogers (1975) .  

H e  d e s c r i b e s ,  i n  a n a l y t i c a l  t e r m s ,  how f e r t i l i t y ,  m o r t a l i t y  

and m i g r a t i o n  combine t o  de te rmine  t h e  f e a t u r e s  and t h e  

growth of  m u l t i r e g i o n a l  p o p u l a t i o n  sys tems.  The b a s i c  t o o l  

used  i s  m a t r i x  a l g e b r a .  

Mathemat ica l  demography demons t ra tes  how v a r i o u s  

demographic c h a r a c t e r i s t i c s  may be expressed  i n  t e r m s  of 

observed a g e - s p e c i f i c  f e r t i l i t y ,  m o r t a l i t y  and m i g r a t i o n  

r a t e s .  The fundamental  assumpt ions  u n d e r l y i n g  t h e  models 

i s  t h a t  t h e  a g e - s p e c i f i c  r a t e s ,  i . e . ,  t h e  s t r u c t u r a l  param- 

eters ,  a r e  known e x a c t l y  and t h a t  t h e y  remain f i x e d  o v e r  

t i m e .  The i m p l i c a t i o n s  of  t h i s  a r e  e x p r e s s e d  by K e y f i t z  

(1968; p.  2 7 ) :  "The o b j e c t  (of  p o p u l a t i o n  p r o j e c t i o n )  i s  

t o  u n d e r s t a n d  t h e  p a s t  r a t h e r  t h a n  t o  p r e d i c t  t h e  f u t u r e ;  

a p p a r e n t l y  t h e  way t o  t h i n k  e f f e c t i v e l y  abou t  a n  observed set  

of  b i r t h  and d e a t h  r a t e s  i s  t o  a s k  what it would l e a d  t o  i f  

c o n t i n u e d . "  



No one truly believes that fertility, mortality and 

migration schedules are measured without observation error 

and that they will remain unchanged for a prolonged period 

of time. However, variations in structural parameters have 

not been considered until recently (e.g., Keyf itz, 1971; 

Goodman, 1969, 1971b: Preston, 1974). 

It is the purpose of this paper to contribute to a 

better understanding of the impact on the population system 

of changes in its structural parameters. The system 

considered is a multiregional demographic system, described 

in Rogers (1975). The parameters are the age-specific 

fertility, mortality and migration rates.. In general terms, 

the problem is to find how sensitive stationary population 

characteristics, population projections, and stable popula- 

tion characteristics are to changes in age-specific rates. 

The sensitivity of the stable characteristics of popula- 

tion systems undisturbed by migration have received most 

attention. That most effort has been devoted to the stable 

population becomes clear if one recalls that the stable 
u 

population concept was developed as a device which displays 

the implications for age composition, birth rates, death 

rates, and growth rates of specified schedules of fertility 

and mortality, on the assumption that the schedules prevail 

long enough for other influences to be erased. In actual 

fact, however, the stable population is never achieved, since 

the basic schedules change through time. The question of the 

impact of such changes on the stable population therefore is 

principally one of theoretical rather than empirical impor- 

tance. 



Two a p p r o a c h e s  t o  impact  a n a l y s i s  may b e  d i s t i n g u i s h e d .  

The f i r s t  i s  t h e  s i m u l a t i o n  a p p r o a c h ,  o r  t h e  a r i t h m e t i c  

app roach  a s  K e y f i t z  (1971;  p .  275) c a l l s  it. I t  i s  s i m p l y  

t h e  c o m p u t a t i o n  o f  t h e  p o p u l a t i o n  p r o j e c t i o n  u n d e r  t h e  o l d  

and t h e  new r a t e s .  The d i f f e r e n c e  between t h e  two i n  t h e  

u l t i m a t e  a g e  d i s t r i b u t i o n  and o t h e r  f e a t u r e s  g i v e s  t h e  

impact  o f  chang ing  t h e  r a t e s .  S u i t a b l e  t o o l s  f o r  t h e  

s i m u l a t i o n  a p p r o a c h  a r e  p r o v i d e d  by t h e  model l i f e  t a b l e s  

and model s t a b l e  p o p u l a t i o n s  such  a s  t h o s e  d e v e l o p e d  by 

C o a l e  and  Demeny (1966)  f o r  a  s i n g l e - r e g i o n  demographic  

sys t em and by Rogers  (1975; C h a p t e r  6 )  f o r  a  m u l t i r e g i o n a l  

sys tem.  An i l l u s t r a t i o n  o f  t h i s  app roach  h a s  been  g i v e n  by 

Rogers  (1975;  pp. 169-172) and Rogers  and  W i l l e k e n s  (1975;  

pp.  28-30) .  B e s i d e s  i t s  demanding c h a r a c t e r  i n  t e r m s  of  

computer  t i m e ,  t h e  app roach  t e l l s  u s  n o t h i n g  a b o u t  t h e  

comple t e  s e t  o f  p a r a m e t e r s  on  which t h e  changes  i n  t h e  f i n a l  

r e s u l t s  depend.  I t  w i l l  b e  found u s e f u l ,  however ,  f o r  

v e r i f y i n g  t h e  r e s u l t s  o f  t h e  second  a p p r o a c h ,  which i s  t h e  

a n a l y t i c a l  app roach .  T h i s  p r o c e d u r e  d e r i v e s  a  g e n e r a l  

fo rmula  f o r  a s s e s s i n g  t h e  impac t  o f  a  p a r t i c u l a r  change  

i n  terms o f  well-known p o p u l a t i o n  v a r i a b l e s .  Such a  fo rmula  

w i l l  b e  d e s i g n a t e d  a s  a  s e n s i t i v i t y  f u n c t i o n .  P a r t i a l  

d i f f e r e n t i a t i o n  w i l l  b e  s e e n  t o  be  t h e  b a s i c  i n g r e d i e n t  i n  

t h e  a n a l y s i s  o f  s u c h  f u n c t i o n s .  

I n  t h i s  p a p e r ,  impac t  a n a l y s i s  i s  per formed u s i n g  t h e  

a n a l y t i c a l  a p p r o a c h .  I t  i s  assumed t h a t  a l l  t h e  f u n c t i o n s  

a r e  d i f f e r e n t i a b l e  w i t h  r e s p e c t  t o  t h e  v a r i a b l e s  i n  which 

t h e  changes  o c c u r .  S i n c e  m u l t i r e g i o n a l  demographic  models  

a r e  f o r m u l a t e d  i n  m a t r i x  t e r m s ,  m a t r i x  d i f f e r e n t i a t i o n  

t e c h n i q u e s  a r e  a p p l i e d .  And because  n o t  much work h a s  been  



done i n  t h e  a r e a  of  m a t r i x  c a l c u l u s ,  t h e  f i r s t  s e c t i o n  o f  

t h e  Appendix t o  t h i s  p a p e r  r ev iews  s e v e r a l  r e l e v a n t  t o p i c s  

I 
of  such  a  c a l c u l u s  . 

I n  o r d e r  t o  be a b l e  t o  s t u d y  t h e  s e n s i t i v i t y  o f  t h e  

s t a b l e  p o p u l a t i o n  c h a r a c t e r i s t i c s ,  w e  need a n  a d d i t i o n a l  

p i e c e  o f  i n f o r m a t i o n .  A l l  s t a b l e  p o p u l a t i o n  f e a t u r e s  may 

be  e x p r e s s e d  a s  f u n c t i o n s  o f  t h e  s t a b l e  p o p u l a t i o n  d i s t r i -  

b u t i o n ,  t h e  growth  r a t i o  o f  t h e  s t a b l e  p o p u l a t i o n ,  and t h e  

a g e - s p e c i f i c  f e r t i l i t y ,  m o r t a l i t y  and m i g r a t i o n  r a t e s .  

T h e r e f o r e ,  t h e  p r e r e q u i s i t e  t o  impact  a n a l y s i s  o f  t h e  s t a b l e  

p o p u l a t i o n  i s  a  knowledge o f  t h e  s e n s i t i v i t y  o f  t h e  s t a b l e  

p o p u l a t i o n  d i s t r i b u t i o n  and t h e  s t a b l e  growth r a t i o  t o  

changes  i n  t h e  a g e - s p e c i f i c  r a t e s .  

Rogers (1975; p. 128)  h a s  shown t h a t  t h e  s t a b l e  growth 

r a t i o  i s  t h e  dominant  e i g e n v a l u e  o f  t h e  growth  m a t r i x ,  and 

t h a t  t h e  s t a b l e  p o p u l a t i o n  d i s t r i b u t i o n  i s  t h e  a s s o c i a t e d  

r i g h t  e i g e n v e c t o r .  The problem may, t h e r e f o r e ,  be  reformu- 

l a t e d  a s  f i n d i n g  t h e  s e n s i t i v i t y  o f  t h e  dominant  e i g e n v a l u e  

and e i g e n v e c t o r  t o  changes  i n  t h e  growth  m a t r i x ,  and t h e  

s e n s i t i v i t y  of t h e  e l e m e n t s  o f  t h e  growth  m a t r i x  t o  changes  

i n  t h e  a g e - s p e c i f i c  r a t e s  t h a t  a r e  used  t o  d e f i n e  it. 

The problem of e i g e n v a l u e  and e i g e n v e c t o r  s e n s i t i v i t y  

h a s  r e c e i v e d  some a t t e n t i o n  i n  t h e  e n g i n e e r i n g  l i t e r a t u r e  

( e . g . ,  Cruz ,  1970;  P a r t  111). An overv iew o f  t h e  ma jo r  

' A l l  ma jo r  t e x t b o o k s  on m a t r i x  a l g e b r a  l a c k  a  c h a p t e r  
on  m a t r i x  c a l c u l u s ,  a l t h o u g h  some s c a t t e r e d  t r e a t m e n t  may 
o c c u r .  The o n l y  u n i f i e d  t r e a t m e n t  o f  m a t r i x  d i f f e r e n t i a t i o n  
t h a t  w e  have found i s  by Dwyer and  MacPhail  ( 1 9 4 8 ) .  A 
s i m p l i f i e d  and e x t e n d e d  v e r s i o n  appea red  twenty  y e a r s  l a t e r  
i n  Dwyer ( 1 9 6 7 ) .  The fo rmulas  g i v e n  t h e r e  a r e  g e n e r a l  enough 
t o  hand-le d i f f e r e n t i a t i o n  problems i n  l i f e  t a b l e  f u n c t i o n s  
and i n  t h e  a n a l y s i s  o f  p o p u l a t i o n  p r o j e c t i o n s  o v e r  a  f i n i t e  
t i m e  h o r i z o n .  



r e l e v a n t  r e s u l t s  o f  t h i s  l i t e r a t u r e  i s  g i v e n  i n  t h e  s econd  

s e c t i o n  o f  t h e  Appendix.  I t  is  w o r t h  n o t i n g  a t  t h i s  p o i n t  

t h a t  t h e  a p p l i c a t i o n  o f  t h i s  t e c h n i q u e  i n  p o p u l a t i o n  dynamics  

i s  n o t  r e s t r i c t e d  t o  t h e  s t a b l e  p o p u l a t i o n .  T h i s  t e c h n i q u e  

i s  r e l e v a n t  i n  e v e r y  s i t u a t i o n  where t h e  e i g e n v a l u e s  o f  a  

p a r t i c u l a r  m a t r i x  have  some demographic  meaning.  For  i n s t a n c e ,  

Rogers  and  W i l l e k e n s  (1975; p .  3 9 )  s t a t e  t h a t  t h e  dominant  

e i g e n v a l u e  o f  t h e  n e t  r e p r o d u c t i o n  m a t r i x  o f  a  m u l t i r e g i o n a l  

p o p u l a t i o n  sys t em r e p r e s e n t s  t h e  n e t  r e p r o d u c t i o n  r a t e  o f  t h e  

whole  sys t em.  Hence examining  t h e  impact  o n  t h e  n e t  r e p r o -  

d u c t i o n  r a t e  o f  t h e  Un i t ed  S t a t e s  o f  a  change  i n  t h e  n e t  

r e p r o d u c t i o n  r a t e  o f  r u r a l - b o r n  women l i v . i n g  i n  u r b a n  a r e a s ,  

i s  a  problem o f  e i g e n v a l u e  s e n s i t i v i t y  a n a l y s i s .  



CHAPTER 2 

IMPACT OF CHANGES I N  AGE-SPECIFIC 

RATES ON LIFE TABLE FUNCTIONS 

The concep t  o f  a  m u l t i r e g i o n a l  l i f e  t a b l e  a s  developed 

by Rogers (1973 and 1975, Chap te r  3 )  i s  a  d e v i c e  f o r  

e x h i b i t i n g  t h e  m o r t a l i t y  and m i g r a t i o n  h i s t o r y  of a  set  o f  

r e g i o n a l  c o h o r t s  a s  t h e y  age .  I t  i s  assumed t h a t  t h e  age- 

s p e c i f i c  r a t e s  d e s c r i b i n g  t h e  m o r t a l i t y  and m o b i l i t y  

e x p e r i e n c e  of  an a c t u a l  p o p u l a t i o n  remain c o n s t a n t ,  and 

t h a t  t h e  sys tem o f  r e g i o n s  is  u n d i s t u r b e d  by e x t e r n a l  

m i g r a t i o n .  

The f i r s t  p a r t  of t h i s  c h a p t e r  sets' o u t  t h e  l i f e  t a b l e  

f u n c t i o n s .  The c o h o r t s  w e  w i l l  c o n s i d e r  a r e  b i r t h  c o h o r t s  

o r  r a d i c e s .  T h e i r  l i f e  h i s t o r y  i s  o f  s p e c i a l  i n t e r e s t  

because  t h e y  p r o v i d e  t h e  i n f o r m a t i o n  r e q u i r e d  by p o p u l a t i o n  

p r o j e c t i o n  models.  The l i f e  t a b l e  s t a t i s t i c s  a r e  g i v e n  by 

p l a c e  o f  b i r t h .  I n  t h e  second p a r t ,  w e  combine t h e  l i f e  

t a b l e  f u n c t i o n s  w i t h  t h e  m a t r i x  d i f f e r e n t i a t i o n  t e c h n i q u e s  

d e s c r i b e d  i n  t h e  Appendix. T h i s  e n a b l e s  u s  t o  deve lop  l i f e  

t a b l e  s e n s i t i v i t y  f u n c t i o n s .  

2 .1 .  THE MULTIREGIONAL LIFE TABLE 

A l l  t h e  l i f e  t a b l e  f u n c t i o n s  a r e  d e r i v e d  from a  set o f  

a g e - s p e c i f i c  d e a t h  and ou t -migra t ion  r a t e s .  L e t  M(x) - d e n o t e  

t h e  m a t r i x  o f  observed annua l  r a t e s  f o r  t h e  p e r s o n s  i n  t h e  

age  i n t e r v a l  from x  t o  x + h. The l e n g t h  o f  t h e  i n t e r v a l  

h  i s  a r b i t r a r y .  Without  l o s s  o f  g e n e r a l i t y ,  w e  w i l l  c o n s i d e r  

age  i n t e r v a l s  of  f i v e  y e a r s .  For  a  N-region sys tem,  M(x) i s  - 



where ! I .  (x) is the age-specific annual death rate in region 16 

i, and 

"i j 
(x) is the age-specific annual out-migration rate 

from region i to region j. It is estimated by 

the annual number of out-migrants to j divided 

by the mid-year population of i. 

Let P(x) - be the matrix of age-specific probabilities 

of dying and out-migrating: 



w i t h  p i j ( x )  b e i n g  t h e  p r o b a b i l i t y  t h a t  an i n d i v i d u a l  i n  

r e g i o n  i a t  e x a c t  a g e  x  w i l l  s u r v i v e  and  be  i n  r e g i o n  j  a t  

e x a c t  a g e  x  + 5. The d i a g o n a l  e l emen t  p i i ( x )  i s  t h e  

p r o b a b i l i t y  t h a t  an  i n d i v i d u a l  w i l l  s u r v i v e  and  be  i n  

r e g i o n  i a t  t h e  end o f  t h e  i n t e r v a l .  I f  q i ( x )  is t h e  

p r o b a b i l i t y  t h a t  a n  i n d i v i d u a l  i n  r e g i o n  i a t  a g e  x w i l l  

d i e  b e f o r e  r e a c h i n g  a g e  x  + 5 ,  t h e n  t h e  f o l l o w i n g  r e l a t i o n -  

s h i p  f o l l o w s  

I f  m u l t i p l e  t r a n s i t i o n  between two s t a t e s  i s  a l lowed  d u r i n g  

a  u n i t  t i m e  i n t e r v a l ,  t h e n  P ( x )  i s  g i v e n  by (Schoen,  1975;  - 
Rogers  and L e d e n t ,  1976)  : 

The p r o b a b i l i t y  t h a t  a n  i n d i v i d u a l  s t a r t i n g  o u t  i n  

r e g i o n  j ,  i . e . ,  bo rn  i n  j ,  w i l l  be i n  r e g i o n  i a t  e x a c t  
A 

a g e  x  is  d e n o t e d  by R . ( x ) .  The m a t r i x  c o n t a i n i n g  t h o s e  
j 1 

p r o b a b i l i t i e s  is  

A 

R ( x )  2 1 

A 

R ( x )  2 2 



BY t h i s  d e f i n i t i o n  w e  have t h a t  

D e f i n e  

where R(0)  i s  a  d i a g o n a l  m a t r i x  o f  t h e  c o h o r t s  o f  b a b i e s  - 
born  i n  t h e  N r e g i o n s  a t  a  g i v e n  i n s t a n t  i n  t i m e .  T y p i c a l l y ,  

R ( 0 )  i s  c a l l e d  t h e  rad. ix  o f  r e g i o n  i and i s  set  e q u a l  t o  i i 

some a r b i t r a r y  c o n s t a n t  s u c h  a s  100 ,000 .  .Then  R(x) i s  t h e  -., 

m a t r i x  o f  t h e  number of  p e o p l e  a t  e x a c t  a g e  x  by p l a c e  o f  

r e s i d e n c e  and  by p l a c e  o f  b i r t h .  

Another  l i f e  t a b l e  f u n c t i o n  i s  t h e  t o t a l  number o f  

p e o p l e  o f  age  g r o u p  x ,  i . e . ,  aged  x  t o  x  + 5 ,  i n  e a c h  r e g i o n  

by p l a c e  o f  b i r t h :  

w i t h  L . ( x )  b e i n g  t h e  number o f  p e o p l e  i n  r e g i o n  i i n  a g e  
j 1 

g r o u p  x  who were born  i n  r e g i o n  j. The e l e m e n t  L .  ( x )  c a n  
j 1 

a l s o  be  t h o u g h t  o f  a s  t h e  t o t a l  p e r s o n - y e a r s  l i v e d  i n  

r e g i o n  i between a g e s  x  and x  + 5 ,  by t h e  p e o p l e  b o r n  i n  



region j. The matrix L(x) - is given by 

Assuming a uniform distribution of out-migrations and 

deaths over the 5-year age interval, we may obtain numerical 

values for L(x) - by the linear interpolation 

Aggregating L(x) over various age groups, we define 

the expected total number of person-years remaining to the 

people at exact age x, as 

where z is the terminal age group. Expressing 3(x) per - 
individual, we get the matrix of expectations of life of 

an individual at exact age x: 



A v e r y  u s e f u l  l i f e  t a b l e  f u n c t i o n  i s  t h e  s u r v i v o r s h i p  

m a t r i x .  I t  is  an e s s e n t i a l  component o f  t h e  p o p u l a t i o n  

p r o j e c t i o n  m a t r i x .  Rogers  (1975;  F. 79)  h a s  shown t h a t  t h e  

s u r v i v o r s h i p  m a t r i x  

is  g i v e n  by 

- s ( x )  = L ( x  - + 5 )  L - ~  - ( x )  . 

The e l emen t  s i j ( x )  d e n o t e s  t h e  p r o p o r t i o n  o f  i n d i v i d u a l s  

aged x  t o  x  + 4 i n  r e g i o n  i ,  who s u r v i v e  t o  h e  x  + 5  t o  

x  + 9  y e a r s  o l d  f i v e  y e a r s  l a t e r ,  and a r e  t h e n  i n  r e g i o n  j .  

We now have  s e t  up t h e  i m p o r t a n t  l i f e  t a b l e  f u n c t i o n s ,  

and c a n  p roceed  t o  t h e  a n a l y s i s  o f  t h e i r  s e n s i t i v i t i e s  t o  

changes  i n  t h e  u n d e r l y i n g  r a t e s ,  i . e . ,  i n  M ( x ) .  - 

2 . 2  SENSITIVITY ANALYSIS OF LIFE TABLF FUNCTIONS 

The fundamen ta l  a u e s t i o n  posed  i n  t h i s  s e c t i o n  i s :  

what i s  t h e  e f f e c t  on  t h e  v a r i o u s  l i f e  t a b l e  s t a t i s t i c s  o f  

a  change i n  t h e  o b s e r v e d  a g e - s p e c i f i c  r a t e s ?  To r e s o l v e  

t h i s  a u e s t i o n ,  t h e  l i f e  t a b l e  f u n c t i o n s  a r e  cambined w i t h  

t h e  m a t r i x  d i f f e r e n t i a t i o n  t e c h n i q u e s  o f  t h e  append ix .  

T h i s  s e c t i o n  i s  d i v i d e d  i n t o  f i v e  p a r t s .  Each 

p a r t  s t a r t s  o u t  w i t h  a  s p e c i f i c  l i f e  tab1.e f u n c t i o n .  



The derivative of this function with respect to an element 

of the matrix of age-specific rates yields the correspond- 

ing sensitivity function. 

a. Sensitivity of the probabilities of dying and 

out-migrating 

Recall the estimating formula set out in (2.4): 

In it P(x) only depends on Pl(x). Therefore, P(a) is not - - - 
affected by a change in M(x) for a # x. - 

The derivative of P(x) - with respect to an arbitrary 

element of M(x) is, by formulas (A. 13) and (A.25) of the - 
Appendix, 

5 
5 &[_I - 2 El(x)l 

+ [I + 7 !(x)]-' - 
- 

&<PI (x) > - 

where J is a matrix of the dimension of bl(x) with all elements - - 
zero except for a one on the position of the arSitrary element 

<M(x) >.  (This notation is further explained in the Appendix. ) - 



The s e n s i t i v i t y  f u n c t i o n  f o r  P ( x )  - t h e r e f o r e  i s  

6P - ( x )  
- - - 5 5 - 1 

[ I  - + 7 M(x)l  J [ P ( x )  - - + - I ]  . 
6 < M  ( x )  > - 

A f t e r  t h e  t r a n s f o r m a t i o n  

t h e  s e n s i t i v i t y  f u n c t i o n  becomes 

6~ .., ( X I  
- - 5 - 5 [ 1  - + - M ( x ) ] - '  2 '- J [ I + ~ ~ I ( x ) I - ~  - - - (2 .16)  

6<!: ( x )  > - 

b.  S e n s i t i v i t y  of  t h e  number o f  people  a t  e x a c t  age  a  

A change i n  M(x) does  n o t  a f f e c t  & ( a )  f o r  a  x .  There- - - 
f o r e  we look o n l y  a t  t h e  c a s e  a  > x.  Note t h a t  R(a )  may be - 
w r i t t e n  a s  

R e c a l l i n g  t h a t  I l (x )  o n l y  a f f e c t s  P  ( x )  , w e  write - - 



Inserting 

in (2.17) and substituting for P(x) yields 
w 

(a) - - 5 - - &(a) &-'(XI [I - +M(x)I-' J[P(X) + 1 1  e(x) 2 ,  - - - - - - - 6 <I4 (x) > 

For a = x + 5, we have 

6R(x + 5) - - - 5 5 - P(x) - [I - - 7p1(~)]-1 - JL(x) - - = - [I - ++?l(x)]-l - JL(x) - - 
6 0 1  (x) > - 

(2.20) 

An interesting formulation of the sensitivity function 

follows from writing (2.18) as 



6R - (a) -1 6P (x) 
P-' (a) 

- 
- = 2-' (X) P (x) - - R(x) . (2.21) 

6 <I1 (x) > - 6 <!.I (x) > - - 

This shows that the relative sensitivity of - !?(a) to changes 
in M(x) is a weighted average of the relative sensitivity - 
of P(x), and is independent of a. Consider the first age - 
group and suppose that all regions have the same radices, 

i.e., R(0) is a scalar matrix, i.e., a diaqonal matrix with - 
the same diagonal elements. The relative sensitivity of 

any R(a) is then equal to the relative sensitivity of ~ ( 0 ) .  - - 
c. Sensitivity of the number of people in age group 

(a, a + 4 )  

What is the impact of a change in M(x) on the number - 
of people in age group (a, a + 4) and on their spatial 

distribution? It is clear that Fl(x) does not affect L (a) - - 
for a < x. Therefore, we consider here the case of a 2 x. 

Recall from (2.10) that 

Differentiating both sides gives 

6R - (a) 
If a = x, then = 0 and we have 

6<M(x)> - - 



6L (x) - 6k(x + 5) 
- 5 - = - [I + 2 5 ?(x)]-' JL(x) -' 6<tI(x)> 2 - - - 6 <rl (x) > - w 

which has the following alternative expressions: 

6L - (x) 
- - - 5 [P(x) + I] JL(x) - - - -  

6<M (x) > - 

- - - L(X) e-' 5 - 1 (x) 1 - :(x) 1 JL (x) 

If a > x, we know that P(a) is independent of P,!(x), - - 
and therefore 

- - - 5 5 2 [P (a) + I] L (a) k-' (x) [I - 7 M(X) I-' JL (x) - - - - - - - - 

which may also be written as 

6L - (a) 6k - (a) 
- - - [P (a) + I] e (a) k-' (a) 

6<M (x) > 2 - - - - 6 <M - (x) > 



whence, since [P(a) + I] %(a) = L(a), 7 - - - - 

- 1 6L (a) - - 1 6% - (a) 
L (a) = !L (a) - - 

6 0 7  (x) > 6 <M ( x )  > - - 

Equation (2.27) indicates that the relative sensitivity of 

the number of people in age group (a, a + 4) is equa.1 to 

the relative sensitivitv of the number of people at exact 

age a for a > x. 

d. Sensitivity of the expectation of life at age a 

We now proceed to deriving the sensitivity function 

of the most important life table statistic, namely the 

expectation of life. First consider the sensitivity of 

e (x) . Differentiating both sides of (2.12) yields - 

6e - (x) 
- 

6 [ p  (Y 1 1  
=x - 1 6k-I - (x) 

- 
6<M(x) ' - 6<Il(x)> - - y=x 6c.V (x) > - 

From (2.22) and (2.261, we see that 



Since  R(x) i s  independent of M(x) ,  w e  may w r i t e  ( 2 . 2 8 )  a s  - - 
follows 

For a < x ,  w e  have 

6 <?l ( x )  > - 
6e ( a )  

6 - - - 

W e  know t h a t  

( y )  - 
= 0 - 

6 <M ( x )  > - 

- 
z x- 5  

- 

1 F ( Y )  + L ( x ) +  - ~ ( y )  - 
y=x+5 y=a 

and 

- 1  - e ( a )  

6<Pl ( x )  > - 

I for y  < x  

I for a < x  . - 
6 < M  ( x )  > - 



There f  o r e  

6<M(x) - > 6<M ( x )  > - 

6<B1 ( x )  > - 6<M - ( x )  > 

6e  - ( a )  
- - 5 - I ]  [ I  - M ( x )  1-l  J L  ( x )  P-l  ( a )  - [ e ( x )  - 7 - - - - - 

6~1.1 ( X I  > 
- 

5  5  + - [ I  - I ~ ( x )  l J L  ( x )  k 1  ( a )  . ( 2 . 3 2 )  
I 

2  - - - - - I 

The second component o f  t h e  s e n s i t i v i t y  f u n c t i o n  is  d u e  t o  t h e  

5  l i n e a r  a p p r o x i m a t i o n  L ( x )  - = - [R(x  + 5 )  + R ( x ) ]  o f  t h e  2  - - 
c o n t i n u o u s  r e l a t i o n s h i p  



Consider the continuous definition of e(a) - 

where w is the terminal age. Differentiating yields 

be - (a) be(t) 
, for a 2 x 

6 <fl (x) > - 

Since - R(t) is independent of M(x), if t < x - 

which is equivalent to the first term of (2.32) with the term 

R(x) replaced by L(x) in the discrete case. The expression - - 
(2.33), written in terms of differentials, is similar to the 

sensitivity function of the expectation of life, given by 

Keyfitz (1971, p .  276) for the single-region case 

de (a) = - e (x) [dM (x) 1 R (x) Q- ' (a) , 

where e(*), R ( * )  and M(*) are scalars. 



The term [I - - x in (2.33) is due to the fact that 

we consider observed rates where Keyfitz derived the 

formula using instantaneous rates. If M(x) contained - 
5 instantaneous rates, then M(x) 0 and [I - 7 M (x) ] I. - - - - - 

e. Sensitivity of the survivorship proportions 

As in the proceeding sections, we treat separately S(a) - 
for a = x and for a > x. The survivorship matrix is given 

by (2.14) as 

which may be reexpressed as 

= [P(x + 5) + I] P (x) [P(x) + 11-l - - - " - 

Differentiating with respect to <Il(x)> yields 
" 

6s - (x) - (x) 
= [P(x + 5) + I] 

* [P(x) + I]-' d <M (x) > - d<El(x)> - - 
- - 

(x) -1 - 
= [P(x + 5) + I] - - P (x) [P (x) + I] - - - 

" 
d<l'l(x) > - I 



6P ( x )  - 
= [ P ( x  + 5 )  + I ]  [ I  - P ( x )  [P (x )  + 11-11 - - - - - - 

6 <PI ( x )  > - 

5 
= 7 [P(x  - + 5 )  + 11 - [P(x)  - [P - (x )  + - 

I ]  - 

5 [ I  - + 2 ~ ( ~ ) ] - 1  - J - . 

substituting for S ( x )  gives - 



S i n c e  

and 

where 1-I (x) may he  w r i t t e n  a s  - 

w e  have $ h a t  

But 



Theref ore 

To illustrate the dynamic relationship between the life 

table statistics, we may express the sensitivity of S(x) in - 
relation to the sensitivitv of other statistics. For 

example, a combination of (2.35) with (2.26) yields 

-1 6s ( x )  - -1 6L(x) -1 
s (XI 

- 
= P  (x) L (x) - - - 

6<Il (x) > - 6<M (x) > - 

and a combination of (2.35) with (2.19) gives 

- 1 6s - (x) - 5 p-l &L(x + 5) -1 - 
s (XI - - - Z - (XI ' L (x) 

6<M (x) > - 6<M(x) > - - 

The relative sensitivity of S(x) may be regarded as a - 
weighted measure of the sensitivities of other statistics. 

Me now turn to the sensitivity of S(a) to changes in - 
M(x) for a # x. For a > x and for a < x - 5, S(a) is - - 
independent of a change in M(x). This can easily be seen in - 
equation (2.34) while noting that P(a) is not affected by - 
M (x) if a # x. The sensitivity of S (x - 5) to a change in .. * 

M(x) is derived next. We begin by writing (2.34) for ... 

x - 5  



6S(x - 5)  ~ [ P ( x )  + I1 
* ' - * * - P(x  - 5 )  [P(x  - 5)  + 1 1 - I  

* * * 
6 <PI ( x )  > 

* 
6 <>I ( x )  > 

* 

The relationship between the sensitivity of S ( x )  and of 
* 

6s * ( X I  a s ( x  - 5 )  
= s (x)  p-I 

* (x  s ( x -  5 )  
6cM(x)> - 6<M(x)> - * 

and 

6S(x * - 5 )  6s ( X I  - 1 * 
= P ( x )  S  

* * 
( X I  S ( x -  5 )  . 

6 < M  ( x )  > 
* 

.., 6<M (x )  > - 



IMPACT OF CHANGES IN AGE-SPECIFIC RATES 

ON THE POPULATION PROJECTION 

population - projection is often carried out under the 

assumption that an observed ~opulation growth regime will 

remain constant. This implies that the observed age-specific 

rates will not change over the projection period. (This is 

a crude assumption and no demographer or planner considers 

it to be a realistic one. Nevertheless it produces a use- 

ful benchmark against which to compare other alternative 

projections.) In this chapter, we deal with the question 

of how sensitive population projections are to changes in 

age-specific rates. These variations may occur at any point 

in time. If they occur in the base year, they can be 

related to observation errors. The sensitivity functions 

we develop remain exactly the same, no matter what the 

causes of the variations are. 

In the first part, the population growth model is set 

out as a system of first order linear homogenous difference 

equations with constant coefficients, as in Rogers (1975, 

Chapter 5). The second part studies the sensitivity of 

population growth to changes in observed age-specific rates. 

3.1. THE DISCRETE MODEL OF MULTIREGIONAL DSMOGRAPHIC GROWTH 

Population growth nay be expressed in terms of the 

changing level of population or in terms of the variation 

of the number of births over time. In demography, it has 

been a custom to formulate the discrete model of population 

growth in terms of total population, while the continuous 



v e r s i o n  d e s c r i b e s  t h e  b i r t h  t r a j e c t o r y  ( K e y f i t z ,  1968;  

Rogers ,  1 9 7 5 ) .  A s econdary  o b j e c t i v e  o f  t h i s  and  t h e  n e x t  

c h a p t e r  i s  t o  c o n t r i b u t e  t o  t h e  r e c o n c i l i a t i o n  o f  b o t h  

growth  models .  W e  w i l l  f o r m u l a t e  p o p u l a t i o n  growth  i n  t h e  

d i s c r e t e  t i m e  domain. However, s e v e r a l  p a r t i c u l a r i t i e s  o f  

t h e  c o n t i n u o u s  model have  a  d i s c r e t e  c o u n t e r p a r t .  I n  t h i s  

s e c t i o n ,  it w i l l  b e  shown how t h e  p o p u l a t i o n  growth  p a t h  

r e l a t e s  t o  t h e  t r a j e c t o r y  o f  b i r t h s .  

a .  The p o p u l a t i o n  model 

A m u l t i r e g i o n a l  growth  p r o c e s s  may be  d e s c r i b e d  a s  a  

m a t r i x  m u l t i p l i c a t i o n  (Rogers ,  1975;  p .  1 2 3 ) :  

where t h e  v e c t o r  { K  ( t )  1 d e s c r i b e s  t h e  r e g i o n a l  a g e - s p e c i f  i c  - 
p o p u l a t i o n  d i s t r i b u t i o n  a t  t i m e  t ,  w i t h  

and { K ( ~ )  - ( x )  1 = 

:j 
K(:) ( x )  

z  b e i n g  t h e  t e r m i n a l  a g e  i n t e r v a l  and N t h e  number o f  r e g i o n s .  

Each e l e m e n t  K(:) ( x )  d e n o t e s  t h e  number o f  p e o p l e  i n  

r e g i o n  i a t  t i m e  t ,  x  t o  x  + 4 y e a r s  o l d .  Note t h a t  t + 1 

r e p r e s e n t s  t h e  n e x t  moment i n  t i m e ,  i . e . ,  5  y e a r s  l a t e r  t h a n  

t .  W e  c o n s i d e r  age-groups  and t i m e  i n t e r v a l s  o f  5  y e a r s .  

The o p e r a t o r  G - i s  t h e  g e n e r a l i z e d  L e s l i e  m a t r i x  



w i t h  S ( x ) ,  t h e  m a t r i x  o f  s u r v i v o r s h i p  p r o p o r t i o n s ,  r e t a i n i n g  - 
t h e  d e f i n i t i o n  se t  o u t  i n  t h e  p r e v i o u s  c h a p t e r .  The f i r s t  

and l a s t  a g e s  o f  c h i l d b e a r i n g  may be denoted  by a and B ,  

r e s p e c t i v e l y ,  and 

where an  e lement  h i j ( x )  d e n o t e s  t h e  average  number o f  b a b i e s  

born  d u r i n g  t h e  u n i t  t i m e  i n t e r v a l  i n  r e g i o n  i and a l i v e  i n  

r e g i o n  j a t  t h e  end of  t h a t  i n t e r v a l ,  p e r  i n d i v i d u a l  l i v i n g  

i n  r e g i o n  i a t  t h e  beg inn ing  o f  t h e  i n t e r v a l  and x  t o  x  + 4 

y e a r s  o l d .  The o f f - d i a g o n a l  e l ements  of  B(x)  are measures - 
of  t h e  m o b i l i t y  of  c h i l d r e n  0 t o  4 y e a r s  o l d ,  who w e r e  born  

t o  a  x  t o  x  + 4-year-old p a r e n t .  I t  i s  c l e a r  t h a t  t h e i r  

m o b i l i t y  p a t t e r n  i s  determined by t h e  m o b i l i t y  p a t t e r n  of  

t h e  p a r e n t s .  

I t  can  be shown t h a t  R(x)  obeys  t h e  r e l a t i o n s h i p  - 
(Rogers ,  1975; pp,  120-121):  



1 -1 
B ( x )  - = 7 G ( O )  - P, (0 )  [ F ( x )  - + F ( x  - + 5)  S  - ( x ) ]  

whence 

s i n c e  

where L ( 0 )  , 11(0), P ( 0 )  and S ( x )  a r e  d e f i n e d  i n  t h e  p r e v i o u s  - - - - 
c h a p t e r .  Here P ( 0 )  - and S ( x )  a r e  g i v e n  by t h e  l i f e  t a b l e ,  - 
and F ( x )  i s  a  d i a g o n a l  m a t r i x  c o n t a i n i n g  t h e  annua l  r e g i o n a l  - 
b i r t h r a t e s  of  p e o p l e  aged x  t o  x  + 4 .  The number o f  b i r t h s  

i n  y e a r  t from p e o p l e  aged x  t o  x  + 4 a t  t i s  F ( x )  { K ( ~ )  ( x )  1 .  
* - 

The number o f  b i r t h s  d u r i n g  a  f i v e  y e a r  p e r i o d  s t a r t i n g  a t  

t ,  from p e o p l e  aged x  t o  x  + 4 a t  t ,  i s  

5  = [F ( x )  + F - ( X  + 5 )  S  - ( x )  1 { K ( ~ )  - ( x )  } . 

Of t h e s e  b i r t h s ,  a  p r o p o r t i o n  L  (0 )  [5P, ( 0 )  ] - I  w i l l  b e  s u r v i v i n g  - - 
i n  t h e  v a r i o u s  r e g i o n s  a t  t h e  end o f  t h e  t i m e  i n t e r v a l .  

Because o f  t h e  s p e c i a l  s t r u c t u r e  of  t h e  g e n e r a l i z e d  L e s l i e  

m a t r i x ,  ( 3 . 1 )  may b e  w r i t t e n  a s  two e q u a t i o n  sys tems:  



The v e c t o r  - ( x )  1 may b e  e x p r e s s e d  i n  t h e  form 

where w e  d e f i n e  

f o r  x  = 0 

w i t h  II S ( y )  = S ( x  - 5)  S ( X  - 10)  - * *  ~ ( 5 )  ~ ( 0 )  . - - - - 
y=x- 5  

The e l e m e n t  a i j ( x )  o f  A ( x )  - i s  t h e  p r o p o r t i o n  o f  i n d i v i d u a l s  

aged 0  t o  4 y e a r s  i n  r e g i o n  i ,  who w i l l  s u r v i v e  t o  b e  x  t o  

x  + 4 y e a r s  o l d  e x a c t l y  x  y e a r s  l a t e r ,  and w i l l  a t  t h a t  t i m e  

be  i n  r e g i o n  j .  

b .  The b i r t h  model 

The g rowth  p a t h  o f  t h e  b i r t h s  may e a s i l y  be  d e r i v e d  from 

t h e  growth  p a t h  o f  t h e  p o p u l a t i o n .  R e c a l l  ( 3 . 5 ) ,  and 

s u b s t i t u t e  ( 3 . 4 )  f o r  B ( x )  . Then - 

B-5 
{ K ( ~ + ' )  - ( 0 )  } = 1. [I - + P - ( 0 )  1 [F - ( x )  + F ( x  - + 5 )  - S ( x )  1 { K ( t )  ( x )  1 - 

a-5 



8-5 5 
[I + ~ ( 0 ) l  1 7 [F(x) + F(x + 5) ~ ( x ) ] i K ( ~ )  (x)} " 7  ̂. - - - - 

or- 5 

where the regional distribution of births during a five-year 

period starting at t, is denoted by ( Q  (t+l, t) } - and is defined 

as 

or- S 

Note that 

and 

t a - 1 - (t+l,t) 1 = e(o) r, (01 IK - - - (t+') (0) 1 

Substituting 

in (3.81, we have 



X 
for t 2 , 

and, therefore, the growth ~ a t h  of the births may he related 

to the number of births that occurred. some time ago. Sub- 

stituting (3.10) into (3.12) gives: 

since 

and 

Formula (3.13) expresses the growth path of the births, 

occurring during the period (t + l  , t) , five years say. The 

annual number of births is 



Assuming stationarity, we may express the number of people 

in the first age group as a function of the births, as in 

Equation - (2.10) 

We have that 

A for t 2 5 

which is equal to 

in which we once again relate the number of births at time 

t to the number that occurred some time ago. 

The relation between (3.17) and (3.13) is implicit in 

expression (3.15) . Substituting (3.8) into (3.15) gives: 

This implies that the annual number of births is a simple 

average of the births during the previous period. Equation 

(3.17) is an (B-5)-th order difference equation. To derive 



a birth growth model analoque to (3.11, we replace (3.17) 

by a system of (B-5) first order difference equations: 

or, in condensed form, 

A (t-1) {G(~)I ... = E{Q ... ... 1 .  

  qua ti on (3.20) relates the births at time t to the births 

at t-1. Once the birth trajectory is known, the trajectory 

of the population distribution may be computed by (3.15) 

and (3.8). 

3.2. SENSITIVITY ANALYSIS OF THE POPULATION PROJECTION 

Recall the population growth nodel defined in (3.1): 

The assessment of the sensitivity of {K ... (t+l ) 1 to changes in 
aqe-specific rates M(x), ... may he analyzed by means of a 

two-step process. The first step considers the sensitivity 

of the growth matrix to changes in age-specific rates. The 

second step derives a sensitivity function which describes 

the impact on the population distribution of a change in the 



growth matrix. In our sensitivity analysis of life 

table statistics, we were not concerned with the time 

when the change in M(x) - occurred. The time consideration 

was irrelevant, since the life table is a static model. 

For the sensitivity analysis of the population growth, 

however, it is important to know not only the age group 

where a change in M(x) occurs, but also the time when the - - 
change occurs. We will denote this time by to. The time 

at which the change in the population distribution is 

measured will be denoted by tl. 

Besides the change in { ~ ( ~ l )  .., 1 due to a change in the 

age-specific rates at to, one may also consider the problem 

of how a unique change in ( ~ ( ~ 0 )  - 1 affects { ~ ( ~ l )  - 1 .  These 

are two separate sensitivity problems. In the first, the 

parameter changes at to and remains at his new level there- 

after. The second problem, however, is eauivalent to a 

parameter change at to only. These two sensitivity problems 

will be treated separately. 

a. Sensitivity of the growth matrix 

The growth matrix G is composed of two types of sub- - 
matrices, S(x) and B(x). The sensitivity on S(x) of changes - - - 
in M(x) , as given in Section 2.2, appears only in the two - 
age groups, x and x-5: 



6S.(a)  
v 

= 0  - f o r a > x  , o r  
601 fx) > - 

f o r a < x - 5  . 

The s e n s i t i v i t y  f u n c t i o n  o f  B ( x )  - r e m a i n s  t o  b e  d e r i v e d .  

R e c a l l  f rom ( 3 . 4 )  t h a t  

where B ( x )  .., depends  on t h e  a g e - s p e c i f i c  d e a t h  and o u t - m i g r a t i o n  

r a t e s  t h r o u g h  S  .., ( x )  and P .., ( 0 )  , and on  t h e  a g e - s p e c i f i c  f e r t i l i t y  

r a t e s  F  ( x )  and F ( x  + 5 ) .  C o n s i d e r  t h e  p a r t i a l  d e r i v a t i v e  - " 

of  B ( x )  w i t h  r e s p e c t  t o  FI (x )  : 
" - 

S i n c e  P ( 0 )  i s  a f f e c t e d  by a  change i n  M ( x )  o n l y  i f  x  = 0 ,  - .., 

and b e c a u s e  f o r  t h i s  c a s e  F ( x )  and F ( x  + 5 )  a r e  0 ,  (3 .21 )  - .., - 
r e d u c e s  t o  

which ,  by (2 .351 ,  i s  



S i n c e  a  change  o f  El(x) a f f e c t s  S ( x  - 5 ) ,  i t  a l s o  a f f e c t s  - - 

The s e n s i t i v i t y  o f  B ( x )  w i t h  r e s p e c t  t o  F ( x )  and - - 
~ ( x  + 5)  a l s o  may b e  d e r i v e d  e a s i l y :  - 

and 



~ h u s  the impact of a unit change in the fertility matrix 

5 ~ ( x )  on the element B(x) is 2 times the proportion of new- - - 
born babies that will he alive at the end of the time 

interval. 

Having derived sensitivity functions for the elements 

of the growth matrix, we now can proceed to the question of 

how changes in the growth matrix affect the growth of the 

population. This is sometimes called trajectory sensitivity. 

b. Sensitivity of the population trajectory 

Recall the population growth equation 

Since G is assumed to he constant over time, the popul.ation - 
distribution at time tl is given by 

We assume that the change in the growth matrix occurs at to. 

Without loss of generality, we may set to equal to zero, 

and t, equal to t. Then 

The sensitivity of {K(~)} to a change in G - is 



The sensitivity of T , ~  - to a change in <G> - is given by (~.24) 

of the ~ppendix. Applying this result, yields: 

A related problem might cone up in policy making. Under 

the growth model (3.1), the population distribution which 

yields a specified distribution at tine t is given by 

If {K'') 3 deviates much from the actual population distribu- - 
tion, the policy maker mav consider changing some elements 

of the growth matrix through policy measures. The impact 

If, by some means, an optimal growth matrix is defined 

which leads a population {K(O) - 3 to a desired {K(t) - 3, the 

next problem is to find out under what conditions variations 

in G - do not affect I K ( ~ ) ~ .  - Such specific conditions are 



derived by ~omovie and ~ukobratovi6 (1972; 0 .  138). They 

will not be discussed here. This and similar problems of 

trajectory insensitivity or invariance are receivinq an 

increasing attention in system theory and optimal control 

theory. For a review of some applications in the social 

sciences, see Erickson and Norton (1973). 

The next section addresses the topic of the sensitivity 

of population growth to changes in the population distribu- 

tion at a certain point in time. This will be called the 

analysis of small perturbations around the growth path. 

c. Perturbations around the population growth path 

The impact on {K - (t) of a change in {I:(~) - 1 is very 

simple in the time-invariant equation system (3.1). Applying 

the results of vector differentiation of the Appendix gives: 

where {I< - (O) 1 '  is the transpose of {K")). - 
~cruation (3.30)- relates changes in the state vector at 

time t to changes in the state vector at time zero. If the 

growth matrix is time-dependent, then this problem cannot 

be solved analytically, and one must rely on simulation. 

An illustration of such a situation is when the model 

incorporates a feedback loop, i.e., the growth matrix at 

time t depends on the state vector at time t. An application 

of feedback models to urban analvsis is given 5y Forrester 

(1969). Nelson and Kern (1971) have simulated the impact 

of small perturbations around the trajectory for a Forrester- 

type of urban model. 



d. sensitivity of the seuuence of births 

The sensitivity analysis of the growth matrix of the 

system trajectory and of perturbations around the trajectory 

could be repeated with the growth mozel (3.20). There are 

no real differences in methodology. The growth matrix now 

is simpler, and the state vector is the spatial distribution 

of the births. We will only consider the impact on the births 

seguence of a change in births at time zero where the birth 

sequence is described by 

with B given by (3.20) . - 
Suppose that a change occurs in the first sub-vector 

of { e  (O) 1, and that the impact is measured on the first - 
sub-vector of {6 (t) 1 ,  then the sensitivity coefficients - 

t are given by the submatrix [H I l l .  Since new-born babies - 
only affect the births seguence if they reach the reproductive 

t a- 5 ages, [H I l l  is 0 for t 5 - - 5 -  

Another approach to sensitivity analysis of the births 

sequence may be more convenient, especially if, at the same 

time, one is interested in the sensitivity of the growth path 

of the whole population. This approach is based on the 

relationship 

where F is the matrix of age-specific fertility rates - 



A change in the growth matrix G - affects (Q - (t) 1 in the 

following sense 

If the change occurs in the mortality or migration, hut not 

in the fertility, then 

This chapter dealt with the sensitivity analysis of 

demographic growth. It has been shown that demographic 

growth may be expressed eaually well in terms of births 

as in terms of population. This analogy will be extended 

in the next chapter while discussing the sensitivity of 

stable population characteristics. 



CIIAPTEK [I 

IMPACT OF CHANGES IN AGE-SPECIFIC RATES 

ON STABLE POPIJLATION C!IARACTERI STICS 

The stable population concept provides a major frame- 

work for analysis in mathematical demography. It has proved 

to be a helpful device in understanding how age compositions 

and regional distributions of nopulations are determined. 

The premise upon which the concept is based is the property 

that a human population tends to "forqet" its past. This 

pro,perty is called ergodicity. The regional aqe com~ositions 

and regional shares of a closed multiregional population are 

com~letelv determined by the recent history of fertility, 

mortality and miqration to which the population has been 

subject. It is not necessary to knov anything about the 

history of a population more than a century or two ago in 

order to account for its present. dernosraphic characteristics 

(Lopez, 1961) . In fact-, the reqional shares, t5e aqe com- 

positions and. the senuence of births can be calculated from 

no more than a specified seauence of fertility, mortality 

and migration schedules over a moderate time interval. 

Therefore, a particularly useful way to understand 

how the age and spatial structure of a population are 

formed and its vital rates determined, is to imagine them 

as describing a population which has been subjected to 

constant fertility, mortality and migration sche2ules for 

an extended period of time. Tbe  ponulation that develops 

under such circumstances is calle5. a stahle multiregional 

population. Its principal c5aracteristj.c~ are: constant 

regional age con~ositions and reqional shares; constant 



regional annual rates of birth, death and migration; and a 

fixed multiregional annual rate of growth that also is the 

annual growth rate in each region. Such multiregional 

stable populations have been studied by Rogers (1973, 1974, 

1975). 

The first section of this chapter is an exposition 

of the major characteristics of stable populations. It is 

customary in mathematical demography to distinguish between 

a discrete and a continuous model of population growth, 

and the stable populations associated with then. The reason 

is mainly historical. The discrete model, which expresses 

the population growth as a matrix multiplication using a 

discrete time-variable and a d.iscrete age-scale, derives 

largely from the work of Leslie (1945). The Leslie model 

is, in fact, a system of homoqenous first-order difference 

equations, similar to (3.1). The continuous model uses 

a continuous time-variable and a continuous age-scale, 

and in its modern form originates from t5e work of Lotka 

(1907) and Sharpe and Lotka (1911). Lotka's work starts 

out with the population growth eauation provided by Malthus 

(1798), which is, in fact, a homogenous first-order differ- 

ential eauation. Although in the literature the formulations 

of the continuous and the discrete model of qrowth seem very 

different, they are closely related. Goodman (1967) and 

Keyfitz (1968) have provided insights in the reconciliation 

of both growth models. 

We focus in this chapter on the discrete model of 

population growth. However, we shall frequently refer to 

aspects of the continuous model that can be developed as 

well for the discrete case. 



The second part of this chapter deals with the 

sensitivity analysis of the most important stable population 

statistics: the stable population distribution and the 

stable growth ratio. Demetrius (1969), Keyfitz (1971), 

Goodman (1971), Coale (1972) an? Preston (1974), among 

others, have addressed this problem for a single region 

population without migration. Most take the continuous 

version of the stable population as a vehicle for sensitivity 

analysis. Demetrius and Goodman, however, use the discrete 

version. Their approach is our starting point for the 

sensitivity analysis. However, there are. fundamental 

differences between the formulation of a single region and 

a multiregion stable population which necessitate other tools 

for analysis. One such tool is the eigenvalue and eigen- 

vector analysis derived in the Appendix. An alternative 

approach, which starts out from the characteristic eauation 

as in 1;eyfitz (1971), is also provided. This enables us to 

derive sensitivity fhnctions that are similar to their 

single-region counterparts. 

4.1. THE ElULTIREGIONAL STABLE POPULATION 

As in the previous chapter, we distinguish between the 

~opulation nodel and the birth model. They are two enuiva- 

lent formulations for po~ulation dynamics. 

a. The population model 

Recall the discrete model of population growth that 

was set out in (3.1). It may be written as 



Cons ide r  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  ( 4 . 1 )  when t g e t s  

l a r g e .  Such p r o p e r t i e s  have been s t u d i e d  by ~ e y f i t z  ( 1 9 6 8 ) ,  

Sykes ( 1 9 6 9 ) ,  Feeney ( 1 9 7 3 ) ,  Le Bras (1973) and P o l l a r d  

(1973; pp. 39-46) ,  among o t h e r s .  Roqers (1975; pp. 124-129) 

e x t e n d s  t h e  arguments  of  Le Bras ,  Feeney,  and Svkes t o  a  

m u l t i r e g i o n a l  system. The key e lement  i n  t h e  a n a l y s i s  i s  

t h e   erro on-~robenius theorem. I t  e s t a b l i s h e s  t h a t  any 

nonnega t ive ,  indecomposable,  p r i m i t i v e  s a u a r e  m a t r i x  h a s  

a  u n i a u e ,  r e a l ,  p o s i t i v e  e i g e n v a l u e ,  X j  s a y ,  t h a t  i s  l a r g e r  

i n  a b s o l u t e  v a l u e  t h a n  any o t h e r  e i g e n v a l u e  of  t h a t  m a t r i x .  

With t h i s  dominant e i g e n v a l u e  a r e  a s s o c i a t e d  a  r i g h t  and 

l e f t  e i g e n v e c t o r ,  b o t h  w i t h  o n l y  p o s i t i v e  e lements .  The 

growth o p e r a t o r  i s  nonnega t ive  and decomposable.  However, 

G may be  p a r t i t i o n e d ,  y i e l d i n g  a  s q u a r e  submat r ix ,  W s a y ,  - - 
which i s  indecomposable and which i s  s i m i l a r  t o  G ,  and which - 
t h e r e f o r e  h a s  t h e  same e i g e n v a l u e s .  The m a t r i x  W i s  pr imi-  - 
t i v e  i f  t h e  f e r t i l i t y  of two a d j a c e n t  age  g roups  a r e  p o s i t i v e  

i n  each  and e v e r y  r e g i o n ,  i . e . ,  i f  i n  (3 .3 )  two c o n s e c u t i v e  

m a t r i c e s ,  B ( x )  a r e  p o s i t i v e  (e.cj., see Roaers  (1975; - 
pp. 1 2 4 - 1 2 9 ) ) .  The dominant e i g e n v a l u e  and t h e  two 

a s s o c i a t e d  e i g e n v e c t o r s  have demographic meaning. The 

dominant e i g e n v a l u e  o f  G r e p r e s e n t s  t h e  s t a b l e  growth r a t i o  - 
o f  t h e  p o p u l a t i o n .  The a s s o c i a t e d  r i g h t  e i g e n v e c t o r  g i v e s  

t h e  s t a b l e  age- and r e g i o n - s p e c i f i c  p o p u l a t i o n  d i s t r i b u t i o n ,  

w h i l e  t h e  cor respond ing  l e f t  e i g e n v e c t o r  g i v e s  t h e  s p a t i a l  

r e p r o d u c t i v e  v a l u e s .  T h e r e f o r e ,  t h e  s e n s i t i v i t y  o f  t h e  

growth r a t i o  of  t h e  s t a b l e  p o p u l a t i o n  t o  changes i n  t h e  

growth m a t r i x  i s  a  problem o f  e i g e n v a l u e  s e n s i t i v i t y .  ??he 

s e n s i t i v i t y  o f  t h e  s t a b l e  p o p u l a t i o n  d i s t r i b u t i o n  may b e  

t r a n s l a t e d  i n t o  e i g e n v e c t o r  s e n s i t i v i t y .  



We have seen, in the previous chapter, that because 

of the particular structure of G, the growth euuation may .., 

be written as: 

~t stability, the characteristic value equation holds. 

Thus 

where A is the dominant eigenvalue of G. Therefore, - 

(4.3) 

hence 

combining (4.4) with (3.6), we have 

where A (x) is defined by (3.6) . 
.., 

The single-region analogue to (4.5) may he found in 

Goodman (1967; p. 543, and 1971; p. 340), Dernetrius (1969; 

p. 133) and Cull and Vogt (1973; p. 647), among others. 



 quat ti on (4.3) gives the number of people in each age group 

and region in terms of the regional distribution of the 

people in the first age group. Now we derive an expression 

for the stable growth path of the population in the first 

age group. By (4.3) and. (3.5) we may write: 

Substituting for (4.5) and deleting the superscript, gives 

which is the expression given by Rogers (1975; p. 140). 

~t may be replaced by 

Eauation (4.7) is the discrete version of equation (4.7) 

in Rogers (1975; p. 93). 

The matrix 

- 
0 (x) = B (x) A (x) - - - 

is the discrete formulation of the multiregional net 

maternity function, and 



is the corresponding discrete multiregional characteristic 

matrix. 

The stable growth ratio X is the number that gives 
- 
Y(X) a characteristic root of unity. The vector IK(o)~ - - 
is the associated eigenvector. An equivalent formulation 

is 

Condition (4.10) may also be derived in a different 

way. The idea is to reduce the growth matrix G to its - 
generalized companion form. The notion of companion form 

of a matrix occupies a central place in system theory. 

See, for example, Wolovich (1974; p. 79) and Barnett (1974; 

p. 671). Kalman (1969; p. 44) considers several companion 

forms. Two commonly used forms are 

and N = - 

mz- 1 ......... m - 
The companion form arises when a dynamic system is written 

as a linear differential or difference equation of the Z-th 

order. The elements of the first row of M or last row of N, - - 
respectively, are the coefficients of the characteristic 

equation. Recall that the growth equation (3.1) is a system 

of Z linear first-order difference equations, where Z is the 



number of age groups. Each system of linear first-order 

difference equations may he transformed into one linear 

difference equation of the Z-th order, and vice versa. 

This transformation corresponds to a change in the coor- 

dinate system. For example, (3.19) is a companion form, 

arising from the (8-5)-th order difference eauation (3.17). 

Instead of scalar elements, (3.19) has submatrices as 

elements. Barnett (1973; p. 6) has called this form a 

generalized companion matrix. A transformation of a 

single region population growth matrix into a companion 

matrix of form M is given by Pielou (1969; p. 37). Wu - 
(1972) sets up a transformation to both forms M and N. - - 
In fact 

EME = N , - - -  - 

where 

The transformation of the multiregional growth matrix G - 
A 

into a generalized companion matrix G may be expressed as - 

A - 1 
G = HGE 



where 

with A (x )  as defined by (3.6) , and where - 

Since (4.12) is a similarity transformation, it implies 

that G and have the same eigenvalues. They may be found - - 
b ,  solving 

Kenkel (1974; pp. 319-322) shows that (4.15) may he reduced: 



31 
Dividing by X , and since B(x) - = - 0 for x < a - 5 and for 

x > B - 5, we have that 

which is condition (4.10) . Wilkinson (1965; p. 432) labels 

(4.17) as the generalized eigenvalue problem. 

The generalized companion matrix provides a mathematical 

tool to link (4.10) to (4.14) . Since (4.10) is the discrete 

version of the condition in the continuous model that the 

stable growth rate must give the characteristic matrix an 

eigenvalue of unity, the companion matrix has a role in the 

reconciliation of the discrete and the continuous models of 

demographic growth. 

The eigenvector of G - and G - are related as 

b. The birth model 

The birth trajectory may be described by (3.20): 

Since all the elements of 11 are nonnegative, we may apply ... 

the Perron-Frohenius theorem and derive expressions for X 

analogue to (4.10) and (4.14) . However, there is a third 

formulation of the condition that X must satisfy. It draws 

on the relationship between {K(o)) v and {Q), - the births in 



the stable population: 

which has its origin in (3.15). Substitutinq this into 

(4.6) and introducing B(x) ... yields 

1 
2 2 Multiplying both sides by A 5. [I ... + P ... (0) I-' gives 

But 

and 

where L(x) is the number of years lived in the age group x ... 
to x + 4 by unit regional radices. Therefore (4.21) becomes 



The matrix 

is very close to the numerical approximation of the contin-. 

uous char.acteristic matrix, given by Rogers (1975; p. 100): 

1 where X = e5r and F(x) s [F (x) + F (x + 5) S (x) 1 . The - - - 
stable growth rate X is the solution of 

Once the stable distribution of births is known, the stable 

population distribution can be computed by means of (4.19) 

and (4.5). 

4.2. SENSITIVITY ANALYSIS OF TrTE STABLE POPULATION - 

To perform a sensitivity analysis of the stable popula- 

tion, we may apply the eigenvalue and eigenvector sensitivity 

functions, derived in the ~ppendix, directly to the growth 

matrix. Another approach starts out from the generalized 

eigenvalue problem, expressed in (4.17) and (4.22) . This 

approach is more related to the sensitivity analysis in the 

single-region case. There is a crucial difference, however. 

For a single-region growth matrix, the comnanion form is 



composed of scalars. The elements of the first row are the 

coefficients of the characteristic equation, a scalar poly- 

nomial. The characteristic equation of the nultireqional 

growth matrix is a matrix polynomial. Its analysis is 

much more complicated. Both approaches will be discussed 

here. 

a. Sensitivity analysis with the whole growth matrix 

The sensitivity of the eigenvalue to changes in the 

matrix is given in the Appendix by (A. 56) : 

(A. 56) 

where {Eli - and tvIi - are the right and left normalized eigen- 

vector of A, - respectively, associated with the root Xi. 

Let A = G, the multiregional growth matrix, and denote the - - 
eigenvectors by IK) and tv), - respectively. When the eigen- 

vectors are not normalized, the formula becomes 

where 

The inner product is 



In the single-region case, the inner product 

is the total reproductive value of the stable population. 
1 

If the eigenvectors are normalized, then {v) - {K) = 1 ,  and - 
v(x) K(x) is the reproductive value of age group x, as a 

fraction of the total reproductive value. 

If one applies formula (A.59), other useful relation- 

ships may be derived 

dX = [tr R(X)I X(X) * dG - - - 

where R(X) is the adjoint matrix of [G - XI] and G is the - - - - 
growth matrix. The single-region analogue of (A.59) is 

derived by Demetrius (1969; p. 134). Morgan (1966; p. 198) 

has shown that tr R(i) is equal to the first derivative of - 
the characteristic equation of G. Based on this result, it - 
can be shown that for the single-region case, the following 

equality holds: 

where A is the mean age of childbearing of the stable popula- 

tion and g(X) is the characteristic equation of G. This - 
result is similar to the one derived by Goodman (1971; 

p. 346) and Keyfitz (1968; p. 100). 

Formula (4.25) and (A.59) are particularly useful to 

study the interaction of the population distribution and the 



distribution of the reproductive values. Goodman (1971) 

and Demetrius (1969) illustrate this for a single-region 
1 

system. Consider, for example (4.25), and let t = { v )  {K). 
.., - 

Written in component terms, ( u . 2 5 )  is 

I 

The impact on X of a change in B(x) - 

The impact of a change in S(x) - is 

From (4.28) and (4.29), we see that a change in B(x) is - 
equivalent to a change in S(x) - if 

if the inverse exists. 



Since 

we have 

Equation (4.30) shows that a change in B(x) may be translated 
-. 

into a change in S(x), having the same impact on the growth - 
ratio. It formulates, therefore, a trade-off between 

fertility change and mortality and migration change. The 

change in S(x) to have the same effect as dB(x) must be 
-. -. 

smaller the greater are the reproductive values of the 

people aged x + 5 to x + 9, i.e., {v(x -. + 5)). 
It should be noted that the equivalence only holds for 

the growth ratio, and not for the stable population distri- 

bution and other stable characteristics. The stable popula- 

tions which result from applying dS(x) or dB(x) given by -. - 
(4.30) have the same growth ratio, but all other character- 

istics are different. 

b. Sensitivity analysis with the characteristic matrix 

The discrete multiregional characteristic matrix is 

(4 9) 



where  t h e  s t a b l e  g rowth  r a t i o  X i s  t h e  s o l u t i o n  o f  

What e f f e c t  d o e s  a change  i n  an  e l e m e n t  o f  t h e  g rowth  m a t r i x  

have  on  A? A s  i n  t h e  p r e v i o u s  s e c t i o n ,  w e  d i s t i n g u i s h  

between a change  i n  f e r t i l i t y ,  as e x p r e s s e d  by  B ( x ) ,  - and  a 

change  i n  m o r t a l i t y  and m i g r a t i o n ,  as e x p r e s s e d  by S ( x ) .  - 
T h i s  a p p r o a c h  i s  e q u a l l y  v a l i d  t o  trace t h r o u g h  t h e  i m p a c t  

o f  chang ing  f e r t i l i t y ,  m o r t a l i t y  and  m i g r a t i o n  p a t t e r n s  i n  

t h e  c o n t i n u o u s  model o f  demographic  growth .  I n s t e a d  o f  

u s i n g  y ( X ) ,  one  t h e n  u s e s  i t s  c o n t i n u o u s  c o u n t e r p a r t ,  g i v e n  - 
by Rogers  (1975;  p .  9 3 ) ,  

where  r i s  t h e  i n t r i n s i c  g rowth  ra te .  

The i m p a c t  on X o f  a chang ing  e l e m e n t  o f  T ( A )  i s  s u c h  - 
t h a t  t h e  d e t e r m i n a n t  I v ( X )  - 1 1  r e m a i n s  z e r o .  M e  t r e a t  t h e  - - 
i m p a c t  on X o f  a change  i n  B ( x )  a n d  S ( x )  s e p a r a t e l y .  - - 

b . 1 .  S e n s i t i v i t y  o f  t h e  g rowth  r a t i o  t o  changes  i n  

f e r t i l i t y  

C o n s i d e r  f i r s t  t h e  d e r i v a t i v e  o f  t h e  d e t e r m i n a n t  w i t h  

r e s p e c t  t o  a n  e l e m e n t  o f  B ( x )  , d e n o t e d  by  < B  ( x )  >. Apply ing  - - 
t h e  c h a i n  r u l e  o f  m a t r i x  d i f f e r e n t i a t i o n ,  g i v e n  i n  t h e  

Appendix by  (A.  30 )  , w e  g e t  

6 l T ( X )  - 11 - - - t r [  - 
6 p ( X )  - - :I 6 [T - ( A )  I 'I = 0 . ( 4 . 3 2 )  

6 < B  ( x )  > - ~ T ( x )  - 6 < B  - ( x )  > 



6 1 \ Y ( X )  - - - 1 1  
= cof [ 7 ( X )  - I] . 

6'r  ( A )  
- - 

The derivative of the transpose of the characteristic matrix 

with respect to < B ( x ) >  is - 

Assume that the change in B ( x )  is due to a fertility change, - 
then 

- ( g + l )  1 6-5 I 6X - ( 3 1  1 I 6 [ B ( x )  1 
= [$(XI I [ B  - ( x )  I + X [A - ( x )  I 

a-5 6 < B  - ( x )  > 6 < B  - ( x )  > 

where 

6 < B  ( x )  > - 6  X 6 < R  ( x )  > - 



and 

1 

s [B - (x) I 
= J' . - 

G<rg (x) > ... 

Theref ore 

(4.34) 
-($+I) 

+ X A' (x) J' . ... ... 

Let 

Generalizing the idea of Goodman, [V (0) 1-I is the matrix of - 
the average age of mothers of children who are in the 0-th 

age group in the stable population. It is the discrete 

approximation of the mean age of childbearing. The matrix 

V(0) represents the eventual reproductive value of a female - 
in the 0-th age group in the stable population. 

Substituting (4.33), and (4.34) in (4.32) gives 

- (31 1 
tr cof [T'(x) ... - I] + h  A' (x) J' = 0 - - - 

6 < B  (x) > ... I 
(4.36) 

 he single region counternart of (4.35) is given 
by Goodman (1971; p. 346). 



which may be written as 

1 6X -+I) - m f  IF (A) - 11 * f1 (0) X = X - - - cof [y - (A) - I] ," * [A' - (x) J' - I . 
6<B (x) > - 

Pre-multiplying both sides with - I]] I - '  yields 

But I * [dl (0) 1 is nothing else than tr [v-' (0) 1 .  There- - - - 
fore, we have 

6 X X 

= [tr V--' - (0) I - '  X 5  tr [A' - (x) J ' ]  - . 
6 < ~  (x) > - 

By (A. 32) of the Appendix, 

In a single-region system, (4.38) reduces to 

where b (x) , v (0) and a (x) are scalars. Formula (4.39) is 

identical to the sensitivity function given by Goodman (1971; 



p. 346), and equivalent to the ones derived by Demetrius 

(1969; p. 134), Keyfitz (1971; p. 277), Emlen (1970) and 
- X 

others. Note that X 5 A (x) is the eventual expected number 
-" 

of people in age group x to x + 4, per individual in the 
-X 

0 - 4 age group. In other words, X A(x) describes the - 
age composition of the stable population. 

b.2. Sensitivity of the growth ratio to changes in 

mortality and migration 

The im~act on X of a change in S(x) may be derived in - 
a way similar to the above arguments. First, note that 

6\y(X) - = t r [ -   sly(^) -:I ~ [B(A)I - ' 1  = .  . 
6<S (x) > - 6TJ - (A) 6<S - (x) > 

(4.40) 

I 

The derivative of [T(X)I with respect to an element of - 

6<s (x) > - 6<S (x) > - 

B-5 6X ? )  B-5 -(;+1)6~I(x) 
+ I X  = [!(XI A(x)l - B' (x) 

a-5 6<S (x) > a-5 ~<s(x)> - - - 

B-5 -(31) 6 ~ '  (x) 
+ I X  

- 
A' - (x) 

a- 5 6<s (x) > 
-" 



The d e r i v a t i v e s  a r e  

6<S ( x )  > - 6 X  6<S ( x )  > - 

To d e r i v e  a n  e x p r e s s i o n  f o r  

r e c a l l  t h a t  

T h e r e f o r e ,  a  change i n  S ( x )  a f f e c t s  A '  (y )  i f  y  > x .  For - - 
example, 

- 
= s '  ( 0 )  s '  ( 5 )  - . S '  - ( X  - 5)  J ' S '  - - ( X  + 5) . . . S '  - ( y  - 5 )  6 < S ( x ) >  - - 

= A '  - ( x )  J '  - [A' - ( X  + 5 ) ] - '  A '  - ( Y )  . (4 .45)  

Applying t h i s  r e s u l t ,  ( 4 . 4 4 )  r educes  t o  

6-5 - ( e l )  
C X  A '  - ( x )  J '  - [A' - (x + 5 )  I - '  A '  - ( y )  B '  - ( y )  . 

y=x+5 
(4 .46)  



TO compute the third element of ( 4 . 4 1 ) ,  we need 

Therefore ( 4 . 4 2 )  becomes 

1 

6  [ T ( X )  - I B-5 - ( 3 2 )  
= [- 1 ( a +  1 )  X [ B ( x )  - A ( x )  - I 

6 < S  ( x )  > - a-5 '1 61::x)> - 
( 4 . 4 8 )  

- ($1 1 
+ $ A  

1 

A '  ( x )  J ' F '  ( x  + 5 )  [ P ( O )  + I ]  - - - - - 

where by ( 4 . 3 5 )  

substituting ( 4 . 4 8 )  in ( 4 . 4 0 )  gives 

6 1 V X )  - - f 1 
= tr cof A )  - I - 1  6X - 

6 < s  ( x )  > 
- 

- 6 < s  - ( x )  > 





The single-region analogue of (4.51) is 

which is identical to formula (35) of Goodman (1371; p. 346), 

and equivalent to expressions provided by other authors. 

The expression 

is defined by Goodman as the eventual reproductive value of 

an individual in the x, x + 4 age interval. Generalizing 

this concept to the multiregional case, we define the matrix 

of eventual reproductive values per individual in the x, 

x + 4 age group, by place of birth and by place of residence, 
to be 

The sensitivity function (4.51) becomes 

-- " - - [tr V-I (0) 1 - I  V(X + 5) A-' (XI S-" (XI A (x) . (4.55) - - - - - ss (x) - 



CHAPTER 5 

CONCLUSION 

This paper has been devoted to the problem of 

sensitivity analysis in multiregional demographic systems. 

From mathematical demography, we know that demographic 

change may be traced back to changes in age-specific 

fertility, mortality and migration rates. To show how the 

mechanism works has been the subject of this paper. 

We derived a set of sensitivity functions relating 

a change in demographic characteristics to a change in the 

vital rates. The primary purpose was to contribute to the 

knowledge of spatial population dynamics by presenting a 

unifying technique of impact assessments. In the single- 

region mathematical demography, ordinary differential 

calculus is used to perform sensitivity analysis. In 

nultiregional demography, where we deal with matrix and 

vector functions, the application of ordinary calculus is 

very complicated. Instead, matrix differentiation tech- 

niques prove to be very useful. A review of these tech- 

niques has been given in the Appendix. These mathematical 

tools have been applied to derive analytical expressions 

for multiregional demographic features, such as life table 

statistics, population projection, and stable population 

characteristics, representing the impacts of changes in 

vital rates. The sensitivity functions reveal how each 

spatial demographic characteristic depends on the age- 

specific rates and how it reacts to changes in those rates. 

Matrix differentiation techniques form a powerful tool for 

the analysis of structural change in multiregional systems. 



A secondary objective of this paper was to contribute 

to the reconciliation of the discrete and continuous models 

of demographic growth. Traditionally, there has been a 

sharp distinction between the giscrete model and the 

continuous model of population growth. It is our belief 

that the reason is mainly historical. We have attempted 

to show that the results derived for the continuous model, 

may easily be extended to the discrete model. Therefore, 

the discrete and continuous models of demographic growth 

are equivalent tools for the analysis of population dynamics. 



APPENDIX 

MATRIX DIFFERENTIATIQfJ TECHNIQUES 

The p u r p o s e  o f  t h i s  append ix  i s  t o  p r o v i d e  t h e  n e c e s s a r y  

m a t h e m a t i c a l  t o o l s  t o  p e r f o r m  s e n s i t i v i t y  a n a l y s i s  o f  s t r u c t u r a l  

change  i n  m u l t i r e g i o n a l  demographic  s y s t e m s .  The b a s i c  n o t i o n  

i s  t h a t  o f  m a t r i x  d i f f e r e n t i a t i o n .  ?Jeudeclcer (1963;  n .  953 )  

d e f i n e s  m a t r i x  d i f f e r e n t i a t i o n  a s  t h e  p r o c e d u r e  o f  f i n d i n g  n a r t i a l  

d e r i v a t i v e s  o f  t h e  e l e m e n t s  o f  a  m a t r i x  f u n c t i o n  w i t h  r e s p e c t  t o  

t h e  e l e m e n t s  o f  t h e  argument  m a t r i x .  Al though n o t  much h a s  been  

w r i t t e n  on m a t r i x  d i f f e r e n t i a t i o n  and t h e  t e c h n i q u e  i s  n o t  

c o v e r e d  i n  most  t e x t b o o k s  on m a t r i x  a l g e b r a ,  t h i s  append ix  d o e s  

n o t  i n t e n d  t o  h e  c o m p l e t e .  I t  o n l y  c o v e r s  t h e  t e c h n i n u e s  a n p l i e d  

i n  t h i s  s t u d y .  

The append ix  i s  d i v i d e d  i n t o  two p a r t s .  The f i r s t  p a r t  

d e a l s  w i t h  t h e  d e r i v a t i v e s  of  m a t r i x  f u n c t i o n s .  I t  i s  ma in ly  

based  on t h e  work o f  Dwyer and  ElacPhail  (1948)  and  Dwyer ( 1 9 6 7 ) .  

The second p a r t  d e v e l o p s  s e v e r a l  e x p r e s s i o n s  f o r  t h e  s e n s i t i v i t y  

o f  t h e  e i g e n v a l u e s  and t h e  e i g e n v e c t o r s  06 a  m a t r i x  w i t h  r e s p e c t  

t o  change  i n  i t s  e l e m e n t s .  The b e h a v i o r  o f  t h e  e i q e n v a l u e s  

u n d e r  p e r t u r b a t i o n s  o f  t h e  e l e m e n t s  o f  a  m a t r i x  h a s  been  

s t u d i e d  by L a n c a s t e r  (1969;  C h a p t e r  7 ) ,  amonq o t h e r s ,  u n d e r  

t h e  head ing  o f  p e r t u r b a t i o n  t h e o r y .  I n  t h i s  t h e o r y ,  s u a l i t a -  

t i v e  measu res  o f  e i g e n v a l u e  s e n s i t i v i t y  a r e  d e v e l o p e d ,  i n  t h e  

s e n s e  t h a t  uppe r  and lower  bounds t o  e i g e n v a l u e  c h a n g e s  a r e  

f o r m u l a t e d .  P e r t u r b a t i o n  t h e o r y ,  however,  d o e s  n o t  p r o v i d e  

u s  w i t h  s e n s i t i v i t y  f u n c t i o n s  d e f i n i n q  the  e x a c t  chanqe  o f  

e i g e n v a l u e s  and e i g e n v e c t o r s  u n d e r  c h a n g i n g  m a t r i x  e l e m e n t s .  



An e i g e n v a l u e  s e n s i t i v i t y  f u n c t i o n  was d e r i v e d  by J a c o b i  i n  

1846 and h a s  5een  a o ~ l i e d  and ex tended  i n  t5.e svs tems  t ! .~eory  

and d e s i g n  l i t e r a t u r e .  

A. 1. DIFFEREPJTIATION OF FUNCTIOPJS OF ?,IATP,ICES 

L e t  y be an P x  Q m a t r i x  w i t h  e l e m e n t s  y i j ,  and l e t  X be  .., - 
an P I  x  N r.l.atri,: r.:it!l e l e m e n t s  x kR ' Dwyer makes a  d i s t i n c t i o n  

between t h e  p o s i t i o n  o f  an e l ement  i n  t h e  m a t r i x  and i t s  v a l u e .  

The symbol < X > k R  i s  used  t o  i n d i c a t e  a  s p e c i f i c  k, 9,-element - 
of  X. I t s  s c a l a r  v a l u e  i s  x k R .  Less  f o r m a l l y ,  < X > k R  may be - - 
r e p l a c e d  by < X > .  T h e r e f o r e ,  <I:> i s  an a r b i t r a r y  e l ement  o f  t h e  - - 
m a t r i x  X .  A s  i n  c o n v e n t i o n a l  n o t a t i o n  X '  d e n o t e s  t h e  t r a n s p o s e  - .., 

o f  X and X-' i s  t h e  i n v e r s e  o f  X .  - - 
The r e l e v a n t  r e s u l t s  o f  m a t r i x  c a l c u l u s  a r e  g i v e n  below. 

To i n t r o d u c e  some n o t a t i o n ,  w e  s t a r t  o u t  w i t h  t h e  d i f f e r e n t i a t i o n  

o f  a  m a t r i x  w i t h  r e s p e c t  t o  i t s  e l e m e n t s .  We f o l l o w  t h i s  w i t h  t h e  

d i f f e r e n t i a t i o n  o f  a  m a t r i x  w i t h  r e s p e c t  t o  a  scalar ,  and t h e  

d i f f e r e n t i a t i o n  o f  a  s c a l a r  f u n c t i o n  w i t h  r e s p e c t  t o  a  m a t r i x .  

The most i m p o r t a n t  s c a l a r  f u n c t i o n  is  t h e  d e t e r m i n a n t .  The 

t o o l s  p rov ided  i n  t h e  s e c t i o n  on t h e  d i f f e r e n t i a t i o n  o f  m a t r i x  

p r o d u c t s  a r e  f r e q u e n t l y  used  i n  pe r fo rming  s e n s i t i v i t y  a n a l y s i s  

o f  m u l t i r e g i o n a l  sys tems .  Also  o f  g r e a t  impor tance  i s  t h e  

d e r i v a t i v e  o f  t h e  i n v e r s e .  The n e x t  s e c t i o n  g i v e s  some c h a i n  

r u l e s  o f  m a t r i x  d i f f e r e n t i a t i o n .  Vec to r  c a l c u l u s  and m a t r i x  

c a l c u l u s  a r e  c l o s e l y  r e l a t e d ,  s i n c e  a v e c t o r  i s  a  m a t r i x  w i t h  

o n l y  one  row o r  one column. The fo rmulas  f o r  v e c t o r  d i f f e r e n -  

t i a t i o n ,  however,  have a  d i f f e r e n t  appearance  and a r e  less 



complex. Therefore, a separate section will be devoted to 

vector differentiation. 

A.1.1. ~ifferentiation of a matrix with respect to its 

elements 

The derivative of a matrix X with respect to the element - 
<fj>kR is 

where JkR denotes an M x N matrix with zero elements every- - 
where except for a unit element in the k-th row and 

R-th column. 

Similarly 

where J ; ~  - is an N x I1 matrix with all elements zero except 

for a unit element in the R-th row and k-th column. 

Instead of considering the derivative of a matrix with respect 

to an element, one may also consider the derivative of a 

matrix-element with respect to the matrix. 

6<Y> - ii = 
6Y - Kij 



where Kij is a P x O matrix with zeroes evervwhem except for - 
a unit element in the i-th row and j-th cclumn. 

Similarly 

( A .  4 )  

For convenience, the subscripts will be dropped. For example, 

< X >  will denote an arbitrary element of X and J a matrix with - - - 
all elements zero except a unit element on the appropriate 

place determined by the location of < X > .  - 

A.1.2. ~ifferentiation of a matrix with respect to a scalar 

and of a scalar with respect to a matrix 

Let Y(a) be a matrix function of the scalar a. The - 
derivative 

(A. 5 )  

6yi 
is a matrix with elements r. Each element of Y (a) is - 
differentiated. 

The derivative of a matrix function with respect to a 

matrix is denoted by 

(A. 6 )  



and i s  a  m a t r i x  w i t h  e l e m e n t s  

Two i m p o r t a n t  m a t r i x  f u n c t i o n s  a r e  c o n s i d e r e d :  t h e  d e t e r m i n a n t  

and t h e  t r a c e .  W e  b e g i n  w i t h  t h e  a s sumpt ion  t h a t  X  i s  a  s q u a r e  - 
m a t r i x .  

a .  De te rminan t  

The d e t e r m i n a n t  o f  t h e  s q u a r e  m a t r i x  X c a n  be  e v a l u a t e d  - 
i n  t e r m s  o f  t h e  c o f a c t o r s  o f  t h e  e l e m e n t s  o f  t h e  i - t h  row 

(Roger s ,  1971;  p .  8 1 ) :  

I t  c a n  e a s i l y  be  s e e n  t h a t  

where x : ~  i s  t h e  c o f a c t o r  o f  t h e  e l e m e n t  I x - ( j .  And 

, , - 
- -  - cof  X  - = [ a d j  XI  - ' 

6 X  

where co f  X  i s  t h e  m a t r i x  o f  c o f a c t o r s ,  and a d j  X i s  t h e  a d j o i n t  - - 
m a t r i x  o f  t h e  m a t r i x  X. But i f  X i s  n o n s i n g u l a r ,  - - 

( A .  9 )  



E a u a t i o n  ( A .  8 )  may be w r i t t e n  a s  

( A .  10)  

T h i s  formula  i s  w e l l  known i n  m a t r i x  t h e o r y  and can  a l s o  be  

found i n  Bellman (1970; p.  1 8 2 ) .  

~t s h o u l d  be  no ted  t h a t  i f  X - i s  symmetric 

(A.  3 I . )  

f o r  i = j 

b. Trace  

The t r a c e  of  t h e  s q u a r e  m a t r i x  g i s  t h e  sum o f  i t s  

d i a g o n a l  e l e m e n t s ,  and 

w i t h  

Gtr (X) - -- = 1 - 
GX - 

f o r  i = j 

f o r  i f  j 

( A .  12 )  

where I i s  t h e  i d e n t i t y  m a t r i x .  - 



A . 1 . 3 .  ~ifferentiation of matrix products 

Let U  and V  be two matrix functions of the matrix X. The - - - 
derivative of their product Y = UV with respect to < X >  is - .., - - 

(A.  1 3 )  

The derivative of a product of three matrices is 

6Y - 6  [ U W I  - - - 6U - 6V 6  !67 

- - - -  - - -  W J + U -  W + U V -  . ( A .  1 4 )  

These general formulas may be applied to various cases. Some 

cases of interest are listed below. The matrices A and B are - - 
constant, i.e. independent of X. The matrices J, and K are - - - 
as defined in A. 1 .  1 .  

X'B - - 

X'X - - J'X + X'J - - - - 

(A.  1 5 )  

(A.  1 6 )  

( A . 1 7 )  

( A .  1 8 )  

( A .  1 9 )  



AXB - - -  
XXX - - .., 

A J B  ...-- 
J X X  + X J X  + X X J  --- - - -  -...- 

( A .  2 0 )  

( A .  2 1 )  

( A . 2 2 )  

The de r i va t i ve  of the  power of a  square matrix can read i ly  

be computed using these  formulas 

0  
o r ,  i f  we wr i t e  X  = I ,  then - - 

(A .  2 4 )  

The de r i va t i ve  of an inverse follows. B y  d e f i n i t i o n  

Therefore 

but 



It follows that 

An application of this result is 

(A. 25) 

(A. 26) 

6Y 
..d 

So far we have considered the derivative - where Y is 
6<X> 

- 
a matrix product and <X> - is an arbitrary element-of X. - The 

result is a matrix of partial derivatives. But what is the 
6Y - 

formula for - , where X represents the full matrix? This - 
6X 

question has been studied by Neudecker (1969). Its solution 

involves the transformation of a matrix into a vector and the 

use of Kronecker products. For example, let Y = AXB and one 
w w w  

is interested in the derivative of Y with respect to X. - - 
If Y is of order P x Q r  define the PQ column vector ., 

vec Y (denoted this way to 6istinquish it from the vector { y ) )  - 
where 

vec Y = - 



I n  a  s i m i l a r  way, one can c o n s t r u c t  vec  X .  FJeudecker shows t h a t  - 

vet (AXB) = [B' 8 A1 vet X - - -  - - - (A. 27) 

where 8 d e n o t e s  t h e  Kronecker p r o d u c t .  ~ a u a t i o n  (A.27) nay be  

d i f f e r e n t i a t e d  u s i n g  t h e  formulas  f o r  v e c t o r  d i f f e r e n t i a t i o n :  

6 vec  [AXB] I - - - 
= [ B 1 @ A ]  - - . 

6 vec  X ... 

S i n c e  t h e  t r a n s p o s e  o f  a  Krone,cker p r o d u c t  i s  t h e  Kronecker 

p r o d u c t  o f  t h e  t r a n s p o s e s ,  w e  have 3 

6 vec  [AXB] - - -  
= B 8 A 1  . - - 

6 vec  X - 
(A. 28) 

6Y - 
W e  w i l l  n o t  e x p l o r e  t h e  v a r i o u s  formulas  f o r  - f u r t h e r  s i n c e  

6x 
t h e y  a r e  n o t  e x p l i c i t l y  used i n  t h i s  s t u d y .  

A. 1 .4 .  Chain r u l e s  o f  d i f f e r e n t i a t i o n  

L e t  f(Y) be a  s c a l a r  f u n c t i o n  o f  Y and l e t  Y be a  m a t r i x  - - - 
f u n c t i o n  o f  X. - 

3 For  an e x p o s i t i o n  o f  t h e  p r o p e r t i e s  o f  Kronecker p r o d u c t s  
o r  d i r e c t  p r o d u c t s ,  s e e  L a n c a s t e r  (1969; pp. 256-259). 



Then 

( A .  29)  

( A .  30)  

I£  Y i s  a  m a t r i x  f u n c t i o n  o f  a  s c a l a r  a ,  i . e .  Y ( a ) ,  t h e  f o r m u l a  - - 
becomes 

(A.  31) 

C o n s i d e r  a l s o  t h e  d e r i v a t i v e  

6f ( Y )  - 6 f  ( Y )  - 6 < ~ > ~ ~  - 
= 1 (A .  32) 

6 X  - kR 6 < ~ > ~ ~  - 6x - 

S e v e r a l  i n t e r e s t i n g  a p p l i - c a t i o n s  a r i s e .  F o r  examole ,  l e t  

f ( Y )  = I X  - X I I ,  where  X may b e  t h e  p o p u l a t i o n  g rowth  m a t r i x .  Then - - - 

615 - hf 1 6 [ x  - - XI] ' 
= t r  

- I 
6<x>  [ 6 [ X  - X I ]  

% - - - 6<x>  - J 

( A .  33) 



= t r  [ [ C o f  ( X  - - h I ) ]  - J']  - 
and 

6 1 5  - 6 1 5  - 6 <  [ X  - - A; I 
= C 

6X - k t  ti< [X - - b x  - 
(A.  3 4 )  

6 1 5  - h;l 
- - 15 - X I \  [I - X I ] '  - I - - - = cof [X - X I ]  ( A . 3 5 )  

bX - - - 

w h e r e  cof [X - XI1  i s  t h e  cofac tor  m a t r i x  of [X - 1 1 1 .  - - - - 
I f  Y ( r )  i s  a f u n c t i o n  of t h e  sca la r  r ,  t h e n  - 

and s i n c e  t r  AB = t r [ A B I 1  = t r  B ' A '  - - - - - - 

(A.  3 6 )  



Formula (A.36) i s  n o t  o n l y  o f  i n t e r e s t  i n  a  s t u d y  o f  t h e  

s e n s i t i v i t y  o f  t h e  d e t e r m i n a n t  o f  a  po lynomia l  m a t r i x ,  b u t  

i s  a l s o  u s e f u l  i n  o r d e r  t o  compute t h e  d e t e r m i n a n t ,  a s  shown 

by Emre and ~ u s e y i n  (1975;  p. 1 3 6 ) .  An a p p l i c a t i o n  o f  (A.36) 

which i s  r e l e v a n t  i s  

( A .  37)  

T h i s  fo rmula  c a n  a l s o  b e  found i n  Newbery (1974;  p .  1 0 1 6 ) .  

F i n a l l y ,  c o n s i d e r  t h e  a p ~ l i c a t i o n ,  where f  ( Y )  = t r  [$.>'El , w!.~ence - - - -  

( A .  38)  

A.1.5. V e c t o r  d i f f e r e n t i a t i o n  

V e c t o r s  may b e  c o n s i d e r e d  a s  m a t r i c e s  w i t h  o n l y  one  row 

o r  one  column, and t h e  r u l e s  f o r  m a t r i x  d i f f e r e n t i a t i o n  may 

b e  a p p l i e d .  But  t h e  d e r i v a t i v e  o f  a  v e c t o r  o r  o f  a  v e c t o r  

e q u a t i o n  h a s  a  s i m p l e r  form t h a n  t h e  m a t r i x  ana logue .  I t  i s ,  

t h e r e f o r e ,  w o r t h w h i l e  t o  l i s t  t h e  f o r m u l a s  f o r  v e c t o r  d i f f e r e n -  

t i a t i o n  s e p a r a t e l y .  Two c a s e s  a r e  c o n s i d e r e d :  t h e  d e r i v a t i v e  

o f  a  s c a l a r  f u n c t i o n  w i t h  r e s p e c t  t o  a  v e c t o r  and  t h e  d e r i v a t i v e  

o f  a  v e c t o r  f u n c t i o n  w i t h  r e s p e c t  t o  a  v e c t o r .  



a .  D i f f e r e n t i a t i o n  o f  a  s c a l a r  f u n c t i o n  w i t h  r e s p e c t  

t o  a  v e c t o r  

C o n s i d e r  t h e  g e n e r a l  s c a l a r  f u n c t i o n  f ( { x ) ) ,  where  - 
{ x )  i s  t h e  a rgument  v e c t o r .  Some r e l e v a n t  f o r m u l a t i o n s  o f  - 
f ( { x ) )  and  t h e i r  d e r i v a t i v e s  a r e  l i s t e d  below.  - 

(A.  39)  

( A .  40) 

(A.  47.)  

b .  D i f f e r e n t i a t i o n  o f  a  v e c t o r  f u n c t i o n  w i t h  r e s p e c t  t o  

a  v e c t o r  

L e t  { f ( { x ) ) )  d e n o t e  a  column v e c t o r  o f  s c a l a r  f u n c t i o n s  - 
f i  ( { X I )  , where {XI  i s  t h e  a rgument  v e c t o r  and  i f  ( { X I )  1 r e p r e s e n t s  - - - - 
a  s y s t e m  o f  e q u a t i o n s .  Fo r  example,  l e t  { f ( { x ) ) )  be a  s y s t e m  - - 
o f  l i n e a r  e q u a t i o n s  i n  { x ) ,  - t h e n  

where { a i )  i s  t h e  i - t h  column o f  A. - - 
The d e r i v a t i v e s  o f  { f ( { x ) ) )  w i t h  r e s p e c t  t o  a l l  t h e  - - 

e l e m e n t s  o f  t h e  a rgument  v e c t o r  form a  m a t r i x  i f  t h e  a rgument  



v e c t o r  i s  a  row v e c t o r .  Fo r  example 

(A .  43) 

co r re soond inq  t o  t h e  c h a i n  r u l e  o f  m a t r i x  d i f f e x e n t j . a t i o n ,  

The d e t e r m i n a n t  

one  may f o r m u l a t e  t h e  c h a i n  r u l e  o f  v e c t o r  d i f f e r e n t i a t i o n .  

L e t  { y ) ,  i x )  and { z )  b e  v e c t o r s .  I t  c a n  b e  shown t h a t  - - - 

f u n c t i o n a l  d e t e r m i n a n t .  

GIf - ( € X I )  - 1 

6 I x I '  - 

(A.  4 4 )  

i s  known a s  t h e  J a c o b i a n  o r  

A.2. DIFFEREXTIATION OF EIGENVALUES AND EIGENVECTORS OF MATRICES 

The t o p i c  o f  e i g e n v a l u e  s e n s i t i v i t y  h a s  r e c e i v e d  most  

a t t e n t i o n  i n  t h e  e n g i n e e r i n g  l i t e r a t u r e .  The d e s i g n  e n g i n e e r  

i s  i n t e r e s t e d  i n  i d e n t i f y i n g  t h e  impact  o f  changes  i n  t h e  param- 

eters o f  a  sys t em on t h e  s y s t e m ' s  per formance .  T h e r e  i s  a  v a s t  

4. 
l i t e r a t u r e  on s e n s i t i v i t y  a n a l y s i s  i n  d e s i g n  . Although most  

o f  t h i s  l i t e r a t u r e  i s  n o t  r e l a t e d  t o  t h e  problem i n  t h i s  s t u d y ,  

some r e l e v a n t  e l e m e n t s  a r e  r e p e a t e d  h e r e .  W e  w i l l  s e p a r a t e  

t h e  e i g e n v a l u e  s e n s i t i v i t y  problem and t h e  e i g e n v e c t o r  

- - . - -- 

'see Cruz (1973)  and Tomovie and ~ u k o b r a t o v i e  (1972)  
f o r  example.  



sensitivity problem. The former has received considerable 

attention, while the latter has been very much neglected. 

A.2.1. Differentiation of the eigenvalue with respect to the 

matrix elements 

The method which follows is described by Faddeev and 

Faddeeva (1963; p. 229) and can also Se found in Van Ness 

et al. (1973; p. 100) and in Tomovid and Vukobratovid (1972; 

pp. 196-197). The assumption underlying the method is that 

all the eigenvalues of the matrix are distinct. Let A be such -.. 

a matrix. Consider the equation 

A t O i  .., - = h i l < I i  .., (A. 45) 

where hi is the i-th eigenvalue of A and {Eli is the right - .., 

eigenvector associated with h i ' 

Taking the partial derivatives of both sides with respect 

to an element of A ,  < A >  say, gives - w 

6A 
.., 6{SIi .., - 6 hi &{<Ii {Eli + A - -  {Eli + hi - . (A. 46) 

6<A> - - " &<A> 
.., 

6 <A> 6 <A> - - 

If the real matrix A - is transposed, the eigenvalues will not 
change. However, a new set of eigenvectors will be former?: 

the left eigenvectors, denoted by tvI - j *  The scalar ~ro6.uct 

of each of the terms of (A. 46) with {v) is: - j 



(A. 47) 

where J h a s  t h e  same meaning a s  i n  s e c t i o n  A.l.. I f  i i s  t a k e n  - 
e q u a l  t o  j, and u s e  i s  made o f  t h e  r e l a t i o n s h i p  

(A. 48) 

t h e n  (A. 47) becomes 

(A. 49) 

S i n c e  



we may write 

(A. 50) 

Expression (A.50) represents the sensitivity of the eigen- 

values of A with respect to an element of A. - - 
If the eigenvectors are normalized such that their inner 

product is unity, i.e. 

then 

It can be shown that (A.51) is equivalent to 

(A. 52) 

(A. 53) 

where * denotes the inner product of two matrices'. 

5 ~ h e  inner product A - * g is defined as 1 1 aikbki . 
i k  

The result is equal to tr[AB]. 



The structure of (A.52) is very similar to (A.33) of the 

previous section. The derivative of Xi with respect to the 

whole matrix A is - 

(A. 54) 

1 

The matrix {EIi{v)i - - is the adjoint matrix of [A - - XI], - 
6 

normalized such that the trace is equal to one . The 

sensitivity of the eigenvalue is sometimes expressed in terms 

of differentials 

(A. 55) 

The computation of the sensitivity of Xi requires that the 

left and right eigenvectors be known. 

If the eigenvectors are not normalized, the sensitivity 

function is 

(A. 57) 

6tr[{S~i{v~i] - - is equal to {\II~{[)~ - which is equal to one - 
for normalized v eigenvectors. 



where [{5)i{v~l] - is the adjoint matrix of [A - - hI] . Denoting - 
the adjoint matrix by R(Xi), - (A. 51) may be written as 

and (A. 56) becomes 

(A. 58) 

(A. 59) 

Eauation (A.59) is exactly the sensitivity formula given 

by Morgan (1973; p. 76). The matrix R(Xi) can be efficiently - 
computed by means of the Leverrier algorithm, described by 

Faddeev and Faddeeva (1963; p. 260) and Morgan (1973; p. 76). 

This is particularly interesting since the rows of !?(Xi) - are 

left eigenvectors and the columns are right eigenvectors. For 

a formal proof that (A. 59) is identical td (A. 56) , see 

Mac Farlane (1970; pp. 413-419). 

Formulas (A.54) and (A.58) have the benefit that they 

are easily computed. For analytical purposes, however, it would 

be beneficial to have an expression linking the change in the 

eigenvalue directly to a change in A, and to the original - 
value of A and of the eigenvalues. Such an expression is - 
derived by Rosenbrock (1965; p. 278): 

I 



(A. 60) 

A.2.2. Differentiation of the eigenvector with respect to 

the matrix elements 

Recall equation (A. 47) : 

(A. 47) 

For i f j, we have 

We have also that 

Equation (A.47) may be rewritten as 

(A. 61 ) 



6{61i - N 
Let 

6 <A> - = j=1 1 Cij{gj 

then 

and consequently, for normalized eigenvectors 

(A. 63) 

The element cii remains undefined in view of the non- 

uniqueness of the eigenvector. We may assume that cii = 0 

witilout loss of generality. 

The computation of the sensitivity of the eigenvector by 

(A.62) has a disadvantage, since it reauires the knowledge 

of all the eigenvalues and eigenvectors. ~nother approach 

that relates the change in a specific eigenvector to the change 

in A and to the change in the associated eigenvalue, is given - 
below. Consider the homogeneous equation 

(A. 64) 

Assume that all the eigenvalues of A are distinct, and let - 
the first element of {$Ii , i.e. S l i t  be equal to 1 .  Ve may 



now d e l e t e  t h e  f i r s t  e q u a t i o n  o f  (A .64 ) .  The r e s u l t i n g  se t  

forms  a  l i n e a r l y  i n d e p e n d e n t  s y s t e m  o f  non-homogenous e q u a t i o n s  

o f  o r d e r  N - 1 .  

o r  i n  m a t r i x  n o t a t i o n  

l + [ii - - h.I] { E l i  = { a ]  
1- - - (A.  65)  

where t h e  b a r  d e n o t e s  t h e  o r d e r  N-1. Because o f  t h e  non- 

s i n g u l a r i t y  o f  [A - X . ? I  , w e  have  - 1- 

Apply ing  f o r m u l a  (A.  1 3 )  o f  s e c t i o n  A. 1. t o  (A.  66)  g i v e s  



Substituting for {Eli - and differentiating [ - - X 1- . I  yields 

61Eli - 
= -  [A - Xi:] - (A. 67) 
6 <A> - 6<A> &<A> - 6<A> 

6Ai 
where - is computed using (A.51) or an equivalent formula. 

Some special cases now may he considered. 

a. If the change in A occurs in the first row, this change - 
has no direct impact on the eigenvector, since A - and 1%) do not - 
include elements of the first row of A. There is an indirect - 
effect on {?Ii , however, through the change in the eigenvalue. - 

b. If the change in A occurs in the first column, i .e. in - 
1 , then 

c. If the change in A occurs not in the first column nor - 
in the first row, then 



Besides (A. 62) and ( A . 6 7 )  , a third method to compute the 

eigenvector sensitivity may be derived. It is based on the fact 

that the columns of the adjoint matrix are right eigenvectors 

and that the,rows are left eigenvectors. This technique will 

not be discussed here. 
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