International Institute for Tel: +43 2236 807 342

s Applied Systems Analysis Fax: +43 2236 71313
" Schlossplatz 1 E-mail: publications@iiasa.ac.at
[1TASA A-2361 Laxenburg, Austria Web: www.iiasa.ac.at
Interim Report IR-02-027

The Reachability of Techno-Labor Homeostasis via Regulation
of Investments in Labor and R&D: Mathematical Proofs

Mikhail Grichik (yon_brover@rambler.ru)
Maria Mokhova (mokhova@pisem.net)

Approved by

Arkadii Kryazhimskii (kryazhim@aha.ru)
Project Leader, Dynamic Systems

April 2002

Interim Reports on work of the International Institute for Applied Systems Analysis receive only limited
review. Views or opinions expressed herein do not necessarily represent those of the Institute, its National
Member Organizations, or other organizations supporting the work.



[t

Model. Vector field analysis
Basic definitions
Case 1: stagnation

Case 2: progress

—ii—

Contents

14



—1ii—

Abstract

The goal of this paper is to provide accurate proofs for Propositions 4.1 and 4.2 of
Kryazhimskii et al. 2002, where these propositions play a central role in the analysis
of a mathematical model of techno-labor development.
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The Reachability of Techno-Labor Homeostasis
via Regulation of Investments in Labor and R&D:
Mathematical Proofs

Mikhail Grichik (yon_brover@rambler.ru)
Maria Mokhova (mokhova@pisem.net)

Introduction

Kryazhimskii, et. al., 2002, suggests a mathematical model of techno-labor development
and discusses its application to the analysis of selected industry sectors of Japan. The
analysis is based on two key propositions (Kryazhimskii, et. al., 2002, Propositions 4.1
and 4.2) which characterize the model’s dynamics. The goal of this paper is to provide
accurate mathematical proofs to these propositions.

In section 1 we introduce the model and analyze its vector field using appropriate
transformations of state variables.

In section 2 we classify models’s behaviors.

In sections 3 and 4 we formulate and prove the key propositions.

1 Model. Vector field analysis

The model we analyze in this paper was designed and discussed in detail in Kryazhimskii,
et. al., 2002. Here, we do not comment it in substantial terms. We mention only that it
describes the dynamics of an economy sector in the space of two variables, the accumu-
lated technology stock (briefly, technologies), T', and capital accumulated in labor (briefly,
welfare), Z.

The model has the form

T = puTZ8+Y — prT, (1.1)
Z=pu(l—u)T*ZP - pz 2, '

Here
«, ﬁa Y, UE (05 l)apTa Pz Z 0 (12)

are fixed parameters (whose meaning is explained in detail in Kryazhimskii, et. al., 2002).
The parameter u € (0,1) is called a control. Following Kryazhimskii, et. al., 2002,
we call (1.1) the techno-labor system. The techno labor system operates on the time
interval [0,00). Its state space is the positive orthant O1 in the 2-dimensional space:
Ot ={(Z,T)€ R?:Z >0, T > 0}. Accordingly, any initial state of (1.1),

(2(0), T(0)) = (Zo, Tv), (13)

is assumed to belong to O™.
Theory of ordinary differential equations (see, e.g., Hartman, 1964) yields that for every
initial state (Zp, Tp) and every control u there exists the unique solution ¢ — (Z(t), T'(t))



of (1.1) which is defined on [0,00) and satisfies the initial condition (1.3); moreover,
(Z(t),T(t)) € O for every t > 0. Using a standard terminology of theory of ordinary
differential equations, we call t — (Z(t),T'(t)) the solution of the Cauchy problem (1.1),
(1.3). Note that the techno-labor system (1.1) describes also the dynamics of production,
Y, defined as Y = T*ZP (see Kryazhimskii et. al., 2002).

In the rest of this section, we analyse the vector field of system (1.1).

We denote by Gz(u) the set of all (Z,T) € O™, at which the vector field of system
(1.1) has the zero projection onto the Z axis, and by Gr(u) the set of all (Z,T) € O™, at
which this vector field has the zero projection onto the 7" axis. Simple computations yield
that Gz(u) is a curve on the (Z,T) plane, whose equation is

1/a 1
_ (P2 _ s0-B)/a
T ( ; ) e (1.4)

and Gr(u) is the curve on the (Z,T') plane, whose equation is

1/(1-a
. (p_z) M09 1 Ja) @4/ (1-a) (1.5)
1

In what follows, we assume that a+ay+ 3 # 1 and consider two cases, case 1, stagnation,
at+ay+ B <1 (1.6)

and case 2, progress,
at+ay+ B> 1. (1.7)

The definitions of cases 1 and 2 as stagnation and progress, respectively, are motivated by
the structure of the vector field of system (1.1) in these cases; this structure is characterized
in statements (ii) and (iii) of the next proposition formulated in Kryazhimskii, et. al., 2002,
without proofs for graphical illustrations see Fig. 1.1 and Fig. 1.2.

Proposition 1.1 Let a+ay+0 # 1 and u € (0, 1) be an arbitrary control. The following
statements hold true:

(i) the curves Gz(u) and Gr(u) intersect at the unique point (Z*(u),T™(u)) defined
as the solution of the algebraic system (1.4), (1.5), and (Z*(w),T%(u)) is the unique rest
point of the techno-labor system (1.1) under control u;

(ii) if case 1 (1.6), stagnation, takes place, then at the rest point (Z*(u),T™*(u)) the
slope of Gz(u) on the (Z,T) plain is greater than the slope of Gr(u), implying that the
vector field of the techno-labor system (1.1) has the form shown in Fig. 1.1;

(iii) if case 2 (1.7), progress, takes place, then at the rest point (Z*(u), T*(u)) the slope
of Gz(u) on the (Z,T) plain is smaller than the slope of Gr(u), implying that the vector
field of the techno-labor system (1.1) has the form shown in Fig. 1.2.
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Fig. 1.1.
The vector field of the techno-labor system in case 1, stagnation.
The curve Gz(u) lies lower than G7(u) in a neighborhood of the origin
and higher than Gr(u) in a neighborhood of infinity.
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The vector field of the techno-labor system in case 2, progress.
The curve Gz(u) lies higher than G (u) in a neighborhood of the origin
and lower than G7(u) in a neighborhood of infinity.



Fig. 1.1 and Fig. 1.2 show that in each of cases 1 and 2 system (1.1) exhibits 4
different behaviors within 4 “angle” areas in the (Z,T') plain, which are determined by
curves Gz(u) and Gr(u); we call these angle areas the north-east, south-east, south-west
and north-west angles (for control u) according to their locations and denote them G} (u),
G317 (u), Gy (u), G5 (u), respectively. We assume that the north-west and south-east
angles, G, (u), G573 (u), are closed, i.e., contain their boundaries, and the north-east and
south-west angles, G} (u), G, (u), are open, i.e., do not contain their boundaries.

In cases 1 and 2 the upper and lower boundaries of the north-east, south-east, north-
west and south-west angles are parts of different curves. For example, in case 1 (1.6) the
upper boundary of the north-east angle G+ (u) is part of curve Gz(u) which is located
above the rest point (Z*(u),T*(u)) (including this point), whereas in case 2 this part of
curve Gz(u) is the lower boundary of GLF(u).

We prove Proposition 1.1. using the logarithmic variables

7=1In(T), z=In(2). (1.8)

Dividing the first equation in (1.1) by 7" and second by Z, we get

din(T
% — MuTOé—lz/@-l—"r — pr.
and Al Z
I;(t ) = /LuTO‘Z’g_1 —pz.

Consequently, in the (7, z) variables system (1.1) takes the form

{ T = Mue(a_l)”_"'(ﬁ'f"‘f)z — pT,

1.
5= M(l _ u)ea’r—l—(,@—l)z —pz. ( 9)

Proof of Proposition 1.1. In the (z,7) variables the curve G (u) where 7' = 0 or,
equivalently, 7 = 0 has the equation

Dividing by pu and taking the logarithm, we find

(7T

(a—D)7+(B+7)z=1n o

and, finally,

In(&%
T:ﬁ+72+ (pT).
11—« l1—«a

(1.10)

This equation represents a straight line G,(u), the image of Gr(u) on the (z,7) plane:

G () = {(T, r= B, G } (1.11)

11—« 1l -«

Similarly, in the (7, z) variables the curve Gz(u) where Z = 0 or, equivalently, 2 = 0 has
the equation
M(l _ u)ear—l—(,@—l)z = pz.

Dividing by u(1 — u) and taking the logarithm, we find

o+ (B—1)2 an(ﬁ»



and, finally,
1— In( A2
o 1op, laits) (112
o o
This equation represents a straight line G,(u), the image of Gz(u) on the (z, 7) plane:
1-— In(SA4%45)
G.(u) = {(T, )T = ﬁz T CED i (1.13)
o o

Let us prove statement (i). Due to (1.11) and (1.13) the rest points of system (1.9)

are the solutions of the algebraic equation

In(s)
— Bty T
T 1—0&2 + lnl(_apzﬂ ) (114)
T= %z + A—L“al_“ .
For any solution (z,7) of (1.14) we have
<ﬂ+7 - ﬂ) L nGrsy) ()
1-« a a 1-—a’
or
pz pu
af+ay—1+a+p8—af)z= 1—aln< )—aln(—),
( )z =(1-aq) =) o
implying
1- 1— - L
0t 2 R i 2 e B o O i
at+ay+6-—-1 atay+06-—1 7

Substituting z into the second equation in (1.14), we find:

1
L 1= (R e\ T InGy)
a I a
(@ oI (LL ) et te T ()
= 1n 5

7 a(a—&-o;y-&-ﬁ—l)

l1-a—pBt+aftatay+B-1 )

((pTT) a-‘ral’y_-‘rﬁﬁ—l (1P_Zu) alatay+B—1)
=In —

i_kl
Ma(a+a'y+ﬁ—1) @

1-Btatay+B-1

1-3 afBt+ay
(%) atay+B-1 (_Ll Zu) a(atay+6-1)
=1In —
/’L a(atay+B8-1)

1
W (pTT)l—/@(lp__Zu)ﬁ‘f"‘f atay+B-1

ity )
Therefore, the rest point (z,7) = (2*(u), 7*(u)) of system (1.9) is unique and given by

(ﬂ)a(ﬂ)l—a>m ((%)1—ﬁ(%)ﬂ+w>m)
,In — .

u 1—u
1

(z*(w), 7" (u) = (ln (T
(1.15)
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Hence, the rest point of the original system (1.1) is also unique and it is represented
through the inverse transformation:

T (u) =e” ™,  Z*(u) =¥ ™,

Statement (i) is proved.

Equations (1.10) and (1.12) for the straight lines G,(u) and G,(u) show that in case
(1.6) the slope of G, (u) is greater than that of G (u) and in case (1.6) the former is smaller
than the latter. Looking at system (1.9) we see that 7 > 0 below G-(u) and 7 < 0 above
G,(u) on the (z,7) plane; symmetrically, 2 > 0 above G,(u) and 2 < 0 below G.(u) on
the (z,7) plane. These obsrvations prove statements (ii) and (iii).

For every u € (0,1) we use notation (z*(u),7*(u)) for the image of the rest point
(Z*(u), T*(u)) under the transformation (1.8); recall that (2*(w), 7*(u)) is given by (1.15).

Proposition 1.2 For any u € (0, 1) the transformation
0=17—7"(u), (=2z-—2"(u) (1.16)

brings system (1.9) to the form

¢ = prettB=DC — py,
{ 6 = prela=D0+B+NC _ 51 (1.17)

invariant to w.

Proof. In the (6, () variables, system (1.9) takes the form

C" — /’L(l — u)ea(0+0*)+(ﬁ_1)(4+c*) — pZ’

which is sequentially transformed into

a—1 Bt~y
6 = pu <_(pTT)1‘5(1p_—Zu)B+"> ateyth-T <(%T)“ %)1_a> FOTTITT (a1)0+(B47)¢

PR 1 — PT,

Iy ¢ - PZ,

TN1_3, P - o o _ __pB=1
C_Adl—u)<“§ﬂ‘Wﬁ%wﬂ>a+wﬂ*1<P§Vafﬂl“)“*”ﬂ%1¢w+W—n
n
. (atay+B8-1)—(1+y)(a—1)—(B+y) A=Bla=D+a(B+y) (Bty)(a=1)+(1-)(B+7)
6 = u aFoy+hA—1 p atay+p-1 p atay+p-1 X
(a+a'v+,6‘—1)—(1—5)(a—1)—1;(6+'v) (1 )—(,6‘-%7)@—1)—(1—&)(6-&-7) (a—1)0-+(B47)¢
XU atay+p-1 — U atay+p-1 e\¢— — PT,
. (at+ay+B-1)—(1+y)a—(B-1) (1-Blata(B—=1) (B+y)at(@—o)(B-1)
E=u B T o OFOTHBT [ TakarBol o

T Z
—(1-B)a—a(B-1) (atary+B-1)—(B+y)a—(1-a)(B-1)
XU atay+B—1 (1 _ u) atavy+B—1 60494'(/3—1)( —pz

and finally into (1.17).

In what follows, we call system (1.17) the invariant system.

On the state plane of the invariant system the images of the curves Gr(u) (1.5) and
Gz(u) (1.4) under the transformations (1.8) and (1.16) (or the images of the straight lines
Gr(u) (1.10) and G,(u) (1.12) under transformation (1.16)) are, respectively, the straight
line Gy(u) given by
_ B+
1l-a

o

¢ (1.18)



and straight line G¢(u) given by

o-1=P¢ (1.19)

e
We denote by Gy (u) and by Gy (u) the parts of the straight line Gg(u) which lie in the
non-negative and non-positive orthants, respectively; symmetrically, we denote by Gé (u)
and by G (u) the parts of the straight line G¢(u) which lie in the non-negative and non-
positive orthants, respectively. The images of the north-east, south-east, south-west and
north-west angles G (u), G371 (u), G,7(u), G,7(u) under the transformations (1.8) and
(1.16) will be denoted as Géf (u), Ggg_ (u), Geg (u), GC_6’+ (u), respectively, and called the
tnvariant north-east, south-east, south-west and north-west angles, respectively.
The next remark follows straightforwardly from the given definitions.

Remark 1.1 1. If case 1 (1.6), stagnation, takes place, then
(i) the slope of G¢ on the (¢, 0) plain is greater than the slope of Gy,
(ii) the invariant north-east angle Géf is bordered by the half-lines Gé and G,

(iii) the invariant south-west angle G, is bordered by the half-lines G and Gy,
(iv) the invariant north-west angle Ggg_ is bordered by the half-lines Gé and G,

(v) the invariant south-east angle GC_6’+ is bordered by the half-lines G and Gy,
(vi) the vector field of the invariant system (1.17) has the form shown in Fig. 1.3.

2. If case 2 (1.7), progress, takes place, then
(i) the slope of G¢ on the (¢, 0) plain is smaller than the slope of Gy,

(ii) the invariant north-east angle Géf is bordered by the half-lines Gé and G,
(iii) the invariant south-west angle G, is bordered by the half-lines G and Gy,
(iv) the invariant north-west angle Ggg_ is bordered by the half-lines G and Gy,
(v) the invariant south-east angle GC_6’+ is bordered by the half-lines Gé and Gy,
(vi) the vector field of the invariant system (1.17) has the form shown in Fig. 1.4.
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Fig. 1.3.

The vector field of the invariant system in case 1, stagnation.
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The vector field of the invariant system in case 2, progress.

2 Basic definitions

Kryazhimskii, et. al., 2002, definies the basic bahaviors of the techno-labor system (1.1)
as follows.

It is said that

(i) the techno-labor system (1.1) with the initial state (Zy,Tp) exhibits homeostasis
under control u if for the solution ¢ — (Z(t),T'(t)) of the Cauchy problem (1.1), (1.3) the
functions t — Z(t) and t — T'(¢t) are strictly increasing on interval [0, c0);

(ii) if, in addition, both Z(t) and T'(t) tend to oo as t tends to oo, we shall say that the
techno-labor system (1.1) with the initial state (Zy, Tp) exhibits progressive homeostasis
under control w;

(iii) finally, if both Z(t) and T'(¢) tend to finite limits as ¢ tends to oo, we shall say that
the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits regressive homeostasis
under control w.

It is said that

(i) the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits pre-homeostasis
under control w if for the solution ¢t — (Z(t), T'(t)) of the Cauchy problem (1.1), (1.3) there
exists a top > 0 such that the functions ¢ — Z(t) and t — T(t) are strictly increasing on
interval [tg, 00);

(ii) if, in addition, both Z(¢) and T'(¢) tend to co as t tends to oo, we shall say
that the techno-labor system (1.1) with the initial state (Zp, Tp) exhibits progressive pre-
homeostasis under control u;

(iii) finally, if both Z(¢) and T'(t) tend to finite limits as ¢ tends to oo, we shall say
that the techno-labor system (1.1) with the initial state (Zy,Tp) exhibits regressive pre-
homeostasis under control u. It is said that
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(i) the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits collapse under
control u if for the solution t — (Z(t),T(t)) of the Cauchy problem (1.1), (1.3) the
functions t — Z(t) and t — T'(t) are strictly decreasing on interval [0, 00);

(ii) if, in addition, both Z(¢) and T'(¢) tend to positive limits as ¢ tends to oo, we
shall say that the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits limited
collapse under control u;

(iii) finally, if both Z(¢) and T'(¢) tend to 0 as ¢ tends to co, we shall say that the techno-
labor system (1.1) with the initial state (Zy, Tp) exhibits total collapse under control u. It
is said that

(i) the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits pre-collapse
under control u if for the solution ¢ — (Z(t),T(t)) of the Cauchy problem (1.1), (1.3)
there exists a to > 0 such that the functions t — Z(t) and ¢t — T'(t) are strictly decreasing
on interval [y, 00);

(ii) if, in addition, both Z(¢) and T'(¢) tend to positive limits as ¢ tends to oo, we
shall say that the techno-labor system (1.1) with the initial state (Zy, Tp) exhibits limited
pre-collapse under control u;

(iii) finally, if both Z(¢) and T'(¢) tend to 0 as t tends to oo, we shall say that the
techno-labor system (1.1) with the initial state (Zy, Tp) exhibits total pre-collapse under
control wu.

It is said that

(i) the techno-labor system (1.1) with the initial state (Zp,Tp) exhibits growth in
welfare and decline in technologies under control u if for the solution ¢ — (Z(t),T(t))
of the Cauchy problem (1.1), (1.3) the function ¢ — Z(t) is strictly increasing and the
function t — T'(t) strictly decreasing on interval [0, co);

(ii) the techno-labor system (1.1) with the initial state (Zp,Tp) exhibits growth in
technologies and decline in welfare under control u if for the solution ¢ — (Z(t),T(t))
of the Cauchy problem (1.1), (1.3) the function ¢t — Z(t) is strictly decreasing and the
function t — T'(t) strictly increasing on interval [0, 00).

The next definitions are given for a fixed control w.

We denote by H1T(u) the set of all (Zy,Ty) € O such that the techno-labor system
(1.1) with the initial state (Zo,Tp) exhibits homeostasis under control v and by H(u)
the set of all (Zy,Tp) € O™ such that the techno-labor system (1.1) with the initial state
(Zo, Tp) exhibits pre-homeostasis under control u. We call H™ " (u) the zone of homeostasis
under control u and H (u) the zone of pre-homeostasis under control u.

We denote by C~ (u) the set of all (Zyp, Tp) € O such that the techno-labor system
(1.1) with the initial state (Zp, Tp) exhibits collapse under control u and by C(u) the set
of all (Zy, Tp) in O such that the techno-labor system (1.1) with the initial state (Zo, Tp)
exhibits pre-collapse under control u. We call C~~ (u) the zone of collapse under control
u and C(u) the zone of pre-collapse under control u.

3 Case 1: stagnation

The next proposition provides an entire characterization of the behaviors of the techno-
labor system (1.1) in case 1, stagnaion. A graphical illustration is given in Fig. 3.1.
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Trajectories of the techno-labor system in case 1, stagnation.
The separation curves in the north-west and south-east
angles are shown in grey.

Proposition 3.1 (Kryazhimskii, et. al., 2002, Proposition 4.1). Let case 1, stagnation,
take place, i.e., (1.6) hold. Let u € (0,1) be an arbitrary control. Then

(i) the rest point (Z*(u),T*(u)) is the unique attractor for the techno-labor sys-
tem (1.1) under control u; more accurately, for any initial state (Zy,Tp), the solution
t — (Z(t),T(t)) of the Cauchy problem (1.1), (1.3) satisfies limy o Z(t) = Z*(u) and
limyy00 T'(t) = T*(u);

(ii) the zone of homeostasis under control u, H**(u), is the south-west angle G, (u);
moreover, the zone of regressive homeostasis under control u coincides with H ™ (u);

(iii) the zone of collapse under control u, C~~(u), is the north-east angle G} (u);
moreover, the zone of limited collapse under control u coincides with C'~~ (u);

(iv) there exists the unique solution t +— (Z1~(t), T (t)) of system (1.1), which is
defined on (—o0, 00), takes values, in the north-west angle, G5 (u), and is minimal in the
following sense: for every (Zy, Tp) located to the south-west of the trajectory, A™~(u), of
the solution ¢ + (Z1~(t), T (t)), the solution t ~ (Z(t), T(t)) of system (1.1), with the
initial state (Zg, Tp) crosses the boundary of the north-west angle, G17 (u);

(v) there exists the unique solution ¢ — (Z{~(¢), T~ (t)) of system (1.1), which is
defined on (—o0, 00), takes values in the north-west angle, G7 (u), and is maximal in the
following sense: for every (Zy, Tp) located to the north-east of the trajectory, AT~ (u), of
the solution t — (Z{~(t), T (t)), the solution t ~— (Z(t), T(t)) of system (1.1), with the
initial state (Zo, Tp) crosses the boundary of the north-west angle, G737 (u);

(vi) there exists the unique solution t — (ZZ"(t), T-"(t)) of system (1.1), which is
defined on (—o0, 00), takes values in the south-east angle, G, (u), and is minimal in the
following sense: for every (Zy, Tp) located to the south-west of the trajectory, A~ (u), of
the solution ¢ + (ZZ"(t), T-*(t)), the solution t + (Z(t), T(t)) of system (1.1), with the
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initial state (Zo, Tp) crosses the boundary of the south-east angle, G ;7 (u);

(vii) there exists the unique solution ¢ — (Z_7(¢), T (t)) of system (1.1), which is
defined on (—o0, c0), takes values in the south-east angle, G,7 (u), and is maximal in the
following sense: for every (Zy, Tp) located to the north-east of the trajectory, AL (u), of
the solution t — (Z, 7 (t), T} " (t)), the solution t ~— (Z(t), T(t)) of system (1.1), with the
initial state (Zo, Tp) crosses the boundary of the south-east angle, G+ (u);

(viii) H(u), the zone of pre-homeostasis under control u, is the union of the domain
H*~(u) located in the north-west angle, G (u), to the south-west of trajectory A*~ (u),
and the domain H~*(u) located in the south-east angle G (u) to the south-west of tra-
jectory A~ T (u); moreover, the zone of regressive pre-homeostasis under control u coincides
with H (u);

(ix) C(u), the zone of pre-collapse under control , is the union of the domain C*+~ (u)
located in the north-west angle, G} (u), to the north-east of trajectory AT~ (u), and the
domain C'~(u) located in the south-east angle G, (u) to the north-east of trajectory
A:L+ (u); moreover, the zone of limited pre-collapse under control u coincides with C(u);

(x) for every (Zy, Tp) located in the north-west angle, G} (u), between the trajectories
AT (u) and AT (u) the techno-labor system (1.1) with the initial state (Z, 7p) exhibits
growth in welfare and decline in technologies under control u;

(xi) for every (Zo, Tp) located in the south-east angle, G,f (u), between the trajectories
A~"(u) and A (u) the techno-labor system (1.1) with the initial state (Zo, Tp) exhibits
growth in technologies and decline in welfare under control w.

Proof. We use the transformations (1.8) and (1.16) and represent the techno-labor system
(1.1) as the invariant system (1.17) thus shifting the stationary point (Z*(u), T*(u)) to
the origin.

Let us prove (i).

We notice that the powers of the exponent in (1.17) go to 0 as 6, — 0 and linearize
system (1.17) in a neighborhood of the origin using the relation lim, ,o(e* — 1)/z = 1.
The linarized system has the form

0 = pr((a—10+(8+7)0),
F— pz(ad + (8 —1)C).

Its characteristic equation,

pra=1) =X pr(B+7)

pza pz(B—1)—A

is sequenially transformed into

proz(af —a—B+1) = pz(8— DA = pr(a— DA+ A = prpz(af +ay) =0

and
N+ Xpr(1 = a) + pz(1 = B)) = proz(a+ay+5-1) = 0.

The roots of the characteristic equation, A\; and Ao, are given by

A2 = % (PT(Oé —1) +pz(B-1) £ /(pr(a—1)+pz(8 - 1))+ dprpz(a+ay+ B - 1)) :
(3.1)
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For the determinant we have:

(pr(—1) + PZ(ﬁ — 1))’ +dprpz(atay+8-1)=

pr(a—1)%+p3(8—1)> + 2prpz(af —a— B+ 1) +dprpz(a+ay+B—1) =
pr(a—1)? +Pz(5 1?4+ 2prpz(af+ o+ B+ 2y — 1) =

pr(a—1)% + pZ(B—1)* = 2prpz(af — a— B+ 1) + 4prpz(af + ay) =

(pr(a —=1) = pz(8 1)) +4prpza(B +7) > 0. (32)

Hence, A1 and Aq are real. Moreover, (1.6) implies that A\; and A are negative. Therefore,
the rest point (0,0) is a knot, implying that it is the unique attraction point for system
(1.17). This proves statement (i).

Let us prove (ii).

The right-hand sides of both equations in (1.17) are positive if and only if (6, ¢) belongs
to the interior of the invariant south-west angle, Gg_e_ (see Fig. 1.3). Therefore, the
transformed zone of homeostasis under control u, H*¥(u), lies necessarily in Gep - In
order to state that A+ = G, (which implies that H** (u) = Gz (u)) it suffices to
show that the invariant system (1.17) survives in G, (see Aubin, 1991), i.e., its solution
t = (¢(2),0(t)) satisties (((t),0(t)) € G4 for all t > 0 provided (¢(0),60(0)) € G4 . The
latter property holds if the vector field of (1.17) points inside G, at every point (¢, #) on
the boundary of Gg_e_ The boundary of G__ is the union of the half-lines lines G and
G (the former is located above the latter, see Remark 1.1, 1, (i), and Fig. 1.3). Let ((, )
lie on the “upper” border G, . At this point, the right hand side of the invariant system
(1.17) is represented as

atoytf-1
o <pze< FOHBDE _ @ DO H(B4C pT>_<pZe e pZ’()).

(3.3)
The inequalities ¢ < 0 and (1.6) imply that f points to the right (on the (¢, ) plane), i.e.,
inside G, . Let (¢, 0) lie on the “lower” border G . At this point, the right-hand side of
(1.17) is represented as

f= (pzea(%m(ﬁ—l)c — g, prel@DEGEO+BC _ pT) - (O,pT(i%jﬁ‘lc _ pT) .
(3.4)
The inequalities ¢ < 0 and (1.6) imply that f points upwards, i.e., inside Gg_e_' Thus,
system (1.17) survives in G, , which proves that Ht+ = Gy implying H**(u) =
G (u). Finally, the fact that all the solutions of system (1.17) converge to the origin (see
statement (1)) yields that H*" = G is the zone of regressive homeostasis. Statement
(ii) is proved.

Statement (iii) is proved identically.

Let us prove (iv).

Again we argue in terms of the invariant system (1.17). Consider the angle area Ggg_
whose “lower” boudary is the half-line G, and “upper” boundary is the half-line Gé (see
Remark 1.1, 1, (iv), and Fig. 1.3). Take a (o,00) € G, and a (¢1,61) € Gé. For every
A € [0, 1] define the solution t — ({x(t),0x(t)) on [0,00) of (1.17) by

A (0) = o+ A(C1 —Co);  Ox(0) = b + A(61 — 00).

Obviously, (¢A(0),0x(0)) € Ggg_ for all A € (0,1). Let L be the set of all A € [0, 1] such that
for every A € [0, )] there is a ¢, > 0 for which ({y(t4),0x(ts)) € Gg and ((r(t),0,(2)) €
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Ggg_ for all t € [0,¢.). Obviously, 0 € L. We set A\, = sup L. Consider the solution
t = (Ge(8), 04()) = (O (), Or. (1))

Let us prove that ((.(t),0.(t)) € Ggg_ for all t > 0. Suppose this is untrue. Then
(Ci(ts), 04(tx)) belongs to the boundary of Ggg_ for some t, > 0. Suppose (((tx), 0x(tx))
belongs to G, the “lower” boundary of Ggg_. With no loss of generality we assume that ¢,
is the minimal point in time with this property, i.e., ((«(t), 0«(t)) € Ggg_ for all t € [0, ).
As shown in the proof of statement (ii), at point ((,0) = ((«(t),04(t)) the right-hand
side of system (1.17), f (3.3), points to the right. Therefore, ((x,(t« + 0), 0, (t« +9)) =
(Ca(tx+9), 0. (tc+0)) lies in the negative orthant below the straight line Gy for all § € (0, J,]
with some d, > 0. By the continuity of the solution of (1.17) in the initial state we conclude
that for every A € [0, 1] sufficiently close to A., ((x(ts + 0), Ox(t« + 9)) lies in the negative
orthant for all 6 € (0,d,] and (Cx(t« + 04), Ox(t« + 04)) lies below Gy on the (¢, 6) plane.
Consequently, all A € [0,1] sufficiently close to A, belong to L which contradicts the
equality A\, = sup L if A, < 1. Thus, A« = 1. Then ((+(0),0+(0)) = (¢1,061) lies in the
intersection of the straight line G¢ and the positive orthant. One can easily show that
at point ((1,6;) the right-hand side of the invariant system (1.17), points downwards.
Therefore, (Cx, (tx + 9),0x, (t« + 0)) = (Cu(ts + 0), 0.(tx + 9)) lies in the positive orthant
below the half-line Gg for all 6 € (0,6,] with some J, > 0. By the continuity of the
solution of (1.17) with respect to the initial state we conclude that for every A € [0, 1]
sufficiently close to A, ((\(t« +0), Ox(t« 4 9)) lies in the positive orthant for all § € (0, d,]
and ((\(tx + 04), Ox(tx + 0x)) lies below Gé on the (¢, 0) plane. Therefore, for all A € [0, 1]
sufficiently close to A, we have A ¢ L which contradicts the equality A\, = sup L. Thus,
A« = 1 is not possible. This shows that for all ¢ > 0 ({.(t),0.(t)) is not on the “lower”
boundary of Ggg_. A similar argument leads to the symmetric conclusion that for all ¢ > 0
(C«(t),04(t)) does not belong to Gé, the “upper” boundary of Ggg_. This proves that
Cu(t),04(1)) € Ggg_ for all t > 0.

Now we extend the solution ¢ +— ((«(t),04(t)) to (—o0,00). In Ggg_ the vector field of
system (1.17) points south-east; therefore, ((.(t), &(t))Gg@_ for all ¢ € (00, 0] and, conse-
quently, for all € (co,00). Let t +— (Z(t),TT () be the image of t — (Ci(t), 04(t))
under the transformations inverse to (1.8) and (1.16). Obviously ¢+ (Z7(¢), TT(t) is a
solution of the techno-labor system (1.1) which takes values in the north-west angle G /.

Let us show that ¢ — (Z17(t), 777 (¢) is minimal in the sense explained in (iv). Take
arbitrary (¢,0) € Ggg_ located below the trajectory I, = {((x(t),0x(t)) : t € (—o0,00)}
and consider the solution ¢ — ({(t),0(t)) on (—o0,00) of (1.17) such that ({(0),6(0)) =
(¢,0). It is sufficient to show that this solution crosses G, the “lower” boundary of Ggg_.
Suppose this is untrue. Then (((¢),0(¢t)) € GELG_ for all real ¢. By (i) (¢(¢),6(t)) — (0,0)
as t — oo. Therefore, there is a t, such that ({(¢.),6(t.)) lies in the triagnle formed by
the the “lower” and “upper” boundaries of Ggg_ and the segment [ connecting ((p, fp) and
(¢1,61) (recall that (Co, 0p) and (1, 61) lie on the “lower” and “upper” boundaries of Ggg_,
respectively). In Ggg_ the vector field of system (1.17) points south-east; therefore, there
is a tg < t. such that ({(¢o), 0(to)) lies on the segment [ with the end points ({o, 8y) and
(¢1,61). Then ((tg),0(to)) = (Cr),0x) for some A € [0, 1]. Trajectory [, crosses segment
[ at (Cx,),0,,.) by definition. Since (((t),8(to)) = (), 0x) lies below I, it lies below
(Ca., 00,) € Ly, implying A < A, = sup L. Hence, A € L. By the definition of L the solution
t — (Cn(t),0x(t) = (¢(t),0(t)) crosses the “lower” boundary of Ggg_ which contradicts
the assumption. This completes the proof of statement (iv).

Statements (v) — (vii) are proved using similar arguments.
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Statements (viii) — (xi) follow straightforwadrly from (i) and (iv) — (vii) and from the
definitions of the zone of regressive pre-homeostasis, zone of limited pre-collapse, zone

of growth in welfare and decline in technologies and zone of growth in technologies and
decline in welfare.

The proposition is proved.

4 Case 2: progress

The next proposition provides an entire characterization of the behaviors of the techno-
labor system (1.1) in case 2, stagnaion. A graphical illustration is given in Fig. 4.1.
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Fig. 4.1.

Trajectories of the techno-labor system in case 2, progress.
The separation curves in the north-west and south-east
angles are shown in grey.

Proposition 4.1 (Kryazhimskii, et. al., 2002, Proposition 4.2). Let case 2 (progress)
take place, i.e., (1.7) hold. Let u be an arbitrary control. Then

(i) the rest point (Z*(u),T*(u)) of the techno-labor system (1.1) under control w is
unstable;

(ii) the zone of homeostasis under control u, H*¥(u), is the north-east angle G+ (u);
moreover, the zone of progressive homeostasis under control u coincides with H ™ (u);

(iii) the zone of collapse under control u, C~~(u), is the south-west angle G, (u);
moreover, the zone of total collapse under control u coincides with C~ (u);

(iv) there exists the unique solution ¢ — (Z~T(¢),T~") of system (1.1), which is
defined on (—o0,00) and takes values in the north-west angle, G- (u); moreover, the
trajectory AT~ (u) of this solution splits G 47 (u), in two open areas, H*~(u) and C*~ (u),
adjoining the north-east angle G+ (u) and south-west angle G, (u) respectively;
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(v) symmetrically, there exists the unique solution ¢ — (Z~T(¢), T~) of system (1.1),
which is defined on (—o0, 00) and takes values in the south-east angle, G,F (u); moreover,
the trajectory A=F(u) of this solution splits GF(u), in two open areas, H~*(u) and
C~* (u), adjoining the north-east angle G} (u) and south-west angle G- (u) respectively;

(vi) H(u), the zone of pre-homeostasis under control u, is the union of H*~(u) and
H ~t(u); moreover, the zone of progressive pre-homeostasis under control u coincides with
H (u); . .

(vii) C(u), the zone of pre-collapse under control u, is the union of C*~ (u) and C~ (u);
moreover, the zone of total pre-collapse under control u coincides with C(u).

Proof. We use the transformations (1.8) and (1.16) and reduce the techno-labor system
(1.1) to the invariant system (1.17) whose unique stationary point is the origin.

Let us prove (i).

As in the proof of statement (i) of Proposition 3.1 we linarize system (1.17) in a
neighborhood of the origin and find that the roots of of characteristic equation, A; and
Az, are given by (3.1) where the determiant is positive (see (3.2)). Hence, A\; and Ay are
real. Inequatlity (1.7) implies that A; and Ay have different signes. Therefore, the rest
point (0, 0) is unstable. Statement (i) is proved.

Let us prove (ii).

The right-hand sides of both equations in (1.17) are positive if and only if (6, {) belongs
to the interior of the invariant north-east angle, G?f (see Fig. 1.4). Therefore, the
transformed zone of homeostasis under control u, H*¥(u), lies necessarily in Gg;. In
order to state that A+ = G, (which implies that H** (u) = Gz (u)) it suffices to
show that the invariant system (1.17) survives in Géf. Thi is so if the vector field of
(1.17) points inside G?f at every point (¢,6) on the boundary of Géf. The boundary
of G?f is the union of the half-lines lines G and Gé (the former is located above the
latter, see Remark 1.1, 2, (i), and Fig. 1.4). Let (¢, ) lie on the “upper” border G;. At
this point, the right hand side of the invariant system (1.17) is represented as (3.3) The
inequalities ¢ > 0 and (1.7) imply that f points to the right (on the (¢, §) plane), i.e., inside
Géf. Let (¢, 0) lie on the “lower” border Gé. At this point, the right-hand side of (1.17)
is represented as (3.4). The inequalities ¢ > 0 and (1.7) imply that f points upwards, i.e.,
inside Géf. Thus, system (1.17) survives in Gg;, which proves that H+ = G?f implying
H*t*(u) = Gz (u). Every solution t — (¢(t),6(t)) such that (¢(0),6(0)) € GELG”L remains
in G?f and does not converge to the origin, implying that {(t) — oo and 6(t) — oo as
t — oco. This proves that HT1 = G}; is the zone of progressive homeostasis. Statement
(ii) is proved.

Statement (iii) is proved identically.

Let us prove (iv).

Arguing like in the proof of statement (iv) of Proposition 3.1, we show that there
is a solution t — ((x(t),0«(t)) on (—oo,00) of the invariant system (1.17) such that
(C«(1),04(2)) € Ggg_ for all t > 0. The fact that in Ggg_ the right-hand side of (1.17)
points south-east (see Fig. 3.4) implies that ({.(¢), 04(t)) — (0,0) as t — co. Let us show
that there is no other solution of (1.17) possessing these properties; this will immediately
complete the proof of statement (iv). The trajectory of every solution of (1.17) which
takes values in Ggg_ is the graph of a solution of the differential equation

w_,

7 = hCo) (1)
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where
oT e(a—l)@—i—(,@—l—'y){ —1

h(¢.0) = by et (A1 _ ]

(we get (4.1) if we divide the second equation in (1.17) by the first). The trajectory of
the solution ¢ — ((4(t), 0.(t)) is the graph of a solution ¢ — 6,(¢) of (4.1) which is defined
on (—o0,0) and satisfies the conditions ((,0.(¢)) € Ggg_ and 0,(C) - 0as ¢ — 0. It
is suffivient to state that (4.1) has the unique solution possessing these properties. The
latter fact takes place if we show that for every ¢ < 0 the function 6 — h((, 0) is strictly
increasing in a neighborhood of 6,(¢). Let us check this. Take a ¢ < 0 and set 8 = 6,(().
We have

on(,0)  pr(a— 1)e(a—1)9+(ﬁ+w)ﬁ(ea0+(,@—1)4 —1) - aea0+(ﬂ—1)4(e(a—1)9+(ﬂ+7)4 —1)
90 07 (eaf+(B-1)C —1)2

Point (¢, 0) € G}, lies above the straight line Gg(u) (1.18), i.e.,
co
(a—1)0+ (B+v)¢<0.

By (1.7)

=

-1
B ks
o a—1

12

Then using ¢ < 0, we get

ae+(ﬁ—1)4_a<e+ﬂ_lc> <a<0+%§> <.

(07

Hence,
ela=1)0+(B+7)¢ _ 1 0, e0+(B-1)C _ 1 < 0.
Consequently,
Oh(¢, 0)
0.
00 =

This completes the proof of statement (iv).
Statement (v) is proved similarly.
Statements (vi) and (vii) follow straightforwardly from (iv) and (v) and the definitions
of the zones of progressive pre-homeostasis and zone of total pre-collapse (under control
The proposition is proved.
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