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P r e f a c e  

I n t e r e s t  i n  human s e t t l e m e n t  s y s t e m s  and p o l i c i e s  h a s  been  
a  c r i t i c a l  p a r t  o f  u r b a n - r e l a t e d  work a t  IIASA s i n c e  i t s  i n c e p -  
t i o n .  R e c e n t l y  t h i s  i n t e r e s t  h a s  g i v e n  r i se  t o  a  c o n c e n t r a t e d  
r e s e a r c h  e f f o r t  f o c u s i n g  on m i g r a t i o n  dynamics  and s e t t l e m e n t  
p a t t e r n s .  Four  s u b - t a s k s  form t h e  c o r e  o f  t h i s  r e s e a r c h  e f f o r t :  

I .  t h e  s t u d y  o f  s p a t i a l  p o p u l a t i o n  dynamics ;  

11. t h e  d e f i n i t i o n  and e l a b o r a t i o n  o f  a  new r e s e a r c h  
a r e a  c a l l e d  demometr ics  and i t s  a p p l i c a t i o n  t o  --- 
m i g r a t i o n  a n a l y s i s  and  s p a t i a l  p o p u l a t i o n  
f o r e c a s t i n g ;  

111. t h e  a n a l y s i s  and d e s i g n  o f  m i g r a t i o n  and s e t t l e -  
ment p o l i c y ;  

I V .  a  c o m p a r a t i v e  s t u d y  of  n a t i o n a l  m i g r a t i o n  and  
s e t t l e m e n t  p a t t e r n s  and p o l i c i e s .  

T h i s  p a p e r ,  t h e  t e n t h  i n  t h e  s p a t i a l  p o p u l a t i o n  dynamics  
ser ies ,  d e a l s  w i t h  a  c o n c e p t  which i s  c u r r e n t l y  r e c e i v i n g  
g r e a t  i n t e r e s t  i n  t h e  demographic  l i t e r a t u r e :  t h e  r e p r o d u c t i v e  
v a l u e .  I t  r e f o r m u l a t e s  t h e  n o t i o n  o f  r e p r o d u c t i v e  v a l u e  and  
g e n e r a l i z e s  it t o  m u l t i r e g i o n a l  demographic  s y s t e m s .  The 
u s e f u l n e s s  o f  t h i s  c o n c e p t  f o r  demographic  a n a l y s i s  i s  demon- 
s t r a t e d  i n  t h e  a p p l i c a t i o n s .  

R e l a t e d  p a p e r s  and o t h e r  p u b l i c a t i o n s  of  t h e  m i g r a t i o n  
and s e t t l e m e n t  s t u d y  a r e  g i v e n  on t h e  back page  o f  t h i s  r e p o r t .  
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Human S e t t l e m e n t  & S e r v i c e s  Area  

J a n u a r y  1 9 7 7  

iii 





Abstract 

What is important for population growth is not the 
number of people, but the biological potential. This 
observation led Fisher in 1929 to the development of 
the concept of reproductive value 3s part of a theory 
of natural selection. Recently, mathematical demogra- 
phers have explored this concept and shown how it 
provides solutions to problems of population dynamics 
that are governed by fertility and mortality. This 
paper reformulates the theory of reproductive value, and 
generalizes it to multiregional population systems, 
the dynamics of which are determined by fertility, 
mortality, and migration. Births are considered as 
investments in lives or individuals by the society. 
The growth of the population depends on the number of 
investments (births), and on when and where they take 
place. A number of applications of the spatial repro- 
ductive value concept are indicated. The computations 
of the stable birth trajectory and population growth 
path are discussed in detail. Numerical illustrations 
are used throughout the paper. 
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The S p a t i a l  R e p r o d u c t i v e  --- Value :  

Theory  and  A p p l i c a t i o n s  

I t  i s  n o t  uncommon i n  s c i e n c e  t h a t  a n  o l d  and a l m o s t  f o r g o t -  

t e n  c o n c e p t  i s  p i c k e d  up d e c a d e s  l a t e r  and i s  t h e n  r e c e i v e d  w i t h  

i n t e r e s t .  The c o n c e p t  o f  r e p r o d u c t i v e  v a l u e  was deve loped  i n  

1929 by R . A .  F i s h e r .  R e c e n t l y  Goodman (1967 ,  1971)  and K e y f i t z  

(1975)  have  s t u d i e d  t h e  c o n c e p t  and have  i n d i c a t e d  a  w ide  f i e l d  

o f  a p p l i c a t i o n .  

I t  i s  t h e  p u r p o s e  o f  t h i s  p a p z r  t o  g e n e r a l i z e  t h e  i d e a  o f  

r e p r o d u c t i v e  v a l u e  t o  a  m u l t i r e g i o n a l  p o p u l a t i o n  sys t em which 

i n c l u d e s  i n t e r n a l  m i g r a t i o n .  The i n t r o d u c t i o n  o f  t h e  s p a t i a l  

r e p r o d u c t i v e  v a l u e  i n  t h e  a n a l y s i s  e n a b l e s  u s  t o  s o l v e  i n  a n  

e l e g a n t  way problems o f  m u l t i - r e g i o n a l  s t a b l e  and s t a t i o n a r y  

p o p u l a t i o n s ,  p rob lems  which p r e v i o u s l y  c o u l d  n o t  b e  s o l v e d  a t  

a l l  o r  o n l y  i n  a  c o m p l i c a t e d  manner.  

1 .  THE THEORY OF SPATIAL REPRODUCTIVE VALUE 

F i s h e r  (1929 ,  p .  27)  r e g a r d e d  b i r t h  a s  a  l o a n  o f  l i f e  t o  a  

c h i l d .  I n  t h c  c o u r s e  o f  t h i s  l i f e ,  t h e  i n d i v i d u a l  must  pay back  

t h i s  d e b t  w i t h  i n t e r e s t  by p r o d u c i n g  new l i f e ,  i . e . ,  o f f s p r i n g .  

The i n t e r e s t  r a t e  t o  be  p a i d  h a s  a  s i m p l e  and p a r t i c u l a r l y  u s e -  

f u l  demographic  i n t e r p r e t a t i o n .  I t  i s  t h e  i n t r i n s i c  g rowth  r a t e  

o f  t h e  p o p u l a t i o n ,  i . e . ,  t h e  g rowth  r a t e  a t  s t a b i l i t y  o r  s t e a d y  

s t a t e  e q u i l i b r i u m .  

I n  t h i s  s e c t i o n  w e  p r o p o s e  a  s l i g h t l y  d i f f e r e n t  c o n c e p t u a l  

app roach  t o  t h e  r e p r o d u c t i v e  v a l u e .  By d o i n g  s o  t h e  c o n c e p t  o f  

s p a t i a l  r e p r o d u c t i v e  v a l u e  becomes more m e a n i n g f u l ,  and  t h e  

demographic  c h a r a c t e r i s t i c s  u n d e r l y i n g  t h e  n o t i o n  i t s e l f  a s  

c o n s i d e r e d  by Roge r s  ( 1 9 7 5 ) ,  a r e  g i v e n  a  b r o a d e r  i n t e r p r e t a t i o n  

(see a l s o  Rogers  and  W i l l e k e n s ,  1 9 7 6 b ) .  



1.1 The Multiregional Characteristic Matrix 

Consider a multiregional female population. Suppose that 

the probability that a girl, born in region i, will survive 

to age a and he in region j at that time is ( a ) .  The chance 
i I 

of her having a child in region j hetween ages a and a + da is 
m.(a) da. The expected number of births in region j during this 
I 

small interval, to a woman born in region i a years ago is 

For the multiregional system, we may express (1.1) in matrix 

notation as 

m(a) 2 (a) da - - 

where m(a) is a diagonal matrix of age-specific regional fertility - 
rates, and 

This quantity summed over all reproductive ages is the - net 

reproduction matrix R (0) - (Rogers, defined as 

where a is the youngest age of childbearing and B the oldest. 
The matrix R(0) represents the expected number and spatial distri- - 
bution of children, by which a girl child in each region will be 

replaced in the stationary population. It is the multiregional 



analogue of t h e  N e t  Reproduct ion  Ra te .  An e lement  R .  ( 0 )  
i I 

d e n o t e s  t h e  e x p e c t e d  number o f  o f f s p r i n g  born  i n  r e g i o n  j of a  

woman who i s  h e r s e l f  born  i n  r e g i o n  i. The v a l u e  o f  t h i s  

e lement  i s  determined n o t  o n l y  by t h e  f e r t i l i t y  and m o r t a l i t y  

behav io r  o f  t h e  woman born  i n  i, b u t  a l s o  by h e r  m i g r a t i o n  

behav io r .  

By way o f  i l l u s t r a t i o n ,  c o n s i d e r  t h e  two-region system o f  
I S l o v e n i a  and t h e  rest o f  Yugoslavia.  The m a t r i x  R ( O )  i s  - 

n u m e r i c a l l y  e v a l u a t e d  by t h e  formula  

where M(a) i s  t h e  d i a g o n a l  m a t r i x  o f  ave rage  annua l  f e r t i l i t y  - 
r a t e s  o f  t h e  age group a  t o  a  + 4 ,  and L ( a )  i s  t h e  m a t r i x  o f  - 
t h e  pe r son-years  l i v e d  between ages  a  and a  + 5 by t h e  l i f e  

t a b l e  p o p u l a t i o n .  For  t h e  y e a r  1961, R(0)  was - 

The t o t a l  number o f  female  o f f s p r i n g  o f  a  woman born  i n  

S l o v e n i a  i s  1.08 on t h e  average .  A p a r t  of  them, namely 0 . 9 6 ,  

w i l l  b e  born  i n  S l o v e n i a .  The res t ,  0.12,  w i l l  be  born  i n  t h e  

rest o f  Yugoslavia .  On t h e  o t h e r  hand, a  g i r l  b o r n  i n  t h e  rest  

o f  Yugoslavia  i s  expec ted  t o  be r e p l a c e d  by 1.19 d a u g h t e r s ,  0.01 

o f  them born  i n  S l o v e n i a .  

 he numer ica l  r e s u l t s  i n  t h i s  p a p e r  d e v i a t e  from t h e  i l l u s -  
t r a t i o n s  i n  Rogers and Wil lekens  (1976b) due t o  a  s l i g h t l y  
d i f f e r e n t  approach t o  t h e  computa t ion  o f  t h e  m u l t i r e g i o n a l  l i f e  
t a b l e .  The l i f e  t a b l e  p r o b a b i l i t i e s  have been computed u s i n g  
t h e  Rogers-Ledent method (Rogers and Ledent ,  1 9 7 6 ) .  



To e n a b l e  t h e  comparison of  t h e  demographic b e n e f i t s  and 

c o s t s  of  l i f e ,  t h e  e x p e c t e d  number of  o f f s p r i n g  of a  g i r l  c h i l d  

must b e  d i s c o u n t e d  back t o  t h e  t ime  o f  h e r  b i r t h .  The v a l u e  a t  

b i r t h  of an  o f f s p r i n g  born  t o  a  woman o f  age  a  i s  e- la ,  r b e i n g  

t h e  r a t e  o f  d i s c o u n t .  For  p o s i t i v e  r ,  an  o f f s p r i n g  i s  wor th  

more i f  it comes a t  a  young age  a .  I n t r o d u c i n g  t h e  d i s c o u n t i n g  

t h e r e f o r e  adds a  t i m e  p r e f e r e n c e  t o  t h e  f a c t  of having c h i l d r e n .  

The e x a c t  demographic i n t e r p r e t a t i o n  of  r w i l l  be e x p l o r e d  i n  

t h e  n e x t  s e c t i o n .  

The expec ted  number of  o f f s p r i n g ,  d i s c o u n t e d  a t  t h e  t i m e  o f  

b i r t h  o f  t h e  mother  a t  a  r a t e  r ,  i s  g i v e n  by t h e  m u l t i r e g i o n a l  

c h a r a c t e r i s t i c  m a t r i x  Y ( r )  (Rogers ,  1975, p .  93)  , d e f i n e d  a s  - -  

where 

An e lement  Y . ( r )  d e n o t e s  t h e  d i s c o u n t e d  number o f  d a u g h t e r s  
i 3 

born  i n  r e g i o n  j t o  a  mother  born  i n  r e g i o n  i. Note t h a t  

Y ( r )  = ~ ( 0 )  i f  t h e  d i s c o u n t  r a t e  i s  ze ro .  I n  f a c t ,  Y ( r )  may be - - - 
t h o u g h t  o f  a s  t h e  2. 

F o r  t h e  S l o v e n i a - r e s t  of  Yugoslavia example, t h e  expec ted  

number o f  o f f s p r i n g ,  d i s c o u n t e d  a t  a  r a t e  r = 0.006099 is 

The d i s c o u n t e d  number o f  o f f s p r i n g  of  a  woman born  i n  S l o v e n i a  

i s  less  t h a n  u n i t y .  A t  f i r s t  g l a n c e ,  t h i s  would mean t h a t  s h e  



d o e s  n o t  pay  back  a l l  o f  h e r  d e b t ,  w h i l e  a  woman b o r n  i n  t h e  

res t  o f  Y u g o s l a v i a  p a y s  back  m o r e  t h a n  h e r  d e b t .  However, t h i s  

i s  n o t  so a s  w i l l  b e  shown i n  t h e  f o l l o w i n g  s e c t i o n .  

1 . 2  The Concept  o f  t h e  S p a t i a l  R e p r o d u c t i v e  Va lue  

To d e r i v e  a n  i n t e r p r e t a t i o n  f o r  t h e  d i s c o u n t  ra te  r a n d  f o r  

t h e  r e p r o d u c t i v e  v a l u e ,  it i s  u s e f u l  t o  c o n s i d e r  l i f e  and b i r t h  

a s  a  s o c i e t a . 1  i n v e s t m e n t  i n  i n d i v i d u a l s .  The u l t i m a t e  demo- 

g r a p h i c  o b j e c t i v e  t h e  s o c i e t y  p u r s u e s  i s  t o  k e e p  i t s e l f  up and  

t o  expand a t  t h e  h i g h e s t  r a te  p o s s i b l e . 2  To a t t a i n  t h i s  g o a l  

it i n v e s t s  i n  l i v e s .  Each  i n d i v i d u a l  i s  g i v e n  a l i f e  a t  b i r t h .  

Dur ing  t h e  r e p r o d u c t i v e  a g e s  t h e  i n d i v i d u a l  h a s  t o  r e p a y  t h e  

d e b t  i n c u r r e d  a t  b i r t h  by p r o d u c i n g  o f f s p r i n g .  The amount o f  

o f f s p r i n g  p roduced  s h o u l d  a s s u r e  t h e  s o c i e t y  a  c o n t i n u i n g  g rowth  

a t  t h e  h i g h e s t  ra te  p o s s i b l e .  

T h i s  maximum - g r o w t h  r a te  i s  o n l y  f e a s i b l e  i f  t h e  i n t r i n s i c  

r a t e  o f  r e t u r n  t o  i n v e s t m e n t  i s  as g r e a t  as p o s s i b l e . 3  The  

ra te  o f  r e t u r n  i s  t h e  d i s c o u n t  r a t e  which  makes t h e  p r e s e n t  

v a l u e  o f  t h e  n e t  e a r n i n g s  stream e q u a l  t o  t h e  p r e s e n t  v a l u e  o f  

t h e  costs i n c u r r e d .  

Suppose  s o c i e t y  i n v e s t s  i n  a s i n g l e  l i f e .  L e t  t h e  p r e s e n t  

v a l u e  o f  l i f e  a t  b i r t h  b e  e q u a l  t o  o n e ,  t h e n  t h e  r a t e  o f  r e t u r n  

mus t  b e  s u c h  t h a t  t h e  p r e s e n t  v a l u e  o f  t h e  o f f s p r i n g  ( e a r n i n g s )  

p roduced  by t h e  baby g i r l  e q u a l s  o n e  too. Hence 

2  
T h i s  s t a t e m e n t  i s  n o t  new. L o t k a  (1956 ,  p .  1 2 8 )  w r i t e s :  

" B u t ,  i n  t h e  o r g a n i c  w o r l d  a t  l a r g e  a l s o ,  t h e r e  i s  p r e s u m a b l y  
a t  leas t  some t e n d e n c y  f o r  t h e  a d j u s t m e n t  o f  t h e  p r o c r e a t i o n  
f a c t o r  so t o  t a k e  p l a c e  as  t o  make t h e  r a t e  o f  i n c r e a s e  r 
a maximum u n d e r  t h e  e x i s t i n g  c o n d i t i o n s . "  

 h his i s  t r u e  s i n c e  e a c h  o f f s p r i n g  i s  i n  t u r n  a  new 
i n v e s t m e n t .  



Equa t ion  ( 1 . 5 )  i s  i d e n t i c a l  t o  t h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  

s i n g l e  r e g i o n  mathemat ica l  demography from which t h e  r impl ied  

by a  n e t  m a t e r n i t y  f u n c t i o n  m(a)  i ( a )  i s  c a l c u l a t e d .  The 

c h a r a c t e r i s t i c  e q u a t i o n  may t h e r e f o r e  be  g i v e n  an a l t e r n a t i v e  

i n t e r p r e t a t i o n :  it makes t h e  inves tment  c o s t s  e q u a l  t o  t h e  

p r e s e n t  v a l u e  o f  t h e  n e t  e a r n i n g s  s t r eam.  The s t a b l e  growth 

r a t e  r i s  t h e  i n t r i n s i c  r a t e  o f  r e t u r n  t o  t h e  inves tment .  

The t h e o r y  p r e s e n t e d  h e r e  d i f f e r s  i n  some r e s p e c t  from t h e  

t h e o r y  o f  r e p r o d u c t i v e  v a l u e  o f  F i s h e r  (1929) and K e y f i t z  (1975) 

Unl ike  b o t h  a u t h o r s ,  we do n o t  r e l y  e x p l i c i t l y  on t h e  repayment- 

o f - d e b t - i n t e r p r e t a t i o n .  The f o c u s  i s  on t h e  s o c i e t y  a s  an  

i n v e s t o r  and n o t  on t h e  i n d i v i d u a l  i n  which a  l i f e  h a s  been 

i n v e s t e d .  T h i s  approach  e n a b l e s  u s  t o  e x p l a i n  why r t a k e s  t h e  

v a l u e  it has .  Moreover,  it f a c i l i t a t e s  t h e  i n t e r p r e t a t i o n  o f  

t h e  r e p r o d u c t i v e  v a l u e  i n  t h e  m u l t i r e g i o n a l  c a s e ,  where n o t  

o n l y  t h e  number o f  o f f s p r i n g  a r e  i m p o r t a n t ,  b u t  a l s o  where t h e y  

a r e  born .  I n  a d d i t i o n ,  it i s  s p e c u l a t e d  t h a t  t h i s  t h e o r y  p u t s  

l i g h t  on t h e  convergence  p a t h  of  a  p o p u l a t i o n  t o  s t a b i l i t y .  The 

obse rved  and p r o j e c t e d  p o p u l a t i o n . g r o w t h  r a t e  i s  analogous  t o  

t h e  r a t e  o f  i n t e r e s t .  I t  i s  n o t  c o n s t a n t  o v e r  t i m e  and s p a c e  

b u t  f l u c t u a t e s  from one  p e r i o d  t o  t h e  o t h e r  and between r e g i o n s .  

I n  t h e  long  r u n ,  t h e  r a t e  o f  i n t e r e s t  converges  t o  t h e  i n t r i n s i c  

r a t e  o f  r e t u r n .  A t  e q u i l i b r i u m ,  i . e . ,  i n  t h e  s t a b l e  p o p u l a t i o n ,  

b o t h  a r e  e q u a l .  

To g e n e r a l i z e  t h e  c o n c e p t  of r e p r o d u c t i v e  v a l u e  t o  a  m u l t i -  

r e g i o n a l  p o p u l a t i o n  sys tem,  suppose  t h a t  t h e  s o c i e t y  i n v e s t s  

n o t  i n  a  s i n g l e  l i f e  b u t  i n  a  p o r t f o l i o ,  e a c h  e lement  i n  t h e  

p o r t f o l i o  b e i n g  a  r e g i o n .  The s o c i e t y  d i s t r i b u t e s  i t s  i n v e s t -  

ment i n  l i v e s  between t h e  r e g i o n s  i n  such  a  way a s  t o  s u p p o r t  

a  maximum o v e r a l l  growth r a t e .  E q u i v a l e n t l y ,  t h e  r a t e  o f  r e t u r n  

must be  maximum. Denote t h e  s p a t i a l  d i s t r i b u t i o n  o f  b i r t h s  

( i . e . ,  i n v e s t m e n t  i n  l i v e s )  by t h e  v e c t o r  (Q). For  a  two-region - 
sys tem,  



The t o t a l  d i s c o u n t e d  number o f  o f f s p r i n g  o f  Q1 b i r t h s  i n  

r e g i o n  1  i s  l Y . Q 1 .  A p o r t i o n  Y Q o f  t h e  b i r t h s  w i l l  b e  b o r n  1 1  1  
i n  r e g i o n  1  and  1Y2Q1 w i l l  b e  bo rn  i n  r e g i o n  2 ,  due  t o  t h e  mig ra -  

t i o n  b e h a v i o r  o f  t h e  g i r l  b e f o r e  and  d u r i n g  h e r  r e p r o d u c t i v e  a g e s .  

A n a l o g o u s l y ,  t h e  d i s c o u n t e d  v a l u e  o f  a l l  b i r t h s  i n  r e g i o n  1 i s  

I n  g e n e r a l  

To m a i n t a i n  t h e  g rowth  p o t e n t i a l  o f  t h e  p o p u l a t i o n  and  t o  a s s u r e  

a  maximum ra te  o f  r e t u r n ,  t h e  p r e s e n t  v a l u e  o f  t h e  f l o w  o f  b i r t h s  

i n  r e g i o n  i mus t  remain  e q u a l  t o  t h e  a c t u a l  number o f  b i r t h s  o r  

l i v e s  i n v e s t e d  Qi. T h i s  i m p l i e s  t h a t  f o r  e a c h  r e g i o n ,  t h e  r a t i o  

o f  t h e  p r e s e n t  v a l u e  o f  t h e  b i r t h s  i n  t h a t  r e g i o n  i n  e a c h  g e n e r a -  

t i o n  t o  t h e  number o f  b i r t h s  a t  t h e  b e g i n n i n g  o f  t h a t  g e n e r a t i o n  

must  b e  e q u a l  t o  o n e ,  i . e . ,  

I f  t h e  i n v e s t m e n t  o f  o n e  l i f e  i n  a  r e g i o n  i s  s e e n  as a  d e b t  o f  

t h e  r e g i o n  t o  s o c i e t y ,  t h e n  i n  e q u i l i b r i u m  e a c h  r e g i o n  mus t  r e p a y  

i t s  d e b t  t o g e t h e r  w i t h  t h e  i n t e r e s t ,  computed a t  a r a t e  r .  Fur -  

t h e r m o r e ,  t h e  r e l a t i v e  s p a t i a l  d i s t r i b u t i o n  o f  b i r t h s  m u s t  r ema in  

c o n s t a n t ,  and  t h e  a c t u a l  number o f  b i r t h s  a t  t i m e  t i s  g i v e n  by 

By way o f  c o n c l u s i o n ,  t h e  d i s t r i b u t i o n  o f  b i r t h s  { Q )  i n  t h e  - 
s t a b l e  p o p u l a t i o n  may b e  i n t e r p r e t e d  as t h e  s p a t i a l  d i s t r i b u t i o n  

o f  i n v e s t m e n t s  i n  l i v e s  which  e n a b l e s  t h e  s o c i e t y  as a  whole  t o  

grow a t  t h e  h i g h e s t  ra te  p o s s i b l e ,  o r  e q u i v a l e n t l y ,  which  g i v e s  

it t h e  g r e a t e s t  r a t e  o f  r e t u r n  t o  i n v e s t m e n t  unde r  t h e  s c h e d u l e s  



of f e r t i l i t y ,  m o r t a l i t y  and mig ra t i on .  The d i s t r i b u t i o n  EQ) i s  ...- 
unique up t o  a  s c a l a r .  

Mathemat ica l ly ,  { Q )  i s  t h e  r i g h t  e i g e n v e c t o r  of  Y ( r ) .  For  - ... 
t h e  system S loven ia -Res t  of  Yugoslavia ,  

under  t h e  conven t ion  t h a t  t h e  number o f  b i r t h s  i n  S loven i a  i s  

u n i t y .  Th i s  i m p l i e s  t h a t  a t  s t a b i l i t y ,  4.58% of t h e  b i r t h s  

occu r  i n  S loven i a  and 95.42% i n  t h e  rest of Yugoslavia .  

The d i s t r i b u t i o n  of  b i r t h s  p i c t u r e s  o n l y  one s i d e  o f  t h e  

c o i n .  The o t h e r  s i d e  i s  t h e  va lue  of a  baby i n  a  g iven  r eg ion  

f o r  t h e  o v e r a l l  growth p o t e n t i a l .  S i n c e  s o c i e t y  t r i e s  t o  s u s t a i n  

a  maximal growth r a t e  o r  r a t e  of  r e t u r n ,  and s i n c e  t h e  p r o d u c t i v e  

c a p a c i t y  a s  shown i n  t h e  f e r t i l i t y  and m o r t a l i t y  s chedu l e s  i s  

d i f f e r e n t  from one r e g i o n  t o  a n o t h e r ,  i t  m a t t e r s  where t h e  baby 

is  born .  L e t  t h e  v e c t o r  E v ( 0 ) )  deno t e  t h e  va lue  o f  a  baby o r  a  
?., 

0-year-old g i r l  by r e g i o n .  Note t h a t  it means how much a  baby 

i s  worth f o r  s u s t a i n i n g  t h e  maximum r a t e  of  growth. During t h e  

e q u i l i b r i u m ,  p o p u l a t i o n  grows a t  a  maximum r a t e  r and t h e  r e l a -  

t i v e  v a l u e  of  a  r e g i o n a l  b i r t h  canno t  be i n c r e a s e d .  Otherwise ,  

a  s h i f t i n g  o f  b i r t h s  cou ld  produce a  h i g h e r  r .  
4 

The v a l u e  o f  a  b i r t h  o r  a  0-year-old q i r l  r e f l e c t s  h e r  

c a p a c i t y  t o  produce  new 1ive .s .  I f  a  0-year-old i n  r e g i o n  1 i s  

worth v 1  ( O ) ,  t h e n  t h e  repr0duc t iv .e  v a l u e  o f  t h e  d iscounted.  

number of  o f f s p r i n g  must a l s o  be v l ( 0 ) ,  i . e . ,  

4 ~ h e  s p a t i a l  d i s t r i b u t i o n  o f  b i r t h s  { Q }  and of  t h e  repro-  
d u c t i v e  v a l u e  E v ( 0 ) )  may be i n t e r p r e t e d ,  r e s p e c t i v e l y ,  a s  t h e  
p r ima l  and t h e  a u a l  of  mathemat ica l  programming. The s p e c i f i c s  
and t h e  i m p l i c a t i o n s  o f  t h i s  correspondence  a r e  be ing  exp lo r ed .  



where Y .  i s  t h e  d i s c o u n t e d  number o f  o f f s p r i n g  i n  r e q i o n  j 
i 3 

o f  a  g i r l  bo rn  i n  r e g i o n  i .  I n  g e n e r a l ,  w e  may w r i t e  

where { v ( o )  1 i s  t h e  v e c t o r  o f  r e g i o n a l  r e p r o d u c t i v e  v a l u e s  o f  - 
0-year -o ld  g i r l s .  I t  i s  c o n s t a n t  up t o  a  s c a l a r .  I f  t h e  i n v e s t -  

ment  i n  o n e  l i f e  i n  a  r e g i o n  i s  s e e n  a s  a d e b t  o f  a n  i n d i v i d u a l  

t o  s o c i e t y ,  t h e n  i n  e q u i l i b r i u m ,  e a c h  i n d i v i d u a l  must r e p a y  t h a t  

d e b t  t o g e t h e r  w i t h  t h e  i n t e r e s t ,  computed a t  a  r a t e  r .  The 

repayment  does  n o t  have t o  t a k e  p l a c e  i n  t h e  r e g i o n  o f  o r i g i n .  

P a r t i a l  repayment  can  o c c u r  i n  t h e  o t h e r  r e g i o n ,  where a  b i r t h  

i s  wor th  more o r  less  t h a n  i n  t h e  r e g i o n  o f  o r i g i n .  

M a t h e m a t i c a l l y ,  {v - ( 0 )  1 i s  t h e  l e f t  e i g e n v e c t o r  o f  Y - ( r )  . 
F o r  t h e  sys t em S l o v e n i a - R e s t  o f  Y u g o s l a v i a ,  

F o r  s u s t a i n i n g  t h e  maximum growth  r a t e  o f  0 . 6 1 % ,  a  b i r t h  i n  t h e  

rest o f  Yugos lav ia  i s  wor th  a l m o s t  t w i c e  a s  much a s  a  b i r t h ' i n  

S l o v e n i a .  The r e a s o n  i s  t h e  h i g h  f e r t i l i t y  l e v e l  i n  t h e  rest 

o f  Y u g o s l a v i a ,  combined w i t h  t h e  low o u t m i g r a t i o n  l e v e l  t o  

S l o v e n i a  where f e r t i l i t y  i s  lower .  I f  t h e  f e r t i l i t y  l e v e l  o f  

S l o v e n i a  would d r o p  t o  10% o f  i t s  c u r r e n t  v a l u e ,  k e e p i n g  t h e  

p r o f i l e  c o n s t a n t ,  t h e n  t h e  r e p r o d u c t i v e  v a l u e  o f  a  b i r t h  i n  t h e  

rest o f  Yugos lav ia  would be  9  t i m e s  t h a t  i n  S l o v e n i a .  

Because o f  t h e  r e g i o n a l  d i f f e r e n c e s  i n  t h e  r e p r o d u c t i v e  

v a l u e  o f  a  0 -yea r -o ld ,  a  baby g i r l  bo rn  i n  S l o v e n i a  c a n  r e p a y  

h e r  d e b t  by g i v i n g  l i f e  t o  o n l y  0.916 o f f s p r i n g  a t  t h e  a v e r a g e ,  

i . e . ,  less t h a n  one  d a u g h t e r  ( d i s c o u n t e d ) .  The 0.102 d a u g h t e r s  

b o r n  i n  t h e  res t  o f  Yugos lav ia  have  a  h i g h e r  v a l u e  t h a n  an  

e q u i v a l e n t  number o f  d a u g h t e r s  bo rn  i n  S l o v e n i a .  The w e i g h t e d  

d i s c o u n t e d  repayment  i s  one: 



The above i n t e r p r e t a t i o n  of t h e  c h a r a c t e r i s t i c  e q u a t i o n s  

( 1 . 6 )  and ( 1 . 1 0 )  and of  t h e  v a l u e  o f  a  0-year-old g i r l ,  s u g g e s t s  

a s k i n g  how much t h e  p r o d u c t i v e  c a p a c i t y  i s  of  a  g i r l  aged x .  5 

The answer i s  t h e  e x p e c t e d  number of subsequen t  c h i l d r e n  d i s -  

coun ted  back t o  age  x ,  and weighted. by t h e  r e g i o n  o f  b i r t h :  

Denot ing  

n ( x )  = I" -r (a-x)  
." m(a)  ." ." ( a )  i-' .., ( x )  da  

x 

w i t h  

t h e n  w e  may w r i t e  ( 1 1  a s  

The m a t r i x  n ( x )  ,- r e p r e s e n t s  t h e  expec ted  number of o f f s p r i n g  

p e r  woman aged x y e a r s ,  and d i s c o u n t e d  a t  age  x.  An e lement  

n . ( x )  g i v e s  t h e  number o f  c h i l d r e n  t o  be born  i n  r e g i o n  j from 
i 3 
a  woman now x  y e a r s  of  age  and r e s i d e n t  o f  r e g i o n  i f  d i s c o u n t e d  

back t o  aqe  x. The v e c t o r  I v ( x ) I  - r e p r e s e n t s  t h e  r e p r o d u c t i v e  

v a l u e  o f  an  x-year-o ld  g i r l  by r e g i o n  of  r e s i d e n c e .  Note t h a t  

t h e  v a l u e s  of  t h e  e l e m e n t s  o f  { v ( x ) )  depend on t h e  s c a l i n g  -- 
i n h e r e n t  i n  { v  ( 0 )  I .  I n  t h e  s i n g l e  r e g i o n  c a s e ,  v ( 0 )  i s  sometimes 

." ." 

set  e q u a l  t o  1,  i . e . ,  t h e  r e p r o d u c t i v e  v a l u e  o f  a  c h i l d  j u s t  born  

'using t h e  loan-and-repayment i n t e r p r e t a t i o n  o f  t h e  
c h a r a c t e r i s t i c  e q u a t i o n ,  t h e  q u e s t i o n  would be how much o f  
t h e  d e b t  i s  o u t s t a n d i n g  by t h e  t i m e  a  g i r l  h a s  r eached  age x.  



i s  u n i t y .  I n  t h e  m u l t i r e g i o n a l  c a s e ,  t h e  r e p r o d u c t i v e  v a l u e  o f  

a  c h i l d  i s  a f f e c t e d  by t h e  r e g i o n  o f  b i r t h .  Equa t ion  (1 .12)  is 

t h e  g e n e r a l  formula  o f  t h e  s p a t i a l  r e p r o d u c t i v e  v a l u e .  For  x = O ,  

it reduces  t o  (1 .10)  s i n c e  l ( 0 )  i s  t h e  i d e n t i t y  m a t r i x .  Formula - 
(1.12)  may be  d e r i v e d  e q u a l l y  w e l l  f o r  t h e  d i s c r e t e  model o f  

p o p u l a t i o n  growth (see Appendix I ) .  

The computa t ion  o f  t h e  r e p r o d u c t i v e  v a l u e  o f  t h e  t o t a l  

p o p u l a t i o n  i s  s t r a i g h t f o r w a r d .  The r e g i o n a l  d i s t r i b u t i o n  o f  

t h e  t o t a l  r e p r o d u c t i v e  v a l u e ,  g i v e n  by t h e  v e c t o r  { v ) ,  i s  t h e  - 
sum of  t h e  a g e - s p e c i f i c  r e p r o d u c t i v e  v a l u e s  { v ( x ) ) ,  weighted  - 
by t h e  number o f  women i n  t h a t  a g e  group and r e g i o n  i n  t h e  base-  

y e a r  r 

where k ( x )  i s  a  d i a g o n a l  m a t r i x .  The e l e m e n t  k i i ( x )  d e n o t e s  t h e  - 
number o f  women i n  r e g i o n  i and aged x  y e a r s .  Equa t ion  (1 .15)  

may be  w r i t t e n  a s  

The t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  p o p u l a t i o n  i s  

Denote t h e  d i s c o u n t e d  number of o f f s p r i n q  o f  t h e  t o t a l  

p o p u l a t i o n ,  by p l a c e  o f  r e s i d e n c e  of  t h e  p o p u l a t i o n  and by p l a c e  

o f  b i r t h  o f  t h e  o f f s p r i n g ,  by t h e  m a t r i x  nk: - 



Then 

g i v e s  t h e  d i s c o u n t e d  number of  d e s c e n d a n t s  by r e g i o n  i n  which 

t h e y  w i l l  be born .  The q u a n t i t y  

g i v e s  t h e  d i s c o u n t e d  number of d e s c e n d a n t s ,  by p l a c e  o f  r e s i d e n c e  

of  t h e  mothers .  The t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  whole sys tem 

i s  

Note t h a t  i n  t h e  s i n g l e  r e g i o n  c a s e  (1.16)  , 1 1  , (1 .20)  and 

(1 .21)  c o i n c i d e .  

1 . 3  Numerical  E v a l u a t i o n  o f  t h e  S p a t i a l  ~ e p r o d u c t i v e  Value 

The e x p r e s s i o n  f o r  { v ( x ) )  i n  (1 .12)  a p p l i e s  t o  e x a c t  age  x. - 
Approximation o f  t h e  i n t e g r a l  i n  (1 .12)  by a  summation o v e r  

5,-year a g e  g r o u p s ,  y i e l d s  a  d i r e c t  computable formula  f o r  t h e  

r e p r o d u c t i v e  v a l u e  a t  e x a c t  age  x  (Keyf i t z ,  1977, C h a p t e r  6) : 

where 

i s  t h e  n u m e r i c a l  e v a l u a t i o n  of  n ( x )  i n  e q u a t i o n  ( 1 . 1 4 ) .  - 



The m a t r i x  ix r e p r e s e n t s  t h e  d i scoun ted  number o f  o f f s p r i n g  p e r  
-. 

person a t  e x a c t  age x.  An e lement  n.  ( x )  g i v e s  t h e  number of  
j 1 

c h i l d r e n  born  i n  r e g i o n  i t  of a  mother r e s i d i n g  i n  r e g i o n  j 

and x  y e a r s  o f  age ,  d i s coun t ed  a t  age  x.  The f i r s t  s u b s c r i p t  

t h e r e f o r e  deno t e s  t h e  p l a c e  of  r e s i d e n c e  of  t h e  mother ,  wh i l e  

t h e  second i n d i c a t e s  t h e  p l a c e  o f  b i r t h  o f  t h e  o f f s p r i n g .  

The averaqe  s p a t i a l  r ep roduc t i ve  v a l u e  f o r  t h e  age  i n t e r v a l  

x  t o  x  + 4 a t  l a s t  b i r t h d a y  i s  denoted by {5yx j  and may be  

approximated by: 

-r (a+5-x) I - 
- 1 + e M ( a + 5 )  L ( a + 5 )  ' L  ( x )  - - 

-r (a-x) e ~ ( a )  - L-" ( X I  ... 

where 

B-5 -' 1 [M(a) + e  5!x - Z A, ... ... ... ... -5r El ( a  + 5)  S ( a )  ] e-r (a-x) L ( a )  L-I ( X I  . 
x= a  

(1 .27)  

Note t h a t  5FJx g i v e s  t h e  d i s coun t ed  number of  o f f s p r i n g  p e r  pe r son  

i n  age  group x  t o  x  + 4 ,  and n o t  t h e  number p e r  pe r son  a t  e x a c t  

age x. 

Equat ion (1.25) w r i t t e n  f o r  age group x  + 5 t o  x + 9 g ive s :  



I 

The v e c t o r  {5yx)  may now be w r i t t e n  a s  

E q u a t i o n  (1 .28 )  i s  a n a l o g o u s  t o  t h e  s i n g l e  r e g i o n  fo rmula  o f  

N d e r i v e d  by Keyf i t z  ( 1  977)  . 5-xf  
C o n s i d e r  a g a i n  t h e  two-reg ion  sys t em S l o v e n i a - R e s t  o f  

Yugos lav ia .  The e l e m e n t s  o f  ex a r e  l i s t e d  i n  T a b l e  1 .  The 

d i s c o u n t  r a t e  i s  r = 0.006099. Note t h a t  n o  i s  i d e n t i c a l  t o  - 
Y ( r )  , t h e  c h a r a c t e r i s t i c  m a t r i x .  The e l e m e n t s  o f  N a r e  g i v e n  ... 5 - x 
i n  T a b l e  2. The d l . :  ~ u n t e d  number o f  f e m a l e  d e s c e n d a n t s  o f  a  

woman l i v i n g  i n  Slo: l i a  and 15 t o  1 9  y e a r s  o l d  i s  1 .0076. A 

t o t a l  o f  0.9418 i s  ei n e c t e d  t o  be b o r n  i n  S l o v e n i a ,  w h i l e  0.0658 

w i l l  be  b o r n  i n  t h e  1,est o f  Yugos lav ia .  On t h e  o t h e r  hand ,  a 

woman o f  t h e  same a g e  g roup  i n  t h e  R e s t  o f  Yugos lav ia  h a s  a n  

e x p e c t e d  d i s c o u r ~ t e d  number o f  d a u g h t e r s  o f  1 .1943.  A s m a l l  

f r a c t i o n ,  namely 0.0067,  w i l l  h e  b o r n  i n  S l o v e n i a .  T h i s  i s  ma in ly  

d u e  t o  t h e  low o u t m i g r a t i o n  p r o p o r t i o n  o f  women i n  t h e  R e s t  o f  

Yugos lav ia  and t o  t h e  low f e r t i l i t y  i n  S l o v e n i a .  The c u r v e  o f  

a g e - s p e c i f i c  d i s c o u n t e d  number o f  o f f s p r i n g  h a s  a  peak  a t  a g e  

g roup  10-14 y e a r s .  

The t o t a l  d i s c o u n t e d  number o f  o f f s p r i n g  o f  t h e  o b s e r v e d  

p o p u l a t i o n  i s  g i v e n  by ( 1 . 1 8 )  and n u m e r i c a l l y  e v a l u a t e d  by t h e  

fo rmula  

w i t h  K ( x )  .., b e i n g  t h e  d i a g o n a l  m a t r i x  w i t h  t h e  r e g i o n a l  p o p u l a t i o n s  

o f  a g e  g roup  x  t o  x  + 4 i n  t h e  d i a g o n a l .  
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Table  2 .  Discounted  number of  o f f s p r i n g s  p e r  pe r son  i n  age 
group x .  

Y E G l o N  OF B I R T H  OF OFFSPRINGS 
T Q T A L  s ~ n v E N t A  RrYUG'JS .  

R E G I O N  OF R E $ l O E N C F  R , Y U G O S ,  
r r r - r r r r r r r r r - r r r r r m m r I m 9 r m r r  

R E G I O N  OF B I R T H  OF O F F S P R I ~ G S  
T O T A L  SLOVENIA  R , V U G O S ,  



The v a l u e  of NK i s  g i v e n  i n  T a b l e  3. 
* 

T a b l e  3. T o t a l  d i s c o u n t e d  number of  o f f s p r i n g  o f  t h e  observed 
p o p u l a t i o n .  

, Table  3  shows t h a t ,  under  t h e  1961 regime of  f e r t i l i t y ,  

m o r t a l i t y  and m i g r a t i o n ,  t h e  t o t a l  d i s c o u n t e d  number o f  o f f -  

s p r i n g  o f  Yugoslavia  i s  5,528,629.  Of them, 382,695 o r  6.92% 

w i l l  be born i n  S l o v e n i a .  However, t h e  female  r e s i d e n t s  of  

S l o v e n i a  w i l l  accoun t  f o r  o n l y  379,094 o r  6.86% of  t h e  t o t a l  

d i s c o u n t e d  number o f  b i r t h s .  Of t h e  u l t i m a t e  d i s c o u n t e d  382,695 

female  c h i l d r e n  born  i n  S l o v e n i a ,  29,934 can be  a t t r i b u t e d  t o  

women now r e s i d - e n t s  of  t h e  R e s t  of  Yugoslavia ,  and 352,761 t o  

p o t e n t i a l  mothers  now l i v i n g  i n  S l o v e n i a .  On t h e  o t h e r  hand, 

of  t h e  d i s c o u n t e d  379,094 d a u g h t e r s  born  from t h e  female  popula-  

t i o n  of  S l o v e n i a ,  26,333 w i l l  be born i n  t h e  R e s t  of Yugos lav ia ,  

and 352,761 i n  S l o v e n i a .  

To d e r i v e  t h e  r e p r o d u c t i v e  v a l u e  o f  t h e  female  p o p u l a t i o n ,  

w e  must we igh t  t h e  d i s c o u n t e d  number o f  o f f s p r i n g s  f o r  t h e  r e g i o n  

of  b i r t h .  I f  w e  a t t a c h  t o  a  b i r t h  o r  a  0-year-old i n  S l o v e n i a  

t h e  r e p r o d u c t i v e  v a l u e  of u n i t y ,  t h e n  a  b i r t h  i n  t h e  R e s t  o f  

Yugoslavia  i s  wor th  1.818. Adopting t h i s  a r b i t r a r y  s c a l i n g ,  t h e  

a g e - s p e c i f i c  r e p r o d u c t i v e  v a l u e s  by r e g i o n  of  r e s i d e n c e  a r e  

g i v e n  i n  Tab le  4 .  The e l e m e n t s  a r e  t h e  weighted sums of t h e  

d i s c o u n t e d  number of o f f s p r i n g  p e r  woman by r e g i o n  o f  r e s i d e n c e ,  

Region of 
b i r th  of 
off springs 

Slovenia 

Rest of Yug. 

Total ({MI ' ) - 

Region of Residence of Mother 

Slovenia Rest of Yug. ~ o t a l  ({NK)) -, - 

352,761 29,934 382,695 

26,333 5,119,601 5,145,934 

379,094 5,149,535 5,528,629 



Table  4 .  S p a t i a l  reproduc t ive  va lue  p e r  person.  

a .  Person a t  e x a c t  age x. 

S L O V E N I A  R e Y U G O S e  

b. Person i n  age group x.  



t h e  w e i g h t s  b e i n g  t h e  components o f  t h e  I v ( 0 ) )  - v e c t o r .  The 

t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  women i n  t h e  two-region  sys t em 

i s  by Tab le  3 ,  

The t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  whole sys t em i s  

Note t h a t  t h e  u n i t  i n  which V i s  measured i s  t h e  r e p r o d u c t . i v e  

v a l u e  of  a  0-year -o ld  i n  S l o v e n i a .  Us ing  a n o t h e r  u n i t  would 

g i v e  V a n o t h e r  v a l u e .  



2 .  THE SPATIAL REPRODUCTIVE VALUE: APPLICATIONS 

The c o n c e p t  o f  s p a t i a l  r e p r o d u c t i v e  v a l u e  i s  a  u s e f u l  

n o t i o n  f o r  t h e  s t u d y  o f  m u l t i r e g i o n a l  p o p u l a t i o n  dynamics.  I n  

t h i s  s e c t i o n ,  i t s  c o n t r i b u t i o n  i s  i l l u s t r a t e d  f o r  t h e  d e f i n i t i o n  

o f  t h e  b i r t h  t r a j e c t o r y  and t h e  p o p u l a t i o n  growth p a t h .  T h i s  

t o p i c  i s  i m p o r t a n t  s i n c e  it i s  a  f i r s t  s t e p  t o  t h e  s t u d y  o f  t h e  

convergence  p a t h  toward s t a b i l i t y  o f  a  m u l t i r e g i o n a l  sys tem,  

and s i n c e  it e n a b l e s  a  s i m p l e  a n a l y t i c a l  e x p r e s s i o n  f o r  t h e  

s t a b l e  b i r t h  t r a j e c t o r y .  Moreover,  it f a c i l i t a t e s  t h e  s e n s i t i v -  

i t y  a n a l y s i s  o f  changes  i n  obse rved  r a t e s  and t h e  a n a l y t i c a l  

computa t ion  o f  t h e  momentum o f  s p a t i a l  z e r o  p o p u l a t i o n  growth.  

I n  t h e  f i r s t  s e c t i o n ,  w e  e x p r e s s  t h e  p o p u l a t i o n  and b i r t h  

t r a j e c t o r y  i n  t e r m s  o f  t h e i r  s p e c t r a l  components.  The s p e c t r a l  

decompos i t ion  y i e l d s  a  s i m p l e  e x p r e s s i o n  f o r  t h e  growth p a t h  

and i l l u s t r a t e s  t h e  r e l e v a n c e  o f  t h e  r e p r o d u c t i v e  v a l u e  f o r  

s p a t i a l  demographic a n a l y s i s .  The problems o f  norming, t h e  

n u m e r i c a l  c a l c u l a t i o n ,  and  some immediate a p p l i c a t i o n s  a r e  

t r e a t e d  i n  subsequent .  s e c t i o n s .  

2 . 1  S p e c t r a l  Decompo:. - i t i o n  - o f  t h e  P o p u l a t i o n  and B i r t h  

T r a j e c t o r y  

I t  can  b e  shown t h a t  t h e  c o n t i n u o u s  model o f  m u l t i r e g i o n a l  

growth  D r  t h e  g e n z r a l i z e d  Lotlta model i s  e q u i v a l e n t  t o  a  sys tem 

of  l i n e a r  homogeneous d i f f e r e n t i a l  e q u a t i o n s :  

where Ik - ( t )  1 i s  t h e  p o p u l a t i o n  d i s t r i b u t i o n  by age  and r e g i o n  

a t  t i m e  t ,  



w i t h  { k ( t )  ( x )  1 d e n o t i n g  t h e  r e g i o n a l  d i s t r i b u t i o n  of  t h e  popula-  - 
t i o n  i n  age  group x  t o  x  + dx ,  and CII i s  t h e  

h i g h e s t  age ,  

{l ; ( t )  1 = 
d{k 1 - 

- d t  i s  t h e  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t i m e ,  

A i s  t h e  t r a n s i t i o n  m a t r i x ,  assumed t o  be t ime- - 
i n v a r i a n t .  

The s o l u t i o n  o f  t h e  system o f  homogenous e q u a t i o n  (2 .1  ) i s  

( L a n c a s t e r ,  1969, pp. 189-190) : 

and 

where {k(O) 1 = { k1 i s  t h e  p o p u l a t i o n  d i s t r i b u t i o n  v e c t o r  i n  - 0- 

t h e  base  y e a r .  The m a t r i x  eA i s  t h e  p o p u l a t i o n  growth m a t r i x  

of  t h e  c o n t i n u o u s  model,  and i s  t h e r e f o r e  ana logous  t o  t h e  

g e n e r a l i z e d  L e s l i e  m a t r i x  (Rogers ,  1975, p .  1 2 3 ) .  6 

The computa t ion  o f  eAt h a s  r e c e i v e d  much a t t e n t i o n  i n  t h e  

l i t e r a t u r e ,  i n  p a r t i c u l a r  i n  t h e  e n g i n e e r i n g  l i t e r a t u r e  ( s e e  

f o r  example, Wolovich, 1974) . One way o f  e x p r e s s i n g  eet i s  by 

a p p l y i n g  t h e  s p e c t r a l  theorem. 

6 
Note t h a t  ( 2 . 3 )  i s  t h e  g e n e r a l i z a t i o n  o f  t h e  e x p o n e n t i a l  

growth model 

w i t h  K ( t )  b e i n g  t h e  t o t a l  p o p u l a t i o n  a t  t i m e  t .  Equa t ion  ( 2 . 3 )  
( t)  i s  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  K = r K  ( t . 



S p e c t r a l  theorem: ( L a n c a s t e r ,  1969, p.  6 3 ) .  

L e t  A be  a  s i m p l e  N x  N m a t r i x ,  and f ( * )  a  f u n c t i o n .  L e t  - 
r b e  d i s t i n c t  e i g e n v a l u e s  o f  A and l e t  t l ,  5 2 , . . . ,  5, and v l ,  
j - 

V 2 f . . g 1  v n  be  normal ized  r i g h t  and l e f t  e i g e n v e c t o r s  r e s p e c t i v e l y ,  

t h e n  

where B = {E,, l{vj l t  - .., , j = 1 , 2 , . . . , n .  The m a t r i c e s  B a r e  - j 7 - j 
c a l l e d  c o n s t i t u e n t  m a t r i c e s .  

The m a t r i x  o f  t h e  p o p u l a t i o n  growth model ( 2 . 2 )  g e n e r a l l y  

s a t i s f i e s  t h e  c o n d i t i o n s  se t  by t h e  s p e c t r a l  theorem. I f  
r a t  

f ( ~ )  = eAt, t h e n  f ( r . )  = e 3  ( L a n c a s t e r ,  1969, pp. 190-191).  
3  

Theref  o r e ,  

S u b s t i t u t i n g  ( 2 . 5 )  i n t o  ( 2 . 3 )  y i e l d s  

where < * >  d e n o t e s  t h e  i n n e r  p r o d u c t .  E q u a t i o n  ( 2 . 8 )  e x p r e s s e s  

a n  a r b i t r a r y  a g e  and r e g i o n  d i s t r i b u t i o n  a s  a  l i n e a r  combinat ion  

- - -- 

7 ~ h e  c o n s t i t u e n t  m a t r i x  { < . ) { v . l 1  may b e  e x p r e s s e d  i n  t e r m s  
- 3  - 3  

o f  t h e  a d j o i n t  o f  [A - r . 1 1  = R ( r . )  ( L a n c a s t e r ,  1969, p .  175; - 3 - - 3 
Morgan, 1 9 6 6 ) :  

where t r  d e n o t e s  t h e  t r a c e  o f  a  m a t r i x .  



of t h e  r i g h t  e igenvec to r s  of  A . ~  I t  i s  t h e  s o l u t i o n  of ( 2 . 2 )  .., 
i n  s p e c t r a l  form. 

The e i g e n v e c t o r s  1 5 . 1  and I v . 1  a r e  normalized,  i . e . ,  - 3 - 3  

w i th  6 i j  being t h e  Kronecker d e l t a ,  i . e . ,  h i j  = 1 f o r  i = j ,  

and 6 i j  = 0 f o r  i # j .  When t h e  e igenvec to r s  a r e  n o t  i n  

normalized form, then  (2 .8)  becomes 

where 
1 

i s  t h e  normalizing f a c t o r .  Therefore  (2 .9)  i s  

- 3  - 
v a l i d  f o r  any s c a l i n g  of t h e  l e f t  and r i g h t  e igenvec to r s  of  A. 

9 - 
The problem i s  t o  f i n d  a  convenient  express ion  f o r  t h e  normal- 

i z i n g  f a c t o r .  Th i s  is  t h e  t o p i c  of t h e  nex t  s e c t i o n .  

Equation (2 .9)  d e s c r i b e s  t h e  growth pa th  of a  popu la t ion ,  

t h e  i n t e r n a l  dynamics of which i s  desc r ibed  by t h e  mat r ix  A and - 
t h e  i n i t i a l  cond i t i on  by {,?I. The mat r ix  eA i s  a  nonnegative 

indecomposable, p r i m i t i v e  square  mat r ix .  According t o  t h e  
1 Perron-Frobenius theorem, it has a  dominant e igenva lue  e , 

which i s  unique,  r e a l  and p o s i t i v e ,  and l a r g e r  i n  a b s o l u t e  va lue  

than  any o t h e r  e igenva lue  o f  t h e  mat r ix .  Therefore ,  a s  t becomes 

l a r g e ,  t h e  popu la t ion  sequence i s  i n c r e a s i n g l y  dominated by t h e  

maximal r e a l  r o o t  er l  ( s e e  a l s o  Rogers, 1975, p. 9 7 ) .  Ne may 

w r i t e  f o r  t +- a, 

r 
' ~ o t e  t h a t  i f  r i s  an e igenvalue of A ,  then  e  i s  an e igen-  

A j  
- 

v a l u e  of e-. The e i g e n v e c t o r s  of A and eA a r e  i d e n t i c a l .  - 
9 ~ h e  e igenvec to r  of  a  ma t r ix  i s  f i x e d  up t o  a  s c a l a r .  There- 

f o r e ,  i f  1 5 . 1  i s  an e igenvec to r  of A ,  t h e n  a l s o  c { S o l  i s  an - 3 - - 3  
e igenvec to r .  It  i s  t h e  choice  of c t h a t  determines  t h e  s c a l i n g .  



 quat ti on (2 .10)  d e s c r i b e s  t h e  growth p a t h  o f  t h e  m u l t i -  

r e g i o n a l  s t a b l e  p o p u l a t i o n .  The q u a n t i t y  r l  i s  t h e  i n t r i n s i c  

growth r a t e  o f  t h e  s t a b l e  p o p u l a t i o n .  The l e f t  e i g e n v e c t o r  

{ v l }  - and t h e  r i g h t  e i g e n v e c t o r  {El}  a s s o c i a t e d  w i t h  t h e  dominant - 
r o o t  er l  of  ee have p a r t i c u l a r l y  i n t e r e s t i n g  demographic i n t e r -  

p r e t a t i o n s .  They r e p r e s e n t  t h e  r e p r o d u c t i v e  v a l u e s  by r e g i o n  

and a g e ,  and t h e  s t a b l e  p o p u l a t i o n  d i s t r i b u t i o n  by r e g i o n  and 

age  r e s p e c t i v e l y .  T h e r e f o r e ,  t h e  a b s o l u t e  number o f  p e o p l e  by 

a g e  and r e g i o n  i n  t h e  s t a b l e  p o p u l a t i o n  i s  a  f u n c t i o n  o f  t h e  

i n i t i a l  p o p u l a t i o n  d i s t r i b u t i o n ,  t h e  d i s t r i b u t i o n  o f  t h e  s t a b l e  

p o p u l a t i o n ,  t h e  d i s t r i b u t i o n  of t h e  r e p r o d u c t i v e  v a l u e s  and of  

t h e  s t a b l e  growth r a t e .  The s t a b l e  p o p u l a t i o n  d i s t r i b u t i o n  

{  remains  c o n s t a n t ,  and t h e  t o t a l  p o p u l a t i o n  grows a t  a  r a t e  

r l .  To c o n v e r t  t h e  r e l a t i v e  d i s t r i b u t i o n  v e c t o r  {El}  i n t o  t h e  - 
v e c t o r  o f  a b s o l u t e  amounts { k ( t )  , w e  must compute t h e  s c a l i n g  - 
f a c t o r  

The f i r s t  e l ement  o f  d  i s  t h e  n o r m a l i z i n g  f a c t o r .  The second 

e lement  may be  w r i t t e n  a s  

where {v ( x ) )  i s  t h e  r e g i o n a l  d i s t r i b u t i o n  o f  t h e  r e p r o d u c t i v e  
w 

v a l u e  o f  i n d i v i d u a l s  aged x  y e a r s ,  and { ,k(x)}  is  t h e  i n i t i a l  

r e g i o n a l  d i s t r i b u t i o n  o f  p e o p l e  o f  a g e  x. E x p r e s s i o n  (2 .12)  

g i v e s  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  of t h e  i n i t i a l  p o p u l a t i o n  

( i n  u n i t s  de te rmined  by t h e  s c a l i n g  o f  { v l } ) .  - 



Assuming t h a t  { v l )  - and {  - a r e  r iormalized e i g e n v e c t o r s ,  

t h e n  t h e  t i m e  p a t h  o f  t h e  s t a b l e  p o p u l a t i o n  i s  g i v e n  by t h e  

s i m p l e  e x p r e s s i o n  

The a b s o l u t e  number of p e o p l e  i n  each  r e g i o n  and age  group i s  

i t s  r e l a t i v e  s h a r e ,  a s  measured by t h e  normal i zed  {S1},  t i m e s  - 
t h e  t o t a l  r e p r o d u c t i v e  v a l u e  o f  t h e  i n i t i a l  p o p u l a t i o n ,  and  

d i s c o u n t e d  a t  t i m e  t a t  a  r a t e  r l .  The s t a b l e  e q u i v a l e n t  t o  t h e  

o r i g i n a l  p o p u l a t i o n  i s  10 

The s t a b l e  e q u i v a l e n t  p o p u l a t i o n  i n  age  g roup  x  i s  

2 . 2  The D e t e r m i n a t i o n  o f  t h e  Normal iz ing  F a c t o r  

The growth  p a t h  o f  t h e  s t a b l e  p o p u l a t i o n  i s  g i v e n  by equa- 

t i o n  ( 2 . 1 0 ) .  The purpose  o f  t h i s  s e c t i o n  i s  t o  d e r i v e  a  u s a b l e  

and demograph ica l ly  meaningful  e x p r e s s i o n  f o r  {v ) I { <  ) .  T h i s  -1 -1 
would e n a b l e  t h e  u s e  o f  (2 .10)  f o r  any a r b i t r a r y  s c a l i n g  o f  

{ v l }  - and { E l ) .  - 
The i n n e r  p r o d u c t  { v l  ' ) may b e  w r i t t e n  a s  11 - - 

where {v - ( x )  r e p r e s e n t s  t h e  r e g i o n a l  d i s t r i b u t i o n  o f  r e p r o d u c t i v e  

v a l u e s  a t  a g e  x ,  and { < ( x ) )  dx i s  t h e  r e g i o n a l  d i s t r i b u t i o n  o f  - 
peop le  o f  age  x t o  x  + dx a t  s t a b i l i t y .  A s  mentioned b e f o r e ,  

' O ~ o t e  t h a t  v  i s  measured i n  u n i t s  c o n s i s t e n t  w i t h  t h e  
normal i zed  { v l }  v e c t o r .  - 

' l ~ h e  s u b s c r i p t  i s  dropped f o r  convenience .  



t h e  u n i t s  i n  which t h e  r e p r o d u c t i v e  v a l u e  and t h e  p o p u l a t i o n  

d i s t r i b u t i o n  a r e  measured. a r e  a r b i t r a r y .  I t  i s  assumed t h a t  

t h e  u n i t  i s  de te rmined  by t h e  f i r s t  e l ement  o f  I v ( 0 )  1 and t h e  - 
f i r s t  e l ement  o f  { <  ( 0 )  1. 

-" 

By (1.121,  { v ( x ) )  may be  e x p r e s s e d  i n  t e r m s  o f  I v ( 0 ) ) :  - - 

{v ' (x)  - 1 '  = {v - ( 0 )  1 '  1 \e  - r a  m(a)  - - ( a )  da l  [ e  -rx ~ ( ~ ) l - '  
X 

-" 

(2 .16)  

On t h e  o t h e r  hand,  it can  e a s i l y  be  shown t h a t  t h e  age composi- 

t i o n  of  t h e  p o p u l a t i o n  a t  s t a b i l i t y  i s  e q u a l  t o :  

T h e r e f o r e ,  w e  may w r i t e  

{ y ( x ) 1 1 { 5 ( x ) 1  - = { . ) ( 0 ) 1  I [ e  -ra m(a)  - - i ( a )  da l  
X 

But 

Hence 



S u b s t i t u t i n g  (2.20) i n  (2.15) , and n o t i n g  t h a t  m ( a )  = 0  f o r  ... - 
a  < a and a  > 8 ,  g i v e s  

The doub le  i n t e g r a l  a t  t h e  r i g h t  hand s i d e  may b e  w r i t t e n  

a s  

Denoting 

f ( x )  = f W  e-ra m ( a )  ( a )  d a  , ' 

t h e  s o l u t i o n  t o  t h e  double  i n t e g r a l  i s  

I n t r o d u c i n g  (2.23) i n t o  (2.22) 'and i n t o  (2.21) y i e l d s  



A t  s t a b i l i t y ,  { - 5 (0 )  1 obeys t h e  f o l l o w i n g  r e l a t i o n s h i p  

(Rogers ,  1975, p. 9 3 ) :  

E q u i v a l e n t l y ,  w e  may w r i t e  f o r  Y (r)  n o n s i n g u l a r ,  - 

S u b s t i t u t i n g  (2 .26)  i n t o  (2.24) g i v e s  

Note t h a t  

i s  t h e  f i r s t  d e r i v a t i v e  o f  t h e  r n u l t i r e g i o n a l  c h a r a c t e r i s t i c  

m a t r i x  w i t h  r e s p e c t  t o  r ,  and t h a t  

- r x  h 

m ( x )  L ( x )  dx  = Y (r) = R ( ~ )  ( 0 1  
0  

- - - - 

12go t e  t h a t  by (2 .17)  , (2.25) i s  e q u i v a l e n t  t o  



i s  t h e  m u l t i r e g i o n a l  z h a r a c t e r i s t i c  m a t r i x  i t s e l f .  I f  w e  d e f i n e  

t h e  m a t r i x  o f  mean a g e s  a t  c h i l d b e a r i n g  i n  t h e  s t a b l e  p o p u l a t i o n  a s  

t h e n  (2 .27 )  becomes 

The n o r m a l i z i n g  f a c t o r  i s  

I t  i s  a  w e i g h t e d  a v e r a g e  o f  t h e  mean a g e s  a t  c h i l d b e a r i n g  i n  t h e  

s t a b l e  p o p u l a t i o n .  I n  t h e  s i n g l e  r e g i o n  c a s e ,  t h e  n o r m a l i z i n g  
I f a c t o r  r e d u c e s  t o  -, where K i s  t h e  mean a g e  o f  c h i l d b e a r i n g  i n  

K 

t h e  s t a b l e  p o p u l a t i o n  (Goodman, 1969,  p .  6 6 5 ) .  

2 .3  S t a b l e  P o p u l a t i o n  A n a l y s i s  

The e x p r e s s i o n  o f  t h e  n o r m a l i z i n g  f a c t o r  i n  a  demographi-  

c a l l y  m e a n i n g f u l  manner may now be  used  t o  g a i n  new i n s i g h t s  

i n t o  s e v e r a l  f e a t u r e s  o f  t h e  s t a b l e  p o p u l a t i o n .  

From ( 2 . 1 0 ) ,  (2 .12 )  and  ( 2 . 3 0 ) ,  w e  see t h a t ,  no m a t t e r  which  

s c a l i n g  i s  u s e d  f o r  t h e  e i g e n v e c t o r s  { v }  and  ( 5 1 ,  t h e  m u l t i -  - -- 
r e g i o n a l  p o p u l a t i o n  t r a j e c t o r y  f o r  t l a r g e  is:  

The u l t i m a t e  t r a j e c t o r y  o f  b i r t h s  i s  d i r e c t l y  d e r i v e d  f rom 

( 2 . 3 1 ) .  C o n s i d e r i n g  o n l y  t h e  popu l - a t ion  a t  a g e  0 ,  w e  'may w r i t e :  



where } g i v e s  t h e  s t a b l e  number of  b i r t h s ,  i n  a b s o l u t e  - 
t e r m s ,  i n ' e a c h  r e g i o n  a t  t i m e  t a s s o c i a t e d  w i t h  a n  a r b i t r a r y  

i n i t i a l  p o p u l a t i o n  d i s t r i b u t i o n  {,k}. l 3  The s t a b l e  e q u i v a l e n t  

of  t h e  b i r t h s  i s  immediate: 

An e q u i v a l e n t  e x p r e s s i o n  f o r  {Q} may b e  even more meaning- - 
f u l :  

where t h e  e l e m e n t s  bf {c  ( 0 )  sum up t o  one.  The q u a n t i t y  Q i s  - 
t h e  t o t a l  number o f  b i r t h s  i n  t h e  whole system. These b i r t h s  

a r e  d i v i d e d  between t h e  r e g i o n s  a c c o r d i n g  t o  - ( 0 )  1 .  
The u l t i m a t e  b i r t h  t r a j e c t o r y ,  r e s u l t i n g  from one g i r l ' a t  

age  x  i n  r e g i o n  1  i s  

r t  
which i s  ana logous  t o  t h e  s i n g l e - r e g i o n  formula  v ( x )  e /K .  

S i m i l a r l y ,  t h e  u l t i m a t e  b i r t h  t r a j e c t o r y  r e s u l t i n g  from one g i r l  

a t  age  x  i n  r e g i o n  2  i s  

3 ~ h e  s i n g l e - r e g i o n  ana logue  of  (2 .33)  i s  ( ~ e ~ f  i t z  , 1  975, 
p.  5 9 1 ) :  



I t  becomes c l e a r  f rom ( 2 . 3 6 )  and ( 2 . 3 7 )  t h a t  t h e  a b s o l u t e  

number of  b i r t h s  i n  t h e  s t a b l e  p o p u l a t i o n  depends  on t h e  

r e p r o d u c t i v e  v a l u e  o f  t h e  g i r l  a t  a g e  x  and  c o n s e q u e n t l y  on  h e r  

r e g i o n  o f  r e s i d e n c e  ( v l  ( x )  # v 2  ( x )  ) . The r e l a t i v e  d i s t r i b u t i o n  

of  t h e  b i r t h s  o v e r  t h e  r e g i o n s  i s  - i n d e p e n d e n t  of  h e r  r e g i o n  o f  

r e s i d e n c e ,  b u t  i s  s o l e l y  de t e rmined  by { S  - ( 0 )  1 .  T h i s  i s  con- 

s i s t e n t  w i t h  t h e  o b s e r v a t i o n  t h a t  t h e  u l t i m a t e  r e g i o n a l  d i s t r i -  

b u t i o n  o f  b i r t h s  i s  i n d e p e n d e n t  o f  t h e  c u r r e n t  p o p u l a t i o n  

d i s t r i b u t i o n .  

The u l t i m a t e  b i r t h  t r a j e c t o r y  i s  e x p o n e n t i a l .  T h i s  can  

e a s i l y  b e  s e e n  from ( 2 . 3 2 )  and ( 2 . 3 3 ) .  To d e r i v e  an  e x p r e s s i o n  

f o r  t h e  t i m e  p a t h  o f  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  v ,  c o n s i d e r  

( 2 . 3 2 )  and ( 2 . 3 5 )  , 

L e t  

t h e n  

where 



S i m i l a r l y ,  

where {k  - 1 i s  t h e  p o p u l a t i o n  d i s t r i b u t i o n  one yea r  a f t e r  t h e  

base  p e r i o d .  

The e q u a l i t i e s  (2 .42)  and (2.43) on ly  ho ld  i f  

where vo and v l  a r e  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  of  t h e  popu l a t i on  

i n  t h e  base  yea r  and i n  t h e  f i r s t  y e a r  r e s p e c t i v e l y .  Equat ion 

(2 .44)  shows t h a t  t h e  r e p r o d u c t i v e  v a l u e  immediately fo l l ows  an 

e x p o n e n t i a l  t r a j e c t o r y .  T h i s '  i s  i n  c o n t r a s t  t o  t h e  b i r t h  

t r a j e c t o r y ,  which is  e r p o n e n t i a l  on ly  when s t a b i l i t y  i s  reached.  

Before  p roceed ing  t o  t h e  numerica l  c a l c u l a t i o n  of I Q ) ,  w e  - 
d e r i v e  two more u s e f u l  e x p r e s s i o n s .  The f i r s t  r e l a t e s  {Q) t o  - 
Ink}. The second e x p r e s s e s  t h e  s t a b l e  e q u i v a l e n t  p o p u l a t i o n  - 
{Y) a s  a  f u n c t i o n  of  {Q). - - 

Combining (2 .34)  and (1 .'21) g i v e s  

where 

c = { v ( o ) ) ' K { < ( o ) )  - - - . 

Equa t ion  (2 .45)  may be w r i t t e n  a s  

[Q) = - - 1 { t ( o ) ~ { v ( o ) ~ ' { n r ~  - - . 



L e t  

t h e n  

The s t a b l e  number of b i r t h s  i n  each  r e g i o n  i s  a l i n e a r  combina- 

t i o n  of  t h e  d i s c o u n t e d  number of  d e s c e n d a n t s  by r e g i o n  o f  b i r t h .  

Equat ion  (2 .49)  is  b a s i c a l l y  e q u i v a l e n t  t o  (4.29)  o f  Rogers 

(1975,  p. 9 9 ) :  

where B = [ D  - ( I  - DD') Y ( r )  I ... ... - - - - - - [ I  - DD'] , and 
-+ 

where D d e n o t e s  t h e  g e n e r a l i z e d  i n v e r s e  of D l  w i t h  D =  [ I  - Y ( r ) ] .  - - - 
The f e a t u r e  of (2 .49)  i s  t h a t  it does  n o t  r e q u i r e  t h e  cokputa-  

t i o n  of t h e  g e n e r a l i z e d  i n v e r s e ,  and t h a t  it relates {Q) t o  - 
e a s i l y  i n t e r p r e t a b l e  demographic measures .  

Formula (2 .50)  i s  p a r t i c u l a r l y  u s e f u l  t o  s t u d y  t h e  impact  

on t h e  u l t i m a t e  b i r t h  t r a j e c t o r y  of  a change i n  t h e  c u r r e n t  popu- 

l a t i o n  d i s t r i b u t i o n .  A change i n  t h e  s p a t i a l  d i s t r i b u t i o n  o f  

f emales  o f  age  x  by A{ok(x))  changes  t h e  s t a b l e  e q u i v a l e n t  of 

b i r t h s  by 

1  A{QI - = , c n ( x )  A { O k ( ~ )  I - ... 

and t h e  u l t i m a t e  d i s t r i b u t i o n  of b i r t h s  a t  t by 



The t o t a l  s t a b l e  e q u i v a l e n t  p o p u l a t i o n  i s  

where  ( x )  1 i s  g i v e n  by  (2 .14 )  . F o r  n o t  n o r m a l i z e d  e i g e n -  - 
v e c t o r s ,  (2 .52 )  may b e  w r i t t e n  as 

But  by ( 2 . 1 7 )  , (2 .53 )  becomes 

App ly ing  ( 2 . 3 4 )  g i v e s  14 

Formula  (2 .55 )  l o o k s  v e r y  s i m i l a r  t o  t h e  s t a b l e  e q u i v a l e n t  

f o r m u l a  o f  t h e  s t a t i o n a r y  p o p u l a t i o n  (Roge r s  and  W i l l e k e n s ,  

1976a ,  p. 1 6 ) :  

A 

where  e ( 0 )  i s  t h e  l i f e  e x p e c t a n c y  m a t r i x ,  a n d  { Q )  i s  t h e  d i s t r i b u -  - - 
t i o n  o f  b i r t h s  i n  t h e  s t a t i o n a r y  p o p u l a t i o n .  

' ' ~ o t e  t h a t  t h e  s t a b l e  e q u i v a l e n t  p o p u l a t i o n  be tween  a g e s  
x  and x  + d x  i s  



The d i f f e r e n c e  i s  . , t h a t  i n  ( 2 . 5 5 )  t h e  i n t r i n s i c  g r o w t h  r a t e  r 

i s  n o t  z e r o .  

By a n a l o g y  t o  o u r  a p p r o a c h  t o  Y ( r )  i n  t h e  f i r s t  s e c t i o n  o f  - 
t h i s  p a p e r ,  w e  c o n s i d e r  r i n  ( 2 . 5 5 )  a s  a  r a t e  o f  d i s c o u n t .  The 

- r 2 c  A 

q u a n t i t y  e R . ( x )  d e n o t e s  t h e  number o f  p e o p l e  b o r n  i n  
i I 

r e g i o n  i and a l i v e  i n  r e g i o n  j a t  a g e  x ,  d i s c o u n t e d  a t  a g e  z e r o ,  

and  d i v i d e d  by t h e  number o f  p e o p l e  b o r n  i n  r e g i o n  i. S i m i l a r l y ,  - - - 

- r x  e x )  may b e  t h o u g h t  o f  a s  a  d i s c o u n t e d  p r o b a b i l i t y .  15  
I J  - r x  A 

I n t e g r a t i o n  of  e - R ( x )  o v e r  a l l  a g e s  y i e l d s  t h e  m a t r i x  --- o f  

d i s c o u n t e d  l i f e  e x p e c t a n c i e s  e - _  (') ( 0 )  : 

W 

e ( l )  ( 0 1  = [ e - r x  A 

il (x) dx  . 

( r )  An e l e m e n t  = e j  

t o  t h e  e l e m e n t s  

d e n o t e  t h e  numbe 

( 0 )  c a n  b e  g i v e n  a  d u a l  i n t e r p r e t a t i o n ,  s imi1a.r  
( r )  L .  ( x )  o f  t h e  l i f e  t a b l e .  F i r s t ,  i e j  ( 0 )  may 

i I 
r o f  y e a r s  l i v e d  i n  r e g i o n  j  by a n  i n d i v i d u a l  

b o r n  i n  r e g i o n  i ,  d i s c o u n t e d  a t  b i r t h .  Second ,  it may r e p r e s e n t  

t h e  d i s c o u n t e d  number o f  p e o p l e  l i v i n g  i n  r e g i o n  j and b o r n  i n  

r e g i o n  i ,  p e r  u n i t  b o r n  i n  i. 

C o n s i s t e n t  w i t h  t h i s  a rgumen t ,  t h e  s t a b l e  e q u i v a l e n t  o f  

t h e  p o p u l a t i 3 n  m e a s u r e s  t h e  d i s c o u n t e d  number o f  p e o p l e  by 

p l a c e  o f  res ic i .nce  o r  t h e  p r e s e n t  v a l u e  ( v a l u e  a t  b i r t h )  o f  

t h e  t o t a l  popul2::ion. T h i s  i s  a b e t t e r  i n d i c a t o r  o f  t h e  r -prcl -  

d u c t i v e  c a p a c i t y  Lhan t h e  number o f  h e a d s  i n  t h e  p o p u l a t i . o n  

(see a l s o  F i s h e r ,  1929 ,  p .  30 and K e y f i t z ,  1 9 6 9 ) .  1n t rod .uc ing  

( 2 . 5 7 )  i n t o  ( 2 . 5 5 )  g i i ? s :  

or  f o r  a two- reg ion  c a s e :  

1 5 ~ o m p a r e  t h i s  w i t h  t h e  a n a l v s i s  o f  Markov c h a i n s  i n c l u d i n q  
d i s c o u n t j n g  and  f e e s  ( s e e  e - g . ,  C i n l a r ,  1975,  p .  2 2 2 ) .  



Note t h a t  t h e  s t a b l e  e q u i v a l e n t  o f  b i r t h s  i s  e q u a l  t o  

which i s  s i m i l a r  t o  t h e  s i n g l e - r e g i o n  formula  

2.4 Numerical  E v a l u a t i o n s  

The u l t i m a t e  b i r t h  t r a j e c t o r y  i s  g i v e n  by ( 2 . 3 2 ) .  I t  

depends on t h e  growth r a t e  r ,  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  o f  

t h e  p o p u l a t i o n  v ,  t h e  n o r m a l i z i n g  f a c t o r  and t h e  r e l a t i v e  s t a b l e  

d i s t r i b u t i o n  of  b i r t h s .  For  t h e  two-region sys tem S loven ia -  

R e s t  o f  Yugos lav ia ,  t h e  t o t a l  r e p r o d u c t i v e  v a l u e  i s  computed 

i n  t h e  p r e v i o u s  s e c t i o n  and i s  e q u a l  t o  9,738,601.  The growth 

r a t e  r i s  0.006099. To compute t h e  n o r m a l i z i n g  f a c t o r ,  we must 

know t h e  s t a b l e  mean a g e s  m a t r i x  (2 .28)  : 

where R(') - (1 ) and R ( ~ )  - ( 0 )  a r e  approximated  by t h e  f o l l o w i n g  

e x p r e s s i o n s :  



The s t a b l e  mean a g e s  m a t r i x  i n  o u r  i l l u s t r a t i o n  i s  

The v e c t o r s  ( 5  ( 0 )  1 and ( ~ ( 0 )  > a r e  g i v e n  by (1 - 9 )  and  ( 1  - 1 1 )  - - 
r e s p e c t i v e l y .  The n o r m a l i z i n g  f a c t o r  ( 2 . 3 0 )  i.s t h e r e f o r e  

The s t a b l e  e q u i v a l e n t  o f  b i r t h s  i s  by ( 2 . 3 4 ) :  

The t o t a l  number o f  b i r t h s  i n  t h e  s t a b l e  p o p u l a t i o n  i s  201,592.  

Of t h e s e  b i r t h s ,  4.58% o c c u r  i n  S l o v e n i a ,  and 95.425 i n  t h e  

R e s t  o f  Yugos lav ia .  



To d e r i v e  t h e  s t a b l e  e q u i v a l e n t  o f  t h e  p o p u l a t i o n  {Y), w e  - 
f i r s t  compute t h e  m a t r i x  o f  d i s c o u n t e d  l i f e  e x p e c t a n c i e s :  

which, i n  t h e  two-region example, i s  

The s t a b l e  e q u i v a l e n t  of  t h e  p o p u l a t i o n  i s  

Of t h e  597,769 p e r s o n s  i n  S l o v e n i a  i n  t h e  s t a b l e  p o p u l a t i o n ,  

e ( r l  (0) Q1 = 482,426 are born  i n  S l o v e n i a ,  and 1 1  e ''I (01 Q~ = 

115,342 i n  t h e  R e s t  o f  Yugoslavia .  

3.  CONCLUSION 

T h i s  p a p e r  h a s  deve loped  t h e  c o n c e p t  o f  s p a t i a l  reproduc-  

t i v e  v a l u e  and h a s  shown how it c o n t r i b u t e s  t o  a b e t t e r  under-  

s t a n d i n g  o f  t h e  dynamics of m u l t i r e g i o n a l  demographic growth. 

L i f e  i s  c o n s i d e r e d  a s  an  inves tment  by t h e  s o c i e t y  i n  

i n d i v i d u a l s .  The s t a b l e  p o p u l a t i o n  growth r a t e  i s  t h e  i n t r i n s i c  

ra te  o f  r e t u r n  t o  t h i s  i n v e s t m e n t .  T h i s  r a t e  i s  t h e  maximum 

growth ra te  p o s s i b l e ,  g i v e n  t h e  e x i s t i n g  f e r t i l i t y ,  m o r t a l i t y  

and m i g r a t i o n  s c h e d u l e s .  Because o f  t h e  r e g i o n a l  d i f f e r e n c e s  

i n  t h e s e  s c h e d u l e s ,  t h e  c o n t r i b u t i o n  o f  a b i r t h  t o  t h e  o v e r a l l  

growth r a te  o f  t h e  p o p u l a t i o n  depends on t h e  r e g i o n  o f  b i r t h .  



The contribution is measured by the reproductive value at birth. 

The allocation of the births to the regions conforms with the 

regional reproductive values. Regions with high reproductive 

values get a greater share of the total number of births. It 

has been shown that the distribution of births and of reproduc- 

tive values is such that each individual, as well as each 

region, pays back the debt incurred in receiving a life from 

society. 

Mathematically the stable population growth rate or the 

intrinsic rate of return to investment is the rate which gives 

to the multiregional characteristic matrix Y(r) a dominant - 
eigenvalue of unity. The associated left eigenvector represents 

the regional distribution of the reproductive values at birth, 

whereas the right eigenvector denotes the regional allocation 

of births. It has been shown that the regional distribution 

of the reproductive value and of the population at age x follows 

directly from the distribution of the reproductive value at 

birth and of the births respectively. In fact, the reproductive 

value of a woman is the weighted discounted value of her off- 

spring. It depends not only on the number of offspring but also 

on when and where they will be born. 

The reproductive value concept facilitates the analysis of 

multiregional stable populations. For example, a simple expres-. 

sion has been derived for the stable equivalents of the births 

and the population. Other applications such as sensitivity 

analysis and the study of the momentum of zero population growth 

will be reported elsewhere (Rogers and Willekens, 1976b). 
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APPENDIX I 

D e r i v a t i o n  of  t h e  S p a t i a l  Reproduct ive  Value from 

t h e  D i s c r e t e  Demographic Growth Model 

The purpose  o f  t h i s  Appendix i s  t o  d e r i v e  t h e  formula o f  

t h e  s p a t i a l  r e p r o d u c t i v e  v a l u e  f o r  t h e  d i s c r e t e  model o f  popula- 

t i o n  growth. Reca l l  t h a t  t h e  d i s c r e t e  growth model may be 

w r i t t e n  a s  (Rogers,  1975, p .  123) 

where {K - ( t )  1 i s  t h e  v e c t o r  of  t h e  popu la t i on  d i s t r i b u t i o n  by 

r e g i o n  and a g e ,  and G i s  t h e  g e n e r a l i z e d  L e s l i e  ma t r i x .  - 
The v e c t o r  o f  r e p r o d u c t i v e  v a l u e s  i s  t h e  l e f t  e i genvec to r  

o f  t h e  growth m a t r i x  G - 

o r ,  f o r  5-year age  g roups ,  

The s c a l a r  X - i s  t h e  dominant e igenva lue  of  G.  - I t  can  be s een  

t h a t  { v ( x ) )  = (0) f o r x  > B -  5. A t a g e g r o u p  [ f 3 -  5,B1, w e  - - 
have 



b u t  { v ( B )  = { o )  . - - 
F o r  age  g r o u p  [ B  - 10,B - 51, we w r i t e  

S i n c e  

w e  have  

F o r  age  g r o u p  [ B  - 15,B - 1 0 1 :  

w i t h  

Hence 



where A(a)  - i s  def ined  a s  

0 
A(a)  = Il S ( i )  , f o r  a  = 5,10,  ..., z 
.., 

i=a-5 

In g e n e r a l ,  we have 

a-x 
8-5 - ( 5 + 1 )  

I ~ ( x ) ) I  = I v ( o ) ) '  A I - 1 
.., .., [a=x B ( a ) A ( a )  - A .., ( x )  . ( A S )  

Equation ( A S )  may a l s o  be w r i t t e n  a s  

a-x 
a-5 + I )  

{ V ( X ) } '  .., = I V ( O ) I '  - h 
[a=x .., ( A 6  

which i s  t h e  d i s c r e t e  # ~ n a l o g u e  o f .  ( 1 . 1 2 ) .  

Note, however, t h a t  {v - (x )  1 does n o t  r e f e r  t o  people a t  

exac t  age x ,  bu t  t o  people i n  age group [x,x + 4 1 .  Ilence 

Cv ( 0 )  1 r e p r e s e n t s  t h e  s p a t i a l  reproduct ive  va lue  of t h e  people 
.., 

i n  t h e  f i r s t  age group, and no t  t h e  s p a t i a l  reproduct ive  va lue  

a t  b i r t h  ( o r  exac t  age 0 ) .  



APPENDIX I1 

G l o s s a r v  o f  Mathemat i ca l  Svmbols 

Symbol I n t e r p r e t a t i o n  

Diagona l  m a t r i x  of  r e g i o n a l  f e r t i l i t y  

r a t e s  o f  e x a c t  a g e  a .  

D iagona l  m a t r i x  o f  r e g i o n a l  f e r t i l i t y  

r a t e s  o f  a g e  g roup  a  t o  a  + 4 .  

P r o b a b i l i t y  m a t r i x .  The e l e m e n t  

i .  ( a )  d e n o t e s  t h e  p r o b a b i l i t y  t h a t  
i I 
a n  i n d i v i d u a l  b o r n  i n  i w i l l  s u r v i v e  

Def ined  by equa-  
t i o n  o r  on page 

t o  b e  i n  j a t  e x a c t  age  a .  

M a t r i x  o f  p e r s o n - y e a r s  l i v e d  o r ,  P -  3 

e q u i v a l e n t l y ,  o f  t h e  number o f  p e o p l e  

i n  age  g r o u p  a  t o  a  + 4 .  The e l e m e n t  

L .  ( a )  d e n o t e s  t h e  p e r s o n - y e a r s  l i v e d  
i I 
i n  r e g i o n  j between a g e s  a  and a  + 5 by 

a n  i n d i v i d u a l  b o r n  i n  r e g i o n  i . Equiva-  

l e n t l y ,  i t  d e n o t e s  t h e  number o f  p e o p l e  

b o r n  i n  i and  l i v i n g  i n  j i n  a g e  g r o u p  

a  t o  a  + 4 ,  p e r  u n i t  born  i n  i. 

S u r v i v o r s h i p  m a t r i x .  The e l e m e n t  si  ( a )  p.  13 

d e n o t e s  t h e  p r o p o r t i o n  o f  p e o p l e  aged  

a  t o  a  + 4 i n  r e g i o n  i ,  s u r v i v i n g  t o  b e  

i n  r e g i c n  j and x  + 5 t o  x  + 9 y e a r s  

o l d  5 y e a r s  l a t e r .  

N e t  R e p r o d ~ c t i o n  M a t r i x .  The e l e m e n t  ( 1 . 3 )  

R . ( O )  d e n o t e s  t h e  e x p e c t e d  number o f  
i I 
o f f s p r i n g  bo rn  i n  r e g i o n  j t o  a  woman 

who i s  b o r n  h e r s e l f  i n  r e g i o n  i .  

M u l t i r e g i o n a l  C h a r ~ ~ c t e r i s t i c  M a t r i x .  ( 1 . 4 1  

The e l e m e n t  Y .  ( r )  d e n o t e s  t h e  d i s c o u n t e d  
i I 

number o f  o f f s p r i n g  bo rn  i n  r e g i o n  j t o  

a  mother  b o r n  i n  r e g i o n  i .  



Symbol 
Defined by equa- 
t i o n  o r  on page 

R ( ~ )  - ( k )  k- th  d e r i v a t i v e  o f  t h e  m u l t i r e g i o n a l  

c h a r a c t e r i s t i c  m a t r i x .  

K Mat r ix  o f  mean age  a t  c h i l d b e a r i n g .  

i t  - ( 0 1  I Righ t  e i g e n v e c t o r  of  Y ( r ) .  - S t a b l e  

r e g i o n a l  d i s t r i b u t i o n  of b i r t h s  

( p o p u l a t i o n  a t  e x a c t  age 0 ) .  

{ V  - ( 0 )  1 L e f t  e i g e n v e c t o r  of Y - ( r )  . S t a b l e  

r e g i o n a l  d i s t r i b u t i o n  of t h e  r e p r o -  

d u c t i v e  v a l u e  a t  b i r t h .  

I Q ( ~ )  - I Regional  number of  b i r t h s  i n  t h e  s t a b l e  (2 .32)  

p o p u l a t i o n  a t  t ime  t .  
( t )  T o t a l  number o f  b i r t h s  i n  t h e  s t a b l e  ( 2 . 4 2 )  

p o p u l a t i o n  a t  t i m e  t ( a l l  r e g i o n s ) .  

{ Q )  - S t a b l e  e q u i v a l e n t  o f  t h e  observed (2 .34)  

(base -yea r )  r e g i o n a l  number o f  b i r t h s .  
A 

e-  M u l t i r e g i o n - . L  p o p u l a t i o n  growth m a t r i x  ( 2 . 2 )  

o f  t h e  c o n t i  .uous growth model. 

t 5 1  
A - R i g h t  e i g e n v e c t o r  o f  e - ,  a s s o c i a t e d  p. 2 2  

w i t h  t h e  dominant e i g e n v a l u e .  S t a b l e  

p o p u l a t i o n  d i s t r i b u t i o n  by age and 

r e g i o n  ( f i x e d  up t o  a  s c a l a r )  . 

t 5  - ( X I  1 3 e g i o n a l  d i s t r i b u t i o n  of  t h e  p o p u l a t i o n  p.  25 

a t  e x a c t  age  x .  

t v )  
A 

- L e f t  e i g e n v e c t o r  o f  e - ,  a s s o c i a t e d  w i t h  p. 2 2  
t h e  dominant e i g e n v a l u e .  D i s t r i b u t i o n  

o f  r e p r o d u c t i v e  v a l u e s  by age  and r e g i o n  

( f i x e d  up t o  a  s c a l a r ) .  



Svmbol I n t e r p r e t a t i o n  
Defined by equa- 
t i o n  o r  on page 

{ V  - ( x )  } Regional  d i s t r i b u t i o n  of t h e  r e p r o -  ( 1 . 1 2 )  

d u c t i v e  v a l u e  a t  e x a c t  age  x. 

{v}  - Regional  d i s t r i b u t i o n  of t h e  t o t a l  ( ?  . 15 )  

r e p r o d u c t i v e  v a l u e .  

T o t a l  r e p r o d u c t i v e  v a l u e  ( a l l  

r e g i o n s )  

{ SVX} D i s t r i b u t i o n  of t h e  average  s p a t i a l  ( 1  - 2 5 ;  

r e p r o d u c t i v e  v a l u e  f o r  t h e  age  

i n t e r v a l  x  t o  x  + 4 .  

1 Number of  p e o p l e  by age  and r e g i o n  

a t  t i m e  t .  

= {k ( 0 )  } - Number o f  people  by a g e  and 

r e g i o n  i n  t h e  base  y e a r  ( t  = 0 ) .  

[ l , k ( x ) }  = { k ( x ) }  = k ( x ) { I }  - - on page 11-12]. 

Diagonal  m a t r i x  c o n t a i n i n g  t h e  number 

of  peop le  i n  age  grouu x  t o  x  + 4 by 

r e g i o n .  [ ~ ( x ) { l }  - = { ~ ( x ) } ]  - 
l l a t r i x  of  e x p e c t e d ,  d i s c o u n t e d  number 

of  o f f .  ) r i n g  p e r  woman aged x  y e a r s .  

The e le l l  ?t n .  ( x )  d e n o t e s  t h e  number 
i I 

of  c h i l d r t  I t o  be born  i n  r e g i o n  j t o  

a  woman now . y e a r s  of  age and r e s i d e n t  

of  r e g i o n  i ,  d i s c o u n t e d  back t o  age x .  

M a t r i x  of  d i s c o ~ . t e d  number of  o f f s p r i n g  ( 1 . 1 8 )  

o f  t h e  t o t a l  popul , t i o n ,  by p l a c e  of 

r e s i d e n c e  of t h e  moc:.ers and by p l a c e  

of  b i r t h  of t h e  o f f s p r i n g .  

Discounted  number of  o f f s p r i n g  of  t h e  

t o t a l  p o p u l a t i o n  by r e g i o n  o f  b i r t h .  



Symbol 

{nk)  - 
I n t e r p r e t a t i o n  

Discounted  number of  o f f s p r i n g  of 

t h e  t o t a l  p o p u l a t i o n ,  by r e g i o n  o f  

r e s i d e n c e  o f  t h e  mothers .  

Mat r ix  o f  computed d i s c o u n t e d  number 

of  o f f s p r i n g  p e r  woman a t  e x a c t  

age  x  ( n u m e r i c a l  approximat ion  o f  

n ( x ) ) .  - 
Matr ix  o f  t h e  average  d i s c o u n t e d  

number o f  o f f s p r i n g  p e r  woman i n  

age  group x  t o  x  + 4 .  

Numerical  approx imat ion  of { n k ) .  - 
Numerical  approx imat ion  of (nkl. - 
Numerical approx imat ion  of  nk. - 
R e c i p r o c a l  o f  t h e  n o r m a l i z i n g  

f a c t o r .  

Oute r  produr r: o f  t h e  e i g e n v e c t o r s  

of  Y ( r )  . - 
S t a b l e  e q u i v h l e n t  o f  t h e  obse rved  

t o t a l  number of  p e o p l e  by r e g i o n .  

Mat r ix  o f  d i s c o u n t e d  l i f e  e x p e c t a n c i e s .  

Def ined by equa- 
t i o n  o r  on page 
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